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Abstract. For a skew version of a graded (A) hypersurface singularity A, we study the stable category of
graded maximal Cohen-Macaulay modules over A. As a consequence, we see that A has countably infinite
Cohen-Macaulay representation type and is not a noncommutative graded isolated singularity.
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1. Introduction

Representation theory of (graded) maximal Cohen-Macaulay modules is a very active and fruitful
area of research [12]. One of the fundamental subjects is to determine the Cohen-Macaulay rep-
resentation type of (graded) rings [14, 20]. Let k be an algebraically closed field of characteristic
different from 2, and let R = @,y R; be an N-graded commutative Gorenstein ring with Ry = k.
Then R is said to have finite Cohen-Macaulay representation type (respectively, countable Cohen-
Macaulay representation type) if it has only finitely (respectively, countably) many indecompos-
able graded maximal Cohen-Macaulay modules up to isomorphism and shift of the grading. The
following two results are well-known.

Theorem 1 ([7]). Let R = k[xy,..., xn]/(xf +.eet+ xfl) be a graded (A,) hypersurface singularity
withdegx; = 1. Then R has finite Cohen—-Macaulay representation type.

Theorem 2 ([5, Theorem B], [2, Propositions 8 and 9]). Let R = klxi, ..., x,l/(x +---+ x> _) be
a graded (Axo) hypersurface singularity with n = 2 and degx; = 1. Then R has countably infinite
Cohen—Macaulay representation type.

Graded (A;) and (As) hypersurface singularities play an essential role in the study of higher-
dimensional standard graded Gorenstein rings of countable Cohen-Macaulay representation
type; see, for example, [18, Section 5].

* Corresponding author.

ISSN (electronic) : 1778-3569 https://comptes-rendus.academie-sciences.fr/mathematique/


https://doi.org/10.5802/crmath.415
mailto:k-ueyama@hirosaki-u.ac.jp
https://comptes-rendus.academie-sciences.fr/mathematique/

522 Kenta Ueyama

From here, we turn our attention to rings that are not necessarily commutative. In [11],
Higashitani and the author computed the stable category of graded maximal Cohen-Macaulay
modules over a skew version of a graded (A;) hypersurface singularity by combinatorial methods
developed by Mori and the author [15].

Definition 3. A (+1)-skew polynomial algebra in n variables is defined to be an algebra
ke (X1, ..0p Xn) :=k(x, ..o, X (XX —€55xjx; |1 <1, j < n),

where € = (¢;j) € My (k) is a symmetric matrix such thate;; = 1 forall1<i<nande;j =¢€j; €
{1,-1} foralll<i< j<n.

Itis easy to see that both x? +---+ x% and x% + -+ + x2_, are regular central elements of a (+1)-
skew polynomial algebra k. [x1, ..., X5].
Definition 4.

(1) Askew graded (A;) hypersurface singularity is defined to be a graded algebra
kelx1, ..., Xl /(X3 4+ +x2),
wheredegx; =1 foralll <i<n.
(2) Askew graded (Ax) hypersurface singularity is defined to be a graded algebra
kelx, ..., Xl /(X3 4+ x%_4),
wheren=2 anddegx; =1 foralll <i<n.

For a skew graded (A;) or (Ax) hypersurface singularity A, we write mZ(A) for the stable
category of graded maximal Cohen-Macaulay modules over A.

Definition 5. For a (x1)-skew polynomial algebra k.[xy, ..., x,], the graph G, associated to
kelxy, ..., x,] is defined to be the graph with vertex set V(G;) = {1, ..., n} and edge set E(G¢) = {ij |
gij=¢€ji=11i#]h

Let F, denote the field with two elements 0 and 1. For a matrix M with entries in F,, let
rankg, (M) (respectively, nullr, (M)) denote the rank (respectively, the nullity) of M over [F,.

Theorem 6 ([11, Theorem 1.3]). Let A, = ke[x1, ..., X;]/ (x5 + -+ + x2) be a skew graded (A;)
hypersurface singularity with deg x; = 1, and let G, the graph associated to k. [x, ..., X,]. Consider

the matrix
1

Ag — M(GE) 1 € Mn+l([F2)’

where M(Gy) is the adjacency matrix of G, (with entries inF,). Then there exists an equivalence of
triangulated categories

CM(4,) =DP (mod k),
where r = nullf, (A;).

It follows from Theorem 6 that A, has 2" indecomposable non-projective graded maximal
Cohen-Macaulay modules up to isomorphism and degree shift. Therefore, we have the following
result, which is a generalization of Theorem 1.

