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Abstract. We develop a point-free approach for constructing the Nakano-Vashaw-Yakimov-Balmer spectrum
of a noncommutative tensor triangulated category under certain assumptions. In particular, we provide a
conceptual way of classifying radical thick tensor ideals of a noncommutative tensor triangulated category
using frame theoretic methods, recovering the universal support data in the process. We further show that
there is a homeomorphism between the spectral space of radical thick tensor ideals of a noncommutative
tensor triangulated category and the collection of open subsets of its spectrum in the Hochster dual topology.
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1. Introduction

The subject of tensor triangular geometry has been an active area of research for the past two
decades and has touched a wide range of areas in mathematics including algebraic geometry,
modular representation theory, stable homotopy theory, noncommutative topology, to name
a few. The subject involves the study of triangulated categories with a given biexact symmet-
ric monoidal functor called the tensor. Balmer [1, 2], reinterpreting a previous work of Thoma-
son [20], showed that the triangulated category of perfect complexes over a scheme X along with
the derived tensor functor contains enough data to reconstruct X, establishing that the subject is
rich enough to be studied. Associated to a tensor triangulated category €, Balmer [2] constructed
a locally ringed space Spec € called the spectrum of ¢ which carries the geometric essence of
the tensor triangulated category. For example, Spec(Dperf(X)) = X for a quasi-compact, quasi-
separated scheme X (see [2,8]). The construction of the spectrum involves constructing a space
out of prime thick tensor ideals of the tensor triangulated category. Balmer showed that this sat-
isfies the correct universal property among all spaces which act as targets for support data. In
the case of modular representation theory, where the relevant tensor triangulated category is the
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stable module category of modules over a finite group scheme G, the spectrum recovers the pro-
jective support variety.

In addition to capturing the underlying scheme, the subject of tensor triangular geometry fur-
ther lifts to this abstraction, the notions of finite étale maps [5], the Chow group and intersection
theory [4, 14, 15], Grothendieck-Neeman duality, Wirthmiiller isomorphism [6] among others.
The theory also detects (the failure of) Gersten conjecture for singular schemes [3]. This demon-
strates the richness of the theory.

However, all tensor structures on triangulated categories need not be symmetric. The basic
examples being stable module categories over Hopf algebras. To study these Nakano, Vashaw
and Yakimov [17] introduced a noncommutative version of tensor triangulated categories and,
extending Balmer’s theory, constructed a topological space in terms of prime thick tensor ideals.
This construction is also universal in a manner parallel to Balmer’s construction. Nakano et al
prove that in various cases, where the spectrum can be computed, the space corresponds to
either the projective space of the cohomology ring of the Hopf algebra, or a quotient of that.

Following the success of the theories a natural direction of exploration will be to understand
the construction of spectrum itself to gain a better insight into the structure of the tensor
triangulated category. A conceptual and formal way of constructing the spectrum was described
by Kock and Pitsch [16] using the language of frames and locales (point free topology). Frames
are complete lattices where finite meet distributes over arbitrary joins (see [12] or Section 2.2).
A typical example of a frame is the lattice of open subsets of a topological space. The essence
of point free approach to topology is to reduce the study of topology to the study of these
frames. In this approach, one constructs the topological space in terms of the frame of open sets
instead of starting with a set of points. Spectral spaces are topological spaces homeomorphic
to the spectrum of a commutative ring. The spectral spaces correspond to coherent frames (see
Definition 6) in the point free approach. Kock and Pitsch gave a point free description of the
Balmer spectrum of a (commutative) tensor triangulated category ¥ as the Hochster dual of
the spectral space associated to the coherent frame of radical thick tensor ideals of the tensor
triangulated category. They also define a notion of support taking values in a frame and prove
that the coherent frame of radical thick tensor ideals is universal as a target for such supports.
Kock and Pitsch’s paper shows that one can arrive at various results about the Balmer spectrum
(including the sheaf of rings) from this viewpoint.

