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Projective varieties have countably many real
forms

Timothée L. Labinet

Abstract. In this note, we check that a complex projective algebraic variety has (at most) countably many real
forms. We more generally prove it when the field of reals is replaced with a field that has only countably
many finite extensions up to isomorphism. The verification consists in gathering known results about
automorphism groups and Galois cohomology. This contrasts with the recent discovery by A. Bot of an affine
real variety with uncountably many real forms.
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1. Introduction

By countable we mean “at most countable”, possibly finite or even empty.

We say that a field k, with separable closure k, is tame if it has countably many finite Galois
extensions up to k-isomorphism, or equivalently if its absolute Galois group Gal(k/k) is metriz-
able, or equivalently if k has countable degree over k (see Proposition 11). For instance, every
non-discrete locally compact field of characteristic zero is tame. Also, every pseudofinite field is
tame (indeed having at most 7 finite extensions of degree m can be characterized by a first-order
formula), and so is every real-closed or algebraically closed field. The above examples actually
have finitely many extensions, up to isomorphism, in each given degree. Furthermore, countable
fields are tame, and if k is a tame field of characteristic zero, then so is the field k((#)) of Laurent
series. In contrast, the field C(#) is not tame.

If k is a perfect field with an algebraic closure k < k, by k-group we mean a Gal(k/ k)-group
(see Section 2). We say that a k-group is countable-by-algebraic if it has a normal k-subgroup of
countable index that is isomorphic to an algebraic k-group.

Theorem 1. Let k be a perfect tame field. Let G be a k-group that is countable-by-algebraic. Then
the Galois cohomology set H' (k, G) is countable.

The main example of a k-group we have in mind is the group of automorphisms of a k-variety
(see Section 4). Here, a k-variety is meant to be a separated noetherian scheme, locally of finite
type over k (no reducedness or irreducibility assumption). A classical result (see Theorem 12) is
that the group of automorphisms of every complete k-variety is countable-by-algebraic.
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Corollary 2. Let k be a perfect tame field and k < k an algebraic closure. Then every complete
k-variety has countably many k-forms (up to isomorphism,).

When k is the real field (which was our starting point), this number can be infinite, even in the
smooth projective case: the first examples are due to Lesieutre [8] and further ones were provided
satisfying additional hypotheses [4-6].

Note that the corollary holds for other objects provided the automorphism group has a similar
structure. For instance, it applies to k-forms of pairs (X, Y) consisting of a complete variety X and
a closed subvariety Y.

However, it does not apply to arbitrary varieties, and actually fails for affine varieties. Indeed,
Bot has constructed a smooth affine complex surface with continuum many real forms [2].

An anecdotic remark is that a perfect field k is tame if and only if the product k-algebra k”* has
countably many k-forms for every n. This being observed, one can naturally wonder whether a
stronger converse of Corollary 2 is true, namely:

Question 3. Is it true that for every non-tame perfect field k, there exists an absolutely irreducible
(smooth?) projective k-variety with uncountably many k-forms?

If one drops the irreducibility requirement, this is therefore true: just considering the finite
k-variety Spec(k™) for an appropriate n. Question 3 has a positive answer in many cases: for
instance when k*/k*" is uncountable for some n = 2. Indeed, the set of k-forms of the projective
space P" lisin bijection with H!(k,PGL,), which is in bijection with k*/k*" (this example was
suggested by the referee).

Another related question is the following:

Question 4. Does there exist a complex projective variety X with infinitely many real forms, for
which the group Aut(X)/ Aut(X)° is finitely generated (it has to be infinite anyway)?

Indeed, it is not finitely generated in the examples found so far [4-6, 8].

For completeness, let us formulate a more general result that follows from the proof. For a
an infinite cardinal, say that a field k is a-tame if it has at most a Galois extensions up to k-
isomorphism, or equivalently if Gal(k/ k) has < & open subgroups, or equivalently if the degree of
k over k is < a. We say that a k-group is (cardinal < @)-by-algebraic if it has a normal algebraic
k-subgroup of index < a.

Theorem 5. Leta be an infinite cardinal, k an a-tame field and let G be a k-group that is (cardinal
< a)-by-algebraic. Then the Galois cohomology set H' (k, G) has cardinal < a.

Let k be a perfect field with at most a extensions up to k-isomorphism. Then every complete
k-variety has at most a k-forms.

