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Abstract. We consider a one dimensional transport equation with varying vector field and a small viscosity
coefficient, controlled by one endpoint of the interval. We give upper and lower bounds on the minimal time
needed to control to zero, uniformly in the vanishing viscosity limit.

We assume that the vector field varies on the whole interval except at one point. The upper/lower
estimates we obtain depend on geometric quantities such as an Agmon distance and the spectral gap of an
associated semiclassical Schrodinger operator. They improve, in this particular situation, the results obtained
in the companion paper [38].

The proofs rely on a reformulation of the problem as a uniform observability question for the semiclas-
sical heat equation together with a fine analysis of localization of eigenfunctions both in the semiclassically
allowed and forbidden regions [40], together with estimates on the spectral gap [1, 33]. Along the proofs, we
provide with a construction of biorthogonal families with fine explicit bounds, which we believe is of inde-
pendent interest.
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1. Introduction and main results

We consider the one dimensional diffusive-transport equation, controlled from the left endpoint

of the interval:
(0;+0ad,+b—€02)y=0, (£,x)€(0,T)x(0,L),

y(,0)=h(t), y,L)=0, te(0,7), (1
(0, x) = yo(x), x€(0,L).
Here L > 0 is the length of the spatial domain, T > 0 the time horizon, and € > 0 a viscosity
parameter. The functions a,b : [0, L] — R are real-valued and sufficiently regular. We shall later
on rewrite this equation as
@ +§0x+f"—g-€d2)y=0,
that is to say write a = f and b = § — g for simplicity of the dual equation and consistency with
the companion article [38].
For an initial datum y, € L?(0, L) and a control function h € L?(0, T), it is known that (1) has
a unique solution in C%0, T; L%(0, L)) in the sense of transposition (see [20] or [12]). The usual
question of null-controllability is whether, the parameters T, L, ¢ being fixed, one can drive any
initial datum yjy to rest (i.e. the null function) in time T by means of the action on the equation
through the function h(z).

Definition 1 (Controllability and cost). Given (g, T), we say that (1) is null-controllable if for
any yp € I2(0,L), there is h = h(T,¢, Vo) € L2(0, T) such that the associated solution to (1) satisfies
y(T) = 0. We define for yo € L*(0, L) the (possibly empty, closed convex) set U(yo) of all such controls
he L%(0, T), and the cost function

6o(T,¢€) := sup { inf ||h”L2(0,T)}€[0’+OO]-
J/OGLZ(OYL),||J/o||L2(O‘L)Sl heU(yo)
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We have 6,(T,€) < +oo if (1) is null-controllable, and 6y (T, €) = +oo if not.

It is known (see [20], or [22,41,43] in higher dimension) that for fixed € > 0, the equation (1)
is null-controllable in any positive time T > 0. That is to say, T, >0 = %,(T,€) < +oo. This is
linked to the infinite speed of propagation for the heat dissipation. Here, we address the question
of uniform controllability in the vanishing viscosity limit ¢ — 0%, that is: how does %,(T,¢)
behave for fixed T > 0 in the limit € — 072 This question has first been addressed by Coron and
Guerrero [12] in the case a(x) = M (that is to say f(x) = Mx) and b = 0, for M € R*, and different
behaviors are observed, depending on the sign of M. In that paper, the authors make a conjecture
on the minimal time needed to achieve uniform controllability, i.e.

Tunit({0}) := min{T > 0, there is K > 0 such that 6,(T,e) < K forall € € (0, 1)}.

Then, the estimates on this minimal time have been improved in [2,3,15,23,44-46] with different
methods. The result of [12] was also generalized in several space dimensions and for non-
constant transport speed in [28]. In that paper however, no estimates on the minimal time are
given. The first estimates on the minimal time needed for having %, (T, €) uniformly bounded
as ¢ — 0% are proved in [38], in a setting close to that of the present article. In particular, we
exhibited in [38] higher dimensional situations in which T;—“,‘f can be as large as desired, where
Ty denotes the minimal time for the controllability of the limit transport equation obtained by
formally taking € = 0 in (1) (see Proposition 20 below for a more precise definition in our 1D
context).

Such uniform control properties in singular limits are also addressed for vanishing dispersion
in [25] and for vanishing dispersion and viscosity in [26]. Controllability problems for nonlinear
conservation laws with vanishing viscosity have also been studied in [24] and [42]. Motivation for
studying the vanishing viscosity limit comes from different fields of mathematics:

« conservation laws, for which the vanishing viscosity criterium is a selection principle for
the physical (called entropy) solution, see [37] or [14, Chapter 6].

« control theory, where the study of singular limits sometimes allows to prove controlla-
bility properties for the perturbated system itself. See e.g. the papers [8,9, 11, 13], where
the authors investigate the Navier—Stokes system with Navier slip boundary conditions,
relying on results for the Euler equation.

 theoretical physics and differential topology, through the Witten-Helffer-Sjostrand the-
ory [34,49].

« molecular dynamics and statistical physics, via the study of the so-called overdamped
Langevin process [7,48].

We refer to [38, Section 1.2] for more details on motivation. Our main results in the present
article (namely Theorems 5, 6 and 7 below) formulate as explicit (in geometric terms, under some
assumptions on the parameters) lower and upper bounds on the cost function 6,(7, ¢) and the
minimal time Ty;s of uniform controllability. We now give a list of geometric assumptions and
related definitions in order to state our main results.

1.1. Definitions and assumptions

All along the paper, we make intensive use of the effective potential

2 10412

Vi) = a(0” _ [f' (¥l .
4 4

In the results presented below, we make (at least part of) the following assumptions, essentially

saying that V forms a single non-degenerate well and does not vanish. This assumption is

illustrated in Figure 1.
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Assumption 2. With V(x) = a(ff)z = l—fl(%lz forxe[o,L],
(1) V>0o0n|0,L];
(2) theonlyx€[0,L] suchthatV'(x) =0isx=Xg € (0,L) and V (xg) = minp ; V;
3) VL) #V(0);
4) V"(x)>0.

Assumption 2, formulated for simplicity on the potential V = %x)z = M can be formulated
equivalently as (the equivalence is not one to one; however (1)-(i) above is equivalent to (1)-(i)
below, forall i € {1,...,4}):

(1) a(x) #0o0n [0, L] (resp. f’ #0o0n [0,L)]);
(2) the only x € [0, L] such that a’(x) = 0 is x =Xg € (0, L) and |a(Xp)| = minjg 1 |al
(resp. the only x € [0, L] such that §’(x) = 0 is x =xq € (0, L) and |’ (x9)| = minyg r; If']);
(3) a(0) # a(L) (resp. f (L) # §' (0));
(4) a”(xq) #0.

2 ! 2
Vix) = a(ic) _ i (if)l

Ey = V(xg)

Figure 1. Geometric setting of Assumption 2

Remark 3. Notice that Assumption 2 does not cover the classical constant speed case, which
is largely considered in the literature, see e.g. [2, 3, 12, 15, 23, 44-46]. The latter corresponds to
f(x) = £Mx and thus to the “flat potential” V = MTZ. However, a formal asymptotics will be
considered in Section 4.4, starting with a family of potentials satisfying Assumption 2 converging
to the flat potential. This allows to compare our situation to the “flat” one and shows that our
results formally recover (sometimes with slightly less accurate constants) the previously known
results for this example. Our purpose in the present paper (together with [38]) is not to revisit or
consider a perturbation of the usual “flat” setting, but rather to reveal effects that are not present
in the “flat” case.

Indeed, the class of vector fields (or functions f) presented here (see Section 4 for more
concrete examples and calculations) will allow to stress the fact that the convexity is responsible
for a concentration of some eigenfunctions close to the minimum, which is not the case for the
more studied case f(x) = +Mx.

Note finally that the result of Guerrero-Lebeau applies in our context, as soon as f' does not
vanish on [0, L], and implies that T;,,;({0}) < +00. The goal of the present article is to give a more
precise estimate on the quantity Ty,i¢({0}) (under the additional Assumption 2 on {').
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We also denote by Ej the ground state energy, that is to say
axe)?  If (xo)I?
4 4

Let us finally describe geometric and spectral quantities appearing in the statements below. The
classically allowed region at energy E for the potential V is defined by:

Ey = XIE%’I%](V(JC)) =Vixp) = 2

Kg={x€l0,L],V(x) = E}.

We may then define the Agmon distance (see e.g. [31, Chapter 3]) to the set Kg at the energy
level E by

)

X
dagp(x)= inf f V(V(s)—E),ds
YeKg |Jy
that is, the distance to the set Kr for the (pseudo-)metric (V — E); where (V(x)—-E); =
max (V(x) — E,0). Note that d4 g vanishes identically on K¢ (and only on this set). Under Assump-
tion 2 (2), we have for E = E

dag(x) = ) 3

f V(V(s)—E);ds
y

where y is any point in Kg. Another important function in the estimates below is given by

WEg(x) =dae(x) + f(2—X) 4)

The following classical quantities of the Hamiltonian

If' (x>
—

px,d)=E+V(x) =&+ (5)

enter into play in the spectral analysis of the operators involved (and are defined assuming
Item (2) in Assumption 2):

x4+ (E)
O(E) := VE-V(s)ds, forEe [I[l[’)liLlil V, +00) (6)

x_(E)
B \/E
Ty:= sup T(E), with T(E) :=2f —ds.
E=V (xo) x-(B) VE=V(s)

In these expressions, for E = Ej, the points x. (E) are such that K¢ = [x_(E), x4+ (E)]. Namely, x_(E)
denotes the solution to V(x_(E)) = E which is < xq for E < V(0), and x_(E) = 0 for E = V(0).
Similarly, x, (E) is the solution to V(x4 (E)) = E which is = xq for E < V(L), and x,(E) = L for
E = V(L) (with xg = x_(Ep) = x4 (Ep) if E = Ep). The geometric content of these quantities, as well
as links between them are discussed in Section 1.3.4 below (in particular, 7} is not homogeneous
to a time, but we keep this notation issued from [1]).

)

1.2. Results

In the statements below, we recall that a = ' or that §(x) = f; a(s)ds (all results stated with the
function f are invariant by f — f + ¢ for ¢ € R). Also, we have b ="’ — g or equivalently g =o' — b. A
first lower bound is as follows. Recall that the control cost 6, (T, €) is introduced in Definition 1.

L ds L ds

Proposition 4. Assuminga e cl(o, L) (resp. f € C2([0,L])) and setting Tq = |, Tt = Jo 7o

(0, +o0], we have

€

T<T, = limi{lf‘go(T,E) = +o0.
e—0
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This result is a direct consequence of the weak convergence of solutions to (1) to those of a
limit problem with € = 0 (proof of this weak convergence follows [10, Proposition 2.94] and the
limit equation is studied in Section 2.3 below)!.

It simply translates the fact that if the “limit transport equation” with € = 0 is non-controllable,
then there is no hope to obtain uniform controllability as e — 07.

After this simple non-constructive result, we now provide with two explicit lower bounds on
%o(T,¢) and an upper bound under stronger assumptions on { (namely parts of Assumption 2).
These three results are commented and compared in Section 1.3 below.

Our first explicit lower bound on the control cost 6, (T, €) is as follows.

Theorem 5. Assume that a € C1([0,L]) (i.e. fe C2([0, L)), and that Item (2) in Assumption 2 is
satisfied. Then, for all E € V ([0, L]) and all 6 > 0, there is £y > 0 such that we have for all € < g

1
%o(T,E)ZeXp (WE(O) mlLI]lWE ET—5), WE=§+dA,E-

In particular, we have

Tunit(10}) = sup
EeV([0,L])

— | WE(0) —min Wg | .
£(0) min W
Theorem 5 states a result based on single energy levels (called E in the statement). Our
next result provides with a lower bound containing a nonlocal quantity defined on the “limit
spectrum”, namely Tg p in (8) defined on [V (xp), +00). As shown by the proof, this term may be
interpreted as an interaction term between the different energy levels. Recall that @ is defined

in (6) and set

WE(s) = f(Ts) —dagp(s), forsel0,L]

(which is to be compared with Wr defined in (4)).

Theorem 6. Assume that a € C*([0,L]) (i.e. f € C*([0,L])), that Items (1)-(4) in Assumption 2
are satisfied, and that b = 5 (ie. q = %) For any 6 >0, E € V([0,L]), B =0, C > 0 and for
0<e<gg(d,B)and0<T< C we have

1 —
6y(T,€) = expg (WE(O) —supWg—(E+B)T+ Tk —6)

[0,L]
1 +00
TE B= [ lo
V(xo)

Tunit({0}) = sup
o Eev(o,L),B=0 E+ B

with
x+E+2B
x_

@' (x)dx. 8)

In particular, we have

[0,L]

WE(0) — sup Wg + TE,B).

A few remarks are in order

« We prove in Section 1.3.4 that @ is globally Lipschitz-continuous, and (8) makes sense;

* Note that Tg p increases if B increases while —BT decrease, so there might be an optimal
choice of B (hard to determine in general; see Section 4 for explicit computations on
specific examples).

1Indeed, assuming 6 (T,ep) < Cy with £, — 0, then, for any yg € 2 (0, L), we can extract a sequence of controls uj,
converging in R and of solutions y, converging weakly in LZ((O, T) x (0,L)). By [10, Proposition 2.94], the weak limit of y;,
is a solution of the transport equation studied in Section 2.3 below, controlled to zero in time T'. Since this holds for any
Y0, we necessarily deduce T = T (see Lemma 20).
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Finally, our last result provides with an upper bound on 6;(7, €). Recall that T; is defined in (7)
and Ej in (2).

Theorem 7. Assume thatae C*([0,L]) (i.e. f € C*([0, L])), that Items (1)-(4) in Assumption 2 are
satisfied, and thatb = 5 (i.e. q = %). Forall T,6 >0, me€ (0,1), thereis ey = £9(T,8, m) > 0 such
that the control cost for the control problem (1) satisfies for 0 < € < &g

<60(T,€)Sexp%(G(T,m,6)+5), 9)

with
2T?
G(T,m,0)=————+ sup
A1-mT gevqo.r)

WEg(0) — manE m(l—(S)ETl.

Moreover, if

T> 2\/_— +— sup |Wg(0)- manE (10)
VEy Eo EeV([0,1])
then we have min,,epo,1) G(T, m,8) < 0 for 6 sufficiently small. In particular, we have
1
Tunit({0}) = — sup WEg(0) —min Wg | + 2\/2\/ EyT1]. (11)
Eo \Eev(0,L)) (0,L]

Notice that (11) is a consequence of (10), and that, in case (10) holds, the optimal control
converges exponentially to zero.

Note that it may seem surprising that the sign of the vector field a = f' does not appear explicitly
in the statements of Theorems 5-6-7. It does play a role (as stressed by Lemma 12 below) and
some of the quantities involved in the statements above actually simplify in case a >0 or a <0.

Corollary 8. Under the assumptions of Theorems 5-6-7, we have
o eithera>0 (f is increasing) on [0, L], and

F(0) —f(L)
Tuni L)+ ———+Tg3|
unif(10}) = EeV([soug])) 50 B+ B dA £0)+dap(L)+ : +TE B
<0
42
Tunif({o}) = Tlr

a(Xo)

e ora<O0 (f is decreasing) on 0, L], and

1
Tunit{0}) = sup — [Wg(0) - Wg(L)],
Eev(o,Ln E

Tunit({0}) = sup
o Eev((0,L)),B=0 E+ B

(2dag(0) + Tg,g),

Tunit({O}) = L sup [Wg(0) - Wg(L)] +2vV2\/Ey Ty |.
Eo \Eev(io,L))

This result is a direct consequence of Theorems 5-6-7 combined with Lemma 12 below. We
remark on the one hand that in case a > 0 (in which the limit equation is a proper control
problem), then the lower bound of Theorem 5 is trivial and the upper bound in Theorem 7 only
involves the spectral gap quantity 7;. On the other hand, we notice that if a < 0 (in which case
the limit equation is not a proper control problem), geometric quantities involving the Agmon
distance enter into play. As already remarked in [38] this allows, in this situation, to have Tyt
very large compared to the minimal flushing time of the limit problem ¢ = 0. See also Section 4
below for explicit computations on an example. This is consistent with the results in [12], in which
the sign of the vector field is of key importance.
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1.3. Remarks and comments

1.3.1. Remarks about the proofs

The first step of our proofs consists in conjugating in Section 2.2 the control/observation
equations by the weight e2. Taking advantage of the fact that, in dimension one, every vector
field is a gradient, this reformulates the (seemingly non-selfadjoint) transport equation with
vanishing viscosity as a semiclassical heat equation €0,w — P.w = 0, involving the following
semiclassical Schrédinger operator

uv
P = —826i+lfT|+sqf= —520§+V+eqf. (12)

see (28). All results of the article then rely on fine spectral properties of the operator P, thatis to
say

» aprecise knowledge of the spatial localization of eigenfunctions of P,; this is the object of

the companion paper [40] (see also Section 3.1 where the results are recalled). Roughly
ZN:{C))

speaking, we use that a solution to P,y = Ew behaves like |y/(x)| ~ e~ ~ ¢  (up to some
loss eg) in the sense of L2 density. Here d4 g is the Agmon distance for the potential V' at
energy E defined in (3).