Corollary 7 ([11, Theorem 1.3]). Let A, = ke[x1, ..., Xp]/(x? + -+ + x2) be a skew graded (A;)
hypersurface singularity. Then A, has finite Cohen-Macaulay representation type.
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The purpose of this paper is to investigate the stable category of graded maximal Cohen-
Macaulay modules over a skew graded (As) hypersurface singularity in a manner analogous to
Theorem 6. We prove the following theorem.

Theorem8. Let A, = ke[x1, ..., X,] /(x% +-- '+xfl_ 1) bea skew graded (A) hypersurface singularity
withn =2 anddegx; = 1. Let G, the graph associated to k¢[x,, ..., x,]. Consider the matrix

1

Ag = M(Gg) : € Mn+1(|]:2),
1

where M(Gg) is the adjacency matrix of G¢ (with entries inF»). Let vy, ..., Upy41 € [F;“rl denote the
columns of A¢.
(1) Ifvy can be expressed as a linear combination of the other columns v, ..., Vy,—1, Vn+1, then

there exists an equivalence of triangulated categories
CM?(4,) =D (mod A?),

where A\ is the finite-dimensional algebra given by the quiver with relations
17)a =0, )
and r = null, (A¢).

(2) Ifv, cannot be expressed as a linear combination of the other columns vy, ..., Vy—1, Un+1,
then there exists an equivalence of triangulated categories

CMZ(4,) =DP (modr?),
whereT is the finite-dimensional algebra given by the quiver with relations

a

1_——2 ab=0, ba=0, (2)
b
and r = null, (A¢).

Now consider the case ¢;; =1 forall 1 =i < j <nand n = 2. In this case, ke[x1,..., Xp] =

klxi, ..., x,] and G, is the complete graph K}, so

1 TR |
—_—
n+1

Letvy,...,vp41 € [F;“rl be the columns of A;. If n is even, then we have v, = v1 + -+ V;,—1 + Un 41
and nullr, (A¢) = 1. If n is odd, then one can check that v,, cannot be written as a linear combina-
tionof vy, ..., V-1, V441 and that nully, (A) = 0. Hence Theorem 8 contains the following result.

Corollary9. LetR=klxy,..., xn]/(xf +oet xfl_l) be a graded (A,) hypersurface singularity with
n=2anddegx; =1.
(1) If n is even, then there exists an equivalence of triangulated categories CM%(R) =
DP(mod A), where A is the finite-dimensional algebra given by the quiver with relations (1).
(2) If n is odd, then there exists an equivalence of triangulated categories CM%(R) =
Db(modT), whereT is the finite-dimensional algebra given by the quiver with relations (2).
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Remark 10. Corollary 9 also follows from graded Knérrer’s periodicity theorem and the result
of Buchweitz, Eisenbud, and Herzog [4, Appendix]. In tilting theory, by Buchweitz, Iyama, and
Yamaura’s theorem [6, Thorem 1.4], it is known that if R = k[x, y]/ (x2) with degx =degy =1, then
there exists a triangle equivalence F: C_MOZ (R) = Kb(proj A), where CM OZ (R) is the stable category
of graded maximal Cohen-Macaulay R-modules M that satisfy M, € proj Ry, for all p € Spec R with
dim R, < dim R. Furthermore, in [13], it is shown that the equivalence F : %(R) = KP(projA)
leads to an equivalence CM z (R) = Db(mod A). Thus, Corollary 9 (1) can also be obtained from this
and graded Knorrer’s periodicity theorem.

As a consequence of Theorem 8, we obtain the following corollary, which generalizes Theo-
rem 2.

Corollary 11. Let A, = kelxy, ..., xpl/ (xf +oe 4 xi_l) be a skew graded (Aoo) hypersurface singu-
larity with n = 2. Then A, has countably infinite Cohen-Macaulay representation type.

In addition, Corollary 11 implies the following conclusion.

Corollary 12. Let Ay = ke[x1, ..., Xu]/(x? + -+ x%_,) be a skew graded (A~) hypersurface singu-
larity with n = 2. Then A, is not a noncommutative graded isolated singularity; that is, the category
qgr A has infinite global dimension.

This paper is organized as follows. In Section 2, some basic definitions and fundamental re-
sults are stated. In Section 3, the stable categories of graded maximal Cohen-Macaulay modules
over skew graded (Ax) hypersurface singularities are studied combinatorially. Proofs of Theo-
rem 8 and Corollaries 11 and 12 are given in Section 4.