2. Group-theoretic background

We use standard conventions in Galois cohomology (as in [13]). If P is a profinite group, by P-
group G we mean a group G endowed with an action of P by group automorphisms, such that
the stabilizer Pg of each g € G is open in P. The action is denoted (s, g) — s- g. By P-subgroup we
just mean a P-invariant subgroup. By G we mean the subgroup of points fixed by P.

For reference we recall:

Definition 6. Let F be a finite group and G an F-group. By definition, H' (F,G) is the set of maps
b: F — G satisfying b(st) = b(s)(s- b(t)) for all s, t € F, modulo identifying b and V' if there exists
g€ Gsuchthath'(s)=g 'b(s)(s-g) forallse F.

If P is a profinite group and G is a P-group, H' (P, G) is the inductive limit of H'(P/U, GY) where
U ranges over open normal subgroups of P.
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Lemma 7. Let P be a metrizable profinite group and G a countable P-group. Then H'(P,G) is
countable.

Proof. In this case the number of open subgroups U of G is countable, so it is enough to check
that each H'(P/U,GY) is countable. This is clear since the set of maps P/U — GY is then
countable. 0

To prove Theorem 1 we need a dévissage result; namely there is one in [13, 1.§5.5], and we need
its corollary:

Lemma 8 ([13, 1.§5.5, Cor. 3]). Let P be a profinite group, let H be a P-group, N a normal P-
subgroup, Q = H/N. Then HYP H) is finite (resp. countable) if and only if its image in HY(P Q)
is finite (resp. countable), and that for every cocycle b € Z'(P, H) the quotient H (P, ,N)/(,Q)? is
finite (resp. countable).

Here , N means N with the P-action twisted by the cocycle b (see [13, 1.§5.3]).

Corollary9. Under the same assumption, if HY(P Q) is finite (resp. countable) as well as H'(B,N)
for every b e Z' (P, H) then so isH' (P, H).

Recall that an abelian group is divisible if g — g” is surjective for every positive integer n (or
equivalently every prime n).

Lemma 10. Let P be a metrizable profinite group. Let A be a divisible abelian P-group, whose
torsion subgroup T is countable. Then H (P, A) is countable.

Proof. First we claim that H' (P, A) = {0} if A is torsion-free. In this case, A is naturally a vector
space over Q. Let U be an open subgroup of P. Since the action of P on A is Q-linear, we see that
AUY is also divisible. Hence by the usual averaging argument, H' (P/U, AY) = {0}. By Definition 6
we deduce H! (B, A) = {0}.

Under the more general assumption on A, we deduce HY(P A/T) = {0}, so by dévissage
(Corollary 9) we are reduced to checking that H! (P, T) is countable, which holds by Lemma 7. [

3. Tameness

We write the following proposition for the record.

Proposition 11. Let k be a field with separable closure k. The following are equivalent:

(1) the absolute Galois group G = Gal(k/k) is metrizable;

(2) k has countable degree over k;

(3) k has countably many k-subfields that are finite-dimensional over k;

(4) k has countably many Galois k-subfields that are finite-dimensional over k;

(5) k has countably many finite separable extensions up to k-isomorphism (i.e., k is tame);
(6) k has countably many finite Galois extensions up to k-isomorphism.

Proof. A totally disconnected compact Hausdorff topological space is metrizable if and only if
it has countably many clopen subsets. Therefore, a profinite group is metrizable if and only if it
has countably many clopen subsets, if and only if it has countably many normal open subgroups.
This already implies the equivalence of (1) with each of (3) and (4).

Suppose (2). Let (k,,) be an increasing sequence of subfields of k containing k, with union
k. These correspond to a decreasing sequence of open normal subgroups of G, with trivial
intersection. Hence G embeds into [],, G, and hence is metrizable. Conversely if G is metrizable,
it has such a sequence of open normal subgroups (enumerate open normal subgroups as (Hj)
and define G, = (;u<n Him) and we deduce the equivalence with (1).
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(5) clearly implies (6) and the converse is easy since each finite Galois extension contains only
finitely many subextensions and each finite separable extension is contained in a finite Galois
one.