In this paper, we explore the noncommutative Balmer spectrum studied by Nakano et al from a
frame theoretic viewpoint. However, in this case the arguments have to be modified substantially
due to the lack of commutativity of tensor and consequently the failure of the construction of the
radical of an ideal by adjoining n™® roots (where 7 is a natural number). For the modified argu-
ments to work, one needs to restrict to a class of noncommutative tensor triangulated categories,
where the prime ideals (defined in terms of thick tensoridealsas IJ < P = (I < P) or (J € P)) are
complete primes (defined in terms of objects, i.e., A® Be P = (A€ P) or (B € P)). As Nakano et
al [19] shows there is a rich class of examples where this holds, for instance the stable module cat-
egory of any finite dimensional unipotent Hopf algebra (see [18, example 5.1.2]). Following Kock
and Pitsch, we extend the notion of a frame theoretic support data to the noncommutative setup
and prove the relevant universal properties to recover the spectrum. Let K be a (noncommuta-
tive) tensor triangulated category. The radical thick tensor ideals form a coherent frame (Theo-
rem 16) and the association of a € Ob(K) to the smallest radical thick tensor ideal containing a
gives a universal frame-theoretic support datum (Theorem 20) giving us a classification of radi-
cal thick tensor ideals (Theorem 21). The relation of this construction with the Nakano-Vashaw—
Yakimov-Balmer spectrum is clarified in Corollary 22. Nakano et al’s construction of the univer-
sal support data taking values in the Balmer spectrum is recovered in a frame theoretic way in
Proposition 30. Finally, extending a result by Banerjee [7], we also show that there is a homeo-
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morphism between the set of radical thick tensor ideals and the set of closed subsets of the spec-
trum with quasi-compact complements under the proper notions of topologies on these sets (see
Theorem 32).

2. Preliminaries
2.1. Noncommutative tensor triangulated category and support

A general noncommutative theory of tensor triangular geometry was introduced by Nakano,
Vashaw and Yakimov in [17]. They further studied support maps and its connection with tensor
product in the setup of noncommutative tensor triangular geometry in their next paper [19]. In
this section, we recall some definitions and results from [17] and [19].

A noncommutative tensor triangulated category, as introduced in [17], is a triangulated cat-
egory K with a biexact monoidal structure. Throughout this paper K will denote an essentially
small noncommutative tensor triangulated category.

Definition 1 ([17, § 1.2]).

(1) Athick tensor ideal of K is a full triangulated subcategory 1 of K such that it contains all
direct summands of its objects and for any A € Ob(I), we have A® B,B® A € Ob(l) for all
B € Ob(K).

(2) A prime ideal of K is a proper thick tensor ideal P such that for all thick tensor ideals1 and
Jof K, we haveI® J< P = 1< P or] < P. We denote by Spc(K) the collection of all prime
ideals of K.

(3) Acompletely prime ideal of K is a proper thick tensor ideal P such that A BEP — AeP
orBeP forall A,Be Ob(K).

Definition 2 ([17, § 1.2]). The noncommutative Balmer spectrum Spc(K) of K is the topological
space of prime ideals of K endowed with the Zariski topology which is given by closed sets of the
form

V(S)={PeSpcK)|PnS=p}

for all subsets S of K.
Let X be a topological space and let Z;(X) denote the collection of all closed subsets of X.

Definition 3 ([17, Definition 4.1.1]). A map o : K — Z(X) is called a (noncommutative)
support datum if the following conditions are satisfied:

1) c=@ando(l)=X

(2) 0(AeB)=0(A)uo(B), VA BeObK)

3) cXA) =04, VYAeObK)

(4) IfA— B — C — Y. Aisadistinguished triangle, then o(A) o (B)Ua(C)

5) Uceorxy0(A®BeC)=0(A)Nno(B), Y ABeObK)

We recall (see, [17, Lemma 4.1.2]) that the restriction of the map V (as in Definition 2) to the
objects of K gives a support datum K — Z;(Spc(K)).

Theorem 4 ([17, Theorem 4.2.2]1). The supportV is final among all the support data o of K such
that o(A) is closed for each A € Ob(K). Equivalently, for any support datum o satisfying the above
condition, there is a unique continuous map fy : X — Spc(K) such that o(A) = fa‘l(V(A)). This
map is precisely given by

fox)={Ac ObK)|x ¢ a(A)}.
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2.2. Coherent frames and support

In this section, we recall some definition and results from [12,13] and [16].
Definition 5. A frame is a complete lattice which satisfies the infinite distributive law:

an Vv.s=V (ans).
seS seS
A frame map is a lattice map that preserves arbitrary joins. The category of frames and frame maps

is denoted by Frm.

There is a pair of adjoint functors between the category of topological spaces Top and the
opposite category of frames Frm?? which we now recall ([12, § I1.1.4]). The open sets of any
topological space form a frame with join operation given by union of open sets and finite meet
given by intersection. This gives a functor Top — Frm°” which has a right adjoint, the functor
of points. A point of a frame is a frame map x : F — {0, 1} where {0, 1} is the Boolean algebra of
two elements (with 0 < 1). The set of points of any frame form a topological space whose open
sets are given by sets of the form {x: F — {0, 1} | x(u) = 1} for any u € F and this gives the functor
Frm°” — Top.