2. Preliminaries

Throughout this paper, k is an algebraically closed field of characteristic different from 2, and all
algebras are over k.

2.1. Stable categories of graded Maximal Cohen-Macaulay modules

For an N-graded algebra A, we write GrMod A for the category of graded right A-modules with
A-module homomorphisms of degree zero, and grmod A for the full subcategory consisting of
finitely generated graded modules. For a graded module M € GrMod A and an integer s € Z, we
define the shift M(s) € GrMod A to be the graded module with i degree component M(s); =
M. For M,N € GrMod A, we write ExterModA(M, N) for the extension group in GrMod A, and
define Ext’, (M, N) := @se 7 EXt(; \1og 4 (M N (9)).

Let Aanoetherian N-graded algebra. Let qgr A = grmod A/ fdim A denote the quotient category
of grmod A by the Serre subcategory fdim A of finite-dimensional modules. The category qgr A
plays the role of (the category of coherent sheaves on) the noncommutative projective scheme
associated to A; see [1]. A noetherian N-graded algebra A is called a noncommutative graded
isolated singularity if qgr A has finite global dimension; see [19].

Recall that an N-graded algebra A = @;cn A; is said to be connected graded if Ay = k. Let
A be a noetherian connected graded algebra. Then A is called an AS-regular (respectively, AS-
Gorenstein) algebra of dimension d if

¢ gldim A = d < oo (respectively, injdim 4, A = injdim 4op A = d < 00), and
k() ifi=d

o Exti (k, A) ZExtl,, (kA = for some ¢ € Z.
ale A a6 A) {o ifi#d
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Let A be a noetherian AS-Gorenstein algebra. We call M € grmod A graded maximal Cohen—
Macaulay if Exti‘(M ,A) = 0 for all i # 0. We write CMZ(A) for the full subcategory of grmod A
consisting of graded maximal Cohen-Macaulay modules. Then CMZ (A) is a Frobenius category.
The stable category of graded maximal Cohen—-Macaulay modules, denoted by CMZ(A), has the
same objects as CMZ(A), and the morphism space is given by

Homgyz 4 (M, N) = Homg iz, (M, N)/ P(M, N),

where P(M, N) consists of degree zero A-module homomorphisms factoring through a graded
projective module. By [9], CMZ(A) canonically has a structure of triangulated category.

2.2. Thealgebra C(A)

The main algebraic framework used in this paper is due to Smith and Van den Bergh [17], which
was originally developed by Buchweitz, Eisenbud, and Herzog [4].

Let S be a d-dimensional noetherian AS-regular algebra with Hilbert series (1 — £)~%. Then S
is Koszul by [16, Theorem 5.11]. Let f € S be a homogeneous regular central element of degree 2,
andlet A= S/(f). Then Ais a (d—1)-dimensional noetherian AS-Gorenstein algebra. Moreover, A
is Koszul by [17, Lemma 5.1 (1)], and there exists a homogeneous central regular element w € A!2
such that A'/(w) = §' by [17, Lemma 5.1 (2)]. We can define the algebra

A -1
CA) :=Aw™],.
By [17, Lemma 5.1 (3)], we have dimj C(A) = dim(S$H® =29-1,

Theorem 13 ([17, Proposition 5.2]). With notation as above, we have an equivalence CM? (A) =
DP(mod C(A)), where DP(mod C(A)) denotes the bounded derived category of finite-dimensional
modules over C(A).

Theorem 14 ([15, Theorem 5.5]; see also [17, Proposition 5.2], [10, Theorem 6.3]). With nota-
tion as above, the following are equivalent.

(1) A has finite Cohen—-Macaulay representation type.
(2) A is a noncommutative graded isolated singularity.
(3) C(A) is semisimple.

2.3. Graphs

A graph G consists of a set of vertices V(G) and a set of edges E(G) between two vertices. In this
paper, we always assume that V(G) is a finite set and G has neither loops nor multiple edges.
An edge between two vertices v, w € V(G) is written by vw € E(G). For a vertex v € V(G), let
Ng(v) = {u € V(G) | uv € E(G)}. A graph G' is called the induced subgraph of G induced by
V' cV(G) if vw € E(G') whenever v, w € V' and vw € E(G). For a subset W < V(G), we denote by
G\ W the induced subgraph of G induced by V(G) \ W.

Definition 15.

