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Abstract. In this article, we completely characterize absolutely norm attaining Hankel operators and abso-
lutely minimum attaining Toeplitz operators. We also improve [19, Theorem 2.1], by characterizing the abso-
lutely norm attaining Toeplitz operator Ty, in terms of the symbol ¢ € L.
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1. Introduction

Let L? denote the Lebesgue space of all square integrable functions on the unit circle T in the
complex plane with respect to the normalized Lebesgue measure p and L* be the Banach space
of all complex valued essentially bounded p-measurable functions on T. Let H? denote the closed
subspace of L? consisting of all those functions whose negative Fourier co-efficients vanish.

For any ¢ € L™, the Toeplitz operator T,, : H> — H? is defined by

T,f =Ppf) forall fe H?
and the Hankel operator H,, : H? — H? is defined by
Hyf =JU~-P)pf forall fe H?

where (¢ f)(z) = ¢(2) f(z) for all z€ T, P is the orthogonal projection of I? onto H%2 and J(z™") =
z"1,n=0,+1,+2,... is the unitary operator on L.

Toeplitz and Hankel operators are well studied in matrix theory, operator theory, function
theory etc., as they find applications in many fields. The initial study of Toeplitz operators was
done by Otto Toeplitz and thereafter Brown and Halmos in [4] discussed some of the important
properties of them. Further, H. Widom, R. G. Douglas, D. Sarason, etc., also worked on Toeplitz
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operators and most of their results can be found in [7]. We refer to [13,17] for the results on Hankel
operators.

One of the important properties of any bounded linear operator is it's norm attaining prop-
erty. Such a property is vastly studied on Banach spaces (for example, see [1, 2, 12]). A few de-
velopments of norm attaining operators on Hilbert spaces can be found in [5, 8]. For more de-
tails on norm attaining Toeplitz and Hankel operators we refer to [3, 21]. It is important to note
that the set of all compact operators and isometries defined between the Hilbert spaces are al-
ways norm attaining. Moreover, on restriction of such operators to any non-zero closed subspace
of the Hilbert space is also norm attaining. This observation initiated the study of new class of
operators by Carvajal and Neves [5] and called them the absolutely norm attaining operators or
& N -operators.

A natural counterpart of the norm attaining and the absolutely norm attaining operators are
the minimum attaining and the absolutely minimum attaining operators or </ .# -operators,
which were also introduced by Carvajal and Neves in [6].

Due to the lack of non-zero compact Toeplitz operators on H?, the authors in [19] were inter-
ested in looking at «/ A -Toeplitz operators, since this set is non-empty as it contains isometric
Toeplitz operators. The authors also characterized absolutely minimum attaining Hankel opera-
tors in the same article.

In this article, we address the following question which is posed in [19].

Question 1. Characterize all the of M -Toeplitz operators and all the of N -Hankel operators.

In [19, Theorem 2.1], a characterization of an </ .4 -Toeplitz operator Ty, € L™ is given as
follows:

Theorem 2. Lety € L. Then Ty, is an of N -operator if and only if lpll2,I— T, T, is a finite rank
operator.

Here we characterize such an operator in terms of the symbol ¢ itself, which improves the
above result.

We also characterize «f ./ -Toeplitz operators and further prove that there are no non-compact
&/ N -Hankel operators. All these results are found in Section 2.

In the remaining part of this section, we give a few notations and definitions which are
necessary for developing the article.

1.1. Preliminaries

Let Hi, H, be infinite dimensional complex Hilbert spaces and %8(H;, H,) denote the Banach
space of all bounded linear operators from H; to H,. If T € 98(H;, H>), then T is said to be finite
rank if its range space is finite dimensional and compact if T maps any bounded set in H; to a
pre-compact set in Hp.

Definition 3 ([5, Definitions 1.1, 1.2]). An operator T € 9B(Hy, Hy) is called norm attaining if
there exists a unit vector x € Hy such that |Tx| = ||T|. If for every non-zero closed subspace M
of Hy, Tlp : M — Ha is norm attaining, then T is called absolutely norm attaining or an «f N -
operator.

Definition 4 ([6, Definitions 1.1, 1.4]). An operator T € %B(Hy, H,) is said to be minimum
attaining if there exists a unit vector x € Hy such that m(T) = || T x|, where

m(T):=inf{| Tx| : x€ Hy, ||x|| = 1}.