We recall from [12, § 11.3.1] that an element a of a frame F is called finite if for every subset

ScFwitha< Vss, there exists a finite subset S’ € S with a < Vs s.
SE ses’

Definition 6 ([12, § I1.3.2]). A frame is called coherent if every element of the frame can be
expressed as a join of finite elements and the finite elements form a sublattice (equivalently, 1 is
finite and the meet of two finite elements is finite).

Spectral spaces, introduced by Hochster in [11], are topological spaces homeomorphic to the
spectrum of a commutative ring. A spectral map between spectral spaces is a continuous map
such that the inverse image of a quasi-compact open is quasi-compact. Every coherent frame
corresponds uniquely to a spectral space. In fact, we have the following theorem:

Theorem 7 ([13]). The category of spectral spaces and spectral maps is contravariantly equivalent
to the category of coherent frames and coherent maps.

For a spectral space X, Hochster [11] considered a new topology on X by taking as basic open
subsets the closed sets with quasi-compact complements. The space so obtained is called the
Hochster dual of X and it is denoted by XV. He showed that the Hochster dual XV of any spectral
space X is also a spectral space and that XV" = X. Motivated by this, the Hochster dual of a
coherent frame is defined as follows:

Definition 8 ([16, Definition 1.2.4]). The Hochster dual of a coherent frame F is its join comple-
tion.

We recall that an ideal of a frame (in general for any lattice) is a down-set, closed under finite
joins. An ideal .# of a frame F is called prime if 1 ¢ .# and if a A b € .# implies either a € . or
b € #. The points of a frame F correspond bijectively to prime ideals of F. Indeed, any point
x: F — {0,1} corresponds to the prime ideal x™!(0). Moreover, in any frame, every prime ideal 2
is principal and the generating element is ug := bé/gb. We have

P =(up)={beF|b<ugp}.

The generating element ug of a prime ideal & is called a prime element. Therefore, we have the
following natural bijections

points — prime ideals — prime elements.

Let (9, ®,1) be a (commutative) tensor triangulated category. We recall the definition of support
on (7,®,1) from [16, § 3.2]:
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Definition 9. A support on (9°,®,1) is a pair (F,d) where F is a frame and d : Ob(9) — F isa
map satisfying

(1) d(0)=0andd1) =1,

@) d3a)=d(a), YaeObI)

(3) dlaeb)=d(avdb), VYabed

4) dla®b)=d(@nrnd), Yabed

(5) ifa— b— c— Y aisatriangleinJ , thend(b) <d(a) Vv d(c).
A morphism of supports from (F,d) to (F',d") is a frame map F — F' compatible with the maps d
andd'.

3. Frames, Hochster duality and noncommutative tensor triangulated category

Assumption 10. All primes of K are complete primes.

One has a vast repertoire of examples where this assumption holds, and a detailed description
of the current knowledge about this can be found in the introduction of [19].

Definition 11. Let S be a set of objects in a noncommutative tensor triangulated category K. We
define G(S) to be the set of objects of K which are of the following forms:

(1) an iterated suspension or desuspension of an object in S,
(2) ora finite sum of objectsin S,

(3) orobjects of theforms® t and t® s withse Sand t €K,
(4) or an extension of two objects in S,

(5) oradirect summand of an object in S.

If 1 is a thick tensor ideal containing S, then clearly G(S) < 1. Hence, by induction, G®(S) :=
Unen G™(S) € L. It may be easily verified that G*(S) is itself a thick tensor ideal and therefore it
is the smallest thick tensor ideal containing S. We will denote it by (S).

Recall that the radical of an ideal of a noncommutative ring is defined as the intersection of all
the prime ideals containing it. In the same spirit, we give the following definition.

Definition 12. We define the radical closure of a thick tensor ideal 1 of a noncommutative tensor
triangulated category K by

Vi:= P

IcP
whereP denotes the prime ideals of K. If 1 is a thick tensor ideal such that1 =1, we call 1 radical.

Clearly, any prime ideal is radical. It is also clear that if I is a thick tensor ideal, then V1 is a
radical thick tensor ideal. For any set of objects S, let v/S denote the radical of the thick tensor
ideal (S).

Lemma 13. Let 1 and ] be two thick tensor ideals and let S be a set of objects of K. Then,
{tes|tel,seStc)impliesI®(S)<].

