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Abstract. In this paper, we consider a general single species model in a heterogeneous environment of n
patches (n = 2), where each patch follows a generalized logistic law. First, we prove the global stability of the
model. Second, in the case of perfect mixing, i.e. when the migration rate tends to infinity, the total population
follows a generalized logistic law with a carrying capacity which in general is different from the sum of the
n carrying capacities. Next, we give some properties of the total equilibrium population and we compute its
derivative at no dispersal. In some particular cases, we determine the conditions under which fragmentation
and migration can lead to a total equilibrium population which might be greater or smaller than the sum of
the n carrying capacities. Finally, we study an example of two-patch model where the first patch follows a
logistic law and the second a Richard’s law, we give a complete classification of the model parameter space as
to whether dispersal is beneficial or detrimental to the sum of two carrying capacities.
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1. Introduction

The simplest realistic model of population dynamics is the one with exponential growth

dx

P
where r is the intrinsic growth rate. To remove unrestricted growth, Verhulst [39] considered that
a stable population would have a saturation level characteristic of the environment. To achieve
this the exponential model was augmented by a multiplicative factor 1 — %, which represents the
fractional deficiency of the current size from the saturation level K. In Lotka’s analysis [29] of the
logistic growth concept, the rate of population growth dx/d¢, at any moment ¢ is a function of
the population size at that moment, x(#), namely,

dx

i f.
Since a zero population has zero growth, x = 0 is an algebraic root of the function f(x). By
expanding f as a Taylor series near x = 0 and setting f(0) = 0, Lotka obtained the following power
series: f(x) = x(f'(0) + 5 f"(0)), where higher terms are assumed negligible. By setting f'(0) = r
and f"(0) = —=2r/K, where r is the intrinsic growth rate of the population and K is the carrying
capacity, one is led to the Verhulst logistic equation

j—fzrx(l—%). (1)

rx,
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Turner and co-authors [38] proposed a modified Verhulst logistic equation (1) which they termed
the generic growth function. It has the form

% N (%)“2]“3, @

where i, (13 are positive exponents and p <1+ i

Blumberg [6] introduced another growth equation based on a modification of the Verhulst
logistic growth equation (1) to model population dynamics or organ size evolution. Blumberg
observed that the major limitation of the logistic curve was the inflexibility of the inflection point.
Blumberg therefore introduced what he called the hyperlogistic function, accordingly

dx (1 _ f)‘”_ 3)

Blumberg’s equation (3) is consistent with the Turner and co-author’s generic equation (2) when
1 =2—ps, 3 <2, and pp = 1. Von Bertalanffy [5] introduced his growth equation to model fish
weight growth. He proposed the form given below which can be seen to be a special case of the
Bernoulli differential equation:

dx X\3

— = 1-(=]"|.

ar %)

The Turner model does not contain the Bertalanffy one, as the values of the exponents y; =
2/3, 2 = 1/3,u3 = 1, violate the condition p; = 1+ pp (1 — p3) stipulated by Turner et al. [38]. It
cannot therefore be seen as a special case of Blumberg’s equation (3). Richards [33] extended the
growth equation developed by Von Bertalanffy to fit empirical plant data.

Richards’s suggestion was to use the following equation which is also a Bernoulli differential

equation
a =) ®
- X .
Unlike its Von Bertalanffy antecedent however, the Richards growth function does follow from the
Turner model (2) in the case where p3 = 1. For pp = 1, (5) trivially reduces to the Verhulst logistic
growth equation (1), but for y > 1 the maximum slope of the curve is when x > K/2, and when
0 < u2 < 1, the maximum slope of the curve is when x < K/2. This allows a wider range of curves to
be produced, but as p, tends towards zero, the lowest value of x at the point of inflexion remains
greater than K/e, where e represents the universal constant, the base of the natural logarithm.
In fact, as yy tends towards zero the Richards growth curve tends towards the Gompertz growth
curve, which can be derived from the following form of the logistic equation as a limiting case:

2
3

rx 4)

dx r [_(x)uz]ﬂs_ r (Kuz_xuz)us'

— = x — = X
dr  pphs K KH2H3 2
When p, — 0, we obtain the growth rate modelled by the Gompertz function given by:
dx X143
T rx [ln(l—()] , (6)

with p3 > 0 and ps # 1. This special case is more usually known as the hyper Gompertz,
generalized ecological growth function, or simply generalized Gompertz function. For uz =1 the
equation (6) is the ordinary Gompertz growth (see [24,31]).

In [37], Tsoularis et al. proposed a new growth rate that includes all the previous growth rates
given by:
dx X \M21H3
E:rx’”[l—(?) ] , @)
where , u2 and ps3 are positive real numbers. Unlike Lotka’s derivation of the Verhulst logistic
growth equation from the truncation of the Taylor series expansion of f(x) near x = 0, (7) cannot
be derived from such an expansion unless 1, gy and ps are all positive integers.
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Many complex systems in sciences and engineering can be modeled by coupled systems of
differential equations on networks. A network can be mathematically treated as a weighted di-
graph (directed graph), consisting of a set of n vertices and a set of directed arcs. In 1977, Freed-
man and Waltman [18] consider a two-patch model with a single species in logistic population
growth as follows:

dx1 ( xl) ( )
dr 1A K1 2 W @)
=2 =TI2X (1——)+€(X —X2)

where x; represents the population density in patch i, the parameter r; is the intrinsic growth
rate, K; is carrying capacity and ¢ is the dispersal rate. Freedman and Waltman show that
under certain conditions, the total population abundance can be larger than the total carrying
capacities K; + K. Holt [25] generalized these results to a source-sink system. In 2015, Arditi
et al. [1] gave a full mathematical analysis of the model (8) of Freedman and Waltman with
symmetric dispersal.

In 2018, Arditi et al. [2] extended the model (8) by considering asymmetric dispersal, i.e. the
model:

—1 nx (1——1)+€(y 2X2 — Y2 X)
17 141 Fl 1 141), ()
——Ix(l——2)+€(y X1 =Y x)
17 242 K 2141 1242),

where €y12 and €21 with y;; > 0,i # j and € = 0, are the migration terms which describe the flows
of individuals from the patch 2 to the patch 1, and from the patch 1 to the patch 2 respectively.
These flows can for example depend on the distance between the patches. By noting that the
positive equilibrium (x7, x;) of model (9) is the unique positive solution to

X
o

+rx(1 xz) 0
242 —— =Y
1 K>

X ! (y X rlx (1 xl))
2= — Yaaxi——x1|l——]),
Y12 € K

Tlxl(

i.e., the intersection of an ellipse and a parabola, they used a graphical method to completely
analyze model (9) in order to determine when dispersal is either favorable or unfavorable to total
population abundance

In [12], T suggested to study the two-patch coupled model where each patches follows a
Richard’s law, i.e., the model:

dx1 X1 s
—=nx|l- X +e(y2x2 —y1x1),
! (10)