» a precise knowledge of the distribution of eigenvalues of P,; and in particular the gap
between (square roots of) two successive eigenvalues in the limit ¢ — 0*. We extract the
results we need from the article of Allibert [1] (itself relying on [33]) which provides with
a precise asymptotics (as € — 0%, as a function of the energy level E) of the distribution
and the gap, see Appendix A.

Note that properties of the classical Hamiltonian p defined in (5) (which is the principal symbol
of P;) naturally arise in the description of spectral properties of the quantum Hamiltonian P, the
semiclassical limit € — 0*. This is why the functions ® and T defined in (6)-(7) enter into play
(see also Section 1.3.4).

The proof of Theorem 5 is rather direct once the results of localization of eigenfunctions
are obtained in Section 3.1. Indeed, we only test the observability estimate on solutions of the
semiclassical heat equation issued from eigenfunctions of P,.

The proof of Theorem 6 follows the spirit of Coron-Guerrero [12] and thus uses interactions
between eigenfunctions. It seems more precise than the lower bound of Theorem 5 which
only considers a single eigenfunction. Indeed, the final estimate contains one part of harmonic
analysis related to the spectrum and one part more geometric related to the concentration of
eigenfunctions. Unfortunately, the geometric part related to the concentration of eigenfunctions
seems less precise than that in Theorem 5. This is why we have chosen to keep both results. Here,
we use the spectral gap estimates of Allibert [1], which require g; = constant.

The proof of Theorem 7 uses the moment method which is classical for 1D control problems.
Yet, in this context, we need precise information about the localization of both the spectrum and
the eigenfunctions. We thus rely on both items above. Moreover, in order to obtain estimates
uniform in €, we need to have a “quantitative” moment method, that is with explicit constants,
at least uniform in €. This is obtained in Proposition 39 that provides a result of moment for heat
type equation with an assumption on the spectral gap. The main advantage of this construction,
which is of independent interest, is that we can follow (almost) explicitly the constants with
respect to the parameters, which will be crucial to have estimates uniform in €. The proof relies
on Ingham estimates and a transmutation method of [18].
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1.3.2. Reformulation of the problem with a constant vectorfield

We here notice that the control problem (1) can be reformulated as a problem with a constant
vectorfield +0y, but with a varying viscosity. This uses Item (1) of Assumption (2), stating that
the vectorfield is nondegenerate. To straighten the vectorfield §' (x)d,, we introduce its flow Y (s)
defined by

05Ys,(8) = f,(YSO (5)), Y (0) = so.
We also introduce its inverse J(y) = )3’ ffi(i), so that we have
Jx(Yx(8)) = s.

Denoting v(x) = u(Yy(x)), we have d,v(x) = f (Yo(x))(ayu)(Yo(x)). Equivalently, we have
v(Jo(y) = u(y) and thus

0yu(y) = Jo(1)0xv)Uo (1)) = Jo(Yo(x)) (0x ) (x) = f’(Y())(axv)(x)' x=Jo(y).

As a consequence, if u satisfies the equation
@+ (10y +§"() - q(y) — €83 u(t, y) =0,

then v(x) = u(Yy(x)) satisfies the equation

” 1 1
0r+0x+§ (Yo (x)) — g(Yo(x)) Ef'(Yo(x)) Ox (Vo) Ox|v(t,x)=0
The latter is a linear transport equation by the constant coefﬁcient vector field 0, with a variable
coefficient viscous perturbation operator € 7= f’(Yo ) Ox v f’(Yo( ) 0x. Theorems 5-6-7 can all be trans-
lated as estimates on the minimal time of uniform null-controllability in this context.
Note that the fact that, given a fixed vectorfield, the choice of the viscous perturbation changes
the minimal uniform control time T, was already observed in [38].

1.3.3. Remarks about the assumptions

The assumptions we make on the vector field a (resp. on f or on V) are issued from the analysis
of the limit problem and from the two tools we use here as a black box in the analysis (namely
localization of eigenfunctions [40], and spectral gap estimates [1]).

Item (1) of Assumption 2 is necessary for the transport equation with € = 0 to be controlable
(see Section 2.3) and is therefore quite natural.

Then, the essential assumption in both references [1,40] is Assumption 2 (2), namely that the
potential forms a single well. Removing this would be an interesting problem, but would require
a careful study of the interaction between the different wells and the tunneling effect, see [33].
This is however beyond the scope of the present article.

The remaining assumptions: { € C*°([0, L]), Items (3) and (4) in Assumption 2 and b = %/ (i.e.
q= ﬂ, which amounts to gs = 0 in (12)) come from the paper of Allibert [1]. The assumption

b= % (.e.q= % is technical and we believe that it can be removed (this would however require
to reprove most of the spectral gap estimates in [1] with an additional lower order term). Item (4)
of Assumption 2 concerns the non degeneracy of the minimum of the potential. It could probably
be weakened (as long as the potential is not too “flat” at the minimum), at the cost of several
complications in the proofs (because of the associated degeneracy of the spectral gap near the
potential minimum).
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1.3.4. Interpretation of the spectral quantities

Here, we provide with some comments on the classical/spectral quantities ®(E) and T(E) (de-
fined in (6) and (7) respectively) entering into play in the above results, under Assumption 2 (2).
They are linked with properties of the classical Hamiltonian p defined in (5). First notice that
®(E) is related to the following phase-space volume of the set {p < E}, that is

®(E) = VOl[{(x, &el0,L] xR, Vx)<Eand0<&<+\/E— V(x)})
1
= EVOI ({(xyé) € [O)L] X R) p(xré) = E}) .

As such, it is linked via the Weyl law to the asymptotic number of eigenvalues of P, = —£29% +
V(x) +O(¢) in the semiclassical limit e — 0" as
1 1
HAL €Sp(Pe), AL < E} = . (Vol({p < E}) + 0p(1)) = — (D(E) + 0g(1))
(see e.g. [16] in the boundaryless case or Theorem 35 in the present setting). Notice also that, for
E = maxV = max{V(0), V(L)}, we have ®(E) = fOL VE—-V(s)ds and in particular ®(E) ~ LVE as
E — +00. We use a more precise version of this formula (due to [1, 32]) stating that

A= @ (exk), uniformly in both e — 07, ke N, (13)

where the meaning of = is made precise in Theorem 35.

Concerning the quantity T(E) in (7), we now explain how it is linked to the period of trajec-
tories of the Hamiltonian vector field H, associated to the Hamiltonian p (defined in (5)), in the
energy level p(x,¢) = E. More precisely, the Hamiltonian flow of p(x, &) = &2 + V(x) is defined by
x(s) = 2&(s5),&(s) = —=V'(x(s)), and the Hamiltonian p(x,¢) is preserved by the flow. Hence, un-
der Assumption 2 (1)-(2), if a curves has p = E, then in any time interval such that ¢(¢) > 0 and
x_(E) < x(0) < x(T) < x, (E), we have

T d x(T) dx x(T) dx
0 x0 260 Jxo 2VE-V(x)
Hence, in the energy level {p = E}, the Hamiltonian flow of p (consists in two different trajectories
and) is periodic with period

x4 (E) dx x4 (E) dx
J(E)= 2[ I —— -
x_(B) 2vE-V(x) x(E) VE-V(x)

As a consequence, we deduce that the quantity T(E) (defined in (7)) verifies
T(E) = 2VET (E). (14)
Note that for large energies, 9 (E) ~g— 40 \%E and T(E) ~f— 400 2L.

Lemma 9. The quantities ®(E) and T(E) defined in (6) and (7) are linked by the following:
® € WH([Ey,00)) and
1 1 ;1
O'(E)= —=T(E)=-T(E), ie (®E) =-TE.

This lemma is proved in Appendix C.

We now give a spectral interpretation of T(E) and J (E), explaining how these classical
quantities enter into the description of spectral properties of P,. Precise statements and proofs
are provided in Appendix A, based on results obtained by Allibert in [1] (themselves relying
on [32,33]).

Denoting N(f) := CD(ﬁZ), we have according to (13) that CD(/l‘IEC) = emk. Writing ﬁ‘;c =, /iLi for the

square root of the eigenvalues, we thus have ek = @(A’;;) = (D((ﬁ‘lgc)z) = N(,B']‘;). Hence, denoting by

G‘}Ec::ﬁkﬂ_ﬁk:\/a_\/fi
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the local spectral gap for the square roots of eigenvalues (spacing of square roots of eigenvalues),
we obtain
em(k+1)—emk ~ N(B5,,) - N(B) = GLN'(BY).
We finally obtain
Gi o T _ 2em '
N'(B)  TAY)
As a consequence, the quantity T'(E) measures the local spectral gap for the square roots of
eigenvalues at energy E, and hence T1 = supg.p, T(E) yields a uniform lower bound for the
spectral gap for the square roots of eigenvalues. This is actually stronger than a uniform lower
bound for the spectral gap of eigenvalues themselves, for
2 ’ﬁc _ 2em
TAA) T A

ko1 = Ak = By + B By = By) = 263Gy = 2em
where we have used (14) in the last equality.

1.3.5. Comparing the minimal times appearing in Theorems 5, 6, and 7

In the estimates we obtain on T (We write Tynif = Tunif({0}) in this section for short) in
Theorems 5, 6 and 7, two parameters enter into play:

« firsta “Spectral” parameter, related to the localization of the spectrum, or, more precisely,
to the size of the spectral gap at energy E;

+ and second a “Geometrical” parameter, related to the localization of the eigenfunctions
at energy E.

In order to compare these parameters, we are led to define the following spectral/geometric
constants (the index of the constant refers to the theorem where it appears)

S5 =0, Gs,g = Wg(0) —ming,z) W,
Se,5,8 = TE,B, Ge,g = WE(0) —supjg 1} WE, (15)
S7=2v2VET\, G7,5=Wg(0)—ming, Wg = Gs,g,
! 2
where, recall, Ey = V(xg) = % = minp ;) V > 0. With these definitions in hand, the critical

times appearing in Theorems 5, 6 and 7 respectively are

1 1

Ts= sup —(Gsg+Ss)= sup —=Gsp, (16)
EeV([0,L]) gev(o,Ly E

Te = (Ge,z+S6,£,8), (17

sup
Eev((0,L)),B=0 E+ B

1 1
T = — sup G7p+S7|= sup — (G7,E + 87),
Eo \ Eev (0,11 Eev(o,L)) Eo

u
and the associated result formulates (sometimes assuming g = 5) as
Ts < Tynif, T6 = Tunif Tynit = T7.

We now try to compare the different quantities involved in (15). We first need to compare Tk p
and T;.

Lemma 10. The quantities T p and T, are linked by

E+2B |E
Ey '\ Ep

’

VE
Tpp < Ti T
27
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where, fora=1,5>1,

+00 2 2
Y +a
Tola,p) = f log| ——|d
0 ﬁ 1 g yz _ﬁg y
1 +1
=na-log(l+a?) —2aarctan(—) +log(f*-1) + ﬁlog(%) ,
a _
extends as a continuous function on{(a, f) € R2,1< B<al
This lemma is proved in Appendix C
Lemma 11. The above quantities are linked by
forall E = E, Gs g = G7,g = Gg,E,
1 1 1 (18)
lE=Ey,B=20, —G;p=2—=Gsp= Gs,E,
fora 0 5o 0= 5O = grpGer
and forallE = Ey, B=0,
S S 1 To(a,
0285Sﬂ51(0—7, with xg= max o 'B) 19)
E+B~ 'E 2my/2 azp=1 a? + f?

This lemma is proved in Appendix C. From this lemma, we draw the following conclusions:

o The geometric quantity G7 g = Gs,p = Wg(0) — minj 1) Wg seems to be the appropriate
one to describe the localization of eigenfunctions. In this particular 1D situation, we
indeed know very precisely where eigenfunctions are localized, see Section 3.1 below
or [40]. Theorems 7 and 5 are thus accurate in this respect, whereas Theorem 6 is not.
Note that the quantity ELOGZ £ instead of %GI £ makes however Theorem 7 less accurate
than Theorem 5. This can be summarized as

Theorem 5 > Theorem 7 > Theorem 6,

where > stands for “more accurate as far as the geometric quantity is involved”. Note
however that if one rather compares

1 1
Gep= sup —G(;,E, with — sup G7E,
Eev(jo,L),Bz0 E+ B Eevo,Ln E Eo gevo,L)

then Theorems 7 and Theorem 6 are no longer comparable.

« Now, as far as the spectral quantity is concerned, Theorem 5 does not say anything,
Theorem 6 yields a seemingly fine lower bound (comparable to that obtained in [12]),
whereas Theorem 7 seems to provide with a relatively rough upper bound. This can be
summarized as

Theorem 6 > Theorem 7 > Theorem 5,

where > stands for “more accurate as far as the spectral quantity is involved”.

In particular, the lower bound of Theorem 5 is better than the one of Theorem 6 from the
geometrical point of view, while the latter is better from the spectral point of view.

The following lemma allows to better understand the importance of the direction of the vector
field f/, i.e. to distinguish properties of f > 0 from §' < 0 (recall that the asymmetry comes from
the fact that the control acts only on left boundary).

Lemma 12. Assume that Items (1) and (2) in Assumption 2 are satisfied. Then one of the following
two statements hold:
e either § is increasing: then for any E = Ey, the functions x — Wg(x) and Wg(x) are
increasing, and the constants defined in (15) satisfy

§(0) — (L) <0;
2

Gs5g=0, and Gep=dsp0)+dagp(L)+
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o orf is decreasing: then for any E = Ey, the functions x — Wg(x) and Wg(x) are decreasing,
and the constants defined in (15) satisfy

Gs,p=Wg(0)—Wg(L) =0, Ggg=2dsg(0)=0.

In both cases, E — Gg g is a nonincreasing function.

If we assume additionally that § is an odd function with respect to xo = L/2, that is to say,
F(LI2 + x) = —f(L/2 — x) for all x € [0,L/2], then we have the following simplifications: if { is
increasing, then

Gsp=0, and Ggp=2dag(L)—f(L)=2dsg(0)+f0),
while if | is decreasing, we have
Gs,e=f0)=—f(L), and Ger=2dag(L)=2daE0).
In particular, Gs g is independent on E in both cases.

This lemma is proved in Appendix C. It is also very useful to compute the value of the different
constants on explicit examples.

Our results lead us to conjecture that, under Assumption 2 (1), (2) and (4), there is a distribu-
tion kernel K(x, E) such that

1
Tunit= sup —(Gsg+Sg), with Sg= K(x E)d'(x)dx = f K(x, E)T (x)dx.
E€[Egy,+00) Ey

However, we do not have a precise idea of what the kernel K should be, but K(x, E) = log | M

would look to be a good candidate for some B.

1.3.6. Explicit computations on an example

In Section 4 below, we compute explicitly and further compare all upper/lower bounds for the
functions

X
Far.a(X) = if Va?s2+M?2ds, thatistosay a*(x)=(f3; ) (X) =+Va2x?+ M2,
' 0 )

defined on the shifted interval, (=L/2,L/2) (instead of (0,L)). The latter are associated to the

. . iTClE
harmonic potential V(x) = fM'jx = “2x24+M2, and our results apply for M > 0 and a > 0.