Proof. By definition, (S) = U,enG™(S) and G°(S) = S. So, by Assumption 10, I® G°(S) < J.
Suppose I® G (S) <] for some 0 # m € N. We will now show that I® G (S)cTJie.,

{tex|tel}c] (1)

for any x € G"™*1(S). Obviously, (1) is satisfied if x is a finite sum of objects in G™(S). If x is an
iterated suspension or desuspension of an object in G (S) or if x is an extension of two objects in
G™(8), then (1) holds since ® is biexact. If x is a direct summand of an object in G"(S), then (1)
holds since J is thick. If x is of the form s® k or k ® s for any s € G™(S) and k € K, then clearly (1)
holds since I and J are ideals. Thus, by induction, we obtain I® G"(S) <] for all n € N. It follows
thatI®(S)<]J. O
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Theorem 14. Let1 be a thick tensor ideal of K. Then, VI = ({k € K| k®" €1 for some n € N}).

Proof. Let S:= {k € K| k®" € Ifor some n € N}. Clearly, S < P for all prime ideals of K such
that P 2 I. Hence, (S) < V1. Given £ ¢ (S), consider the collection Q of all ideals J 2 I such that
In{t®" | n e N} = @. Clearly, I € Q and the set Q can be partially ordered by inclusion and any
chain in Q has an upper bound in Q. Therefore, by Zorn’s Lemma there exists a maximal element,
say M, in Q. Thus, M2Iand Mn {t®*" | n € N} = @. It is now enough to show that M is prime to
prove that ¢ ¢ V1.

Let k, k' € K be such that k® k' € M. It may be easily verified using Lemma 13 that (M, k) ®
k' € M and obviously we have (M, k)M < M. Therefore, again applying Lemma 13 we obtain
(M, k){M, k') = M. Suppose, if possible, k, k' ¢ M. Since M is maximal, we must have t*" € (M, k)
and t®" € (M, k') for some n,m € N. This implies t®*"*" € (M, k)(M, k'Y < M which gives the
required contradiction. g

Lemma 15. Let Radg denote the poset of radical ideals of a noncommutative tensor triangulated
category K satisfying Assumption 10. Then, Radx is a frame with the following meet and join
operations:

11 /\122211 ﬂlg

V Ij:= U Ij
jel \/161

Jfor any two radical thick tensor ideals 1y andl, and for any set of radical thick tensor ideals {1} je .

Proof. By definition, \/ jesljisa radical thick tensor ideal. Also, given a set of radical thick tensor

ideals {I;}; ¢, we have
L=yI;=P2 () P=_/NL
I,cP NiericP iel

for every i € I. Thus, we have N;¢;I; = v/Nie1;- Hence, Radk is a complete lattice. Let us now
verify that

Vo) -V

iel iel

We clearly have ;e ;JNI) STN(Vier1;). Now, let x e JN(V ;e I;). We define

Cx::{ke\/li

iel

x®sok kesoxe\/ (JL) forallseK}.
iel
We claim that Cy = V;¢;1;. If our claim holds, then x € C, which implies x® x € \V;c;JNI;) =
Mu; 301, <pP. Since, by assumption, all primes are complete, we have x € ;e 1JN1;) and this
completes the proof. We will now give a proof of our claim.
First, we show that C; is a thick subcategory of K. Note that it is clear that Cy is triangulated.
Let ky, ko € Kbe such that k; @ k, € Cy. Then since ;< ;JMNI;) is a thick subcategory, we have

(kiok)®sox, xos®(kiok) e \/ ()
iel
= (1®s8x) (k,®5®x), (x®s®k) o (x®saky) e \/ (JL)
iel
= k1®5®xX, k,®s5®x, x®s®ky, x®s®ky € \/ (J[\I;) = ki, k2 € Cy.
iel
Next, we show that C, is a two-sided ideal. Let k € C, and let t € K. Since x® s® k, k® s® x €
VietONI;) forall se K, we have x®s® (k®t) = (x®s®k)® 1€ \Vic;JNI;) and (ko ) @ s® x =
ko (t®s)®xe\e;JNI;). This implies k® t € C,. Similarly, t® k € Cy.
We will now show that Cy is radical. Clearly, Cy < v/Cyx. Now, if possible, let £ € /Cy =N¢c,cpP
be such that ¢ ¢ C,. This implies either x® s® f or t® s® x does not belong to \/;¢ ;JI;) for some
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s € K. Without loss of generality, suppose x®s® 1 ¢ \/;c tJNI;) =My, ,gn1;) cpP- Then, there exists
some prime ideal Py 2 ;¢ ;JNI;) such that x® s®t ¢ Py. Thisimplies x ¢ Py and ¢ ¢ Py. For k € Cy,
we have
xek, kexe\/ (J( L) <Po.
iel