—Z—rx(l—(ﬂ)”)+e( X1 —Y2X2)
t_22 X Y1X1—7Y2X2),

where x; and x, represent population densities of the species in patch 1 and 2, respectively. The
parameters K; and r; represents the carrying capacity and the growth rate respectively. Parameter
€ represents the dispersal rate and p is a positive parameter. y;» denote the migration rate from
patch 2 to the patch 1 and y»; from patch 1 to patch 2. For this model, I interested in the effect of
this choice, which generalize the logistic, on the dynamic of the total population in two patches.
I have given a complete classification of the model parameters regarding when the dispersion
causes a total biomass smaller or greater than the sum of capacities. I used for this classification,
the geometric method of Arditi et al. [2].
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In 2021, Elbetch et al. [15] have considered the model of multi-patch logistic growth, coupled
by asymmetric linear migration terms

dx,- Xi n .
— =rixi|1-=|+e Y (yijxj—vjixi), i=1,...,n, an
de Ki) =i

where 7 is the number of patches in the system. The parameters r; and K; are respectively the
intrinsic growth rate and the carrying capacity of patch i. The term on the right hand side of
the system (11) describes the effect of the linear migration between the patches, where € is the
migration rate and I := (y;;) is the matrix representing the migrations between the patches.
Note that, the system (11) is studied also by Elbetch et al. [14] and Takeuchi [35] in the case
when the matrix I' is symmetric. We recall that, when the matrix of migration I' is irreducible,
System (11) admits a unique positive equilibrium which is globally asymptotically stable (GAS),
see [4, Theorem 1] [3, Theorem 2.2] or [14, Theorem 6.1], when ¢ — oo, this equilibrium tend to

Xibir
Yibla;

(61»---;6n);

where a; = % and (61,...,6,)7 the vector which generate the vector space kerI" (for more
properties of the vector space kerT’, see Subsection 4.1).

In [14, 15], Elbetch etal. have answered in some particular cases of the model (11) to the
following important question: Is it possible, depending on the migration rate, that the total
equilibrium population be larger than the sum of the capacities }_; K; ? This question is of
ecological importance since the answer gives the conditions under which the linear dispersal is
either beneficial or detrimental to total equilibrium population. Note that, this question has been
studied by many researches (see [1,2,9-11,14-18,21], [4,41] for source-sink models, and [20, 22]
for SIS patch-model). They proved that, if all the patches do not differ with respect to the intrinsic
growth rate (i.e.,, r; = --- = 1), then the effect of linear migration is always detrimental. In the
case when (Kj,...,K;;)T € kerT (if the matrix T is symmetric, the condition (Ky,...,K)T € kerl’
means that the patches do not differ with respect to the carrying capacity), linear migration has
no effect on the total equilibrium population. An example when the effect of linear migration
is always beneficial, is in the case when I' is symmetric and all the patches do not differ with
respect to the parameter a = r/K quantifying intraspecific competition (i.e., a; = --- = a;) (see
also [15, Proposition 4.2]).

For general information of the effects of patchiness and migration in both continuous and
discrete cases, and the results beyond the logistic model, the reader is referred to the work of
Levin [26,27], DeAngelis etal. [10, 11] and Freedman et al. [16].

Our aim in this work is to study the model of n patches coupled by migration terms. In
particular, we are interested in studying the effect of dispersion and the specific growth rate on
the dynamics of population, and to compare some results for the generalized logistic equation
with those obtained for multi-patch logistic equation (11). Thus, we extended the result obtained
in [14,15].

This paper is organized as follows: The introduction consists of giving an overview of the
different growth models of a population and the links that may exist between them, as well as
of the two-patch migration models of a single population and also for n patches. In Section 2,
we introduce the mathematical model and we give some definitions and notations. Next, in
Section 3, we prove the global stability of the model (12). In Section 4, we study the behavior
of the system (12) in the case when the migration rate goes to infinity by direct method and also
by using perturbation arguments. In Section 5, we compare the total equilibrium population with
the sum of the n carrying capacities for some parameter space. In Section 6, using the method
graphic of Arditi etal. [2], we give a complete analysis of two-patch case where the first patch
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follows a logistic law and the second Richards law. Two-patch model where one growth rate is
much larger than the second one is examined. We ends with a conclusion in Section 7.

2. Mathematical model

Let us consider the growth of single specie which can disperse among n patches described by:

dx,- & .
— =xipi(xi)+e Y, (yijxj—Yjix), i=1,...,n (12)
dz j=Li#i

where x; represents the population density of the species in the i-th patch and ¢; (x;) represents
the specific growth rate of the population in the i-th patch. Since the specific growth rate may
depend on each patch environment, the function ¢; (x;) is supposed to be different in each patch.
The second term of the right hand side in (12) describes the diffusion effect between patches
where € is the growth of migration and y;; = 0, for all i # j is the term of asymmetrical migration
which describes the flows of individuals from the patch j to the patch i. These flows can for
example depend on the distance between the patches. We list the following hypotheses, the first
two of which are standard in single species models (see [16, 35]):

(H1) All solutions of the initial value problem (12) exist, are unique and are continuable for all
positive time.
(H2) ¢;(0) > O,i—%(xi) < 0, there exist K; > 0 such that ¢;(K;) = 0 and x;¢;(x;) — —oco as
x; — +ooforalli=1,...,n.
(H3) The matrixI':= (y; i) where
n
Yii =~ Z Yji (13)
j=Lj#
is irreducible.
In term of graph theory, given a network represented by digraph ¢ with n vertices, n = 2, a
coupled generalized logistic system can be built on & by assigning each vertex its own internal
dynamics and then coupling these vertex dynamics based on directed arcs in ¢ (see Figure 1).

EYijx]'
qr = Xii(xi) 4 = Xjejx))
€YjiXi

Figure 1. A coupled generalized logistic system on a network

The system (12) can be written in matrix form as follows:
dx .
Frin diag(¢y (x1),...,@n(xp))x +€l'x, (14)
where x = (x1,...,x) .

In hypothesis (H2), K; is the carrying capacity of the i-th patch. All patches are source since
@i(0) > 0 for all i. We remark that growth functions of patches can be very different; that
is, system (12) allows patch-specific population dynamics. To model this specification using
continuous space model, one needs to deal with partial differential equations with spatially
varying coefficients, which are particularly challenging in stability analysis.
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The matrix I" being irreducible means that the set of patches cannot be partitioned into two
nonempty disjoint subsets, I and J, such that there is no migrations between a patch in subset I
and a patch in subset J, i.e. the irreducibility of matrix I' implies that every patch in the model (12)
is connected by migration term, i.e. the species can reach any i-th patch from any j-patch. For
Two-patch model, the matrix I' is irreducible if and only if y;2 and y»; are positives. For Three-
patch model, under the irreducibility hypothesis on the matrix I', there are five possible cases,
modulo permutation of the three patches, see Figures 2 and 3.

End

Figure 2. The two graphs ¢; and ¥, for which the migration matrix may be symmetric, if
Yij =7ji

For the remaining cases, the graphs ¥3,%, and %5, cannot be symmetrical:

LN d

Figure 3. The three graphs ¥3,%, and %5 for which the migration matrix cannot be sym-
metric.

The model (12) studied in [1, 2,7, 10, 16, 18, 25] for two patches and logistic growth rate, i.e.
Ti .
i(Xi) =ri——xi, i=12.
@i(x;) i K i
The same model is studied in [9, 11, 42] for n patches and a logistic growth rate, where the matrix
I take the following form:

Y1n=Yn1 =%Yii-1=Yi-1,; =1for2<i=<nandy;; =0 otherwise. (15)
We have the following result:

Proposition 1. The domain Q) = {(xl,...,xn) eER"/x;=0,i=1,..., n} is positively invariant for
the system (12).