The set of Galois k-subfields of k is in natural bijection with the set of k-isomorphism classes
of finite Galois extensions, whence the equivalence between (6) and (4). O

4. Automorphism groups

If k is a perfect field with an algebraic closure k < k, by k-group we mean a Gal(k/k)-group. If

H is an algebraic k-group, then H(k) is naturally a k-group in this sense. Say that a k-group A

is countable-by-algebraic if it has a normal k-subgroup N such that H/N is countable and such

that N is isomorphic as k-group to the group of k-points associated to some algebraic k-group.
We need the following classical result.

Theorem 12 (Matsusaka, Grothendieck, Matsumura-Oort). Let k be a field. For every complete
k-variety X, the group of k-automorphisms of X is a countable-by-algebraic k-group.

This is mostly due to Matsusaka [10, §11], who essentially proved it assuming X smooth
projective. The general case was formulated by Matsumura and Oort [9, Thm. 3.7], relying on
Grothendieck’s work in [7]. Note that “complete” means geometrically complete, i.e., without
reference to the field of definition.

Deduction of Corollary 2. This is basic Galois cohomology (see [13, II1.§1]). For a E—variety with
no k-form, there is nothing to prove. Hence, let X be a complete k-variety. Then mapping
a k-form to its cohomology class induces an injective map from the set of k-isomorphism
types of k-forms of X into Hl(k,AutE(X)). Since the k-group Autz (X) is countable-by-algebraic
(Theorem 12), Theorem 1 applies. U

5. Proof of the theorem

The following is well-known and holds regardless of the characteristic.

Lemma 13. LetG be the group of k-points of a torus or abelian variety over an algebraically closed
field k. Then G is divisible with countable torsion subgroup.

Proof. The case of tori is straightforward (as G is then isomorphic to (k*)4™G). For abelian
varieties, this follows from [12, §II.6, Appl. 2], which says that G is divisible with finite n-torsion
for every n. The countability of the torsion subgroup immediately follows. g

We also use the following result about dévissage of algebraic group themselves.

Theorem 14 (Chevalley, see [3]). Let k be a perfect field. Every smooth connected algebraic k-
group G has a smallest normal algebraic subgroup L such that G/L is complete. Moreover, G/ L is
an abelian variety, L is connected affine and smooth, and this formation commutes with taking
field extensions.

Proof of Theorem 5. We assume that k is a perfect tame field and G is a countable-by-algebraic
k-group, and we have to prove that H!(k, G) is countable. Let us start with three special cases:

¢ Suppose that G is countable. Then Lemma 7 does the job.

¢ Suppose that G is a torus or an abelian variety. Then Lemma 10 yields the conclusion (we
can apply it thanks to Lemma 13).

« Suppose that G is unipotent. Then H' (k, G) = {0} (see [15] for references and for coun-
terexamples when £k is not perfect).
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By the dévissage Corollary 9, we can suppose that the k-group G is either countable (this case
is settled), or connected algebraic. So we now assume that G is a connected algebraic k-group.

Using Theorem 14 and again using dévissage, we can suppose that the connected algebraic
k-group is either an abelian variety (this case has been settled), or affine. So we now assume that
G is a connected affine algebraic k-group.

Let H be a Cartan subgroup of G that is defined over k. Then H! (k, H) — H!(k, G) is surjec-
tive [1, Cor. 2.14]. This reduces to the case when G° is affine solvable, and hence, by dévissage
again, to the case when G is affine, solvable and connected. In turn, the latter reduces, once more
by dévissage, to when G is either unipotent or a torus, and these cases have been settled. g

Remark 15. If k = R one easily checks that H!(k, G) is finite for every abelian k-variety G (and
hence for every algebraic k-group G). For k = Q,, this is not true: H!(k,G) is infinite for every
positive-dimensional abelian k-variety G. (Indeed, by [14], Hl(k, G) is then isomorphic to the
Pontryagin dual of the compact p-adic Lie group GQ p), where G is the dual abelian variety; in
addition G(Qp) has dimension equal to dim(G) = dim(G) [11] and in particular is infinite, so the
Pontryagin dual is infinite.)

On the proof of Theorem 5. The main difference is Lemma 7, in which case we get the bound «
instead of Xy. Then we need the obvious analogue of Corollary 9, which is not stated in [13] but
can be derived in the same fashion. Note that the countability result in Lemma 13, which is used
at several steps in the dévissage, does not require any tameness assumption on k. g
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