(1) Wesay that v is aisolated vertex of a graph G if v is a vertex of G such that Ng(v) = @.
(2) Wesaythat vw is anisolated edge of a graph G if vw is an edge of G such that Ng(v) = {w}
and Ng(w) = {v}.

Now let us focus on the notions of switching and relative switching of graphs.
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Definition 16 ([8, Section 11.5]). Let G be a graph and v € V(G). The switching 1, (G) of G at v is
defined to be the graph p,(G) with V(u,(G)) = V(G) and

E(1y(@) ={vw|we V(G)\ N¢(v)} UE(G\{1}).
For v,w € V(G), wedefine 11y (G) := Uy (1y (G)).

Remark 17.

(1) The same notion is called mutation in [15] and [11].
(2) For ve V(G), we have u, 1, (G) = G. For v, w € V(G), we have i, (G) = b1y (G).

1 1
2 \5 2/ 5
Example 18. IfG = / , then () (G) = \/ .
3——14 3—14

Definition 19 ([15, Definition 6.6]). Let v, w € V(G) be distinct vertices. Then the relative switch-
ing ty—w(G) of G at v with respect to w is defined to be the graph i, — ,(G) with V(u,—,,(G)) =
V(G) and

E(pty—w(G)) = {vu|ue No(w)\ N¢()} u{vu|ue Ng(v)\ No(w)} UE(G\ {v}).
Forv,v'w,w' € V(G) withv # w and v' # w', we define iy — iy — w(G) 1=ty — (,LLW_W(G)).
Remark 20.

(1) Inthe original paper [15], relative switching is called relative mutation.
(2) For distinct v, w € V(G), we have py, — iy — 1 (G) = G.

1 1
2 6 2 6
Example21. IfG= | ,then 1.2(G) = | .
3 5 3 5
4/ 4/

For a graph G, let M(G) denote the adjacency matrix of G with entries in [F,. Define
1

AG =| MO e M, F.
1

Definition 22. For a matrix M € M, (F2), we say that M satisfies the condition (L) if the
n™ column v, € [Fg“ of M can be expressed as a linear combination of the other columns
Vi,..., Un—1,Vp4+1 € [F;H—l OfM.
Lemma 23. Let G be a graph with V(G) =11, ..., n}. If G' = u,(G) for some v € V(G), then

(1) nullg, (A(G)) =nullg, (A(G"), and

(2) A(G) satisfies the condition (L) if and only if so does A(G').

Proof. By definition of switching, we have

(E+Epne1) AG) (E+Enary) =| MW(G) | =a@),
1

where E is the identity matrix and E; ; is the matrix such that the (i, j)-entry is 1 and the other
entries are all 0. This yields the assertions of the Lemma 23. g
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Lemma24. LetG beagraph with V(G) ={1, ..., n} with n = 2. Assume that is an isolated vertex
of G. Let v, w € V(Gg) be distinct vertices with v # 1, w # n. If G' = uy—,(G), then

(1) nullg, (A(G)) =nullg, (A(G"), and

(2) A(G) satisfies the condition (L) if and only if so does A(G').

Proof. Since 1 is an isolated vertex of G, the first row (respectively, the first column) of A(G) is

(0 - 01) (respectively,
0

By definition of relative switching, we have

(E+Eyw+Ey1)AG) (E+Eyyp+Ery)=| Mtv—w(G) =a@),
1

where E is the identity matrix and E; ; is the matrix such that the (i, j)-entry is 1 and the other
entries are all 0. This yields the assertions of the Lemma 24. d

Switching and relative switching will be used to compute the stable categories of graded
maximal Cohen-Macaulay modules over skew graded (As) hypersurface singularities in the
following sections.

3. Graphical Methods for Computing Stable Categories

Throughout this section, let A, = k¢[x, ..., x5/ (xf +eet xfl_l) be a skew graded (A.,) hypersur-
face singularity with n = 2 and deg x; = 1, and let G, be the graph associated to k¢[x1, ..., x,]. The
purpose of this section is to study C_MZ (A¢) using Ge. Note that k. [x), ..., x;] is an n-dimensional
noetherian Koszul AS-regular domain with Hilbert series (1-1)7", so A, is an (n—1)-dimensional
noetherian Koszul AS-Gorenstein algebra.

Lemma 25.
(1) Al is isomorphic to
k(x1, oo, xn)/ (€% + Xjx;, X{ — X5, xp | 1<, j<ni#j1<l<n-1).