Proof. Assume that x; =0 and x; >0 for all j # i. We have

ﬁze Y yijxj =0, i=1,...,n.
e Tz
Hence, on the boundary of Q, the vector field associated to (12) either is tangent to Q, or points
inward Q. According to [34, Proposition B.7, p. 267], no trajectory comes out of Q.
Therefore, Q is positively invariant for the system (12). O
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3. Global stability

Note that, the model (12) without diffusion (i.e. when € = 0) has a positive globally stable interior
equilibrium point (K3, ..., K;) by hypothesis (H2). A boundary equilibrium occur where one or
more of the K; are replaced by zero.

In the next theorem, we prove that the model (12) continues to be globally asymptotically
stable for any diffusion rate €. First, we start by giving some definitions.

Definition 2. A matrix M = (m;;) is called cooperative if m;; = 0 for all i # j. Recall that the

differential system

E—F(x)
dr '

is said to be cooperative, if its jacobian matrix is cooperative, i.e., forall i # j; (0F;/0x;) = 0, for all
X positive.

Definition 3. The stability modulus of a matrix M is given by
s(M) =max{Re(A) : A is an eigenvalue of M} . (16)
We have the following result [32, Lemma 8]:
Lemma4. Let A be a non negative matrix. Let ue R" and A € R. If Au= Au then p(A) = A.

Proof. If Au= Au then, since A is non negative, A¥y = A%y for all k. Therefore ||Ak|| > AK for any
1
matricial norm. Using the Gelfand formula p(A) = limy_. |l A¥|| %, we obtain that p(A) = A. O

We have the following result [8, Lemma 8]:
Lemmab5. Let A be a cooperative matrix. Let u € R" and A e R. If Au= Au then s(A) = A.

Proof. Let A be a cooperative matrix, there exists & > 0 such that A+ hlI, where I is the identity
matrix, is non negative. Let # and A be such that Au = Au. Since (A+ hDu = (A + h)u, using
Lemma 4, we deduce that p(A+ hI) = A + h. According to the Perron-Frobenius Theorem [19,
Theorem 3, p. 66], we have

S(A+hI)=p(A+hI).

Therefore we have s(A+ hI) = A+ h. Using s(A+ hl) = s(A) + h, we obtain s(A) = A. O
We have the following result:

Theorem 6. The model (12) has a unique positive equilibrium point which is globally asymptoti-
cally stable in the positive cone R} \ {0}.

Proof. First, System (12) admits a trivial equilibrium x = 0, representing the state of species
extinction, and its stability can be determined by the Jacobian matrix:

A=e€l +diag(p,(0),...,¢,(0)), 17

Since I' is a cooperative and irreducible then A is also. According to a result of Elbetch etal. [14,
Theorem 6.1], the stability modulus of the matrix A is positive (just replace ¢;(0) by r; for all i).
Indeed, let u = (1,...,1)T. We have

ATu= (¢1(0),. ..,(pn(O))T > Au, where A=min{p;(0),...,¢,(0)}>0.
Therefore, since A is a cooperative matrix, according to Lemma 5, we have
s(A) =s(AT) = 1>0.

It’s follows from Lu and Takeuchi [30, Corollary 1], that the cooperative system (12) possesses a
globally asymptotically stable positive equilibrium. d
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In all of this work, the globally asymptotically stable positive equilibrium of the system (12) is
denoted by Ej, (€) = (x (€), ..., x},(€)), and by T, (¢) the total equilibrium population

n
Ty(e)=) x;(e). (18)
i=1

4. Fast diffusion rate

The goal in the next is to give the behavior of the model (12) when the growth of diffusion tend to
infinity (i.e. € — 00).

4.1. Kernelof T

First for all, we recall that, if I is irreducible, then 0 is a simple eigenvalue of I and all non-zero
eigenvalues of I have negative real part. Moreover, the kernel of the matrix I is generated by a
positive vector (see [4, Lemma 2]). In all of this paper, we denote by 6 := (81,...,8,) T this positive
vector. For the existence, uniqueness, and positivity of 6 see Cosner etal. [7, Lemma 1], and
Elbetch etal. [14, Lemma 4.1], [15, Lemma 1]. Note that, if the matrix I" is symmetric, then ker I is
generated by 6 = (1, ..., 1)T. On the other hand, it is shown in Guo etal. [23, Lemma 2.1] and Gao
and Dong [21, Lemma 3.1] that the vector (Fi‘l,...,l“;‘m)T is a right eigenvector of I" associated
with the zero eigenvalue. Here, I';; is the cofactor of the i-th diagonal entry of I', and sgn(I'};) =
(-1)""!. As in our work, the matrix I' is assumed to be irreducible, then (-1)""'(T},,..., T, 7
is strictly positive, i.e. §; = (—1)”‘11“;. > 0 for all i. Therefore, we have explicit formula for the
components of the vector §, as functions of the coefficients of I', at our disposal. For two patches

we have & = (y12,721) 7, and for three patches we have & = (81,52,83) 7, where

01="712Y13 +Y12Y23 + Y3213,

02 =Y21Y13+Y21Y23 +Y31Y23 19)

03 ="721Y32+Y31Y12 +¥31Y32.
Lemma 2.1 of Guo etal. [23] gives explicit formulas of the components of the vector §, with
respect of the coefficients of y as follow:

Se=. [II vijp k=1..n (20)
T€T} (i,j)eE(T)

where J7% is the set of all directed trees of n vertices rooted at the k-th vertex, and E(T) denotes
the set of arcs in a directed tree T.

4.2. The fast dispersal limit

The equilibrium point E;, (¢) is the solution of the following system:
n
xipi(x;) +e Z YijXj—7vjixi =0, i=1,...,n. 21
j=Lj#i
The sum of these equations shows that E;, (¢) satisfies the following equation

n
in(pi(xi) =0. (22)
i=1

Therefore E;, (€) belongs to the locus of points described by the equation (22) consists of the origin
together with a connected (n-1)-dimension surface denoted by:

n
§::{x€Rﬁ:®(x):= in(pi(xi):o}, 23)
i=1
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which passes through all boundary equilibria together with the interior equilibrium (Kj, ..., Kp).
Note that this surface is independent of the migration terms € and y; ;. In all of the rest, we assume
that S is compact and convex. The following result asserts that when € — oo, the equilibrium Ej, (¢)
converges to an element of kerT'.

Theorem 7. We have
lim E(e) = Ao6, (24)
€—+00

where Ay > 0 is the unique solution in the positive axis of the following equation:
n
25,'(,0,'(51')6):0. (25)
i=1

Proof. The equilibrium point Ej; (¢) is the solution in the positive cone R?, of the equation Y, =0,
where

Ye(xl;-'-vxn) =

n
Y1(x1, e Xn)see, Y1 (X1, X), ) xi(Pi(xi)) (26)
i=1

with .
1
Yi(X1,eo, Xn) = =X (X)) + Y YijXj—YjiXi, i=1...,n-1,
€ j=1j#i
obtained from (21) by dividing by € the first n — 1 equations, and replacing the last one by
Equation (22), which is the sum of the equations. On the other hand,the limit equations (obtained
when € — 00) are given by:

n n n
Yoo(xlr---;xn):( Y VX =Y jiX e Y Yn—l,jxj_Yj,n—lxn—l»zxi(l’i(xi)) 27)
Jj=1,j#1 Jj=1,j#n-1 i=1
Now, we consider the linear system given by the first n — 1 equations of (27)
n
Z )’l’ij—inxiZO, i=1,...,.n-1. (28)
j=Lj#i

According to [15, Lemma 3.4], the system (28) admits a unique solution given by
Xn10p(01,...,0,-1). Hence, the solution of the equation Y, = 0 is given by the solution of
the following system:

i .
Xi=—2Xp, i=1,....,n—1.
6n
n (29)
> Xipi(x;) =0.
i=1
Replacing the x; in the second equation by g—ixn gives:
1 n 0
— Sipi| —xn||=0. 30
50" (izl " (&,x”)) 0

Which admits x, = 0 and x,, = 190, as solutions. So, the equation Y, = 0 admits two solutions, 0
and E*(OO) = Ao(51,...,5n).