Hence k € Py showing that C, < Py. Therefore, ¢ € \/C, < Py. This gives the required contradiction.
Therefore, C, is radical. It is clear that I; < C, for all i € I. Hence, U;¢;1; € Cy and since Cy is
radical, we must have C, = V;¢1;. O

Theorem 16. The poset of radical thick tensor ideals Radk of a noncommutative tensor triangu-
lated category K satisfying Assumption 10 forms a coherent frame.

Proof. By Lemma 15, we know that Radk forms a frame. It is now enough to check that an
element of the frame Rady is finite if and only if it is a principal radical thick tensor ideal i.e.,
of the form vk for some k € K. Let I be a finite element of the frame Radk. Then, clearly we have

1c. [UVk=\V Vk
kel kel

Since I is radical, k € I implies vk € I. Thus, I = /1 VK. Since 1 is finite, there exists ki, ..., k, €1

suchthatlg\/k_lv...v\/k_n.WeobservethatIQ\/\/k_1U-~-U\/k_n§\/klea---@kngI.Thus,
I= \/k_IU"‘U\/k_nz‘/k1$"'®kn-

Therefore, I is of the form V'k.

Conversely, let I = v/ kp for some ky € K. We need to check that I is a finite radical thick tensor
ideal. Assume that

kos \/ Th
AeA

where the J, are radical thick tensor ideals. Then in particular ky € /UxeaJa. Let us denote

UzreaJa by S. Thus, by Proposition 14,
k®"e < U ],1> for some neN}>.
AeA

ko € \/(Sy = <U ];L>:<{k€K
AeA

Let the finitely many elements of {k € K | k®" € {Uyea J2) for some n € N} involved in the iterative

construction of kg be ky,..., k; i.e.,

kOE<k1)-~-)kr>g\/< )- (2)
Then, we have k?”i € (UpreaJy) for some n; € N for each i = 1,..., r. Let the finitely many
elements of JyecpJy involved in the iterative construction of k?"[,i =1,...,7r be x1,..., xp.
Suppose {x1, ..., X} €]y, U...U],, for some v € N. Thus, foreach i =1, ..., r, we have
k?ni €xr, oo, XmP) SJa U UTY,) = ki€ /(Ja, U---UT, ) =Ta, Voo Vg,
and hence by (2)
ko€ (ky, ..., kr>§],11 VeV,
Thus, v/ko €J), v --- V], which proves that / ky is finite. O

Definition 17. We call the frame of radical thick tensor ideals of a noncommutative tensor
triangulated category K satisfying Assumption 10 the Zariski frame of K and we denote it by Zar (K).
By the Zariski spectrum of K we mean the spectral space associated to Zar(K) and we denote it by
Spec; ., (K).

Next, we introduce a notion of support for a noncommutative tensor triangulated category.
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Definition 18. A support on K is a pair (F,d) where F is a frame and d : Ob(K) — F is a map
satisfying:

(1) d(0)=0andd()=1

(2) dixk)=d(k) VkeK

(3) dket)y=d(k)vd(t) Vi teK

4) dket)y=dk)Ad(t)=d(t®k) VEk,teK

(B) Ifk—t—r— Y kisatriangleinK, thend(t) < d(k) v d(r)
Amorphism@: (Fd) — (F',d") is a morphism of frames ¢ : F — F' such that d'(a) = ¢(d(a)) for
allae Ob(K).

Remark 19. This definition of support is motivated by the one in [16], recalled here in Defini-
tion 9. We shall see that under Assumption 10 this continues to correspond to a notion of support
on noncommutative tensor triangulated categories as described by Nakano, Vashaw and Yaki-
mov.

Theorem 20. LetK be a noncommutative tensor triangulated category satisfying Assumption 10.
Then the assignment s : Ob(K) — Zar(K), k — V'k is a support. Moreover, it is initial among all
supports.