For a = 0 (to which our results do not apply), the vector fields correspond to the case studied
in [2, 3,12, 15, 23, 44-46]. For large values of a, the potential is very convex and far from the

situation a = 0. We draw in particular the following consequences:

e in case — (that is, for fj, ), then T ! ({=L/2}) P 0* (the flushing time associated

to the limit equation € = 0, see Section 2. 3) whereas Tynis({—L/2}) o, oo In partic-

umf({ L/2}) _
To- (L12) 4 teo

ally the stronger statement that if a — 07, the limit problem is controllable in a time
f*' ({—L/2}) — 0 whereas uniform controllability holds for a time T,if({—L/2}) — +oo.
ThlS is a refinement of [38, Section 3.3]. See Section 4.3.
e In the formal limit @ — 0%, we obtain the lower bounds

ular, we recover [38, Section 3.3], stating that +00. We obtain actu-

L
liminf T\pnis 4 = hm 1nf To,a=—, (Case +), (20)
a—0+t M’
2
liminf Typnis 4 = 11m1nf Te,a= V2L , (Case —). 21
a—0% M

As a consequence, the formal limit a — 0" coincides with the known lower bounds for the
Coron-Guerrero problem a = 0, appearing in the literature. The first one was obtained by
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Coron-Guerrero [12] while the second was obtained by Lissy [46, Theorem 1.3] (using a
variant of method of [12]). See Section 4.4.
¢ Inthe formal limit @ — 0%, the upper bound of Theorem 7 degenerates since T3 . +00.

This suggest that the quantity 7; is not the appropriate one (at least in thisa;egime).
A variation of our approach however applies to the case a = 0, but yields slightly less
accurate constants than those available in the literature [12,15,23,44-46], see Section 4.4
for a discussion.

1.3.7. Comparison with the results in [38]

The result in Theorem 5 is a one-dimensional refinement of [38, Theorems 1.5 and 3.1],
which instead states (in a much more general setting of a compact manifold with boundary, with
essentially no assumptions on § or V)

1
6o(T,€) = exp; (WE(O) —Irll<axWE —ET—6), forall E€ V([0,L)]),6 > 0.
E
and in particular

Tunit({0}) = sup l (WE(O) —maXWE) = i (WEO 0) — f(ﬂ), Ey=minV = V(xgp).
BeV([0,L]) Kg Ey 2 [0,L]
This last equality is explained in [38, remark following Theorem 3.1]. In Theorem 5, we are able to
replace — maxg, Wg by —minyy ;) Wg. This improvement comes from two additional knowledge
we have on the eigenfunctions of a conjugated operator P, (see (28) below) in this very particular
1D single well problem (see Section 3.1 below or [40]): an eigenfunction ¥, associated to an
eigenvalue E; of P, convergingto E as ¢ — 0™:

» spreads over the whole classically allowed region K (propagation estimates);

« vanishes at most like e~ ¢94% in the classically forbidden region (Allibert estimates).
In higher dimension, the first result is false (and the issue of understanding the asymptotic
distribution of the distribution |y.[>dx is extremely intricate, even for a given energy E) in
general; and to our knowledge, the second result does not seem to be well-understood.

Along the proof of the present paper, we could state an analogue of Theorem 5 for the internal

uniform controllability/observability question by an open set w < [0, L]. The latter problem is not
considered in the main part of the paper but is the main focus in [38].

1.3.8. Uniform controllability of the semiclassical heat equation

As already mentioned, all results proved in Theorems 5, 6 and 7 may be reformulated in terms
of uniform (resp. non-) observability/controllability results for the semiclassical heat equation

(e0,-€*05+ V() v=0, (£,x)€(0,T)x(0,L),
v(t,00=h(), v(,L)=0, t€(0,71), (22)
v(0,x) = vg(x), x€(0,L),

in the semiclassical limit e — 0* and in weighted Lz-spaces of type e% I%(0,L) = L2((0, L), e‘gdx).
Note that in that setting, we do not need that f and V be linked one to the other (and then have to
change the definitions of W, W accordingly). We do not state these results for the sake of brevity.

Remark 13. The semiclassical heat equation (22) can be rewritten as
(e7'0,-0%+e*V(0)v=0
on a fixed time interval [0, T]. Rescaling in time, this amounts to study

(0;,—2+e*V(0)v=0, (23)
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on a time interval [0,eT1, that is, the heat equation with a large potential in small time. If we are
interested in the controllability of the same equation (23) in fixed time (independent of ¢), the
techniques described in the present paper (see in particular Section 3.4) allow to obtain uniform
estimates as well, and recover for instance the results of [5, Proposition 1.5.] (proved by different
techniques, namely Carleman estimates). In that reference, it is used to control the Grushin
equation. More precisely, the techniques above imply the following Proposition (analogue of [5,
Proposition 1.5.]).

Proposition 14. Let V € C*([0, L]) satisfy Items (1)-(4) in Assumption 2. Let T > 0 and fix 6 > 0.
Then, there exists eg and C > 0 so that for any 0 < € < g9 and vy € 12(0, L), there exists a control
he %0, T) to zero of

(0:-02+ Lvin)v=0, (1,xe©ODxO,D),
v(1,0)=h(1), v(t,1)=0, € (0,1,
v(0,x) = vo(x), x€(0,L).

with the control cost
d 4 (0

4(0)+6
IR,y <Ce™ e lvolf,. (24)

Note that the equation can also be rewritten as (€20, + P;) v = 0 (compare with the semiclassical
heat equation (22) where we have €6,).

2. General facts about transport equation and vanishing viscosity limit
2.1. Duality between boundary control and observation problems

In the present one dimensional setting recall the control problem under consideration is (1) (and
is written in a “gradient field” way, which is always possible in dimension one). The associated
(forward in time) observation problem is
(0 ~§0x~q-ed)u=0, (t,x)€(0,T)x(0,L),
u(t,0) = u(t,L) =0, te(0,7), (25)
u(0,x) = up(x), xe(0,L),

with § = f(x) and g = g(x). The solution y of the controlled equation (1) and the solution u of free
equation (25) are linked by the following duality equation:

T
(u(D), ¥0) 120,y = (0, ¥(T)) 120 1) +f0 €0, u(t,0)h(T - 1)dz = 0. (26)
The boundary observability problem for (25) can be formulated as follows. Does there exist a
constant C > 0 such that
T
c? f led,u(t,0)1?dt = | ()7, ,,,  forall ug € L7(0, 1) and u solution of (25).  (27)
o )

We define accordingly
Co(T, ) := inf{C € R* such that (27) holds}.
Classical duality arguments (see [17] or [10, Chapter 2.3]) yield the following statement.

Lemma 15 (Observability constant = control cost). Given (g, T), Equation (1) is null-controllable
if and only if the observability inequality (27) holds. Moreover, we then have 6,(T,¢) = Cy(T, €).

As usual, this allows us to mainly focus on the observability inequality (27).
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2.2. Gradient flows, conjugation and reformulation

As in [38], we first proceed with the following conjugation:

i ) ) |f/|2 f”
e 20 e2£ 03+ —f0x+—+-—.
* f 42 2¢
12 s
We denote by % P := —0% + |7L—|2 + ;—8 -4, thatis to say
f! j{/!
Pei=—€*05+——+eq5, with gj==—gq. (28)
The above computation implies that
-L(1 L 2 1 q
e 2 (E—ZPE)eZE =—6x—gf’6x_z; (29)

the last operator being that appearing in the observation/free evolution problem (25) multiplied
by €. The operator P; is selfadjoint in L?(0, L) endowed with domain D(P;) = H?(0,L) N H(} 0, L).
Hence, the operator —42 — %f’ax - g is also formally selfadjoint, but in the weighted space
LZ((O,L),egdx). We reformulate the uniform observability problem (25) in terms of the heat
equation involving the operator P, defined in (28) (see [38, Lemma 2.9]).

Lemma 16 (Observation problem: equivalent reformulation). Given T, Cy, € > 0, the following
statements are equivalent.

(1) The function u solves

@;—f0,u—q—€d>)u=0, (£,x)€(0,T)x(0,L), 30)
u(t,00=u(t,[)=0,  te(0,T),
T
resp. (D, _cgfo e u(t,0)/%ds. 31)
(2) The function{(t,x) = /™2 y(t, x) solves
€0, {+P(=0, (£,x)€(0,T)x(0,L), 32)
{(,0)=((t,L)=0, te(0,T),
H %o <szT’ - 0,060 dr 33)
resp. e LZ(O,L)_ 0 ) e EO0x y .

A similar conjugation result also holds in the controllability side, using conjugation with the
opposite sign. More precisely, still with P, defined in (28), we now have (instead of (29))

(L) ko2 Ly i
e (gpg)e 2¢ ——ax+gfax—;+—
This time, the conjugation of P,, which is selfadjoint on L2((0,L),dx) with domain Hé n
H?(0, L), yieflds the operator —02 + %f’ Ox — % + % (which thus becomes formally selfadjoint in
L2((0,L),e”=dx) with Dirichlet boundary conditions). We can then obtain a similar version of

Lemma 16 from the control point of view to relate the control problem (1) to a control problem
with Pg.

Lemma 17 (Control problem: equivalent reformulation). Given T,e > 0, the following state-
ments are equivalent.

(1) The function y(t,x) solves the control problem (1) (with initial datum yy(x) and control

h()
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(2) The function v(t,x) = e TX/2€ (¢, x) solves

€0, v+Pv=0, (t,x)€(0,T) x (0,L),
v(t,00=eTO2epn v, L)=0, te(0,T), (34)
(0, x) = e TW28 3 (x), x€(0,L).

Note that in this lemma, “solving” the equation is meant in the classical sense for regular
solutions but has to be taken in the transposition sense for “rough solutions”. The conjugation
works the same way in this weak sense according to the duality (26). The latter now rewrites

T
(D), v(0) 1210,y — (€(0), v(T)) 12(0,1) +f0 €0:((£,0)v(T —,0)dr=0

that is to say,

T
(((T),e—f/zeyo)Lz(o . (ef/zeuo, v(T))LZ(0 n +f0 eax((t,O)e—f(o)/zeh(T_ ndr=0. (35)

with v solving (34) and { solving (32).

2.3. Controllability of the limit equation € =0

In this section, we consider the observability question for the formal control problem obtained
from (1) in the limit € = 0. It is a transport equation of hyperbolic type and the number of bound-
ary conditions to be imposed for well-posedness is different from its parabolic counterpart. The
limit equation that we expect on the control side is the following

{ @i +f0x+f —q)y=0, (£,x)€(0,T)x(0,L),

y(0,x) = yo(x), x€(0,L),
where, again, the transport equation can be written equivalently as (9; + adx +b) y = 0. We assume
(0) # 0 and (L) # 0 for simplicity. The expected boundary conditions actually depend on the
sign of {(0) and f'(L). Namely, the expected relevant boundary conditions in view of the parabolic
control problem (1) for € > 0 are, for t € (0, T),

(1) y(t,0) = h(t) and y(¢,L) =0, if {'(0) > 0 and (L) < 0,

(2) y(t,0) = h(p), if§(0) > 0and § (L) >0,

(3) y(t,L)=0,iff'(0) <0and § (L) <0,

(4) no boundary conditions to be imposed, if f (0) < 0 and §' (L) > 0.

(36)

Note that in most of the article, we actually assume that the vector field f' = ais C 1 and does not
vanish on the interval [0, L]; the only two relevant boundary conditions are then (2) in case f >0
and (3) in case §' < 0. If we denote Q = (0, L), Q = {0, L} and 8, the outgoing normal unit field to
the boundary (i.e. dy|x=1 = 0, and 8y |x=g = —0y), we can write the previous boundary conditions
in a more concise (but maybe more complicated) way by ylsan, <0y = H(%, X)laania, j<o; Where
H(t, x) is defined on (0, T) x 0Q by H(¢,0) = h(¢) and H(t,L) =0.

Note that only Cases (1) and (2) define a control problem. In Cases (3) and (4), the only relevant
question is whether or not the solutions do vanish at time T.

Solutions to (36) are meant in the weak sense i.e. in the sense of transposition, see e.g. [10,
Section 2.1.1]. We say that y is a solution (36) (with appropriate boundary conditions) in the sense
of transposition if for all 7 € [0, T,

T pL T
oz_fo fo y(6[¢+f’(x)6x(p+q(p)dtdx—f'(O)fo h(0)¢(t,0)dt

L L
+f0 y(r,x)tb(r,x)dx—fo Yo (x)¢p(0, x) dx
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for every ¢ € C1([0,7] x [0, L]) satisfying ¢p(x, t) = 0 for all ¢ € [0,7] and every x € {0, L} so that
0,f(x) >0, thatis

(1) no assumption if {'(0) > 0 and (L) <0,

) ¢(t,L)=0,V te[0,7],iff'(0) >0 and f (L) >0,

(3) ¢(,00=0,V t€0,1],iff'(0) <0 and (L) <0,

(4) ¢(t,00=0and ¢(t,L) =0, V t € [0, 7], if ' (0) <0 and §'(L) > 0.
The arguments of [12, Proposition 1] can be adapted here to prove that the weak limit of solutions
of system (1) are solutions to (36) with the boundary conditions given in Items (1)-(4). In
particular, this allows to prove Proposition 4.

For the observation problem, we expect the following limit system

0~ (x)0x—q)u=0, (t,x)€(0,T)x(0,L), 37)
u(0, x) = up(x), x€(0,L).

The boundary conditions are then the same as for ¢, namely:
(1) no boundary conditions to be imposed, if ' (0) > 0, f (L) <0,
) u(t,L)=0,te(0,T),if{'(0)>0,f(L) >0,
(3) u(t,00=0,te(0,7),iff'(0) <0, (L) <0,
(4) u(t,0)=0, u(t,L)=0, te(0,T),if{'(0) <0, f'(L) > 0.
Following closely [10, Section 2.1], it is possible to prove the following two lemmata.

Lemma 18. Forany uy € I2(0,L), the Cauchy problem (37) with above boundary conditions has a
unique solution u € C((0, T), L?(0, L)).

Moreover; for any yo € L?>(0,L), h € L>(0,T), the Cauchy problem (36) with above boundary
conditions has a unique solution y € C((0, T), L[2(0, L)) in the sense of transposition.

Lemma 19. We have the duality relation

(y(D), uO)LZ(O,L) — (Yo, u(T»LZ((],L) =D,

with

(1) D=f(0) fOT u(t,0)h(t—T)dt, if f (0) > 0 and{ (L) <0,

@) D=7(0) [, u(z,00h(t—T)dr, if  (0) >0 and§ (L) >0,

(3) D=01if{(0)<0andf (L) <0,

(4) D=0, if {(0) <0 andf'(L) > 0.
Moreover, null-controllability (or the problem of having y(T) = 0) holds true if and only if, for all u
solution of (37) with above boundary conditions, we have

(W) fy lu(t,07de = Clu(DIZ, ., if ©0) >0 and (L) <0,

@ Jo lut0)2de = Clu(D2, ., if 7(©0) >0 andf (L) >0,
3) u(T)=0if {(0) <0 andf (L) <0,

@) w(T)=0,if f©0)<0,§ (L) >0.

The next Proposition simply says that null-controllability (or the problem of having y(T) = 0)
holds if and only if all the trajectories exit the interval.

Propositiozl 20. The conditions in the previous Lemma hold if and only if ¥ # 0 in [0,L] and
_ d
T= Tf’ = fO |f’(§)| .

Note that the system considered is not the same depending on the sign of f'.

Proof. First, we can check that if there is one point xy € (0,L) (it cannot be on the boundary
with the assumptions) such that '(x9) = 0, then the conditions are not fulfilled. Indeed, we
can construct some non zero solutions localized arbitrary close to xp that remain zero close
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to the boundary. Note also that since § is sufficiently regular and § (xo) = 0, then ; L ds s not

0 §(s)
convergent.

In the other case, we can write explicitly the solution. We first consider the second case
(0)>0,§(L)>0.

