INSTITUT D E FRANUCE
Académie des sciences

Comptes Rendus

Mathématique

Jean Van Schaftingen

Fractional Gagliardo-Nirenberg interpolation inequality and bounded mean
oscillation

Volume 361 (2023), p. 1041-1049
Published online: 7 September 2023

https://doi.org/10.5802/crmath.463

[cOCE| This article is licensed under the
CREATIVE COMMONS ATTRIBUTION 4.0 INTERNATIONAL LICENSE.

http://creativecommons.org/licenses/by/4.0/

MERSENNE

Les Comptes Rendus. Mathématique sont membres du
Centre Mersenne pour I’édition scientifique ouverte
www.centre-mersenne.org
e-ISSN : 1778-3569


https://doi.org/10.5802/crmath.463
http://creativecommons.org/licenses/by/4.0/
https://www.centre-mersenne.org
https://www.centre-mersenne.org

Comptes Rendus
Mathématique

2023, Vol. 361, p. 1041-1049
https://doi.org/10.5802/crmath.463

Functional analysis, Harmonic analysis / Analyse fonctionnelle, Analyse harmonique

Fractional Gagliardo—Nirenberg interpolation
inequality and bounded mean oscillation

Jean Van Schaftingen® ¢

@ Université catholique de Louvain, Institut de Recherche en Mathématique et
Physique, Chemin du Cyclotron 2 bte L7.01.01, 1348 Louvain-la-Neuve, Belgium

E-mail: Jean.VanSchaftingen@UCLouvain.be

Abstract. We prove Gagliardo-Nirenberg interpolation inequalities estimating the Sobolev semi-norm in
terms of the bounded mean oscillation semi-norm and of a Sobolev semi-norm, with some of the Sobolev
semi-norms having fractional order.

2020 Mathematics Subject Classification. 26D10, 35A23, 42B35, 46B70, 46E35.

Funding. The author was supported by the Projet de Recherche T.0229.21 “Singular Harmonic Maps and
Asymptotics of Ginzburg-Landau Relaxations” of the Fonds de la Recherche Scientifique-FNRS.

Manuscript received 3 January 2023, accepted 6 January 2023.

1. Introduction

The homogeneous Gagliardo-Nirenberg interpolation inequality for Sobolev space states that if
deN\{0}andif0< sp < s<s1, 1< p,po, p1 <ocoand 0 <@ <1 fulfil the condition

1 1 1
(SY;):(1_0)(80!%)+6(51)E)) (1)
then, for every function f € W7o (R?) 0 W1 (RY), one has f € WS?(R?), and
-0 )
1 virseay < CILE Wm0 gy 1 15ist.on ey 2)

unless s; is an integer, py =1land s; —sp <1 - %.

When s = 0, we use the convention that WP R%) = LP (R%), and when s € N\ {0} is a positive
integer, WSP(RY) is the classical integer-order homogeneous Sobolev space of s times weakly
differentiable functions f : R? — R such that D* f € L” (R%) and

1
1/ s ey = (/uw leflp) g 3)

For sy, 51, s € N the inequality (2) was proved by Gagliardo [15] and Nirenberg [26] (see also [14]).
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When s ¢ N, the homogeneous fractional Sobolev-Slobodeckii space W*? (R%) can be defined
as the set of measurable functions f : R? — R which are k times weakly differentiable with a finite
Gagliardo semi-norm:

1
_ _ IDX £ () - DX f(x)|P g
I f s ay = (/rmd /[de ) —xdvop dydx| <oo, 4)

with k € N, 0 € (0,1) and s = k + o; the characterisation of the range in which the Gagliardo-
Nirenberg interpolation inequality (2) holds was performed in a series of works [4,9-11] up to the
final complete settlement by Brezis and Mironescu [5].

We focus on the endpoint case where sy = 0 and py = co. In this case, the inequality (2)
becomes

P < P—p1 P1
11y < CLEN Rty NIy gty (5)

and holds under the assumption that sp = s;p; and either s; # 1 or p; > 1. It is natural to
ask whether the inequality (5) can be strengthened by replacing the uniform norm | - || ;e ®ay by
John and Nirenberg’s bounded mean oscillation (BMO) semi-norm |- IsMO®4)» which plays an
important role in harmonic analysis, calculus of variations and partial differential equations [18],
that is, whether we have the inequality

£ <CIfIZP IR (6)

WsP(RE) BMO(R?) Ws1P1 (R4)’

where the bounded mean oscillation semi-norm || - ”BMO(Rd) is defined for any measurable func-
tion f: R — Ras

”f”BMO([Rd) = sup][ ][ If(»)— f(2)|dydz. (7)
Br(x) J Br(x)

xeR4
r>0

The estimate (6) was proved indeed when s =1, p =4, s; =2 and p; = 2 via a Littlewood-Paley
decomposition by Meyer and Riviere [24, Theorem 1.4], and for s, s; € N via the duality between
BMO(R?) and the real Hardy space AL RY) by Strezelecki [28]; a direct proof was been given
recently by Miyazaki [25] (in the limiting case sy = s; = 0, see [20, Theorem 2.2], [8]); when
s1 < 1, the estimate (6) has been proved by Brezis and Mironescu through a Littlewood-Paley
decomposition [6, Lemma 15.7] (see also [2,20] for similar estimates in Riesz potential spaces).