The surface S is compact, so the equilibrium E* (¢) has at least one limit point in S, when €
goes to infinity. To prove the convergence of E*(€) to E*(c0), it suffices to prove that the origin
cannot be a limit point of E* (¢). We claim that for any e, there exists i such that x;‘ (€) = K;, which
entails that E* (¢) is bounded away from the origin. The coordinates of the vector TE* (€) sum
to zero, hence at least one of them, say, the i-th, is non negative. Then x;‘ (e)(p,-(x;‘ (€)) =0, and
since x; (€) cannot be negative or 0, and by hypothesis (H2), ¢;(0) > 0 and dg;/dx; <0, we have
x; (€) = K;. By connexity of the arc € — E* (), the point E*(¢) remains in the surface S and the
limit cannot be the origin. d
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As a corollary of the previous theorem we obtain the following result which describes the total
equilibrium population for perfect mixing:

Corollary 8. We have

n n
T;, (+00) =€EI+nooi;x7(e)= (; 65)&0. (31)
Proof. The sum of the n components of the point E;, (co) immediately gives (31). U

4.3. Two time scale dynamics

We can use the theory of singular perturbations to obtain a better understanding of the behavior
of the system in the case of perfect mixing. We have the following result:

Theorem 9. Let (x(t,€),...,x,(t,€)) be the solution of the system (12) with initial condition
(x(l),...,x(,]l) satisfyingx? >0 fori=1,...,n. Let Y(¢) be the solution of the equation
Y 5 XZ(Sl(p,( — X) (32)
i=1 i=1 i=1 5i
0

with initial condition Xy = Z” Then, when € — oo, we have

Z xi(t,€) = Y(t)+o(1), uniformly for t € [0, +00) (33)
and, for any ty > 0, we have
5 . .
xi(t, €)= 3; —=Y (O +0), i=1,...,n, uniformlyfor te[ty,+00). (34)

z 1
Proof. Let X(t,¢) = Z;‘zl x;(t,€). We rewrite the system (12) using the variables (X, xi,..., X;—1)-

One obtains: "

= Z Xipi (xi),
i=1 ) (35)
dx,- .
T =xipi(X)+€ Y. yijxj—yjixi, i=1,..,n-1
J=Lj#i
This system is actually a system in the variables (X, x1,..., x,-1), since, whenever x, appears in
the right hand side of (35), it should be replaced by
n-1
xn=X-) xi. (36)
i=1
When € — oo, (35) is a slow-fast system, with one slow variable, X, and n — 1 fast variables, x; for
i=1,...,n—1. According to Tikhonov’s theorem [28, 36,40] we consider the dynamics of the fast
variables in the time scale T = ¢¢. One obtains

dx; 1 L

d—:—xi(pi(Xi)+ Z yl'jxj—yj,-xi, i:l,“"n_l' (37)
roe j=Li#i
where x,, is given by (36). In the limit € — oo, we find the fast dynamics
dx; L )
d_: Z YijXj—YjiXi, i=1,...,n-1. (38)
Tojenjz

This is an n — 1 dimensional linear system differential. According to Lemma 3.9 of Elbetch
etal. [15], the slow manifold of system (35), which is the equilibrium point of the fast dynam-
ics (38), is unique and is given by:

Xi==——X, i=1,...,n-1. (39)
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As this manifold is GAS, the theorem of Tikhonov ensures that after a fast transition toward the
slow manifold, the solutions of (35) are approximated by the solutions of the reduced model which
is obtained by replacing (39) into the dynamics of the slow variable, which gives the equation (32).
Since (32) admits

n
X* = (Z 5i)7to
i=1

as a positive equilibrium point, which is GAS in the positive axis, the approximation given by
Tikhonov’s theorem holds for all ¢ = 0 for the slow variable and for all ¢ = 7 > 0 for the fast vari-
ables, where t is as small as we want. Therefore, let Y (£) be the solution of the reduced model (32)
of initial condition Y (0) = X(0,6) = X", x?, then, when € — oo, we have the approximations (33)
and (34). O

When the movement pattern of individuals among n patches is symmetric, the previous
theorem becomes:

Theorem 10. Assume that the matrix I is symmetric. Let (x)(t,€),...,x,(t,€)) be the solution of
the system (12) with initial condition (x?,...,x?l) satisfying x? =0 fori=1,...,n. Let Y(t) be the
solution of the equation

dX 1,3 .(1X) o)
dt n i:I(Pz n )

with initial condition Xy = Z?:l x?. Then, when € — oo, we have

n
Y xi(t,e) =Y () +0(),  uniformly for t € [0,+00) (41)
i=1

and, for any ty > 0, we have
1
xi(t,e) ==Y () +o0(1), i=1,...,n, uniformly for t € [ty, +00). (42)
n
Proof. Ifthe matrix I is symmetric, thené =(1,...,1) T O

As a corollary of the previous theorem we obtain the following result which describes the total
equilibrium population for perfect mixing when the dispersal is symmetric. We can state this
result as follows:

Corollary 11. The total equilibrium population for perfect mixing T,, (+o0) satisfied:

T, (+00)
n

Pi =0. (43)

T

Proof. If the matrix I is symmetric, then 6 = (1,..., 1T, The equation (40) prove that T}, (+00) is
satisfied by Equation (43). U

We point out the similarity between our expression (43) for the total equilibrium population
in the limit € — 0o, and the expression obtained in spatial homogenization in [9, Proposition A.2].
The formula (43) is an extension for any growth rate satisfied by the assumption (H2) of the
formula obtained by Arditi etal. [1, 2] for two-patch model, and also generalized the result of
Elbetch etal. [14, 15] for n-patch model.
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5. Total equilibrium population

In this section, our aim is to compare the total equilibrium population T, with the sum of
carrying capacities T, (0) = K; + - + K,;, when the rate of migration € varies from zero to infinity.
First, we compute the derivative of T, at no dispersal.

Proposition 12. The derivative of the total equilibrium population T,; ate =0 is given by:

dT,
_(O)Z_Z ZY” -vjiKi
d€ (Kl dxt (Kl) i#i
(44)
L ! T(Ky,..., K"
= - .. 1,..,Kp) .
K&K K (Ky)
Proof. The equilibrium point Ej; (¢) is the solution of the algebraic system:
n
x;©@i(x;(€)+e ). yl-jx;f(e)—yjix;‘(e)zo, i=1,...,n. (45)
j=1j#i
The derivative of (45) with respect to € give:
@i(x} (€ Z YijX;©) ~yjix; €
Jj=Lj#i
dng dx*
+ -yji—(@©=0, i=1,...,n.
e] IZJ#%J - Le)-vii = © i n
For € = 0, we obtain
n
pi + ) vijx; 0 -yix; (0)=0
j=Lj#i
Since x; (0) = K; and ¢; (K;) =0, then
>
*(K)—(0)+ YijKj—7v;iK; =0, i=1,..,n.
d de =T i7Kj =y jiki
By summing the previous equations for i = 1,...,n we then obtain the formula of the deriva-
tive (44). O

The formula (44) is an extension of the one obtained by Arditi et al. [1, 2] for two-patch model,
and also the result of Elbetch et al. [15, Equation 28] for logistic model.