For any x € [0, L], denote J(xp) = f;" %. It is an increasing function from [x, L] to [0, Ty 5 (201
with 0 < T, (x) := [, xL 9—; < Ty the exit time on the right starting from x. Denote ¢ — Y,(¢) its
inverse from [0, Ty (x){ to [x, L]. Deriving with respect to ¢ the equation J,(Yy (1)) = ¢, we see that
0, Yy (1) = f(Yy(2)) while deriving with respect to x gives 0, Y, (t) = % Moreover, we have
Y, (0) = x and YTy 5 (%) = L.

We define for x € [0,L] and t = 0,

u(t, x) = el Ax@dr oy (1), (£, 1) €eRy x[0,L] and 0< £ < T, (%),
u(t,x)=0, (t,x) eR, x[0,L] and > Tr,fr(x).

Note first that it is well defined since 0 <7 <t < Ty 5 (%) implies that Yy (7) and Y« (?) are well
defined. We also notice that if ug is C 1 with ug(L) = 0, then u is solution of (37) in the classical
sense with the appropriate boundary conditions u(¢, L) = 0.

We first check that u is continuous and it is therefore sufficient to verify the equation in each
zone. We compute for0 < ¢ < Tr,f/ (x),

deu(t,x) = GV (D) el 1Ty (7 (1)) 4 elo 4TS (v (1) u! (v (1)

Ly t t /
0, u(t,x) = UO qu(yx(r))dr ol ATy (1)) 1 ol gve@dr | Yx(2)) b (Ya()

' (x) i (x)
We conclude by remarking that [y f'(Yy(1))q' (Yx(0))dT =[5 2 (q(Yx(1)))dT = q(Yi(1) — g(x).
Note that the computations only make sense if u and g are regular enough, but we obtain the
same result in general by approximation. For the boundary conditions, T; (L) = 0 so that we
always have t > T,y (L) = 0 and u(z, L) = 0. Also, the assumption ug(L) = 0 ensures that at time
t= Ty (%), Yy(Ty5(x)) = L, s0 that u(Tp5(x),x)=0 and the function u is continuous. The formula
extends to L? functions and therefore defines the flow map described in Lemma 18.
Now, we have to check if the defined formula fulfills or not the observability estimate. For x = 0,
we have Tr,fr 0) =Ty and we have seen that Y,(¢) is an increasing bijection from [0, Tf/] to [0, L].
We can then compute for0 < T < Ty

T T Yo(T) d Yo(T)
| oiars [ Cutaenrde= [ womP st [ wmkdy
0 0 0 () Jo
where we have made the substitution y = Y,(#), that is £ = Jo(y). The symbol a = b means that
there exists one constant C depending on 7, f, L and g so that Cla<b<Ca.ForTe|0, Ty, (x)]

0 Yy(T) = % > 0, so that x — ¢7(x) := Yy(T) is a diffeomorphism from [0, x7] to [Yo(T), L]
where xr € [0,1] is so that Yy (T) = L (which implies T,y (x7) = T since Yy(T,y(x)) = L by
definition).

In particular, for0 < T < Ty, we have0=<T < Tr,fr (x) © x7 < x < L and therefore

L L L
DI, = [t ofdes [ Cuoamtdss [ jumPdy
’ 0 X7 Yo(T)

In particular, the observability inequality holds if and only if Yo(T) = L, thatis T = Tj. For T = Ty,
we have u(T) = 0 so that the observability is trivial. This ends the result in the case ' (0) > 0 and
(L) > 0. For the other case § (0) < 0 and /(L) < 0, the change of variable x < L — x reduces to the
same case as before. The only difference now is that we want the solution to be zero instead of
the observability. The condition is actually the same. d
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3. Proofs of the main results
3.1. Localization of Schrédinger eigenfunctions in a one dimensional well

In this section, we recall results proved in the companion paper [40] in which we study localiza-
tion properties for eigenfunctions of the Schrodinger operator P, defined in (28). We now state
these two results, which take the form of uniform (in terms of both € and E) upper and lower
bounds on eigenfunctions.

Theorem 21 (Upper bounds for eigenfunctions: [40, Theorem 1.3]). Assume thatV € C Lo, LD
( € C%(10, L)), and that Item (2) in Assumption 2 is satisfied. Then, for all & > 0 there exists
&9 = €0(0) € (0,1] such that for all E,v solution to

Pey=Ey, yeH*O,DnH;0,L), |v]20.=1 (38)
we have for all e < g9
ahE € , dAE ) 39)
e« —— +le ¢ <ec.
VTR |z Yl
L pose L yDise (40)
py—— =e £ P — <e £ .
EEake Ik

Only continuity of the potential V (i.e. f€ C([0, L])) is assumed in [40], but this refinement is
not relevant here since V € C' ([0, L]) (i.e. f € C?([0, L])) is needed to use Theorem 22.

Theorem 22 (Lower bounds for eigenfunctions: [40, Theorem 1.4]). Assume thatV € cqo, L)
(f € C2([0, L)), and that Item (2) in Assumption 2 is satisfied. Then, for anyyy € [0, L],v > 0 and any
6 >0, there is gy > 0 such that for all E, v satisfying (38), we have for all € < g,

_1 .
||‘//||L2(U) z e et g, p(U) = ;?Lf,dA,E(x), U=(yo—v,yo+Vv)N[0,L],
£ . £ 1 41)
— W0 = e—;(dA,E(O)-%—(S)' - W= o~ tdaE)+0)
ZEN EEa

Note that this improved lower bound is as precise as the upper bound (39) (except for the §
loss) and thus essentially optimal. Uniformity with respect to the energy level E is necessary for
the proof of the cost of controllability in Theorem 7. The latter indeed involves all the spectrum
of P, since we are studying all solutions.

Remark that Theorems 22 and 21 are counterparts one to the other. They state essentially that,

in this very particular one dimensional setting, an eigenfunction vy associated to the energy E
dp )

satisfies |y (x)| ~ e~ = (and that this is uniform in E, x, €). The symbol ~ is slightly abusive in
our setting since we only have equivalence up to multiplicative terms of the form eg, which can
be very large. Yet, in the present context where only exponentially small quantities are compared,
this kind of estimates is sufficient for our purposes and provides with the correct asymptotics.
See e.g. [40, end of Section 1] for a discussion on possible refinements.

3.2. Proof of Theorem 5 from Theorems 22 and 21

In this section, we give a proof of Theorem 5. The latter relies on consequences of Theorems 22
and 21 that are not using the uniformity in E and could be deduced from softer versions of these
two results.

Proposition 23. Under the assumptions of Theorem 22, we have

> e— % (min[o,L] WE+5) .
L2([0,L])

_I
”e Y,
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Proof of Proposition 23 from Theorem 22. We take x,, € [0, L] such that Wg(x;,) = minj 1) WE.
Then, by continuity, there is p > 0 such that for all x € (x,; — p, X, + p), we have f(x) < f(x;;,) + 98
and da g(x) < da g(xm)+ 6. We then estimate

> o2 (Fm)+0) lwell

i
> |le"2
L2([0,L]) H Ve L2 (Xm0, Xm+)

> o 2e Fm)+8) o= ¢ (daE((Xm=p,Xm+0))+6)

_x
” ¢ *Ye LZ(Xm—P,xm+P)

after having used Theorem 22 in the last inequality for € < £¢(0), and with da g (X —p, X +p)) =
infye (x,,—p,xm+p) A4,E(X) < dag(xm) + 6. As a consequence, we obtain

> o~ G Em+) o~ L das(xm)+28)
I2((0,L)

et

1

> o=t (WE(xm)+30) _ o= (minjo,p) Wg+30)

where we have used the definition of x,, in the last inequality. g

We conclude this section with a proof of Theorem 5, which relies on both Theorems 22 (under
the statement of Proposition 23) and 21.

Proof of Theorem 5 from Theorem 21 and Proposition 23. We follow the proof of [38, Theo-
rem 3.1]. We first use Lemma 16 and Lemma 15 to see that we have (33) for all solutions to (32),
with Cy = Co(T, &) = 6(T, €). Second, given E € V([0,L]) and ¢ € (0, 1], there is E, = E + 0 (£2/3)
and y, € H*((0,L]) n Hy (0, L)) such that P.y, = Ecy, (see Lemma 24 below). We then test (33)
with ¢ (1) = e *Fe/qy,, solution to (32) with £ (0, x) = ¢ (x). This reads

2 2

_2TEg _f H _i((T)
e ¢ e 2 =||e 2

Ve L2(0,1) I2(0,1) 2)

2 T -1o 2 2., 10 ’ 2

<G | |7 c0.0(1,0)| dr=C3Te™E ey, ).

. s _2TEe  _ | _2T(E+0)  _ 2 (mi
Using Proposition 23, we have e™ "¢ ||e™2 w£||iz([0 e e e emnonWerd) forgl] 0 < <
T dgpo-6

£0(6) and using (40) in Theorem 21 we have |y, (0)| < e~ A (recall that E is fixed). Combining
together with (42), these two inequalities yield, for 0 < & < ¢(5, T),

2T(E+95)

20 © dap0)-06
e & e—g(mln[o,L] Wg+96) < Cge—fT e—Zf

9 WE(€0)—§

= ge_ ,
which is the first statement of the theorem when recalling Cy = %6y(7T,¢) and changing the
notation for §. O

In the course of the proof, we have used the following Lemma, taken from [38], proving the
existence of eigenvalues at any allowed energy level. It can also be deduced from the much more
precise Theorem 35 adapted from [1].

Lemma 24 ([38, Lemma 3.2]). Assume V € W°([0, L]) and q; € L°°([0, L]) are both real valued.
For all E € V([0,L]) = [ming ) V,maxo,;) V] and all € € (0,1], there is E. = E + 0 (¢*3) and
We € H(0,L]) N Hy (10, L) such that Peye = Egy,.

3.3. Coron-Guerrero type lower bound: proof of Theorem 6

Proof of Theorem 6. Recall the simpler way of writting the control problem (1), the observation
problem (25) and the duality statement (26). Let (<P2)ker\| denote the sequence of eigenfunctions
of the selfadjoint operator P, associated with eigenvalues A} sorted in increasing order.

Now, we fix E € V([0,L]). As a consequence of [38, Lemma 3.2], there exists a sequence of
eigenvalues E, of P, with E; — E as € — 0. That is to say, there is y, € H20,L)N H(} (0, L) such that
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Py, = E;y.. Denote n = n(E, €) € N the index (in the non-decreasing sequence of eigenvalues of
P.) such that A, = E, and v, = ¢f,. We choose for initial datum for (1) the function
1 I,
Yo=Yn=exyYe=exq@,.
We denote by &, any control driving the initial datum y;, to zero and produce lower bounds for
its norm. According to the Agmon estimate (39), we have

Iyl = e ot <™ @
Ynllr2(0,1) “llr20,1) oo ,
with
Dpg =sup Wg, Wg(x):= %UC) —dap(x). (44
[0,L]

A,E
We remark that the function (f,x) — e~ Isc (pk(x) is a solution of (32). As a consequence
of Lemma 16 the function u(t,x) = e~ 26 (p (x)e” T is solution to (30), that is of (25) with

Uup(x) = e~ 5 ¢;.(x). Since we assume hy, is a null-control, we have y,(T) = 0 and the duality
formula (26) taken for u = uy implies

T
wi(T), yn) 12001 +f0 €0 up(£,0)hy (T — Ndr = 0. (45)

© Mt
Since u(t,0) = 0 (Dirichlet boundary conditions), we have 0, u(£,0) = e~ % e -+ ((p‘;c)’ (0). More-
over, we have
Yo 1o, Mg
(ur (D), J/n)LZ(o L= =(e” 25 (Pk(x)e £ ,ezx (Pn)LZ(O,L) =e ¢ 6k,n-
These two identities together with (45) (and the change T — ¢ — ¢ in the integral) imply
(0)

T E e 2
f hn(t)e® 'dt = —————06y,,, forallkeN, (46)
0 £(p})'(0)

We next set for n e N
T .
Un(8) := F (hplio, 1) (s) =f hy(He”'dr, seC,
0
which defines an entire function v, : C — C. Identity (46) reformulates as

A o2 5
””(l e )__E((P‘Z)’(O) k-

Moreover, writing f(s);+ = max{f(s),0}, we have for all T =0
T
v, (8)] < eTIm(S“f |hp(0)|dt < TY?eT™O+ | 1y, lz2¢0,7), forallseC.
0
We now introduce the parameter B = 0. We define the entire function
s—iB
g1:C—C, gu®):=vy, : .

From the above properties of v,, we obtain
i©

ez
gn(ibk)z W(skn’ bk:/li""B» (47)

together with the general bound
Ign(s)] < T2 e MOBryp 00 forallseC. (48)

Now, we want to apply the complex analysis Lemma 25 below with the following parameters:
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e x:=E+B>0,and x,:= 15, +B— xase— 0%,

. g = 8n

e o =limsup Y400

. loglg(r)l <Cg:= log(T”zllhnlle(o 1)) for all 7 € R, according to (48) (using that B = 0),

e by = /15 + B and by := by for k < n and by := by, for k = n (that is to say {by, k € N} =
{br, k E N, k # n}). According to (47) applied with k # n, the sequence (by)ren Satisfies
g(iby) = 0. Moreover, the assumption (52) is satisfied w1th Z(s):= @ 1(ns) + B according
to estimate (81) in Theorem 35. Note that this uses g = 2 , that is to say g5 = 0. We also
recall that the function @ is defined in (6).

Application of Lemma 25 implies

w L according to (48),

1 T
log|gn(i(A5 + B))| = ~(Tep+8)+—(E+B) +1og(T I hull12(0.1)>

where we have set

1 +o00
Tgp:= I(E+B)=—f log’ log
T Jo

-1 +00

-l (y)-E 7 v
and, in the last expression used the definition of ® and the properties of V to write o L) =
V(x9) = min V. According to (47) applied with k = n, we also have

o

x+E+ZB'

e 2 . '
g W =lOg|gn(lbn)| :]0gign(l(k:l+3))|‘

Combining these two lines, we obtain,

(0)

ez 1
log| ————| < = (~Tgp+ T(E+B)+8) +log(T"?|h ) 49
B | e (—~Tgg+T(E+B)+6)+1og(T"*IIhnll 20,1 (49)
—d (0)+6
Moreover, thanks to the Agmon estimate (40), we have, for € € (0, &), le(¢%)'(0)| < e%. Asa
consequence, we have
o . Dt dnp-6 we)- (50)
Elesy ]|~ e T
Combining (50) together with (49), we finally obtain
1
log(T 2| hpll 120, 7)) = . (WE(0) + Tg g — T(E + B) — 26). (51)

Finally, assuming observability/controllability, Lemma 15 implies that the control cost (observ-
ability constant) necessarily satisfies

I Rnllz20,1)

Co(T,€) = , thatis, logCo(T,€) =logllhnl 2, 1) —log ”J’n “LZ(o,L)'

~yn ||L2(0 L
Recalling (43)-(44) together with (51), we have now obtained, for € € (0, £y) small enough
1
logCo(T,¢€) = - (Wg(0) + Tg,p— T(E+B)—36 —Dg - 6),
which concludes the proof of the theorem. O
The proof of the above result relied on the following complex analysis lemma.

Lemma 25. Let Z :R* — R* be a continuous strictly increasing function such that Z~" is locally
Lipschitz continuous on [ Z(0), +o0) and % € LY([1, +ool), and set

Z(y) +x

+00
I:R—-R, I(x):zf lo ‘
0 & Z(y)—x
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(which, under the above assumptions, is well-defined and continuous on R*). Let R : R* — R* be
an increasing function tending to zero at zero. Then, for any x >0, d > 0 D > 0, and any family
(Xe)ee(0,60) SUCh that x; — x as € — 0%, there exists € so that for any holomorphic function g on C*
satisfying

(1) g is of exponential type on C*; we write o := limsup,,_. loglg iyl +00,
(2) 17— loglg(7)| is bounded above on R*; we write Cg := sup,cgloglg(1)| < +00,
(3) g(ibg) =0 for any k e N* where by = by.(€) > 0 is a sequence such that

Z(ek—De)—R(e) < by < Z(ek+ De)+ R(e), forallk=D,ec€(0,¢p), (52)
we have
-1 1)
loglg(ixg)ls%+axg+CR, foralle € (0,€). (53)

We first prove the following lemma, proving in particular that I(x) is well-defined and contin-
uous.