(2) w:=x?€ Al is a central regular element such that A,/ (w) = ke[x1, ..., Xp]'.
(3) C(Ag) = ALlw ™Y is isomorphic to

k{t, ..., tn>/(titj+€1i5ij5jltjti» l‘;—l, t,21|25 Lhjsni#j2<l< n—l).
Proof. (1) and (2) follow from direct calculation.

(3) Write t; := x1x;w™ ! € C(A,) for 2 < i < n. Then it is easy to see that {fy,..., 1} is a set of
generators of C(A.). Since we have

-1 -1 2 -2 -1 -1
titj = (xix;w ™) (KXW ™) = —EXT XX WS = —E XX W = €1€ XjX; W
_ 2y w12 = et P
=—ey€ij€j1 (—e1jX{xjxiw ") = —eyigijej (axjw™ ) (xiw™) = -6 €1t L,
for2<i,j=sn,i#j,
2 -1 -1 2 1 21
t;=(xxew ) (mxow™ ) =—gpxw = —g1pxiw =~y
for2<¢<n-1,and

t2 = (x1xw™) (x1xpw ) =~ xiw ™t =0,
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there exists a surjection k{fz, ..., In)/(f;t; + €1;€;j€1 L 1, t? + €10, t,zl) — C(Ag). This is an iso-
morphism because the algebras have the same dimension. Since €, # 0, the assignment t, —
V—¢€istpfor2< ¢ <n-1and t, — t, induces the isomorphism

2 2\ =~ 2 2
k{ts, ..., Z’n>/(tit]‘ +E1i€ij€Ef1 tjti, t[ + €10, tn) — k{t, ..., Z’n)/(til’j +E1i€ijEf1 tjti, t[ -1, tn)'
Hence we have C(A;) = k(ta, ..., to)/ (titj +€1,€ij€j1 1L, 12— 1, 15). O

Example 26.

(D) If Ay = klx1,x2]/(x3) or A = k{x1,%2)/(x1X2 + Xpx1, X3), then C(A,) = kl1]/(¢?) by
Lemma 25(3), so C(A,) is isomorphic to the algebra A given by the quiver with rela-
tions (1).

(2) If Ae = klx1, X2, X3/ (x? + x3), then C(A,) = k(s, 1)/ (st + ts, s* — 1, *) by Lemma 25 (3). Let

1 1 1 1
e1==0+s+t+st), ee==—(1-s—t—st), a=—=(t+st), b=—=(t—st).
1 2( ) 2 2( ) 2( ) 2( )

Then {e1,eo,a,b} is a k-basis of k(s,t)/(st + ts, s> — 1, t?). Since ej,e, are orthogonal
idempotents with e; +e3 =1, and

eiae;=a, eber=b, ab=0, ba=0,

it follows that C(Ag) = k(s, t)/(st + ts, s> — 1, t?) =T, where T’ is the algebra given by the
quiver with relations (2).

3) If Ar = k(x1,x2,x3)/(X1X2 + X2X1, X1 X3 + X3X1, X2X3 + X3X2, xf + x2), then C(A4,) =
k[s, t]1/(s?> — 1, t?) by Lemma 25(3). Since ks, t]/(s* — 1, t?) = k[s]/(s% - 1) ® k[t]/(t?) =
k? ® k[t]/(t?) = k[t]/(£?) x k[t]/(t?), we have C(A¢) = A x A, where A is the algebra given
by the quiver with relations (1).

We first give two theorems concerning switching and relative switching, which are analogs
of [15, Lemmas 6.5 and 6.7].

Theorem 27 (Switching theorem). Let A., Ay be skew graded (A.,) hypersurface singularities. If
Gy = 1y (Ge) for some v € V(Ge), then C(Ag) = C(Ag) and CM% (A,) = CMZ (Ay).

. _ ! ! ! — . .
Proof. Since G, = p,(G,), we see that €€ in€ni = €ijEjnENI foreveryl <i < j<h<n,so

C(A¢) = C(Ap) by Lemma 25 (3), and CM? (A,) = CM? (A,) by Theorem 13. O

Theorem 28 (Relative switching theorem). Let A;, A be skew graded (Ax,) hypersurface sin-
gularities. Assume that 1 is an isolated vertex of G.. Let v,w € V(G,) be distinct vertices with
VAL Ww#n IfGy = yew(Ge), then C(Ag) = C(Ag) and CMZ(Ag) = CMZ (Ag).