In the rest of this section, we show that the total equilibrium population, T, (¢), is generally
different from the sum of the carrying capacities T}, (0). Depending on the intrinsic growth
functions and the kernel of the matrix I', T}, (¢) can either be greater than, smaller than, or equal
to the sum of the carrying capacities. Let we start by the following situation:

Proposition 13. IfK; dxl (Ky)=---=Kj, dx” (Kn), then the total equilibrium population, defined

by (18) satisfies T,; (€) < Z Kl,for alle=0 and " 2(0)=0. Furthermore, lf(Kl,...,Kn)T does not
belonginkerT, then T}, (e) < le K;, foralle > 0

Proof. The equation of the tangent space to the surface S, defined by (23), at point o« =
(Ky,...,Ky) is given by

Z (x; — Kz)—(d) (46)

i=1
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where O is given by (23). Since 09 () =K; ?1—()’;; (K;), (46) can be written as follows:
n
Z (K ) (x; = K;) = 0. 47)

If we take K1 s o K== =K, 3 ng P 2, Kn) in (47), we get that the equation of the tangent plane to S
at the point a{ Is

n n
Z Xi = Z K;
i=1 i=1

By hypothesis,the surface S is convex, then any point of S lies in the half-space defined by the
inequation Y., x; < Y7, K;. Therefore Ej, (¢) satisfies

n n
Zx;‘(e)sZKi foralle = 0.
i=1 i=1

By the convexity of the surface S, the equality in the previous equation can hold if and only if,
xlf‘ (€) = K;. We replace in to (21), we get I'K,...,K)T = 0. Which gives a contradiction. This
completes the proof of the proposition.

According to the hypothesis of the previous proposition and the propriety (13), we conclude
that the derivative (44) is equal to 0. O

Note that, the result of the previous proposition is also obtained by Arditi etal. [1, 2] for two-
patch model, and by Elbetch etal. [14, 15] for n-patch model with logistic dynamic ¢;(x;) =
r; — ri/Kix;. They proved that, if the growth rates r; are equal in all patches, then the total
equilibrium population is always smaller than the sum of the carrying capacities.

In this proposition, we give a situation where the dispersal is favorable to the total equilibrium
population. Mathematically speaking:

oy . . d(pi _ d‘ﬂ‘
Proposition 14. Assume that forall j < i, d_x,»(Ki)Yij = d—xj{(Kj)yjl-. Then
n
Ty(e)z) K;  foralle=0.
Moreover, if there exist iy and jo # ip such that K;, dxlo (Kiy) # K, dx"’ (Kj,), then T, (e) > Z 1 Ki,

foralle > 0.

Proof. The equilibrium point E; (¢) satisfies the equation (45). We consider a Taylor series
expansion of ¢; in the neighborhood of Kj, i.e.

d .
@i(x;) = @;(Kp) + (x; — K;) d—?(Ki)+0(xi—Ki), i=1,..,n.
1

We replace ¢; in (45), we obtain for all i

n
L (Kj) +e > rijx;© =y jix; ©)+o(x] (€(x; ()~ Ky), (48)
j=Lj#i

0=x;(e)(x](€)— )d :

d%
x (e)

since ¢;(K;) = 0 for all i. Dividing (48) by 7 (K;)x; (€), one obtains

i noyijxie) —yjix;(€) .
xfE@)=Ki+e ), éqr " to(xfe)-Ki).
j=Li#i  — g Ki)x; (€)
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Taking the sum of these expressions shows that the total equilibrium population T, satisfies the
following relation:

YijX;(€) =y jix; (€)

Ty (€)= ZK+ Z Z dwl

+0(Zx?(e)—ZKi)

(Kz)x (e)

+0(Zx;‘(€) _ZKi)

Yijx; © _inx;? (€) . Yjix; (€) —Yijx;f (e)
x5 () _%(Ki)x*f (€)

Yijx;f(e)—yjix;‘(e))( £ (Ki) X (e) = ’(K])x (e))

dzp]

(mﬁmmwma
+o(2x;(e)—ZKi). (49)
i i

.. ; do; . ; de;
The conditions g—f;ﬁ(Ki)Yij = d_?c)f(KJ')Yﬁ can be written w; j := —g—%i(Ki)/)/ﬁ = —d—(ﬂ(Kj)/)/,-j for
all j <i,suchthaty;; #0andyj; # 0. Therefore, there exists w;; > 0 such that

de; de L
d_x*]‘(K])_ -w;jyij and P *(K)— —ijYji forall 7, j with y;; #0and y;; #0.
j

Replacing d(pl (Ky) and ’ (K i) in (49), one obtains

Ty (e) = ZK +e),

2
wij (Yijx’f(G)—inx?‘ (E)) (
+0
S8 (K) T2 (K (€)x (©)

Zx;‘(e)—ZK,-) =) K. (50)
i i=1

i

dx

Equality holds if and only if € = 0 or )/ijx}’f (€)—yjix;(e) =0, for all i and j. Let us prove that if
d‘p’ +(Ki) # K j d 1K i), then equality cannot hold for € > 0. Suppose that there exists €* > 0 such
that the positive ejquilibrium satisfies

Vi, j, o yijxj€") =yjix; (€). (51)

Replacing the equation (51) in the system (48), we get that x;.k (€*) = K;, for all i. Therefore,
from (51), it is seen that, for all i and j, Kjy;; = K;yj;. From these equations and the conditions

d(’” (Kl)y,] :’;i (Kj)yji, we get Ki%(Ki) = Kj%(Kj), for all i and j. This is a contradiction
J 1 7

with the hypothesis K; % (Ki) £ K % (K;) of the proposition. Hence the equality in (50) holds if
and only ife = 0. ! U

When the matrix I' is symmetric, Proposition 14 says that if all ‘p’ L(K;) are equal, dispersal
enhances population growth. Note that, if ¢; is logistic, then we obtaln Proposition 4.2 of [15].

For two-patch logistic model, Prop 14 asserts that if ax/a1 = y12/y21, then T, (€) > K; + K3,
which is a result of Arditi et al. [2, Proposition 2M K (b)].

Now, in the next proposition, we give another important case of the model (12).
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Proposition 15.

(1) If the equilibrium E},(e) does not depend on e, then E; (€) = (Ky,...,K,) foralle = 0, and
(Ki,...,Ky) ekerT.

(2) If (Ky,...,Ky) € kerT then Ej(e) = (Ky,...,Ky) for all e = 0, i.e., the total equilibrium
population verifies

n
Tr(e) =) K.
i=1

Proof. E; () is the unique positive solution of the equation
diag(¢1 (X1 (€)),...,pn(x,(€)))E;(€) +€TE}; (€) = 0. (52)
(1). Suppose that, the equilibrium Ej, (¢) does not depend on €, we replace in Equation (52):
diag(@1(x] (€)),...,0n(x,(€)))E, + €T E, (€) = 0. (53)
The derivative of (53) with respect to € gives
TE;(€)=0. (54)
Replacing the equation (54) in the equation (53), we get the matrix equation
diag(e1 (x7),...,@n(x;)) = 0.

So, E; () = (Ki,..., Kp).
From the equation (54), we conclude that (K,...,K,) € kerT.