Proof. We have
Vi=P=)=() and IvvOo= () P=I
1eP [ I=IuV0 C P

for any I € Zar(K). Thus, clearly condition (1) in Definition 17 is satisfied. Also, conditions (2)
and (5) are clearly satisfied using the fact that prime ideals are triangulated subcategories of K.
Also, since prime ideals are thick, we have VkcvVket and Vic vkt for any k,t € K and
so Vkvvicviker. Conversely, we clearly have ke t € vk v V/t. Hence, condition (3) is also
satisfied. Let us now check condition (4). It is clear that Vk®t < vk and Vk®t < v and
therefore vk ® t < vk n /. Finally, we have vVkn v/f € Vk® ¢ since all primes are complete,
by Assumption 10. This shows that s is a support.

We will now show that s is initial among all supports. Let d : Ob(K) — F be an arbitrary
support. Since Zar(K) is coherent, every element is a join of finite elements and so any frame
map Zar(K) — F is completely determined by its value on finite elements. So consider the frame
map u: Zar(K) — F given by Vk—d (k). Clearly, we have uo s = d. In fact, it is also clear that
there cannot be any other choice of map Zar(K) — F which is compatible with s and d. So there
is at most one support map u. Let us now check that u is well defined. Let k, ¢ € K be such that
Vk =+/t.We define I(t) = {r e K| d(r) < d(£)}. It follows from the properties of the support d that
I(t) is a thick tensor ideal. Moreover, if s € K be such that s®” € I(¢) for some n €N, then s € I(t)
since d(s®") = d(s). Therefore, it follows from Proposition 14 that I(#) is a radical thick tensor
ideal containing ¢ and hence V't. Since vk < V't < I(t) we have d(k) < d(t) and by symmetry we
obtain our desired result. O

We now proceed to show that if K is a noncommutative tensor triangulated category satisfying
Assumption 10, then the noncommutative Balmer spectrum Spc(K) is the Hochster dual of the
Zariski spectrum Spec,, (K) of K.

Theorem 21. LetK be a noncommutative tensor triangulated category satisfying Assumption 10.
Then,

(1) theframe-theoretic points of Zar(K) correspond bijectively to prime thick tensor ideals inK.
(2) Under the above correspondence, a finite element V'k of Zar(K) corresponds to the set of
prime thick tensor ideals {P € Spc(K) | k ¢ P}.

Proof.



Vivek Mohan Mallick and Samarpita Ray 1423

(1) Recall that for any frame F, the frame-theoretic points of F correspond bijectively to the
prime ideals of F and the prime ideals in turn are in natural bijection with the prime
elements of F. Now, we put F = Zar(K). For any point x : Zar(K) — {0, 1} of Zar(K), the
corresponding prime ideal of Zar(K) is given by p, := x~!(0) and the corresponding prime
element of Zar(K) is given by I, := Viep, I We also know py = (I)x = {T€ Zar(K) | IS I,;}.
We will now show that I, is prime. Let J; and J, be thick tensor ideals such that J; ®]J, < I,.
Clearly, J; n 1,)®2 ¥, ®J, < 14. Since I, is radical, we have J; nJ, € I, by Proposition 14.
Therefore, we have J; AJ, =J1 N2 € (Ix) = py in the frame Zar(K). Since p is a prime ideal
of Zar(K) we must have J; € py or J, € py. In other words, we have J; €I, or J, < I, which
proves that I, is prime. Thus, we obtain the following well defined map of sets

{frame-theoretic points of Zar(K) } — {prime thick tensor ideals in K} x—Ie.  (3)

IfI, =1, then we have x~1(0) = p, = (I) = (I,) = p,, = y~1(0). Clearly, this implies x = y
showing that (3) is an injection. To show surjection, let P be any prime thick tensor ideal
of K. It may be easily verified that (P) := {I € Zar(K) | I < P} defines a prime ideal of the
frame Zar(K). Now, we define y : Zar(K) — {0, 1} by

0.0 iTE®
M P otherwise

It may be easily verified that y : Zar(K) — {0, 1} is a morphism of frames which shows
that y is a frame-theoretic point of Zar(K). Since p,, := y’1 (0) = (P), it follows that y maps
to P under (3).

(2) The open set corresponding to the finite element vk of the coherent frame Zar(K) is
{x:Zar(K) — {0,1} | x(Vk) = 11. Clearly, we have

x(Vk) =1 <= Vkepy=x10) =1, < k¢l,.

Since (3) is a bijection, it follows that the set {x : Zar(K) — {0, 1} | x(Vk) =1} corresponds
bijectively to the set of prime thick tensor ideals {P € Spc(K) | k ¢ P}.

O

Corollary 22. LetK be a noncommutative tensor triangulated category satisfying Assumption 10.
The noncommutative Balmer’s spectrum Spc(K) of K is the Hochster dual of the Zariski spectrum
SpeCZar (K).