Lemma 26. Given Z:R* — R" a continuous strictly increasing function such that Z~" is locally
Lipschitz continuous on R* and % € L([1, +ool), the functions

Z(y)+b' too ‘Z(y)+b'
———1|dy, Fm(a,b,c)zf log| =———|dy,
81z —al™ e Blzp-al?
are well-defined and continuous in (a, b, ¢, d) € R*, resp. (a, b, c) € R3.

d
F(a,b,c,d) :f lo
c

Proof. Concerning first the function F, it suffices by linearity to check that f log | Z(y)— a| dyis
well-defined and continuous in (a, ¢, d). The change of variable formula for Lipschitz map (2!
is locally Lipschitz continuous) yields

d Z(d)
ﬂ(a,c,d)::f log|Z(y)—a|dy=f loglx—al (Z7Y (xdx,
c Z(c)

and that the left hand-side is well-defined/continuous if and only if so is the right hand-side.
But the right hand-side is well defined since (Z~!)’ is bounded (a.e.) on every compact interval
and log|x]| is integrable on compact sets. Let us now prove by hand that the right hand-side is
continuous. Fix (a, ¢,d) € R3 and let € = (g1, €2, £3) — 0. We write

|Z(a+er,c+er,d+e3)—F(a,c,d)l

Z(d+e3) Z(d)
= f loglx—a—e¢1| (Z_l)'(x)dx—f loglx—al (Z7Y (x)dx
Z(c+ep) Z(c)

s h(e) + Ix(e) + I3(e) (54)

with

Z(c+er)
L(e) = f loglx—al (Z7Y (x)dx|,
Z(c)

Z(d+es3)
L) = f loglx—al (Z7Y (x)dx
Z(d)

Z(c+er) X—a—¢
Le) = f log’—l) Z Y wdx].
Z(d+es)

We have I (€) + I,(¢) — 0 as € — 0 by dominated convergence, and it only remains to study I3 ().
Using that z e Lf(fc(IR) and choosing D, D, € R such that a, Z(d + €3), Z(c + €2) € (Dy, D) for
all € sufficiently small, we have

D,
| ) dx+C f
x—a

D;
I(e) < Cf

xX—a—¢&;

log| o, log’ a2



Camille Laurent and Matthieu Léautaud 289

Assuming that €; = 0 (the case €] < 0 is treated similarly) and changing variables in these two
integrals implies
€]

Dr-a ds +oo ds
I3(£)SC€1f |log|1—s|‘s—2+C£1fEl |log|1—sl|s—2. (55)

(o0)

Dyp-a
Then, we write, for £; small

+00 ds 1/2 ds +00 ds
Elfq |10g|1_sl|3_2:€1f£1 \logll—sl|?+£1f1/2 ’logll—sl|?.

Dyp-a Dy-a

The function SLZ |log|1 - s|| is integrable on [1/2,+00) and hence the second term converges to 0.
For the second term, we write |log|1 — s|| < K|s| (with K =2log2) on [0,1/2] and thus

Dy —
281

1/2 ds 1/2 ds
€1 ngl_a |log1 - sl| Z e o Ks? =Ke; log(
This implies that the second term in the right hand-side of (55) converges to zero. The first term is
treated similarly, and we deduce that I3(¢) — 0 as € — 0. In view of (54), this implies that .¢ (a, ¢, d)
is continuous on R3 and thus F is continuous on R*.
We now turn to the study of F, and remark that it suffices now to prove that Fy(a, b,0) is

well-defined and continuous on R?. We have from the assumptions that Z(y) — +oo as y — +00

a
)—»0, ase—0.

and thus
Zy)+b a+b a+b 2|la+ b|
log| =———|{| = |log|1+ ——|| = |log|1 + < , asy— +oo.
Z(y)—a Z(y)—a Z(y)—a Z(y)—lal
Z(y)+b

Since % is decreasing and in LY([1,+00)), we deduce that y— 10g| Zo-a is integrable near +oo
(integrability on compacts sets has already been proved for F). Moreover, its integral near infinity
is continuous in (a, b) by dominated convergence. This concludes the proof of the lemma. g

We now recall a classical representation theorem for the modulus of entire functions of
exponential type, which will be crucial in the proof of Lemma 25 below.

Theorem 27 ([36, Theorem p. 56]). Let f(z) be entire and of exponential type and suppose that
+oo Jog, | f(x)]
f_oo 1+ x2
where log,, (t) = max{0,log(?)}. Denote by {1,}, the set of zeros of f(z) inIm(z) > 0 (repetitions
according to multiplicities), and put

dx < +o0,

A=limsup —log U;(ly)'

y—+00

Then, forIm(z) >0,

oo 1-z/A 1 [t 1
loglf(z)|= Almz+ Zlog L_” +—f mzzloglf(r)ldr.
n=1 1-z/A,l 7TJ-eo lz—T]

Proof of Lemma 25. We now prove the main statement of the lemma. We apply Theorem 27 at
the point ix,. Given that x, — x, we may assume that x, > 0, and have

iXe—ay Xe [T loglg(T)Id

+0xe+—
7

(56)

ixe—ay

+00
loglg(ix:)l=) lo ; )
glglixe é; g o T i

where (ay)sen is the sequence of zeros of g in C, := {z € C,Im(z) > 0} (repeated according to
multiplicities).
We first estimate the third term in the right handside of (56) using Assumption 2, as

+ool +o00o 1 C +00 1
ﬁf MdTSCR&f — dr=2 dr = Cp. (57)
T oo |T—ixel? T Joco T2+ 2 ) 241
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The estimate of the first term in the right handside of (56) is more complicated. First, we notice
that since i x, and ay are in C., we have |ix, — ay| < |ix. — ay| and thus log ‘ % ) <O0forall /e N.
Therefore, since {iby, k € N} c {ay, ¢ € N}, we deduce

Y log

leN

iXe—ay

ixg —(/_lg

Xe — by

< lo
Xe + bk

keN

. (58)

We can also assume without loss of generality that x. # by for all k € N (otherwise, the left
handside in (53) is —oco and (53) holds true), and that the sequence (by)ken € (0,00)N is an
increasing sequence. Denote then N = N(¢) the integer such that

o SDN1SDN<Xe <bniy1 S bnia<---. (59)

Notice that since x > 0, we have N(g) — +oo as € — 0 (see (66) below for a more precise estimate).
We are thus left to study

. Xe — by by — x,
log =S<+S-, with S<:= log( ), Ss = log( ) (60)
;C§\| g k;N Xe + bk > ng Xe + bk

Xe — by
x5+bk

Using again that all terms in the sum are nonpositive, together with (52) and the fact that the

functions s — ;;i (resp. s — i;z =1-2 Sfjcs) are decreasing (resp. increasing if x, > 0), we obtain
respectively
-b —Z(k—-De)+R
Se= ), log(—x'g k) = ) log Xe— Z(e &)+ R(e) ), (61)
D+1<ksN Xe+bk)  piizken Xe + Z(ek — De) — R(e)
by — Z(ek+ Deg) + R(g) —
Ss < Zlog( k xg)s > og( (e o) + Re) xg)' (62)
P ts Xe+br) Sn Xe + Z(ek+ De) + R(g)

Note also that by < x, implies Z(ek — De) — R(¢) < x, and x, — R(¢) > 0 (for € small enough), so
the first expression makes sense (the same applies for the other term). We may rewrite these two
inequalities as
SSS Z fs(k); S>5 Z f>(k);
D+1<ksN k>N
with

Xe — Z(es—Deg) + R(g) Z(es+ De)+ R(e) — x¢
f<(s) =log , J>(s)=log .

Xe + Z(es—Dg) — R(g) Xe + Z(es+ Deg) + R(g)
Note then that the function f< is negative decreasing, whereas f- is negative increasing to zero.
As a consequence, we have

N N N-D _
Sc < Z fS(k)Sf fs(s)dS:/ 1og(w)ds
k=D+1 D 0 Xe + Z(€s)— R(e)

_le(NiD)IO xe — Z(y) + R(e)
€Jo Xe + Z(y)— R(g)
1< < éN-D) | x. + Z(y) - R(e)
=——1I5 , ith Iy . := 1 - 63
g Ner W Ne fo © Xe — Z(y) + R(g) (63)
Similarly, we have
o oo +o0 Z(es)+R(e) —
Ss = Z f>(k)Sf f>(S)dS=f lo (M)ds
k=N+1 N+1 N+1+D Xe+ Z(es)+ R(e)
B 1f+°° o Z(y) + R(e) — x;
CeJevirep) Clxe+ Z(y)+R(e)
1 +00 Z R
- -1, with I;,e::f Xe + Z(y) + Re) -
e ’ e(N+1+D) Z(y) +R(e) — x¢
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Combining (56)-(57)-(58)-(60)-(61)-(62)-(63)-(64), we have obtained so far that
. |
log|g(ixe)| SUxE+CR—E(IKI,E+I;l,s)’ (65)

: : < >
and it only remains to study Iy ., I .-

Note that (52) applied to N and N + 1, and the definition of N in (59) yield
Z(E(N-D))—R(e) <bn < xg <bni1 = Z(e(N+1+ D))+ R(e).

In particular, by continuity of Z, this implies that Z(e N) = Z(e N(¢)) converges to x as € — 0%, and
hence

eN=¢eN()— Z '(x), ase—0". (66)

Next, we define the function k. : Rt — R by

Xe+Z(y)-R(e) | _ Xe+Z(y)—R(e)
IOg m =10 (m) fOI' Z(y)SXE—R(E),
- Xe+Z(y)+R(€) | _ Xe+Z(y)+R(€)
hg(y)-— log m —lOg(m) for Z(y)ZXg+R(€),
0 otherwise.

Recalling the definition of Ilf, o I;, ¢ N (63)-(64), we now have

+00
11%1,5"'[;/,8_[0 hf(y)dy

Z7 Y (x:~R(€) VA —R e(N+1+D) VA R
- f log| X FZW —R@E 1 f log|ferZW+REY )
€(N-D) Xe—Z(y)+R(e) Z71(xg+R(e) Xe— Z(y)— R(e)
and now examine the convergence of the different terms involved. We shall prove that
+00
f he(y)dy — I(x), ase—0", (68)
0

and that the right handside of (67) converges to zero. This, together with (65) will then yield (53),
concluding the proof of the lemma.
Let us now prove (68) by splitting the integral into the two intervals:

+00 Z7 1 (x=R(e) +7 R +oo > _R
/ I’ls (y)dy :f lo w +f lo w
0 0 Xe = Z(y) + R(#) Z1x+RE) | Xe = Z(y) + R(€)
Lemma 26 implies the following convergence of the two integrals as e — 0*:

+00 Z7 1 (x) x+Z(1y) +00
fo hAy)dy—»fo log rr2y) dy+f

x—=Z(y) Z-1(x)
which is (68).
We finally consider the right handside of (67). According to (66), both endpoints of these two
intervals converge to Z~!(x). Using again Lemma 26, this implies that the right handside of (67)
converges to zero, which concludes the proof of the lemma. O

x+Z(y)
x—Z(y)

log dy =1(x),

3.4. Upper bound: Proof of Theorem 7

In this section, we give a proof of Theorem 7. In particular, we assume that f € C*°([0, L]), that
Items (1)-(4) in Assumption 2 are satisfied, and that g = %” These assumptions are made so that
to apply the spectral results of Theorem (35), deduced from [1].

According to Definition 1 and Lemma 17, null controllability of (1) in time T is equivalent
to having for any y, € L?(0, L), the existence of h € L?(0, T) such the solution v to (34) satisfies
v(T,-)=0.
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With the duality (35) this can equivalently be formulated as: having for any y, € L2(0, L), the
existence of i € L2(0, T) such that for all ¢, € L?(0, L) we have
T
0=({(T), v(0)) 20,1 +f €04((t,0)v(T —¢,0)dt =0, orequivalently,
X T (69)
_lo _Lp
e” 2 h(T - 1)0x(e s (x| x=0dt,

L (%)
0= f e_%yo(x)(e_?T*PEC*)(x)dx+£f
0 0
. iw
where { solves (32) with (0, x) = (. (x) = e’2c up(x) and v solves (34).
With domain H%n H& (i.e. Dirichlet boundary conditions), the operator P, is selfadjoint on L?,
with compact resolvent. We introduce a Hilbert basis (w‘;) ¢en Of L2(0, L) such that

Pegpy = A595,  with @3 (0) =3 (1) =0, A7=Ap,,,

as in Theorem 35.

We will need the following intermediate result, which we state on a time interval (0, 7) instead
of (0, T) for in the proof of Theorem 7, this control will be only used in part of the whole time
interval (0, T).

Proposition 28. Under the assumptions of Theorem 7, fix § > 0. Then, there exists ey and C > 0 so
that forany0<e<egp, 0<1< 671 and vy € L2(0, L), there exists a control h € L2(0,T) to zero of

(€0:+P.)v =0, (t,x) € (0,7) x (0, L),
v(t,0)=e % h(), v, 1)=0, r€(0,7),
v(0,x) = vo(x), x€(0,L).
with the control cost
iz, <G T y A va et @] (70)
12(0,1) ~ g643 = @) OF |Jo o(X)@,(Xx)dx

The proof consists in solving the moment problem obtained by testing (69) with (. ranging in
a basis of eigenfunctions of P.. It also relies on properties on P, described in Theorem 35 (recall
that our assumptions imply g5 = 0).

Proof of Proposition 28. According to (69) controlling vy to zero in time 7 is equivalent to having
existence of Z = h(t — ) € L2(0, 7) such that for all £ € N,

T9€ L T £
ozeﬁﬂzf vo(x)tp;(x)dx+£e_%((p;)’(O)f Z(e Medr.
0 0

The idea of the moment method for finding such z(#) solving

T9€
975/1[

T . L
f Z(pe Mede = aj, with af=- f vo () (x)dx, (71)
0 0

_io
ee” 2 (¢7)'(0)

is to construct it as a sum of biorthogonal functions (\I’;) jeN € L20, )N, namely

. . T M
z(t):jg\lajtpj(t), w1thf0 Pi(ne “ldr=6,. (72)

Denoting z(t) := e 1Z(t/¢), Y1) = E_I‘P;(I/E) and 85 := ¢~ /A5, Equation (72) is equivalent to

ET e
zZ(t)=) asy(1), withf0 wj(s)e*(ﬁz)“dszaj,. (73)
JjeN
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For 6 > 0, Theorem 35 yields existence of g,y > 0 and N € N (all depending on §) such that for all
0 < € = g9, the sequence (ﬁ;) ven Satisfies
,6;“—[3;2%, forall = N, 1)
By~ By =y >0, forall/eN,
where T is defined in (7). Proposition 39 with yo, = R + 5 > yields existence of C, &9 > 0 such that
for all £ < &, setting Sg := 5 L (T, + ), we can find a sequence (1// ) jen satisfying (73) with

(16+6]S (16+8)$2 3 A
C o) /1[

Z (ﬁS)ZeZ(ﬁE) ET ;|2 — e Z 2T7|(X | (75)
leN (ET)g leN &

Choosing now the numbers @ as in the second part of (71), the function z satisfies the first part
of (71), and hence is a null-control for vy. Moreover, we can now estimate the last term in (75) as

2
”Z”LZ(O,ET) =E—= (ET)S

2

Z /1; 21 |a[| < 1 - E;L; - fL yo(x)(p;(x)dx

feN 82e—f% feN |((PZ),(O)| 0
Combined with (75), this yields

C (16+5)s§ 1 AE L 2
2 — n £
10 =73 ™ Tl & gy oF f Yo(DPy)dx

This gives the result recalling that S5 = 3 (T1 +0) and ”h”LZ(o 9 ”z“LZ(o n =€ ||z||L2(0 er) (up to
changing the notation for 6). d

We are now in position to prove Theorem 7. We first take advantage of the natural parabolic
dissipation [39,43, 44], and then use the control function constructed in Proposition 28.