(2). Suppose that (Ki,...,K;) € kerTl, then (Kj,...,K,) satisfies the equation (52). So, E;, =
(Ky, ..., Ky). Which proves that, the total equilibrium population is independent of the migration
rates €. O

The result of the previous proposition is same obtained by Elbetch et al. [15] for logistic model.

6. Example of Two-patch model

In this section, we concentrate on the following two-patch model:

dx1 X1

— =nx|1- | +e(yizxe —y21x1),

dr K (55)
%—rx(l—(2)2)+e( X1-Y12X2)

dt—zz X Y21X1 —Y12X2),

where the first patch is assumed to follow a logistic law and the second a Richard law (see
Figure 4).

€Y12X2

2
da _ _xa dop _ [
dr —r1x1(1 Kl) dt —rzxg(l (Kz) )
€Y21X1

Figure 4. A Tow-patch coupled system

The total equilibrium population of the model (55) in the perfect mixing case (i.e. € — o0) is
given by the following formula:

—ry122 K + \/r12Y124K22 +412y213Ki?riy1e + 4122y 214Ky 2
2r2y213K;

Ty (+00) = (Y12 +Y21) K,  (56)
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and the derivative of the total equilibrium population T (¢) at € = 0 becomes

dTZ*(O)—( K K)(1 1) (57)
de = \Y12K2 — Y216 o)

The equilibrium of the system (55) is the solutions of the following algebraic system:

X1
0=rx; (1 - F) +€(Y12X2 —)’21x1),
1 (58)

X2 2
O=rx|1—-|— +e(y21x1—y12x2).
K

The sum of two equations of (58) shows that the equilibrium points are in curve noted [, where

its equation is given by:

F:rix; (I—E)+r2xz(l—(g) )—0. (59)
The curve F passes through the points (0,0), (K3,0),(0,K>) and «f := (Kj,K>). Note that, it is
independent of migration rate € and y;; (shown in red in Figure 5).

Solving the first equation of system (58) for x, yields a parabola noted 2. defined by
1 r X1

Pe i pe(x1): lexl (721 c (1 Kl))
As our study is limited in the positive cone, then we are interested only in the positive branch of
Z,. The parabola 2 (shown in blue in Figure 5) depend on the migration rate e. It always passes

through the origin and the point % := (Kl, MKl). Notice that, the parabola 22, intersect the axis

Y12
(Ox;) at 0 and a second point x; = —w if y21€ — 11 < 0, which always smaller than K;. So,
the equilibrium points are the non negative intersection between the curve F and Z2.. There are
two equilibrium points. The first is the trivial point (0,0) and the second is a non trivial point

E3 (€) = (x{ (€), x; (€)) whose position depend on migration rate € (see Figure 5).

X2 X2 P,
K P, K>
F
0 K * 0 K X1
F /‘\

Figure 5. Some examples of the curve [ and the Parabola 2. The equilibrium points are
the intersection in the positive cone between F and 22, this intersections contains the
origin and a second positive point E* (¢).

When € — 0, the left branch of parabola &2, tend to the vertical line x; = 0 and the right branch
into the vertical line 2%, : x; = K3. Moreover, FNZ%, = {(K3,0), (K7, K>)}. In the case when € — oo, the
parabola 22, tend to the oblique line 2y, : x, = 12 x;. Moreover, F N Py, = {(0,0), (Y120, y2140)},

Y12
where

1 Y12 Kz + \/Y122r12K22 +4ynraKi2y1or +4y212r2K, 2

0= K.
2y2112 K4
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6.1. Effect of dispersal and intrinsic growth rate on total equilibrium population

For two-patch logistic model, it was shown by Arditi etal. [1, Proposition 2, p. 54] that only three
situations can occur: the case where the total equilibrium population is always greater than the
sum of carrying capacities, the case where it is always smaller, and a third case, where the effect
of migration is beneficial for lower values of the migration coefficient € and detrimental for the
higher values. More precisely, it was shown in [1] that, if #» = 2 in (11), the following trichotomy
holds

o If T} (+00) > K1 + K3 then T, (¢) > K1 + K for all € > 0.
o If dT; (0) > 0 and T, (+o0) < K7 + K>, then there exists €y > 0 such that T, (¢) > Kj + K; for
O<e<€0, T; (€) <K1 + K for € > €9 and T (€g) = K7 + K.
f%(O) <0, then T; (¢) < K1 + K3 for all € > 0.
Therefore, the condition T (€) = Kl + K> holds only for € = 0 and at most for one positive value €.

The value ¢ exists if and only 1f 2 (0) >0and T (+o0) < K1 + K>.

In the remainder of this sectlon, we analyze the effect of dispersion and the specific growth
rate on the total equilibrium population for the two-patch system (55). Using the method of
Arditi etal. [2], we describe the position affects the equilibrium E* (¢) of (55) when the migration
rate varies from zero to infinity, we will give the condition whether T, is greater or smaller than
sum of carrying capacity T, (0) = Kj + K,. We prove there are only three cases as in the 2-patch
logistic model can occur. Denote o = K2 (r22K12 +61 K Kory + 112K2% +41 7'2K12)2

_ —3r2K1K2—r1K22—2r2K12+\/5 _ —rgKle—r1K22+\/E
{1=- 2r K $o= 2k . (60)
Note that, {; > 0 and ¢, > 2. We consider the regions in the set of the parameters y,; and y;2,
denoted _#), #1 and %, depicted in Figure 6 and defined by:

S = {(Y21,7’12) : ;ﬁ g}

K .
(Yzl,}/lz)ig >$i >f;} if2ro>r

K > 2 Y12

Ho=]
{(YzerIZ) i oo }
s=]
0=

(61)

(Y21, 712) : 1 < gf}

52<Y12<K1} if2r2<r1

{ = (Y21r712) : & Yo K
jg = {(Yszlz) ‘% ;ﬁ}

We have the following result which gives the conditions for which patchiness is beneficial or
detrimental in model (55).

Theorem 16. The total equilibrium population of (55) satisfies the following properties
(1) If r1 =2r2 then T, (€) < K1 + K> foralle = 0.
(2) If 2rp # 11, let %o, %1 and %, be defined by (61). Then we have:
o if (y21,712) € Jo then T, (€) > K1 + K foranye >0
o if (y21,712) € %1 then T, (€) > K1 + K3 for 0 < e < eg and T, (€) < K1 + Kz fore > €,
where
1Ky
Y1212 Ki Ko = Y1211 K% = 3y21 12 Ki Ko — Y2111 Ko = 272112 Ky 2 + (Y12 + Y21) VO
o if (7/21,7/12) € % then T, (e) < K1 + K foranye >0
o if 12 1 , then x} (€) = Ky and x; (€) = K for alle = 0. Therefore T, (€) = K + K> for

Y21
alle = 0

€)=
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Yiz _ &2 Yz _ K Yz _ K
Y12 Y21, €1 Y1, K Y12 Y1, K
H g7
Ho Yiz _ &2
Yo~ €1
Ho
Ho
B
0 Y21 0 Y21
Case2r, >n Case2r, <n

Figure 6. The domains ¢, #; and _#. In the figure a1 = r1/K; and ay = 12/ K>.

Proof. To facilitate comparison of the total equilibrium population T, (¢) and T; (0) = Kj + K>,
we define a straight line A : x; + x» = Kj + K». If the intersection of the curve F and the parabola
%, i.e., the equilibrium (x7 (€), x5 (€)), is on or below the line A, then T () < T, (0), whereas if the
intersection is above the line, then T (¢) = T, (0). The equilibrium point E; (¢) is always in the
curve [, then, for € = 0, the equilibrium point states at </, and when ¢ increases, E; (€) describes
an arc of the curve [F and ends at point E; (c0).