Proof. The topology of Spc(K) is given by open sets which are complements of the sets of the
form {P € Spc(K) | k ¢ P}. The result therefore follows from Theorem 21. O

From the frame theoretic support datum, one can reconstruct the support datum V: K —
Z.1(Spc(K)) described by Nakano, Vashaw and Yakimov [19, Definition 2.3.1]. This is described
below in terms of a functorial equivalence between the frame theoretic support datum and the
support datum taking values in closed subsets of Spc(K).

Construction 23. We briefly recall the construction of a topological support datum corresponding
to a frame theoretic support datum. Suppose that d: K — F is a frame-theoretic support datum
and that F is coherent. Let Xg be the spectral space corresponding to F (see Theorem 7). We know
that the points in X correspond to frame maps p: F — {0, 1} and the topology consists of open sets
Ur ={p € Xr|p(f) = 1}. Let YF be the Hochster dual of X, where the open sets are closed subsets of
Xr with quasi-compact complement. Consider the assignment o : K— Z,;(Yr) given by

o(a)={peXr|pd@)=1}.
This is well defined (see Remark 24).
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One also has a reverse construction. By the Lemma in [12, p. 41], the closed subsets of Yr are
in one-to-one correspondence with elements of F. Thus, given a support o: K — %;(Yr), one
can define for a € K, d(a) to be the element of F corresponding to the closed subset o(a). When
o satisfies the tensor product property, d turns out to be a frame theoretic support in the sense of
Definition 18.

Remark 24. In the argument below we shall need the fact that the support o(a) constructed
above are closed subsets of Yr. This is standard and can be seen as follows. The space Yr is
denoted by (Spec F)iny in [9]. The subsets of the form {p: F — {0,1} | p(a) = 1} are quasi-compact
by [9, 2.2.3(c)] as SpecF inherits the subspace topology from 2%

Notation 25. Let % be the category of support data for K taking values in coherent frames as in
Definition 18.

Let .# be the category of support data for K taking values in spectral topological spaces,
along with the restriction that the support data should have the tensor product property. In
other words, an object (X,0) in . is a support datum o: K — Z;(X), where X is a spectral
topological space and o in addition to being a support datum as defined in Definition 3, satisfies
o(a®b) = o(a)no(b). Amorphism v: (X,0) — (X',0’) in & is a continuous map f: X — X'
such that for all a € Ob(K), o(a) = f (o' (a)).

Lemma 26. Suppose (F, d) belongs to & . Then the support datum (Yg,0) constructed in Construc-
tion 23 belongs to #. Conversely, if (X, 1) belongs to #, then the reverse construction gives an ele-
ment (Fx,d) of &.

Proof. Suppose (F,d) € . That d(0) =0 and d(1) = 1 (property (1) in Definition 18) implies that
0(0) = ¢ and 0(1) = X and that d(Zk) = d (k) for all k € Ob(K) implies that o (Z(k)) = o(k) for all k
is straightforward.

We know that d(ke t) =d(k) vd(t) forall k, t € Ob(K). Thus,

oket)={p|pdken) =1} ={p|pdk) vd®) =1} ={p|pdk) Vv pd) =1}
={p|pd) =1orpd(®) =1} ={p|pdK) =1} u{p|pld®) =1}
=og(k)uol(t).

proving (2) of Definition 3.
Property (5) in Definition 18 implies that if a — b — ¢ — Za is a distinguished triangle then
d(a) =d(b) v d(c). Thus, for any point p: F — {0,1}, p(d(a)) < p(d(b)) v p(d(c)). We have

oa={p|pd@) =1}
c{p|pd®) v pd) =1} ={p|pdb) =1or p(d()) =1}
=ogb)uo(c).

This establishes Definition 3 (4). It remains to check (5). Note that for any a, b € Ob(K),

oga®b)={p|pd@aeb) =1} ={p|pd@)Apdd) =1} (byDefinition 18 (4))
={p|pld@) =1} n{p|pdb) =1} =c(a)no(b).