Proof of Theorem 7. We construct a control function k() for Equation (34) under the following
form

e h=0o0n [0,mT] and use dissipation;
e has constructed in Proposition 28 on the interval [m T, T] (instead of [0, 7]; this is possible
since the equation is invariant by translations in time).
At time mT the solution of (34) is thus given by

AS
vimT,x) =Y e ¢ " v, (x),
neN

where v, = fOL — Yo(x)% dx. Moreover, using the Cauchy-Schwarz estimate, we have

f(x) €

wal =0l | 0 gy

We then take this function v(m7T,-) as an initial condition for the control problem on [m7T, T]. On

this interval, we use the control function h furnished by Proposition 28. It satisfies Estimate (70)
which reads

C 11245 50 A€ L 2
12 <~ _emmmTt e —”f v(mT, x)¢% (x)dx
L2mT.1) = 6(1 — m)3T3 ,§\||((,0%)'(0)|2 0 On
aT2+5 3 2€
< =" Tt & Y _ A —27tmTy, |2
Ve @R ()
Cp AT 0 A5 oMl i 12
< —— (- m)T € _— e = m H 2€
“y0||L2(0L) 473 ,%W((PZ)’(ONZ 7 120.0)

4T12 f(O)

SHyOHiZ((),L)éA_;SeW © AgBe,
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where we have denoted for 0 < 8 < 1 small

£ & £
A=Y o2 2omT B, = A o2 a-OmT ” LI o
neN neN le(p5) 0)? "

2

1200,L)

We estimate A, and B; in Lemma 29 and 30 that we state below. Combined with the previous
estimate, it gives (for any 8, Tiax, m > 0, existence of Cy,,&9 > 0 such that for all T € (0, Tnax),
me(0,1),0 € (0,1) and all € € (0, gp))

Cm 2D(m)
2mT1) = ggats © ||y0“L2(0 0’ (76)

IR17 = Inl?

12(0,T)
with (recalling that Wg = da g+ J;-)

2T?
D(m)= ————=+sup |Wg(0)—E(Q-0)mT —min Wg
1-m)T Eg>g, [0,L]
for a constant C depending on m, T, T;. This proves Estimate (9) in Theorem 7 after taking
£o small enough to absorb the polynomial loss, up to changing 6. Estimate (11) in follow from
optimizating in m, see Section C.5. We take 6 = § and first downgrade the exponential part by

+C§,

' 2

using E = Ey = \ﬂ%)l to

21 If’(xo)|2

D(m)S——( —0)————mT + sup | Wg(0) — manE +C8
(1 - m) E>E0
272 ' 2 )
< 1 _ |f (x0)! mT+ sup WEg(0) — min Wg +C6.

=mt 4 E€V([0,L]) [0,L]

where we have noticed that Wy = /2 for E = max|p ) V. As a consequence of this together
with (76), we deduce that we can infer T > T, if

27 |fxo)l? :
G(T):= mi - mT+ sup WE(0) —minWg | | <O0.
meo,)\ (1—-m)T 4 EeV([0,L]) [0,L]
Lemma 44 then concludes the proof of (11), and that of Theorem 7. O

It remains to prove the two Lemmata estimating A, and B;.

Lemma 29. Under the assumptions of Theorem 7, given Tmax > 0, there are C, gy > 0 such that for
all T € (0, Tmax), m€ (0,1),60 € (0,1) and all € € (0, &gp),

|Ael <

OmT’
Proof. Item (1), Item (3) and estimate (84), each one to the version adapted to Theorem 35 give
respectively for € small enough and for some y, > 0

I I (x0)* . P e
0=, —-6=:As>0, togetherwith A, , —A;,=¢ey,>0.

In particular, this implies A%, = A5 + ney, and we can estimate

1
Al < e—ZnanT — ,
| Ael r;\I 1 — e=2y20mT
whence the result by the mean value theorem. g

Lemma 30. Foranyd >0, there exists € so that for any0 < € < gy, we have

Bl < Ce?' 5", with F=sup |dap(0)—EQ-0)mT—minWg|.
E=E, [0,L]
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Proof. Forany neNand ¢ >0, we call E = 1%,. Estimate (41) in Theorem 22 yields \/LEI((pfl)’ 0)] =

1
e~ e@aEO+9) yniformly in E and ¢ (for & small enough). For the second term, we simply write

A E . . .
e 2% (=0T — =25 (1=0mT The Jast term is estimated thanks to the Agmon type estimate (39) of

Theorem 21 as

” =

. dAE
e 2 ¢y

_Wg dak
e ¢ @

_min[oyL]WE
e te ¢ @ €

_ miny 1} Wg 8

<e € ee.
12(0,1)

£
n

£

<e
12(0,1)
The combination of these three estimates gives
A€ A4 ® 2
d r’l > —2-2(1-0)mT Hef%(pz
le(p3) (0)]
Recalling (see Theorem 35 (1)) that E > Ep — Ce? and taking the supremum over all E = A% yields
the sought result (up to a loss in §, we can take the supremum in E = Ej). O

12(0,1) -

min W,
< 2dap(0)+0) ;22 (1-O)mT ,—2—10H—L 20
12(0,L)

4. Explicit computations of the various bounds on an example

In this section, we provide with some explicit computation of the different bounds we computed
in the main part of the paper for concrete examples of functions f. For symmetry reasons, we shift
the problem and consider the interval (—L/2, L/2) controlled at the point —L/2.

For a >0, M > 0, we choose

x M? (i
3 =J_rf Va?s?+ M2d =i—f Vy2+1d
F,q (%) | Va's s pall Ve y

2

X M ax
=+— a2x2+M2i—arcsinh(—), (77)
2 2a M
where we have used the identity

y 1
f,/1+t2dt:§(y y2+1+arcsinh(y)), VER.
0

With this choice, we have ﬁ/} L0 =% a?x?+ M? on (-L/2,L/2). The potential

|f7\4,a(x)|2 a’x?+ M?

4 4
reaches its minimum at the point xo = 0 € (—L/2,L/2). We have chosen this example for the
relative simplicity of the computations and because the formal limit when a — 0% is the model
with constant transport term, well studied in the literature [2, 3, 12, 15, 23, 44-46], and the limit
a — +oo proves that Ty can be much larger than the control/flushing time for the transport

equation with Tfi/ ({—L/2}) (see [38]). Indeed, V is a constant plus a harmonic potential. The
M,

a
parameter a will allow to stress the fact that the convexity is responsible for a concentration of
2
some eigenfunctions close to the minimum, which is not the case for the “flat potential” V = MT
corresponding to the more studied case f(x) = +Mx [2, 3, 12, 15, 23, 44-46]. We now compute

explicitly of the quantities involved in the statements of Proposition 4 and Theorems 5-7.

(78)

4.1. Computation ofoir , 11, TE,B,da,E,
M,a

Lemma 31. For the function | = f;—(/[ 4 (%) defined in (77), the minimal control time (or flushing
time, depending on the sign) for the limit equation (¢ = 0) is given by

2 . alL
T.., ({—L/2}) = —arcsinh (—) .
2M

M,a a
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Lemma 32. Recalling the definitions (6)—(8), for the function | = f;—(/j, 4(%) defined in (77), we have

27
Ty = =V a212/4+ M2 = V12 + 4M2/ a2,
a

1 L2116+ M?/4 x+E+2B
Tgp= [ log|——|[dx (79)
M?/4 -
N 2 [*® x+E+2B arcsi ( al ) q
— og|——— |arcsin| ——— | dx
am Ja212/16+M2 /4 X— 2V4x — M?
Moreover, we have
T, — +oo, Tn — nlL,
a—0+ a—+oo
T L [t y2+M2+4E+8B’d - T 0,
_— 00, —_
BB o+ 21 Jo y2+M? - 4E Y BB a=ioo

with in particularlim,_.o+ Tg, p = %\/ZM2 +8B (case E = Ey = MTZ

Note that the function in second integral in the expression of Tg 3 behaves like (x— (a®>L?/16 +
M?2/4)"V2 near a?L?/16 + M?/4, like log(|x — E|) near E (if E is in the interval) and like x73/2 at
+o0o0. Therefore, the integral is well defined.

Lemma 33. For the function | = f]iw .(X) defined in (77), the Agmon distance to the potential
minimum is given by da g, (x) = %~

Proof of Lemma 33. This follows from the expression (78) of the associated potential and the
direct computation

ax?®

X
dy| = =—. O
5 fo alyl y’ 1

! 2 /(0 2
dag,(x) = fo® _7O° d

Proof of Lemma 31. According to Proposition 20, we have the exact formula

Li2 Li2 R dy 2 . al
Tf/i = f f f ——— = —arcsinh| —|,
Ma J_ 12 If (s)l Li2 \/ay? +M2 LVyr+1l a 2M

where we have used
X d y

Vi1

Proof of Lemma 32. According to (77), we have 4V (x) =

=2arcsinh(x), xeR. O

If;f/}a(x)lz =a?x*+M?% and V(x) = 1 &

a’x*+ M? =40 o x = J_r—”“;‘MZ and it belongs to [—L/2,L/2] if 41 — M? < a?L?/4. We rename
A =A) =41 — M? so that (7) and
t L =2arcsin(t), te[-1,1]
> /1 — yz
give

o if0<A<a?L?/4, wehave x,(A) = i—‘“;MZ = ‘F and (as for the harmonic oscillator)

VA&

@ | A+ M2 2 1 A+ M2 vV A+ M? A
T(A) =2 —dx:—f —dy=2n—=4n£;

-\ A-a’x? aJa\ 1-y2 a a
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o if a?L?/4 < A, we have x4 (1) = +L/2 so that

Lz | A4 M2 2 (ox [A+M?
T(}L):Zf e zdx:—fz‘f Sy
-L/2 a*x al- y

WA+ M2 ( al ) darcst ( al )2\/1
= ——— arcsin| —=| = 4arcsin .
a 2vA 2vVar-Mm2) a
Coming back to (7), we finally obtain
VA + M2 . ( aL \ VA+M2
Ty = sup T(A) = max sup 2x———; sup 4arcsin|——|———|.
AzEg 0<A<a?I?/4 a a212/4<A 2vA a

The first function is increasing in A. The second function is decreasing in A (this is also seen di-
rectly from the definition since if a’l?/4<Aand xe[-L/2,LI2], 1{‘_*;{’; =1+ A//I\Z_*a‘i’f is decreas-
ing as a function of A, so that T'(1) is actually decreasing). As a consequence, the maximum is
reached at a®L?/4. As a consequence, we obtain (79).

We now turn to the computation of ®(1) and recall (6)

x4 (A) x4+ (A) 252 + M2
D) = \/A—V(x)dx:f Y-y,
x_ (1) () 4

¢
f\/l—yzdy:t\/l—t2+arcsin(t), te[-1,1]. (80)
-t

Hence, if A = 41 — M? < a?L2/4, we obtain (as for the harmonic oscillator)

1% AL /1 7 M?
@ =_ ¢ —a?x2 - ) — _ _
(l)—zf_@\/A ade_Zaf_l 1-y%dy= aA__(;L _)

and use

4 4
while if A = 41— M? > a®L?/4, we get

Li2 A (3 A (aL al
VA-a?x?dx= 2—‘[2\/5 1-y2dy= 2—(—\/4A—a2L2+arcsin(—))
aJ- e a
2VA

1
o) =5

-2 4A 2vVA

L A L
=—VAAN-a?l?2+ — arcsin(a—),
8 2a 2VA

where we have used (80). The important quantity is mainly the derivative of ®:

T
ad if0<4) - M? < ad?1?%/4;

, a
®(A):4aq>(m 2 .(aL) 2 ( al )
— = —arcsin| —— | = — arcsin| ———
oA a 2VA) a 2V4) - M?
Note that this is consistent with Lemma 9 stating that ®'(1) = 4# T(A). From here, we may now

. VA
compute, with Ey = V(xg),
1 o ot E+2B
TE,Bz_f lo 'L'd

if 41— M? = a’1? /4.

O-l(y)—E
1 [toe x+E+2B]| _,
=— log| ———— @' (x)dx
7 JE, —-FE
1 [@L216+M?/4 x+E+2B
= —f log|———|[dx
aJmzia x-E
2 [T® x+E+2B . ( alL )d
— ——— |arcsin | ——— X.
an Ja212/16+M2/4 x—-E 2V4x — M?

This concludes the proof of the first part of Lemma 32.
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To conclude the proof of the lemma, we now analyse the different asymptotic regimes. The
limits for T; follow from (79). For Tg p, the dominated convergence theorem (see the arguments
in the proof of Lemma 26 for an effective domination) implies that the first term in the previous
expression converges to zero as a — 0%, together with

lim Tr a(@) Lf*oo oo |EHE+2B 1 doe L +o | y2+ M?+4E+8B
1 = — [ —
a—0" EB T JM2/4 x—E Vax— M2 21 Jo y2+M2—4E
In the case E = Ey = M?/4, the integral simplifies to
. L f*°  |y>+2M?+8B
lim Ta(@= 5 [ log T'dy

2 +1
t2

L +00
=2—\/2M2+83f log
/2 0

L
‘dtZE\/ZMZ-FSB,

1+12
We finally notice that in the limit @ — +oo, both terms in the expression of T g vanish, using

|arcsin(s)| < |s|m/2. O

where we have used [;"*log | % ’ dt =2 ;" —L;d¢ = n by integration by part.

4.2. Computation of Gs g = G7 g and Gg g,,

Recall that the constants Gs g = G7 g and Gg g, are defined in (15). According to Theorem 6 and
Lemma 12, we only need to compute the constant Gg g forE = Ey (which corresponds to the best
estimate). Lemma 12 also implies that in the present setting, Gs = G7,g is independent of E by
parity arguments. We are thus left to compute only Gs g, and Gg g,. Recall also from (77) that f;(,[, a
is increasing and f), , = —fX,L . is decreasing, which, according to Lemma 12, plays a key role in
the computations.

Lemma 34. ForE = Ey and B =0, we have:

e Incase+:
G55, =0,
al? (L M? al
Ge,p, = — — | =V a?L? + 4M? + — arcsinh (—))
8 8 2a 2M
In particular,
C ML G M? |
O 5T g e T T 108l T oo

e Incase—:

I M? alL
Gs,g, = =V a?I2 +4M2 + — arcsinh | — |,
»£0 8 2a

2M
2
Ge g, = —.
y 2O 8
In particular,
G ML G al?
— — ~—— — 400
5,Eq a0 2 » 5,Eq 8 a—tco y
G — 0 G — +00
6,E0 a—0+ ’ B,E() a—+00

Recall that in this situation T5 g, = G5 5,/ Eo and Ey = M? /4. Moreover, Theorem 5 formulates
Tunit((—=1/2}) = T5, g, = Gs,E,/ Eop-
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Proof of Lemma 34. Let us begin with the computation of Gs g, following the simplifications of
Lemma 12 using that f;f,l , 18 odd. In case +, this lemma yields Gs g = 0, and in case —, we have
(recalling (77) and that we are working on the translated interval [-L/2, L/2])

- L M?  (al
Gs,g = —fp.a(L12) = oy o(L12) = 3 Va*l?+4M? + v arcsmh(m) .

We now compute Gg, g, . In case + using that f}, , is odd together with Lemmata 12 and 33 gives

al? (L VR TIME M? . al
Gé,Ey = 2d 5y (L12) =y 4 (L12) = = |3 a’l?+4M? + e arcsinh (m)) .
Now, in the case —, using again that f,, . is odd together with Lemma 12, we obtain

al?
Go.p = 2da5(LI2) = .

The asymptotic behaviors follow from the fact that arcsinh(s) = s+ @ (s3) near zero and
arcsinh(s) ~ log(s) near +oo. 0

4.3. Asymptotics a — +0o

Recalling that arcsinh(t) = log (t +VI1+ tz), we have in this case the following asymptotic behav-
iors as a — +oo:

o T ({—L/2}) ~4—ioo Zb*g% - 0* according to Lemma 31, i.e. the limit transport
M,a a—+oo
equation is controllable in small time for large a.
« ifwe choose the sign — (note that in this case, the control disappears in the limit transport

equation and it is only zero on the right), then according to (16) and Lemma 34, we have
1

Tunit =2 T5s = —Gs, g, ~
Ey

i.e. the minimal uniform control time tends to +oo for large a.
 if we choose the sign +, this is not useful since in this case T5g, = 0 according to
Lemmata 34 and 12.