Proof. If w=1, then u,—,(G;) = G, since w is an isolated vertex, so the result is obvious. Assume
now that w # 1.Since e;; = —1foralll1<i<n,
C(Ag) E kit ..., tn)/(titj+8ijtjtl‘, t?—l, tilZSi,an, i#j,ZSfSI’l—l)
by Lemma 25 (3). Let D be the algebra generated by s», ..., s, with defining relations
siSj+€ijsisi (2<i,jsni#j,i#v,j#v),
SuSj—€vj€wjSiSy (2<jsn j#v j#w),
SpSw+ EvwSwSv,
s;—1 2=0=n-1,0#v),

2
s, +&yw (Whenv#n),

2

5.
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Define amap ¢ : k(sp, ..., $p) = k{ta, ..., tn) [ (10 +€ij1j L, 17 =1, 1) by ;= 1; R<i<n,i#v)
and s, — f,t,. Then one can verify that ¢ sends all defining relations of D to zero, so we
get an induced map ¢ : D — k(fz, ..., t,)/(1;1j + & ;t;, 7 — 1, £2). Tt is easily seen that ¢ is an
isomorphism.

Moreover, since G,/ = [, — 1, (G,), it follows that

ei=eij (Isijsni#ji#vj#v),
Ell/j:_gngwj (15]5”,]#1})]#”})’

/
Eyw = Evw-

and 1 is an isolated vertex of G/, so we see that D is isomorphic to C(A,/) by Lemma 25 (3).
Therefore, we obtain C(A;) = C(A,). The last equivalence follows from Theorem 13. O

We then give two ways to reduce the number of variables in the computation of CM?(A,),
which are analogs of [15, Lemmas 6.17 and 6.18]. We will see that the first one is coming from the
noncommutative Knérrer’s periodicity theorem [15, Theorem 3.9] and the second one is coming
from [15, Theorem 4.12 (3)].

Theorem 29 (Special case of noncommutative graded Knorrer’s periodicity theorem). Ler S
be a noetherian AS-regular algebra and f a homogeneous regular central element of positive even
degree 2m. Then there exists an equivalence

CMZ (S/() = CM* (Sly, 21/ (f +¥* +2%)),
wheredegy = degz=m.
Proof. This is a special case of [15, Theorem 3.9]. 0

Theorem 30 (Knorrer reduction). Suppose that vw is an isolated edge of G, where v # n,w # n,
and V(G \{v, w,n} # . If G = G \ {v, w}, then CM? (A,) = CM? (A,).

Proof. Let Go» = py,uy(Ge). Then x,,x, are central elements in k[xi, ..., X,]. Since Gy =
G \ {v, w} = G \ {v, w}, we have CM? (A,) = CM? (Ap) = CM?(A,) by Theorems 27 and 29.  [J

Let S be a connected algebra and o a graded algebra automorphism of S. A graded Ore
extension of S by o is a graded algebra S[y; o] which is defined as follows: degy = 1, S[y; o] = S[y]
as a graded left free S-module, and the multiplication of S[y; o] is given by ay = yo(a) for a € S.
Let ¢ denote the graded algebra automorphism of S defined by a — (~1)9¢8%q. For example,
klx1, x211y;¢] is isomorphic to k(xy, X2, Y)/ (X1 X2 — X2 X1, X1 Y + Y X1, X2 + Y X2).

Let S be a d-dimensional noetherian AS-regular algebra with Hilbert series (1 — ¢)~¢. For a
homogeneous regular central element f € S of degree 2 and A = S/(f), we define S’ := S[y; ] and
AT :=ST/(f +y%), where degy = 1. Since f+ y* € S’zL is aregular central element, we further define
St:=(SHT = (S[y;&N(z;¢1 and AT := (AT = STT/(f + 2 + z%), where degz = 1.

Theorem 31 ([15, Theorem 4.12(3)]). Let S be a d-dimensional noetherian AS-regular algebra
with Hilbert series (1 —t)™%, f € S a homogeneous regular central element of degree 2, and A =
S/(f). Then C(A™) = c(Ah) x c(AD).