Thus such a support satisfies the tensor product property and hence also satisfies the prop-
erty (5). This completes the proof that (Y, o) constructed in ¢ Construction 23 belongs to ..
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Conversely suppose (X,0) € . Let us denote the coherent frame corresponding to
X by Fx, and d(a) to be the element of Fx corresponding to the closed subset o(a) =
{p € Yx, | p(d(a)) = 1}. Now observe the equalities:

o@ua(b) ={p|pld@)=1}u{p|pd®) =1}
{p|pd(@)=1or p(d) =1} ={p|pd(a)vdb) = 1}.
o@nao(b)= p|p(d(a))-1}n{p|p(d(b))-1}
={p|pd(@)=1and p(d) =1} ={p|pd(a) Ad(b)) = 1}.
These equalities, along with the fact that the subset {p | p(f) = 1} uniquely determines f, and the

computations above give us the fact that d satisfies all the properties listed in Definition 18. Thus
(Fx,d)e&F. 0

Definition 27. LetZ: & — & and1': ¥ — & be the two maps constructed in Construction 23.
These are well defined by Lemma 26.

Lemma28. = andT are contravariant functors inducing equivalences between & and & .

Proof. That X0 = and E o X are naturally isomorphic to the identity functors follow from the
correspondence between spectral spaces and coherent frames and the computations done in
the proof of Lemma 26. O

Lemma 29. (Fy,dy) is an initial support datum in & if and only if the corresponding support
datum (Yg,,00) = E((Fo, do)) is a final support datum.

Proof. This follows from the contravariance of the functors involved. O

Theorem 30. LetK be a noncommutative tensor triangulated category satisfying Assumption 10,
and Spc(K) be the corresponding noncommutative Balmer spectrum. The support datum given
by k — V'k taking values in Zar(K) induces a support (in the sense of Definition 3) on Spc(K).
Moreover, this support datum matches with the one given by V: K— Z;;(Spc(K)):

V(A) ={PeSpc(K)|A¢P}.

Proof. We know that the support datum (Zar(K), v ) is initial in & . Thus E((Zar(K), v )) is a final
support datum in ., i.e. it is final among all support data of the form (X,0: K — Spc(K)).
But by [19, Theorem 2.3.2(a)], V described above is also the final support datum in .. Thus
by universality of final objects, there is a natural isomorphism between E((Zar(K),\/)) and
(SpcK, V).

Remark 31. Proposition 30 shows that the frame-theoretic methods reconstructs the support
function V from a categorical viewpoint.

Next, we show that the bijective correspondence between the radical thick tensor ideals and
the open subsets of Spc(K)V can be promoted to a homeomorphism of spectral spaces.

Theorem 32. Let K be a noncommutative tensor triangulated category satisfying Assumption 10
and let Spc(K)Y be the Hochster dual of the noncommutative Balmer's spectrum Spc(K). Then, the
following spaces are spectral and there is a homeomorphism between them:

(1) The frame Zar(K) of radical thick tensor ideals of K endowed with the topology generated
by the open sets
{IeZar(K)| k¢ 1} VY keK. 4
(2) The poset Q(Spc(K)Y) of open subsets of Spc(K)Y (or equivalently, open subsets of
Spec, ., (K)) endowed with the topology generated by the open sets

{veQ(Spc®V)|VIU} VY UeQ(Spc®)). (5)
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Proof. By Theorem 16, we know that the collection of radical thick tensor ideals Zar(K) of a
noncommutative tensor triangulated category K forms a coherent frame. Thus, by [7, Proposi-
tion 4.1], the set Zar(K) endowed with the lower interval topology is a spectral space. The lower
interval topology on Zar(K) is generated by the open sets (V I € Zar(K))

L) ={eZar®|J 21} = |J JeZar(K) |k ¢]}.

kel

In other words, the lower interval topology on Zar(K) is generated by the collection in (4). By
Theorem 7 and Corollary 22, we know that there is an order-preserving bijective correspondence
between the radical thick tensor ideals and the open subsets of Spc(K)Y. Clearly, the lower
interval topology on the frame of open subsets of Spc(K)" is generated by the collection in (5).
Thus, we have the required homeomorphism. 0

Remark 33. Hilbert’s Nullstellensatz is the most fundamental theorem in algebraic geometry
which establishes a bridge between geometry and algebra by relating algebraic sets to ideals
in polynomial rings over algebraically closed fields. Another classical fact is that the closed
subspaces of the spectrum Spec(R) of a commutative ring R are in bijective correspondence with
radical ideals of R which can be viewed as a nullstellensatz-like result. A topological enhancement
of this nullstellensatz-like result was provided by Finocchiaro, Fontana and Spirito in [10] where
they showed that this bijective correspondence can be promoted to a homeomorphism. In [7],
Banerjee provided a similar “topological nullstellensatz”-like result for a (commutative) tensor
triangulated category. Our Theorem 30 could be seen as a “topological nullstellensatz” for a
noncommutative tensor triangulated category.
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