4.4. Formal limit a— 0% : comparison with the Coron-Guerrero case

The computations performed and the explicit constants obtained in Sections 4.1-4.2 do not apply
to the situation studied in Coron-Guerrero [12]. The latter would correspond to the function ff/l, a
in (77) with a = 0, and thus can be seen as a formal limit ¢ — 0 in Sections 4.1-4.2. Even if our
results do not apply to the case a = 0 and our study does not allow to make this limit rigorous,
we believe it is worth computing the limit of the different bounds we obtain in this asymptotic
regime.

First, we notice that the (formal) limit ¢ — 0% in Lemma 31 yields the appropriate con-
trol/flushing time for the limit equation:

L
T. ({—-L/2}) - —
o ¢ 1 i
Second, we comment on the lower bound T,if = Ty given by Theorem 6. According to (15)—

(17), this rewrites

Te =

(GG,E + TE,B) = sup

sup GG,E + TE BJ-
Eev(o,L)),B=0 E+ B B=0 Eo+B (G 05)
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According to Lemma 32 lim,_.¢+ Tg,,B = % V2M? + 8B (here Ey = MTZ) and according to Lemma 34,
we deduce that in the limit a — 0™,

L (GS,E0+TE0,B)_’;(_%"‘gVZMZ“'gB)

Ey+B MZ?/4+B 2
2L /M2 14,
_ M+ V2V M?+4B Case +),
T M2 4B( ) ( !
) 1 L 2v2L
G v +T _ 0+-V2M?+8B|=—————, (Case-).
E0+B( oo + Ti) M2/4+B( 2\/7) Ny )

Theorem 6 gives us that

2L
liminf Typif ¢ = hmlnfT6 a= (—M+ V2V M2 +4B) , (Case +),
a—0%

M2 +4B
2v2L
liminf Typif o = liminf Tg , = —, Case —).
P unif,a e 6,a \/m ( )
The maximum of x — —££ + 7E (for x > 0) is reached for x = 2M?, so the maximum of the first

expression is reached when B = M?/4. The second case is better when B = 0, so we get (20)—(21).
Let us now comment on the upper bound of Theorem 7 when a — 0*. The fact that T; e +00

as stated in Lemma 32 suggests that the quantity 7; (which appears as the spectral gap of the
B¢ in (74)) is not the appropriate one (at least in this regime). Indeed, in the case a = 0, the

2
operator is P, := —282+ 2= and the associated eigenfunctions are ¢ = =sin( k”x) k € N*, with the

4
eigenvalues /l‘i = (EkT”) + AZ . In particular (compare with Theorem 35), one can check that the

family 1, /A% does not have a uniform (in €) gap. However, in this particular setting, this issue
y v gap p g

is solved by making a translation of the spectrum, replacing A} by A7 - M From the control
2

point of v1ew this only consists in making the change of unknown u = e %% v and new control

hy(t)=e T h(t) inside Proposmon 28.

The new family € 1\//12 - T then enjoys a uniform gap as in (82) with 77 = 2L. Hence, (82)

(or equivalently (74)) is fulfilled and our proof of Theorem 7 then adapts to this problem. The
constants involved are however slightly less accurate than those available in the literature [12, 15,
23,44-46], and we therefore do not pursue in this direction.

Appendix A. Some results from [1]

In this section, we extract and translate in our context some of the results of Allibert [1]. All along
the section, to match the setting of [1], we assume that V € C*°([0, L]), and that Items (1)-(4)
in Assumption 2 are satisfied. We apply as a blackbox the results of [1] and hence also have to
assume that g; = 0. We recall that the function ®(1) and T; are defined respectively in (6) and (7).
The goal of this appendix is to deduce a proof of the following result from the results of [1].

Theorem 35. Consider the operator P, := —£°0% + V(x) + £q; + €*W, with V € C®([0,L};R),
W e L*°((0, L); R), acting on the space I2((0,L), dx), with domain H? N H1 (0,L). Assume further
that V satisfies Items (1)-(4) in Assumption 2 and that g5 = 0. Denote by (/1 )ken, the sequence of
eigenvalues of the operator P, sorted so that A7 < A%, . The following properttes hold true:
(1) ThereisC > 0 such that we have V (xo) — Ce* < A§ and AL <AL, forallkeNandee€ (0,1).
(2) There exist D, Cy, &0 > 0 such that for all € € (0,&¢) and k € N, we have

ek - D)) - Coe*? < A5 < @7 (e(k + D)) + Coe*'2. 81)
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(3) Foralld >0, thereareey, N > 0 such that for all € < g,

2
VA -\ zez==, forallt=N. 82)
1

Moreover, there are€y,Y,Y2 > 0 such that for all € < g,

VA7 — A, =€y >0, forallleN (83)

Aj —A;z€y2>0, forallleN. (84)

To prove this result, let us now recall the setting of [1]. Allibert [1] considers on (0, b) for b >0,
the operator
1
+ ) u

pll, _ h? ( kD 4,
R(2V1+R (2?2 \V1+R(2)?

This operator is selfadjoint on the space 2 ((0 b),R(z)\/1+ R’(z)zdz) with domain H?n H1 (0,b),

with the assumption that z — admits at ¢ € (0, b) a strict nondegenerate minimum, and that
11 1
R’(c) ~ R(b) ~ R2(O)" . ) .
The geometric quantities entering into the discussion are

z+(A)
oAl = f V1+R/(2)2 L
z (D) R%(2)

Rz( )

All _ All Al o [ Ry
7%= sup TN, TA)=2 1+ R (2)
> —(A _
Az RZI(E) =0 A R%(2)

In this expression, z_(A) is the solution to m
for A = RZ_(O) Similarly, z (1) is the solution to e
zy(A)=bfor A= R+®.

We want to compare this setting to the one considered here. Namely, we study the operator
P := —£%0%+ V(x) +£qj5, with V(x) = [P (X)l and gj = f” — g, acting on the space L?((0, L), dx), with
domain H2 x H}(0,L).

We define the increasing diffeomorphism

x:[0,b] — [0, L]
z— x(2) :fz V1+R/(t)2dt
0

where we set L := fob 1 +R’(t)2dt Given a potential V € Ck([O L]) satisfying Items (1)-(4) in
Assumption 2, the function = V(x(2)) satisfies the assumptions of Allibert [1] with ¢ given
by x(c) =

We obtain, with this change of variables, that ®4(1) = ®(1), TA(1) = T(\)) and T4 = T3,
where ®(A), T(A) and T; are defined in (6)-(7). Note that x_(1) = x(z_(A)) and x4 (1) = x(z+ (A) in
these definitions.

Moreover, under this change of variable, we have % =

= Awith z-(1) < ¢ for A < g5, and z_ (1) = 0
= A with z, (1) = c for 1 < R+@, and

Rz( ) ”

1 0

N TEELE so that the operator

All
Ph
becomes

h?
—mas (R(8)05) + V(9),

where we have written R(x(z)) = R(z) (and hence V(s) = @). This operator acts on the space
L?((0, L), R(s)ds) with domain H? n H} (0, L).
Now, observe that the map
T:1%((0,1),R(s)ds) — L2((0,1),ds)
u— Tu, with (Tu)(s)=R(s)2u(s)
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is an isometry and the conjugated operator of =<8 (R(s)d;-) is

R(s)
1 B 1 )
¢ (s R9009) 1= R 0. (R0, ) == Vi
/()2 "
where V) (s) = _i RR((SS))Z %E(s()sz)-
We thus obtain
Ph:: TP;:ZZT_I :_h20§+V(8)+h2V1(5), (85)

This is almost the operator we consider, except for lower order terms.
Then, Allibert [1] describes the spectrum of the operator Pﬁll:

(1) he constructs in [1, Lemmata 6-7 and Section 3.1.2] approximate eigenvalues and eigen-
functions. The approximate eigenvalues are O(h%'?) close to real eigenvalues;

(2) heprovesin [1, Section 3.1.3] that the sequence of real eigenvalues constructed in the first
point actually contains all eigenvalues (using a Sturm-Liouville argument); in particular,
the spectrum is simple;

(3) he computes in [1, Section 3.1.4] the spectral gap (using the explicit expression of the
approximate eigenvalues).

We first collect the following properties of P, from [1].

Theorem 36. Consider the operator P, acting on the space I2((0,L),dx), with domain H?n
Hé (0,L). Denote by (A5)ken, the sequence of eigenvalues of the operator P, sorted so that A}, <
Aiﬂ. Assuming that V € C*([0, L]) satisfies Items (1)-(4) in Assumption 2, then Items (1), (2), (3)
of Theorem 35 hold for the eigenvalues () ken Of Pe.

Note that a much finer property than (81) is actually proved in [1], but this weaker form is
sufficient for our needs.

Proof of Theorem 36 from [1]. The first lower bound in Item (1) comes from

(Peu, 1) 2 = (V(x0) = Vil 1oo€®) el 32,

and the simplicity of the spectrum from the fact that we consider Dirichlet boundary conditions
(hence, the space of solutions to the ODE eigenvalue equation has dimension one).

Let us now explain how Item (2) is deduced from [1, Lemme 6 and Lemme 7]. Firstly, note
that these properties concern the eigenvalues of the operator P?”, which, according to (85), are
exactly those of P,. Secondly [1, Lemme 6 and Lemme 7] prove the existence of a sequence p. .
such that

q)(ﬂk,s) =¢ekm+ 58(5’#]6,8)) (86)
where 0 : [0,1]xR* — Ris a uniformly bounded function, and an eigenvalue of P, Ii e{A5, 0 eN},
such that I/FT‘,EC — Uil < Coe®’2. Then, in [1, Section 3.1.3], he proves that the set {A5,£ € N}
constructed that way coincides with the spectrum, that is X‘;{ = A} for all k € N. This implies

Hke — Coed? < A% S Hie + Coe3? 87
We set D := SUP (¢, 0,1 xR+ |®(e, w)|. As a consequence of (86), (87), together with the fact that ®
is increasing, we obtain
DAL - Coe®’?) < O(pg,e) = ekm + €O(¢, uge) < €(km + D)
DAL+ Coe™'?) = D(uke) = ek + €O (e, k) = (km — D),
which proves (81).

Finally, concerning Item (3), (82) and (83) are proved in [1, Proposition 2 p. 1511 and Sec-
tion 3.1.4]. The last estimate (84) comes from

Appr—Ap = (\/a— \//17;) (\/an \/JT;) > £y2, /2§ = 26y (V(x) — Ce?),
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where we have used (83) together with Item (1). U

We now deduce from this result for P, a proof of Theorem 35, that is, prove that the same
properties hold for P,.

The proof of Theorem 35 from Theorem 36 consists in a classical perturbative (deformation)
argument, and relies of the following lemma.

Lemma 37. Let H be a Banach space, and (P(1)) (0,1 € £ (H)'*" be a family of projectors (in the
sense that P(t)? = P(¢)) having finite rank r (t) € N, and such that the map t — P(t) is continuous
[0,1] — £ (H). Then, all projectors have the same rank, i.e. r(t) = r(0) for all t € [0, 1].

Proof of Theorem 35 from Theorem 36. We write W = W — V1 and set
Ae(t):= (1= 0P, + Py = Py + te*W.

We denote by (/l‘i)keN the spectrum of P, which satisfies Items (1), (2), (3) of Theorem 35. We
have, for z ¢ Sp(P;)

z—Ae(t) = (2= Pg)(Id—(z— P,) ' te?W). (88)
Next, we remark that for all ¢,¢, z such that |t|e? || (z— P)™!|| o, | W], <1, the operator (Id—(z -
P.)~1re2W) is invertible with

! (te?(z—Pe)"'W)"

I
D18

(Id—(z—P) ' te? W)~

3
I
[=}

(|I|E2 |z P! ||$ “W”oo)n
1
< — .
1-1t1e2 | (z=Pe) | & | W]l

I\
18

N (Id—(z-P)™* teZW)_l H.§£

S
I
[=)

Recalling that [|(z— A () 'le =
gether with (88), we deduce

m for z ¢ Sp(A.(?)) (since A(?) is selfadjoint) to-
z ¢ Sp(Ag (1),
11162 [ (=P Y| o [W]o <1 = { = Ac) ™ =(ld~(z=Po) 1’ W) "(z=Po)™! (g)

i le—Po 1,
|Gz~ 4eN 7 < TP oW

and hence
lt|e? | W]|, < dist(z,Sp(P,)) => dist(z,Sp(P,)) < dist(z,Sp(A (1) + |tle? | W|| -
Now taking z = v, (t) € Sp(A¢ (1)) implies that
dist(ve (1), Sp(P)) < [tle? | W] - (90)

We now recall the gap property (84) of the spectrum (A7) ken of the operator P,, and define the
contour (oriented counterclockwise)

ry o (25, B°).

According to (84), these sets are disjoint and each contains exactly one eigenvalue of P,. We
define the associated orthogonal projector onto ker(P. — A7) by

I, = fg (z—-P,) ldz
rk

As a consequence of (90), we obtain that for all ¢ € [0,1] and all € € (0,&p) with &y such that
e2|W||, < &, we have

3
TEnSpUAn) =9, Spiacton < U B(A5, 7).
€
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In particular, we can define the orthogonal projector onto the spectral subspace of A, (#) associ-
ated to its eigenvalues inside 'Y, namely,

(1) :=f (z— Ae(1)'dz
T

(hence ch(O) = H‘;C). According to (89), we have the uniform bound for z € U keNFi,
lz—Po) !

1-e2[[(z=Po) 7! o [ W],
for t € [0,1] so that ¢ — I1}.(#) is continuous [0,1] — &£ (L?). According to Lemma 37, we obtain
Rk(l'[‘]gc(t)) = Rk(l'[i) =1 for all ¢ € [0,1]. As a consequence, for all ¢ € [0,1], A.(¢) has a single
eigenvalue /lgk(t) inside I'?, having multiplicity one. Moreover, from (90) we have IA‘;C(I) - JL‘;CI <
16|

Items (1), (2), (3) of Theorem 36 being satisfied by /1;:6, they are thus satisfied as well by Ai(t)
for all ¢ € [0,1] and € € (0, &) for & sufficiently small. Note that we use that s — /s is uniformly
Lipschitz on [V (xg) — CE%, +00) thanks to Item (1) in Assumption 2 and an appropriate choice of
£o. This yields the sought result in case t = 1. g

e Acn ] =

We finally prove Lemma 37, which is a consequence of the following remark.

Lemma 38. Let P; and P, two continuous projections with finite respective rank ry > 1y in a
Banach H. Then, |P; — P2|lg_.g=1.

Proof of Lemma 38. We define H; (resp. H») the range of P; (resp. P,) which are spaces of finite
dimension. We define the application F : H; — H,, defined by F(x;) = P»(x;). By the rank-
nullity theorem and the assumption r; > r,, we have dimker(F) > 0 and there exists x; € H; with
llx11l 7 = 1 so that P,(x;) = 0. But since x; € Hy, [[P1(x1)llg = | x1 5 = 1. This gives the result. [

Proof of Lemma 37. Given ¢ € [0,1], there exist § > 0 such that for all ¢/ € [0,1], |t/ —¢] <
6 = ||P(t) - P(t)||,_p < 1/2. This implies that r(¢') = r(¢) for all ' € [t -6, ¢+6]1n[0,1] (this
would otherwise contradict Lemma 38 since we assume that all projectors have finite rank). A
connectedness argument concludes that r is globally constant on [0, 1]. O

Appendix B. A moment result

The purpose of this Section is the proof of Proposition 39 below which may not be new, but for
which we did not find any reference, especially for the uniform dependence of the constants. The
study of of biorthogonal sequences and their application to controllability of parabolic equations
is classical and dates back to Fattorini—-Russell [20, 21]. We also refer to Hansen [29], and Ammar
Khodja-Benabdallah-Gonzdlez Burgos—de Teresa [4]. At the time of writing this article, Cannarsa,
Martinez and Vancostenoble [6] obtained results close to the one we obtain in this section. We
have chosen to keep this section since our method seems simpler, with a slightly more explicit
constant. Our proofrelies on an Ingham inequality, see e.g. [30,35], together with a transmutation
argument due to Ervedoza—Zuazua [19].
The main result of this section is the following proposition.