Theorem 32 (Two point reduction). Let A;, Ay be skew graded (A) hypersurface singularities.
Suppose that v, w € V(G,) are two distinct isolated vertices different from n. If G = G \ {v}, then
C(Ae) = C(Ag) x C(Ay) and CM* (A;) = CM? (Agr) x CM? (A1),
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Proof. If |V(G,)| = 3, then this follows from Example 26 (1) and (3). Assume that |V (G,)| = 4. Let
A= Agl(xy,%y,). Then A is a skew graded (Ao,) hypersurface singularity such that A, = A" and
Ae = AT s0 C(A) = C(Ay) x C(Ay) by Lemma 31. Furthermore, we obtain

CMZ(A,) = DP(mod C(A,)) = DP(mod (C(Ay) x C(Ag))
= DP (mod C(Ay)) x DP (mod C(A,)) = CM? (Ap) x CMZ (Ap)

by Theorem 13. O

Here, we prove a combinatorial lemma, which is a modification of [11, Lemma 3.1]. For non-

negative integers a and b, let G(a, b) denote the graph with set of vertices {u;, u; li=1,...,alu

u'!l|j=1,..., b} and set of edges {u;u} | i = 1, ..., a}. Namely, G(a, b) consists of a isolated edges
and b isolated vertices.

Lemma 33. Let G be a graph with V(G) =11, ..., n} and n = 2. Assume that 1 is an isolated vertex
of G. Then there exists a sequence of relative switchings [y, —w, ,- -, v, — w,, Such that

l’tvm‘_wmnu'ymfl‘_wmfl '“l’tvl‘_wl (G) = G(a'ﬁ)’
wherev; € 2,...,nt,w;€{2,...,n-1} foralll1<i,j<m,2a+f=n,and f =z 1.

Proof. We prove the claim by induction on n. If n = 2, then the claim is trivial because G is already
equal to G(0,2). Suppose that n = 3. Let G’ = G\ {n}. By the induction hypothesis, there exists a
sequence of relative switchings py, — w,, ..., By, — w, such that

th‘— whlJUh,y—wh,l My —un (Gl) = G(al;ﬁ,))
where v; €{2,...,n—1}, w;€{2,...,n-2}forall1<i,j<h,2a’'+p' =n-1,and ' = 1. Let
Gl = Nl}h% whﬂvh,lewh,l o '”Vl “— w1 (G)

Then G \ {n} = G(a’, ') and 1 is still an isolated vertex of G;. Thus G; has the form

A

n
. r+1 .o uﬁ/_l)
! !
u p+1 q+1 Uy
where {uy, uj, ..., ua/,u;,}u {uf,..., ug,il} =1{2,..., n—1} and the set of edges of G; is
! ! ! " n
{wmuy, ... ugu,} ui{nu, ..., nuytu {nupﬂ,nupﬂ, ) nuq,nuq}u {nuf,..., nu}

forsome0<p<g<a'and0<r<p' -1.
Let
GZ—Nm—u /Jn<—u’ (G,
Gs :/Jneuq:um—uq Hn‘fupﬁ—lﬂl’l‘—u (G2),
G4 = l’tu’r"*u” u HL{”(G3)
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Notethaty,, i -+ 1/, TEIIOVES edges nuy, ..., nup from Gy, prp—y, py — e M= el
! !
removes ed:ges NUp+1, MUy, - NG, Nl from G,, and ot — ! -+ My — - TEIMOVES edges
nuy, ..., nuy from Gs. Hence G4 has the form
1
uy Up Up+1
" " "
Up Uy 0 Upg
! ! ! ! ! !
uy Up Uy Ug  Ugyy Uy,
where the set of edges of Gy is {u1uj, ..., uaru;,} ufnul}ifr=1and {uyu, ..., uaru;,} ifr=o0.
That is, G4 is isomorphic to G(a' + 1,8 - 1) if r = 1 and G(a/, ' + 1) if r = 0. Therefore, we have
proved the claim. d

4. Proofs of Theorem 8 and Corollaries 11 and 12

In this section, we provide proofs of Theorem 8 and Corollaries 11 and 12.
Proof of Theorem 8. Let Ng, (1) = {uy, ..., u} and define

Ger := [y, Py (Ge).

Then 1 is an isolated vertex of G,/. By Lemma 33, there exists a sequence of relative switchings
Moy —wy» s Boy, — wy, SUch that

Ger i= Wy —wyy My — w, (Ger) = Gl(a, p),

where v; €{2,...,nl,w;j€{2,...,n-1}foralll1<i,j<m,2a+f=n,and f = 1.
By switching theorem (Theorem 27) and relative switching theorem (Theorem 28), we have
CM%(A,) = CM% (A1) = CM7 (Apn). 3)

By Lemmas 23 (1) and 24 (1),
r =nullf, (A;) = nullf, (A,) = nullr, (Agr) = nully, (A(G(a, ﬁ))) =p-1 4)
(note that = 1). Moreover, by Lemmas 23 (2) and 24 (2),
A satisfies (L) <= A satisfies (L) <= A, satisfies (L). (5)