If we take r; = 2ry, we get that the equation of tangent space to the curve F at point & is the
equation of A. By Proposition 13, we deduce T, (¢) < T, (0) for all ¢ = 0.

In the case when r; # 2r,, direct calculation finds that the curve F and the line A have two
intersections:

o = (K1,Kz), and C = (¢1,67).

We denote by X the straight line joint the origin and C. The slope of £ is equal to 2. We distinguish
three cases relative position of the three points <, E; (00), and C, or equivalently, the three lines
[0«), P~ and X whose slopes are

K;
= Ya and 6—2
Ki v &1
By the method graphic of Arditi et al. [2], we conclude the complete proof. 0

In general, it is very difficult to give a complete classification for all specific growth rate ¢;
under which fragmentation and migration can lead to a total equilibrium population which
might be greater or smaller than the sum of carrying capacities and also it is difficult to give
the explicit formula of T, (co), except in special cases. In the next, we give some examples of
the specific growth rates ¢; which we can calculate explicitly the total equilibrium population for
perfect mixing and also the its derivative at € = 0.

¢ Model of Richard: For the Richards’s growth rate (5), the total equilibrium population for
perfect mixing take the following form:

m

n >n o8ir; aT,; 1
* _Z'# L) =Y |—Y yiiKj-7yjiKi
Tn(+00)—(i—161) n ghtl 1 and de 0= ri visKj=vjiki).

=101 X7 i \MTi
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* Model of Gompertz: Consider the ordinary Gompertz growth (6) for pu3 = 1. The total
equilibrium for perfect mixing case and the derivative with no dispersal are given by:

1
n n g\l \ T &7 dT*

T, (00) = (Z 6l~) (]‘[ (—’) ) 1 and —2(0) = oo.
i=1 5,‘ de

i=1

6.2. Two-patch model where one growth rate is much larger than the second one

Recently, in [13], Elbetch is interested in some biological situations that can be found in the
nature, that is, the case where several sub-populations grow with different speed. Mathematically
speaking, he studied the system (11) under the hypothesis that some growth rates tend to infinity
(i.e. r; — oo for some i). In this section, we consider the two-patch model (55) and we assume
that the growth rate r, (resp. r1) is much larger than ry (resp. r2).

6.2.1. Case wherer, — 0o

In this part, we assume that r, is much larger than r; . For simplicity we denote y;, :=y12 > 0 the
migration rate from patch 2 to patch 1 and y; :=y2; > 0 from patch 1 to patch 2. The model (55)
is written:

%=r1x1(l—ﬂ)+€(7fzxz—wx1)

dr K ’ 62)
de_I’gx (1—(x2)2)+6( X1 —Y2x2)

ar 1 2 X Y1X1—7Y2X2),

where 77 is assumed to be a small positive number. Denote Ez* (e,n) = (xik (e,m), x; (e,m)) the positive
equilibrium of (62), and T (¢, ), the total equilibrium population. We recall that the derivative of
T, (e,n) with respect to € at € = 0 is written as follow:

U2 0=k K%l ") (63)
de 1) = Y2K2 =71 o 2m)
The total equilibrium population of the model (62) for perfect mixing (i.e. € — co) is given by the

following formula:

—nry2* Ko+ \/772r12)f241<22 +anray 13K riy2 + 422114 K 2
27’2}/13KI

T, (+00,1m) = (Y1 +72) K, (64)

First, we have the result:

Theorem 17. Let (x)(t,1), x2(t,1)) be the solution of the system (62) with initial condition (x(l), xg)
satisfying x? =0 fori=1,2. Let u(t) be the solution of the differential equation

%—rx(l—ﬂ)w%( Kz —y1x1) =1 (x1) (65)
dt—ll K Y2K2 —Y1X1) =l @(X1),

with initial condition u(0) = x(l). Then, whenn — 0, we have

x1(8,m) = u(t) + oy (1), uniformly for t € [0, +00) (66)
and, for any ty > 0, we have

x2(t,m) = K2 +0,y(1), uniformly for t€[fy, +00). (67)

Proof. When n — 0, the system (62) is a slow-fast system, with one slow variable, x;, and one
fast variable, x,. Tikhonov’s theorem [28, 36,40] prompts us to consider the dynamics of the fast
variables in the time scale T = %’ t. One obtains

de

X2
—2= 1- 2 - .
i T2 X2 ( Kz) +en(y1x1 —y2x2) (68)
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In the limit n — 0, we find the fast dynamics

dx _ (1—x2) (69)
dT I KZ ’

The slow manifold is given by the positive equilibrium of the system (69), i.e. x, = K3, which
is GAS in the positive axis. When 1 goes to zero, Tikhonov’s theorem ensures that after a fast
transition toward the slow manifold, the solutions of (62) converge to the solutions of the reduced
model (65), obtained by replacing x, = K> into the dynamics of the slow variable.

The differential equation (65) admits as a positive equilibrium

r—ey1+v/(ri—ey)? +4eayy2 Kz

x; (e,0%) := 5
1

(70)

where a; = 1r<_11 As ¢(x1) > 0 for all 0 < x; < x{(¢,0") and ¢(x1) < 0 for all x; > x{(,0") then,
the equilibrium x{ (¢,0%) is GAS in the positive axis, so, the approximation given by Tikhonov'’s
theorem holds for all ¢ = 0 for the slow variable and for all ¢ = f; > 0 for the fast variable, where
1o is as small as we want. Therefore, let u(¢) be the solution of the reduced model (65) of initial
condition u(0) = x(l’, then, when € — 0, we have the approximations (66) and (67). O

As a corollary of the previous theorem, we have the following result which give the limit of the
total equilibrium population T (¢,7) of the model (62) when 17 goes to zero:

Corollary 18. We have:

T, (€,0%):= %Ln% Ty (e,m) = }}g})(xi‘ (e,m) + x5 (€,m)) (71)

_rn—eyi+V/(n—ey)?+4eary Ko .
2&1

K.

Proof. According to the equations (66), (67) and (70), when 1 goes to zero, the equilibrium
E; (e,n) of the model (62) is converge to E;(¢,07) := (x{(€,0%),K3), where x{(,0%) is given
in (70).The sum of the coordinates of EZ* (€,0%) gives the formula (71). O

In the following proposition, we calculate the derivative and the formula of perfect mixing (i.e.
when € — co) of the total equilibrium population defined by (71).

Proposition 19. Consider the total equilibrium population (71). Then,

dT; -1 K; K
—2.(0,0"):= M, (72)
de n
and N
T} (+00,0%) := %Kz. (73)
1

Proof. The derivative of the total equilibrium population T, (¢,0%) defined by (71) with respect
to e is:
dT; K

2 +
—% (6,07 =—
Qe (6,0™)

2\/1(1 (n2Ki—2nKey +e2Kiy12 +4rey2Ke)n

X ()/1 \/Kl (r12K1 -2 r1K1€y1 + €2K1Y12 +4 rleyng) + rlKIYI —EKl)/lz -2 7'1)/21(2 (74)

In particular, the derivative of the total equilibrium population at € = 0 is given by the
formula (72).