Proposition 39. Foranyys >0,y >0, NeNandany S > % and € > 0, we can find a constant
C=C(YooY,N,S,€) >0 so that for any sequence (B,) nen+ Satisfying

(1) Bny1—Pn=y forallneN* and p; =7y,

(2) Bn+1—Pn =Yoo foranyneN* withn= N,
and for any0 < T < 1, there exists a sequence of functions (i) pen* € L%(0, T)N* so that
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(1) foranyl,neN*, we havefOT un(t)e’ﬁ%tdt =0n,1,
(2) Forany (ap)pen* SO thatﬁ"fleﬁ%Tan € 02(N*), we have

C  us+e)s?
2 ATE)Y
llzll T

2 2F2T 2 .
ron = 73¢ Y Bre BaT\a,l?,  withz(t) = Y anun(o).

neN* neN*

Our proof relies on the following classical inequality due to Ingham-Haraux [30, 35].

Theorem 40 (Ingham-Haraux). Foranyys >0,y >0, and N e N and any S > %, we can find a
constant Cp = Cy(Yoo, Y, N, S) > 0 so that for any sequence (Uy) xez satisfying:

(1) prs1—pr=y forallkez,
(2) Hi+1— Uk =Yoo forany ke Z with|k| = N,

S
0

for all (a) xe7 € £%(Z) with finite support.

then, we have
2

Y ape | ds

kez

2 s
ds< ) |ak|ZscOf
0

kez

Y ae'tr®
kez

Note that in these estimates, only the length of the time interval (0, S) is relevant; under the
assumption that § > % the conclusion holds with the integrals over (0, S) replaced by integrals
over (=S, S).

b/

Corollary 41. For any y» >0,y >0, N € N and any S > T We can find a constant Cy =
Co(Yo0, v, N, S) > 0 so that for any sequence (B,,) nen+ Satisfying Item (1)-(2) of Proposition 39, there
exists a sequence of functions (V) peN € L2((=S, SHN so that

S
f vn(s)sin(B;s)ds=6,,;, foralll,neN*, and
-
2 S 2 91)
<y |bn|25C0f for all (by) nens € £2(N*).

neN*

Y buup(s)ds

neN*

Y bpup(s)ds

s
Gy f
=S neN*
Proof. For k € Z, we set uy := By if k > 0, pr := —P_x if k < 0 and yo = 0. That the sequence
(1) kez satisfies the assumptions of Theorem 40 readily follows from the assumptions.
Given (bn)pens € £2(N*), we define for k € Z, ag := 2% if k > 0, ay := — % if k <0 and ao := 0.
We have

) by b_r _;
S e = 3 Dot Pk it LS i
= e 21 2i neN*

Theorem 40 (applied on the time interval (-S, S), of length > 5—”) gives

S
o f
-S
In particular, the family [sin(ﬁns))neN forms a Riesz basis of the space it spans in I%(=S,S).

Lemma 42 below in H = L?(-S,S) yields the existence of a biorthogonal family (v,)nens to
(sin(Br ) nen+ satisfying (91) for the same constant Cyp. O

2 2

Z by, sin(B,s) ds.

neN*

Z b, sin(B, )

neN*

S
ds= Y |bn|25C0f

neN*

To deduce a proof of Proposition 39, we now construct from the sequence biorthogonal to
(sin(B,5)) nen+ in I%2(=5,S), a sequence biorthogonal to (e‘ﬁ% B ene in L2(0, T) satisfying precise
bounds. To this aim, we use ideas coming from transposition from heat to waves, see [18,19,47],
and more precisely a kernel constructed in [19].



306 Camille Laurent and Matthieu Léautaud

Proof of Proposition 39. According to [19, Section 3.1], given a > 25, there exists a kernel
function k7 (¢, s) € C®(R?) solution to

0:kr(t,s)+0%kr(t,5) =0, forse(=S,S), te(0,T),
(kr(,9),05kr (1, 9) [g=o = (0,7l *77)), 92)
kr(t,8)t=0 = kr(t,9)|;=7 =0, supp(kr)<[0,T] xR.
and such that [19, Proposition 3.1] for all § € (0,1) and all (¢,s) € (0, T) x (=S, S), k7 satisfies

1 s? a
ker (s, Ol <lslexp| e T g 3_(1+6)))' ©3)

Let (v,) nen+ the sequence given by Corollary 41. We define w, € C*°(R) by

S
wn(t):zf kr(t,s)v,(s)ds, suppw, <0, T].
-S

We compute

T ) T pS ) S
f wp(t)e Pitde = f f kr(t,)vn(s)e Pt deds = f U () fi(s)ds (94)
0 0 J-s s
where we have set f(s) = fOT kr(t, s)e‘ﬁ?tdt. Using (92), we have for s € (-S, S)
d2 T 02 T 5 5
- = = Bitdqs = i -yt
dszfl(s) L s 2kT(z‘ se Pitdt= fo at[kT(t,s)]e ttdt

T
= —ﬁ?fo kr(t,s)e Pitde = -2 (),

where we have performed an integration by parts usmg the zero b?undary conditions of kr at
t=0and t = T. Noticing that f,(0) =0 and f,,(0) = fT -ali+ 1) e Fit gy, using (92), we obtain

1

fi(s) = ¢;sin(B;s), with ¢; = ﬁ—f el =) e Pit dy., (95)
1J0
In particular, using the definition of v, in Corollary 41 together with (94), we have

T S
f wn(t)efﬁ%tdt = clf vu(s)sin(B;s)ds = ¢;6,,1, n,le N*.
0 -S

Therefore, defining un(t) =c, Lw, (1) for any n € N*, the sequence (uy,),en+ forms a family
biorthogonal to (e~ pit )ien* in L2 (0, T), which proves Item (1) of the proposition. It only remains
to estimate un to conclude the proof, that is, estimate cl . We have, performing the change of
variable o = £ — 1, for all v € (0, 1),

T
0

and thus, with v =(1+ T) 1/2, we have 1—v2 =1+ % and this lower bound reads

T -1/2 a a
f e it m)dr > T(1+%) e T 4> CT32e T,
0

for T €10,1]. As a consequence, with ¢; defined in (95), we have the rough esimate

«.\.—-

14 =—f T da>§ Ve_%(ﬁ)davae_%(ﬁ)

4

T T3/2
cl>ie AT f e it m) dr > C—e BT, (96)
ﬁl 0 ﬁl

Finally, for a finite sequence (a,) ,en+ (see below for a definition) and b, = c,;l a, we write

S
zZ(t)= ) apun(n= ) bnwn(t)=f Y. kr(t,$)byvp(s)ds.

neN* neN* —-S neN*
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By Cauchy-Schwarz inequality in L?(-S, S), we deduce

T( pS 2 T
1201, = | (f SnEZN*km,s)bnvn(s)ds) de= [kl g f PIIAC gsd
scof Ver (6, )0 gy dt Y bl
0 neN*

after having used (91). Then, we fix a := 282(1+¢) for € > 0, and next fix § € (0,1) close to 1 so that

2(82_ _a
8/(1+8)<2and S%/6 < al/(1+6), and by (93), lkr (¢, 9)| < SeT( 0 1+5) < S uniformly in T € [0, 1].
Therefore, we obtain

_ C s C 16s? 165%0+0)
”Z"LZ(O T)<C Z Cn2|an|25_seT Z iezﬁ" |a | :—e Z ﬁzezﬁn |a |
neN* T neN* T neN*
after having used (96). O

We have used the following classical lemma that we state and prove only because we did not
find any reference precising the constants involved. The proof we present is taken from Gohberg-
Krein [27, Theorem 2.1 p. 310].

In the following, we shall say that a sequence (ay) xen is finite if ay. # 0 for only a finite number
of indices k € N.

Lemma 42 (Biorthogonal family with explicit constants). Let H be a Hilbert space with norm
Il 7, C1,Co > 0 two constants, and (P ) keN € HNa sequence so that

2
2
Yoarpr| =D lapl <G|l ). arpi
keN H keN keN H

for any finite sequence (ay) xen. Then, there exists a sequence (W) ken in Spaley Pk SO that

(@rWn)y =06kn forallk,neN,

2
97

and
2

2 -1
< E lakl” = C;
H keN

2

Z arYi

keN

Z arYi

keN
for any finite sequence (ay) en-

H

Proof. Let (ey)ren be an arbitrary orthonormal basis of the Hilbert space H = Spanjey @k
endowed with the norm -]z = [|-l|lg. We define two linear operators, A on spany e and A;
on spaney @, by

A Z akek) = (Z arpi|; Z ak(pk) = (Z akek)
keN keN keN keN

for finite sequences (ay)en. Note that it is uniquely defined thanks to the orthogonality of the
family (e) xen and Assumption (97). Assumption (97) actually gives more precisely

2
-1 2 -1
A Z akek) =(C Z lakl” = C; Z aiex
keN keN

’

H keN H
2 2 2
> ak(Pk) Y arer|| =Y laxP<Co| Y. arpr
keN H keN H keN keN H
In particular, A and A; can be extended uniquely by uniform continuity to H (recall that
Span;cy ex = H = span;cy @i by definition) with Al z_ 5 < C_”2 and A1l g_5 = C”2 More-

over, they satlsfy AA; = A;A=1dp. Then, we define v, := Aj e,,. With this definition, we have
(P wn) g = (P AT en) y = (A1@r en) g = (ex,en) g = Sk n-
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Moreover,
2 2
zan] <|si(Z o] svaits|san] <oz
keN H keN keN H keN
2 2 2
Y lac = | a° a; zakek) AT al S e =cr | T an]
keN keN H keN H keN H
which concludes the proof of the lemma. O

Appendix C. Proofs of technical results

In this section, we provide with proofs of some technical results stated in the introduction.

C.1. Proofof Lemma 9

Proof of Lemma 9. Note that for E > min V = V(xp), @ is differentiable at all points where x_ and
x4 are, thatis for E € R\ {V (L), V(0)}, with

x4 (E)
D' (E E)WE-V E)) — EyWE-V E) +f
(E) =X (B)v (x4 (E) —x_(E) v (x-(E)) ” zm
x4+ (E) 1 d
= s= T(E).
fx-(E) 2VE-V{(s) 4\/E
As a consequence, we have [(I)(Ez))’ =2E®' (E%) = %T(Ez). O

C.2. Proofof Lemma 10

Proof of Lemma 10. Hence, 7} (defined in (7)) and T p (defined in (8)) are linked by: (recall

Ey = V(xo) = 150F,
1 [te© x+E+2B]| , 1 [t x+E+2B| T(x)
TEB— log| ——— [ ®'(x)dx = — log| ———— | —=dx < T1T'(E, B, V(Xp)),
V(xg) x—E 7T JV(x) x—E 4/x
with
1 [*°  |x+E+2B| 1 1 [*° |y*+E+2B
F(E,B,Eo)z—f log| ————| ——dx=— 0 2—d
7 JE x—E |4yx 2 JyE, y2-E

Changing variables in this last integral, we obtain

v E+2B E
F(EvB)EO): 0 0 ’ - |
2 £ '\ E
VEs E+2B [E
0 E() ’ E() ’

and we now compute I'g(a, B) for a, f = 1 (since E = Ej). We set, for a, = 1

+00 2 2

. y+a
with Ty(a, ):f log| ——|d
ola,p . gyz_ﬁ2 y

We have obtained

TE B <

Fo(y):= y(log(yz +a?) - 2) +2aarctan (%), VER,

G;;(y): (log(y -B4 - 2)+,610g(y /g), y>B,
Gs(y) =y y (log(B* - y*) - 2)+ﬁlog(g i), 1<sy<B,
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and notice that F/,(y) = log(y? + a?) for all y € R, (GH'(y) = log(y? — B?) for all y > B and
(Gg)’(y) =log(B?-y?) forall 1 < y < B. Moreover, we notice that lim,,_ g+ G;g (») =2BUog2B)-1) =
lim,_, g- GB (), and thus Gg := 1 p) GE +116,100) GE is continuous. As a consequence, we can
compute explicitly for a, = 1

To(a,B) = [Fa(y) -G = yEIElm(Fa - GE M) = Fa(D) =Gz (1) =na— Fa(1) + G4 (1)

+ log(ﬁ -1+ ﬁlog(%),

which is the sought result. 0

=na—log(l+a?) — Zaarctan(

C.3. Proofof Lemma 11

Proof of Lemma 11. Note first that, recalling that Wg = % +da g and WE = % —da g, and that
dar =0on Kg, we obtain

min Wg < min Wg = min/WE <sup WE,
[0,L] Kg Kg [0,L]

and thus (18) holds true. Next, according to Lemma 10, the quantities Sg g p and S; are linked by

S [E+2B ﬁ
V2 0 E '\ B/
As a consequence, using that 2228 E+B (, /E *23) + (\/> )

E+ZB 1 To(a, B)
Eo EoZn\/za>ﬁ>1 a2+ p2 O

Note that the supremum is actually a maximum according to Lemma 10, whence (19). g

0=8< SB,E,B = TE,B =

S6,E,B - Ey
E+B E+BE04]1;\/_

C.4. Proofof Lemma 12

Proof of Lemma 12. We write | = +g with g strictly increasing [0, L]; the case § increasing (resp.
decreasing) will be denoted the case + (resp. —) and in both cases we have g’ = 0.

Note that we only need to prove the result in the case E € V([0, L]), for if E > maxV, we have
da g = 0identically on [0, L] and thus Wg = WE = J;— and the result follows.

For E = Ej, we recall that x,(E) are defined just after (7). Outside of K = [x_(E), x+(E)],
we have d;‘E(x) v/ 'g'?)lz E for x = x,(E), and d’ (0 =~/ w —Eforx<x_(E). Asa
consequence, recalling the definition of Wg in (4), we have

()2 / !
18] _Eig(x):g(x) _ l—iil for x < x_(E),
1 2 2 lg’ (x)]?
!

Wi (x) =1 i¥ for x € [x_(E), x+ (E)],

! 2 ! !
8"l _Eig(x):g(x) 1- 45 +1 for x = x, (E).
4 2 2 g’ (x) 12

TR = 1, so that for x € [0, L], W is

Outside of Kg = [x_(E), x+(E)], we always have 0 <
increasing in the case + and decreasing in the case —.

—
|
IS
s
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Concerning VVVE(S) = %(s) — da,£(s), we compute similarly

/ , 2 /
ig(x)+ 8" —E:w +1+ 1—i for x < x_(E),
2 4 2 lg’ (x)]?
. !
Wg (=4 +8 ;JC) for x € [x_(E), x, (E)],

g lg'(x)|?

g g@ (4
> . E= 5 +1 1 FIoE for x = x, (E).

So, as for WE, the function Wg(s) is increasing on [0, L] in the case + and decreasing in the case —.
To summarize, in the case +, we have

H

manE = Wg(0); sup/WE = /WE(L);
(0. [0,L]

while in the case —, we have

min Wg = Wg(L); sup/VVE = /WE(O);
(0,2] [0,L]

The statements concerning Gs g = G7,g = Wg(0) —minj ;) Wg = 0 and Gg g = WE(0) — supq y, Wg
are then direct consequences of the above results.

Concerning the last properties of these functions, we notice that d,¢(0) and d 4 g (L) are non-
increasing functions of E. This proves that Gg f is non increasing in both cases.

Finally, if g is odd, then g’ = |g’| is even and d4 g is even. All sought simplifications follow. [

C.5. Elementary computations

We collect here two elementary lemmata, that are used in the proof of Theorem 7.

Lemma43. Leta,b>0, and set F(m) := —bm forme|[0,1). Then,

a-my m)

e if a< b then, min,,co,1) F(m) = F(l - \/%) =2vab-Db;
e if a= b then, minuc(,1) F(m) = F(0) =

Proof. We simply write F'(m)= —%— -b=0o (1-m)? < ¢ ©l—m<\/7©m>1 f O
Lemma44. Leta,b,c>0. Let G(T) = minue(o,1) ﬁ —bmT +c. Then,
. . la ¢
G(T)<0 ifandonlyif T>2 3 + 7

Proof. Inthe case a = bT?, it follows from Lemma 43 that G(T) = 0. In case a < bT?, we have from
Lemma 43 that G(T) = minme(o,1) =iy — bmT +c=2v'ab-bT + c which gives the result. [
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