If for every non-zero closed subspace M of Hy, Ty : M — Hy is minimum attaining, then T is
said to be absolutely minimum attaining or an <f ./ -operator.
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For more details on </ A -operators we refer to [5, 14,16, 18] and for that on </ 4 -operators we
refer to [6,9, 15].

Let %(H?) be the Banach space of all bounded linear operators on H? and let % (H?) and
H (H?) denote the set of all finite rank and compact operators on H?, respectively. The set of
all positive elements (operators) in F (H?) and & (H?) are denoted by F(H?), and ¥ (H?),, re-
spectively. The set of all «/ 4 and < ./ -operators on H? are denoted by «/ .4 (H?) and «f ./ (H?),
respectively.

Let C(T) denote the set of all complex valued continuous functions on T. The Sarason algebra
H® + C(T) is a closed subalgebra of L*°, where H® = H? N L. The notations and terminologies
used in [19] will be adhered throughout this article.

2. Main Results

We start this section by recalling a result which connects both Toeplitz and Hankel operators.
Proposition 5 ([21, Proposition 8]). For any ¢,y € L*, we have H;; Hy,= T%) - Tu’j Tp.
The following results characterize all finite rank and compact Hankel operators.

Theorem 6 ([17, Corollary 3.2, p. 21]). Let ¢ € L. Then H, € ¥ (H?) ifand only if (I- P)p is a
rational function.

Theorem 7 ([13, Corollary 4.3.3, p. 145]). Ler ¢ € L. Then H, € K (H?) if and only if ¢ €
H®* + C(T).

Now we characterize an </ .4 -Toeplitz operator T, in terms of ¢.

Theorem 8. Let @ € L. Then T € oA N (H?) if and only if |p| = l@lleo a.e.(n) and (I - P)p isa
rational function.

Proof. By Theorem 2 and [19, Corollary 2.3], we have ||¢[|2, I — T,T,=F,where F € F(H?), and
lol = llplloo a.e.(1). Hence by Proposition 5, we get H(;‘, Hy,=Fe€ F(H?) . Therefore by Theorem 6,
it follows that (I — P)¢ is a rational function.

Conversely, if [p| = @l a.e.(u) and (I — P)¢ is a rational function, then H(;';H(p = F, where
F € &(H?),. Again by Proposition 5, we get [l@l2,1 - T,T, = F. Hence by Theorem 2, T, €
o N (H?). O
Corollary9. Let@e L. ThenT, € AN (H?) ifandonlyif |¢| = l|@lloo a.e.(u) and Hy € oA M (H?).
Proof. By [19, Theorem 3.3], we have H, € o M (H?) if and only if Hy € F(H?). Now, from
Theorems 6 and 8, we get the required conclusion. 0
Remark 10. If T, € o/ (H?), then it satisfies T, T,, + Hy, Hy = llpl12, 1.

Next we characterize all of ./ -Toeplitz operators. For this, we need the following definition.

Definition 11. For T € B(H?),
(1) the spectrum of T is defined by
o(T)={AeC: T - Al is not invertible in B(H)},

(2) the essential spectrum of T is defined by Oess(T) = o(n(T)), where & : B(H?) —
B(H?)| X (H?) is the canonical quotient map.

Theorem 12. Let @€ L™. Then T, € o M (H?) if and only if |¢| = a a.e.(u) and ¢ € H® + C(T),
where a € 0ess(1Tyl) and | Ty| is the positive square root ofT(; Tep.
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Proof. If Ty, € of M (H?), then by [9, Theorem 5.14], T(;‘ Tye of M (H?). From [9, Theorem 5.8], we
have T; Ty = a®I-K+F, where a? € 05 (T5Ty), @ 2 0,K € & (H?),, F € F (H*), with K < a*I and
KF =0. Hence by [19, Propsition 2.18], we get |p| = a a.e.(u) and by [11, Lemma 3], @ € 0egs((] Tyl).
By Proposition 5, we get Hj H, = K — F € % (H?). Therefore H, € % (H*) and by Theorem 7,
@€ H®+C(T).

Conversely, assume that |¢| = a a.e.(u) and ¢ € H* + C(T). Then H(;‘,H(p = K, where K €
K (H?),. By Proposition 5, we get T3Ty = a?I-K.Then by [19, Proposition 3.5], TgTy€ o M (H?)
and hence T,, € o .4 (H?) by [9, Theorem 5.14]. O

In general, the set of all o/ .4 -operators (or <f ./ -operators) is not closed. As {¢ € L™ :
(I - P)g is arational function} is not a closed set, the set of all «/ .4 -Toeplitz operators is not
closed. But the set of all «/ .« -Toeplitz operators is closed.