By taking the limit of (71) when € — oo, we get that the total equilibrium population T, (¢,0%)
tend to (73). O
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We consider the regions in the set of the parameters y; and y,, denoted _#, and _#; defined by:

1

K K
jo:{m,yz):%>g}, j1={(}'1,yz):;,—?<é}. (75)

We have the following result which gives the conditions for which patchiness is beneficial or
detrimental in model (62) when € goes to zero.

Theorem 20. Let ¢, and _#1 be the domains defined in (75). Consider the total equilibrium
population T, (¢,0%) given by (71). Then, we have:

o If (y1,72) € o then T, (€,07) > Ky + K3, for alle > 0.

o If (y1,72) € % then T; (6,07) < Ky + K3, for alle > 0.

o If % = %, then x (€,0%) = Ky and x; (€,0") = K3 for alle = 0. Therefore T, (¢,0") = Ki + K
foralle = 0.

Proof. First, we try to solve the equation TZ* (€,0%) = K7 + K, with respect to €, the solutions of this
last equation give the points of intersection between the curve of the total equilibrium population
e— T; (e, 07) and the straight line € — K + K. For any € > 0, we have

rn—ey1+y/(rn—eyN?+deary.Ky
26‘(1
— —K12 (Tl +€Y1)2 + K3 (r12K1 —27'1K1€Y1 +€2K1)/12 +4r1€}/2K2) =0

T, (€,0") =K +K < K

— —4 71K12€')/1 + 4r1€K1}’2K2 =0
= 712K =71K)

dT;
— 2 0,07 =0.
de

So, if %(0,0ﬂ # 0 then € = 0 and the curve of the total equilibrium population intersects the
straight line € — Kj + K in a unique point which is (0, Kj + K3). Therefore, we conclude that the
first and second items of the theorem are hold. O

6.2.2. Case wherer; — oo

In this part, we assume that r; is much larger than r,. The model (55) is written:

dx1 151 ( xl)

—— =—x|l-—=|+e(r2x2—11%1),

dt n K1 ( ) (76)
de

——rx(l—(ﬁ)z)hs( X1—7Y2X2)
dt_22 X YiX1—Ya2Xx2),

where 77 is assumed to be a small positive number. We recall that the derivative of T2* (€,m) with
respect to € at € = 0 is written as follow:

3 0, = (s K)(" 1) 77)
de D=2k =ik rn 2r)

The total equilibrium population of the model (62) for perfect mixing (i.e. € — o0) is given by the
following formula:

—ry22Ky + \/r12y24K22 +4An 2713 Ki2 riye + 402 1?1 4K

T (+oo,m) = (y1+72) K,  (78)

2nr2y13Ky
We have the result:
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Theorem 21. Let (x(t,1n),x2(t,n)) be the solution of the system (76) with initial condition (x‘l), xg)
satisfying x? =0 fori=1,2. Let u(t) be the solution of the differential equation

de
dr
with initial condition u(0) = xg . Then, whenn — 0, we have

2
=T2X2 (1—(%) )+e(y1K1—y2x2)::(p(x1), (79)
2

x2(8,m) = u(r) + oy(1), uniformly for t € [0, +00) (80)
and, for any ty > 0, we have
x1(t,m) = K1+ 0,(1), uniformly for t € [ty, +00). (81)

Proof. The proof is the same as in Theorem 17. The differential equation (79) admits unique
positive equilibrium x; (€,0%). As ¢(x2) > 0 for all 0 < x» < x; (€,0%) and ¢(x2) < 0 for all x, >
x; (¢,0*) then, the equilibrium x; (€,0™) is GAS in the positive axis, so, the approximation given
by Tikhonov’s theorem holds for all # = 0 for the slow variable and for all £ = ) > 0 for the
fast variable, where t; is as small as we want. Therefore, let u(t) be the solution of the reduced
model (79) of initial condition u(0) = xg, then, when ¢ — 0, we have the approximations (80)
and (81). O

We have the result:

Theorem 22. Let %y and _# be the domains defined in (75). Consider the total equilibrium
population T (€,0") = Ky + x5 (¢,0%) with x5 (€,0%) is the unique positive solution of (79). Then,
we have:
o If (y1,72) € %o then T; (6,0") < Ky + K3, for alle > 0.
. If (r1,72) Ejl then T2*(€,0+) > K +K2,foralle > 0.
o If % = %, then xj (€,0%) = Ky and x; (€,0") = K3 for alle = 0. Therefore T (¢,0") = K; + K
foralle =0.

Proof. First, we try to solve the equation T, (¢,0%) = K + K> with respect to ¢, i.e. the equation
x5 (€,0%) = K3. By (79), we obtain

X2 —11K
(0" =K < Ml—e%:l
242

which implies, for all € > 0:

dry

Yo Ko =71 Ky <= K(O'O )=0.
So, if ddij(o,o*) # 0 then € = 0 and the curve of the total equilibrium population intersects the
straight line € — K; + K> in a unique point which is (0, Kj + K3). Therefore, we conclude that the

first and second items of the theorem are hold. O

7. Conclusion

The aim of this paper is to generalize, to a multi-patch model with generalized growth rate, the
results obtained in [14, 15] for a multi-patch logistic model.

In Section 3, using the result of Lu and Takeuchi [30, Corollary 1], we prove that the globally
asymptotically stable equilibrium still exists for generalized growth rate.

In Section 4, we consider the particular case of perfect mixing, when the migration rate goes to
infinity. As in [14] and [15], we implicitly compute the total equilibrium population in that case,
and, by perturbation arguments, we prove that the dynamics in this ideal case provides a good
approximation to the case when the migration rate is large. Our results generalize those of [1, 2]
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for tow-patch logistic model, [14] for n-patch logistic model with dispersal symmetric between
patches, and [15] for many patches with movement between patches not necessarily symmetric.

In Section 5, we have shown that if the n patches do not differ with respect to Kl-‘;—‘fjj(Ki),
then the total equilibrium population on the n connected patches is always less than or equal
to the sum of carrying capacity of the isolated patches. This result can be seen as negative but
constitutes in our eyes an interesting result. We then addressed this issue in the general case when
K; g—:’;" (K;) are different, we have determined some conditions for which the total population size
of the n connected patches at equilibrium may be greater than the sum of carrying capacities of
n isolated patches.

In Section 6, Two-patch model where the first patch is assumed to follow a logistic law and the
second a Richard law is studied. As for the logistic case, we have shown that three cases occur :
the total equilibrium population is always greater than the sum of carrying capacities (beneficial
case), the total equilibrium population is always smaller than the sum of carrying capacities
(detrimental case), and finally the effect of dispersal is beneficial to the total population for €
less than a critical value €y and detrimental for € > ¢y (Theorem 16). Next, the growth rate in
the second (resp. first) patch is supposed to be much larger than that in the first (resp. second)
one. We have given then the conditions for which patchiness is beneficial or detrimental for the
population in models (62) and (76) when 17 — 0. In this configuration where the population of one
of the patches has a fast growing compared to the other patch, the critical value of migration rate
€o does not intervene.

Finally, comparisons the present results with previous works [1,2, 14, 15] indicate that, in gen-
eral, the generalized growth rate mechanism has an effect on the dynamics of the total equilib-
rium population. Some questions remain open : is it possible to give a complete classification of
the conditions under which dispersal is either beneficial or detrimental to total equilibrium pop-
ulation in the case of two patches (i.e. System (12) for n = 2)? Is there a way to make connections
between the n patches that increases the total equilibrium population? How these results can be
generalized to Source-Sink patch-model?
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