(1) Since A, satisfies (L), so does A.» by (5), that is, the nt column of Agr can be expressed as
a linear combination of the other columns. Since G.» = G(«, ) and 1 is an isolated vertex of G,»,
we see that the n" column of A, is equal to

so n is an isolated vertex of Gg».
Using Knorrer reduction (Theorem 30) @ times and two point reduction (Theorem 32) -2
times, we have
CMZ(Ap) = CMZ(Ag) x -+ x CMZ (Agm), 6)

~

2p-2
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where
Gem:= 1 n (two isolated vertices).
Since Agm = k{x1, X2)/ (X1X2 + X2 X1, x%), Example 26 (1) and Theorem 13 imply
CMZ(A,n) = DP(mod A). @
Hence we conclude

CMZ(Ag) = CMZ(Agn) x ---x CMZ(Agn)  (by (3) and (6))
262
=DP(modA) x -+ x D’(modA)  (by (7))

~nb 2/33”
=D (modA )

=pP (mod AZH) (by (4)),

as desired.

(2) Since A, does not satisfy (L), it follows from (5) that A.» does not satisfy (L), that is, the
n™ column of A cannot be expressed as a linear combination of the other columns. Since
Gy = G(a, ) and 1 is an isolated vertex of G,, we see that the n column of A, is not equal to

j

so n is not an isolated vertex of G.~. In other words, n constitutes an isolated edge of G,».
Using Knorrer reduction (Theorem 30) a—1 times and two point reduction (Theorem 32) §—1
times, we have
CMZ(Ap) = CMZ(Agm) x -+ x CMZ (Agn) )

v

2p-1

where
Gern:i= 1 i—n (one isoleted vertex and one isolated edge)

for some i. Let G = py (Ggm). Then

mz (Agw) = mz (Ag””) 9)
by switching theorem (Theorem 27). Since Agm = k[xy, X2, x3] /(xf " xg)’ Example 26 (2) and
Theorem 13 imply

CM?(Am) = D (modT). 10)

Hence we conclude

CMZ(Ap) = CMZ(Agn) x ---x CM%(Agn)  (by (3) and (8))
2p-1
=DP(modI) x---x DP(modI)  (by (9) and (10))
26-1

=pP (mod rz‘“)

=pP (mod FZ') (by (4)),

as desired. O
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Proof of Corollary 11. By [3, Theorem A], we see that A and I' are derived-discrete algebras.
Furthermore, it follows from [3, Theorem B] that DP(mod A) and DP(modT) have countably
many indecomposable objects. Thus D (mod A2y and DP(modT?") also have countably many
indecomposable objects. By Theorem 8, we have CM%(A,) = D"(mod A7) or CMZ(A,) =
DP(modT?"), so in either case, CMZ(A,) has countably many indecomposable objects. This
says that A, has countably many indecomposable non-projective graded maximal Cohen-
Macaulay modules up to isomorphism, so A, is countable Cohen-Macaulay representation
type. But A, is not finite Cohen-Macaulay representation type. Indeed, suppose that A, is finite
Cohen-Macaulay representation type. Then C(A,) is semisimple by Theorem 14, so CM? (A,) =
DP(mod C(Ay)) is a semisimple triangulated category in the sense of [17, Section 4.2]. However,
since A2 and I'?" are not semisimple, DP(mod A2" ') and DP(modT'2") are not semisimple tri-
angulated categories. This is a contradiction. O

Proof of Corollary 12. By Corollary 11, A, is not finite Cohen—-Macaulay representation type, so
A¢ is not a noncommutative graded isolated singularity by Theorem 14. O

In closing, we give an example.

Example 34. Let us consider the case n = 4. Let A, = ke[x1, X2, X3, X41/ (x? + x5 + x3) be the skew
graded (Ax) hypersurface singularity given by

11-11
1111
-11 1 -1}
11-11

e=(gij)=

Then
01011

1
/\ 10111
R S—

G, = and A.=|01001].

\ 11001

3 11110

1
1 5
Vy = 8 eF;

1
of A, cannot be written as a linear combination of the other columns

oo

of A¢, and nully, (A;) = 1. Hence we have mZ(AE) = DP(modI?) by Theorem 8; compare with
Corollary 9 (1) in the commutative case.

One can check that the 4™ column

et e et O et
—_o O
e
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