Let T (H?) denote the set of all Toeplitz operators on H? induced by the symbols from L.

Proposition 13. The set of all o/ 4 - Toeplitz operators is closed in Too(H?).

Proof. Let Ty, be in the closure of set of all «/.# -Toeplitz operators. Then there exists a sequence
of of - Toeplitz operators {T,,} such that T, converges to Ty in the operator norm. So by
Theorem 12, we have ¢, € H* + C(T) and |¢,| = a,, where a;, € Tes(1Ty,|) which further
implies a% € aeSS(T;n Ty,) for all n € N ([11, Lemma 3]). Since H* + C(T) is a closed subalgebra
of L, we get ¢ € H® + C(T). Now by [9, Theorem 5.14], we have T T,, € «/./(H?) and
by [9, Theorem 5.8], we write T(;n Ty, = ﬁ%[— K, + F,, where ﬁ% € oess(T;;n Tp,)Bn =2 0,K;, €
K (H?),,F, € F(H?%, with K, < ,B%I and K,,F, = 0 for all n € N. From [15, Theorem 3.10], we
have oess (T, Tp,) = {2} ={a2},so a, =P forallneN.As a? < || Ty, Tpull < SUP uen 1 Tp,, 12, we
have {afl} is bounded. Then there exists a subsequence {a,,} of {a,} such that aflk converges
to a® for some a = 0. Hence Tj T,, —apI = Ky, - F,, converges to some K € % (H?).
Therefore Tu’j Ty = a?I + K. Now by [7, Exercise 7.7], we get [¢/| = &, where a € 0ess(| Ty |). Hence
by Theorem 12, Ty, € o 4 (H?). O

Remark 14. In [20], it was proved that the operator norm closure of & # -operators is the same
as the operator norm closure of <./ -operators. Here by Theorems 8 and 12, we observe that
the set of all «/ A -Toeplitz operators is contained in the set of all «f .4 -Toeplitz operators. So by
Proposition 13, we conclude that the operator norm closure of the set of o/ .4 -Toeplitz operators
is the set of o/ ./ -Toeplitz operators. In other words, set of all «f A - Toeplitz operators is dense
in the set of all «/ ./ - Toeplitz operators with respect to the operator norm.

The next theorem shows that there is no non-compact absolutely norm attaining Hankel
operator. For a detailed study on compact Hankel operators we refer to [10].

Theorem 15. Let@p € L. Then Hy € oA N (H?) ifandonly if Hy € K (H?).

Proof. Clearly if H, € # (H?), then Hy, € of A (H?).

On the other hand, if H, € o/.# (H?), then by [14, Corollary 2.11], HyHy € o N (H?). Hence
by (14, Theorem 2.5], Hy, H,, = al — F + K for some a = 0, F € F (H%)4, K € # (H*), with F < al
and KF = 0. By Proposition 5, we get al —F+ K = Tjj,p = Ty Ty or T2 =TTy = K-F € K (H?).
So by [7, Exercise 7.7], [¢|? — & = ¢, which implies a = 0. Hence HyHy € A (H?), which in turn
results in Hy, € & (H?). O

Corollary 16. Let ¢ € L. Then H, € o/ A (H?) ifand only if ¢ € H® + C(T).

Proof. The proof follows by Theorems 7 and 15. g
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Remark 17.

(1) By Theorem 15, we have that the set of all «/.4#"-Hankel operators is a closed linear
subspace of the space of all Hankel operators on H?.

(2) By [19, Theorem 3.3], we have that the set of all «/ .4 -Hankel operators are exactly the
finite rank Hankel operators. Hence by Theorem 15, we conclude that the set of all of ./ -
Hankel operators is a dense subspace of the set of all « A"-Hankel operators.

We summarize the results of this paper.

For any ¢ € L,
1) Tye o N (H?) if and only if |¢| = ¢l a.e.(u) and (I — P)¢ is a rational function.
() Tye of M (H?) if and onlyif |¢| = @ a.e.(u) and ¢ € H* + C(T), where a € Tess (| T l).
(3) Hye€ o/ A (H?) ifand onlyif ¢ € H® + C(T).
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