The main result (Theorem 1) of the present work is the estimate (6) when s; =1land0<s<1,
with a proof which is quite elementary: the main analytical tool is the classical maximal function
theorem. We also show how the same ideas can be used to give a direct proof of (6) when
s1 < 1, depending only on the definitions of the Gagliardo and bounded mean oscillation semi-
norms (Theorem 7). Finally, we show how a last interpolation result (Theorem 10) allows one
to obtain the full range of interpolation between BMO(R?) and higher-order fractional Sobolev—
Slobodeckii spaces W*? (R?) with s € (1,00).

Our proofs can be considered as fractional counterparts of Miyazaki’s direct proof in the
integer-order case [25]. We also refer to Dao’s recent work [12] for an alternative approach via
negative-order Besov spaces to the results in the present paper.

2. Interpolation between first-order Sobolev semi-norm and mean oscillation

We prove the following interpolation inequality between the fist-order Sobolev semi-norm and
the mean oscillation seminorm into fractional Sobolev spaces.
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Theorem 1. For every d € N\ {0} and every p € (1,00), there exists a constant C(p) > 0 such
that for every s € (1/p,1), every open convex set Q < R? satisfying x(Q) < oo and every function
f e WP(Q)nBMO(Q), one has f € WSP(Q) and

IfO) = FIP Clp)x P a-s)p / sp.
ffgxg = 2P dydx<(p T ||f||BMO(Q) IDf] 8)

We define here for a domain Q € R%, the bounded mean oscillation semi-norm of a measurable
function f: Q — Ras

I fliBmo(Q) = sup ][ ][ lf(») - f(2)dydz, 9)
QNB;(x) J QNBy(x)

xeQ
r>0

and the geometric quantity

x(Q) = sup{ #ﬁ&)) x€Qand r € (0,diam(Q)) } (10)
For the latter quantity, one has for example
kR =1 an
and
xk(RY) = (12)

If the set Q is convex and bounded, we have Q S Bgjam(q)(x) and tQ + (1 - £)x € QN B, (x), with
t:= r/ diam(£2), so that

£
LYQnB >l plQ)= —— """ ;4
@B ) 2 1L = T
and thus
x(Q) < d( By diam(Q)? (13)
Q) ’

The quantity x(2) can be infinite for some unbounded convex sets such as Q = (0,1) x R4 ! and
Q={(,x7) eRY | xz = |x'|?}.

Our first tool to prove Theorem 1 is an estimate by the maximal function of the derivative of the
average distance of values on a ball to a fixed value; this formula is related to the Lusin—Lipschitz
inequality [21, Lemma 2], [1, Lemma II.1], [3], [16, p. 404], [17, (3.3)].

Lemma 2. IfthesetQ < R? is open and convex and if f € WI})CI (Q), then for every r € (0,diam(Q))
and almost every x € Q,

][ If(2) = f)ldz =x(Q) r 4ID f|(x). (14)
QNB;(x)

Here ./ g : R — [0,+00] denotes the classical Hardy-Littlewood maximal function of the
function g : Q — R, defined for each x € R by

M g(x) =sup

S — lgl. (15)
r>0 L4(Br (%) Jans, ) 8

Proof of Lemma 2. Since Q is convex and f € W' (Q), for almost every x € Q and every r €
(0,00), we have

1
/ If(z)—f(x)ldzs/ / IDF((1-)x+t2)[z—x]|dtdz. (16)
QNB;(x) QNBr(x)
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By convexity of the set Q, for every z€ QN B,(x) and t € [0,1] we have (1 - t)x+ tz € QN By (X).
We deduce from (15) and (16) through the change of variable y = (1 — t)x + ¢z that

1 —_—
/ |f(z)—f(x)|dzs// IO 4ya
QNB; (x) 0 JOnB;(x) rd+l

an

1 cpd

< rUIDfI(x) / Wdt < r£(B,(0)4\Df(0),
0

in view of the definition (9) of the maximal function, and the conclusion (14) then follows from
the definition of the geometric quantity x(Q) in (10). O

Our second tool to prove Theorem 1 is the following property of averages of functions of
bounded mean oscillation (see [7, §3]).

Lemma 3. Ifthe setQ <R is open and convex, if f € BMO(Q) and if ro < r1, then
][ ][ If (1) = f(2)dydz < e(1+dIn(r1/10)) I f IBMO©)- (18)
QNBy, (x) J/ QNBr (%)

In (18), e denotes Euler’s number.
The proof of Lemma 3 will use the following triangle inequality for averages

Lemma 4. Let Q € RY. If the function f : Q — R is measurable, and the sets A,B,C < R? are
measurable and have positive measure, then

][ ][ FO) - foldyda < f ][ F() - 0l dzd+ ][ ][ FO) - F@dydz.
AJB AJC CJB

Proof. We have successively, in view of the triangle inequality,

][][lf(y)—f(x)ldydx:][][][If(y)—f(x)ldzdydx
AJB AJBJC

= ][ ][If(z)—f(x)|+ If () - f(2)ldzdydx
AJB

=f][If(z)—f(x)ldzdx+][][If(y)—f(z)ldydz. O
Alc cJB

Proof of Lemma 3. We first note that since r; > ry, we have in view of (9)

f ][ If(y) - f(z)ldydz
QnBy, (0 JQnB,, (x)
$d(QﬂBr1(x))][ ][ ¢
S OB F) - f@Id dzs(—) o,
2L4QN B, (0) Jans,, QnBrl(x)fy f@1dy o Flsmo@

since by convexity ry/r1 (QN By, (x)) € QN By, (x) and thus .,%”"(QmBr1 (x))/rld < .Zd(QmB,O (x))/rg.
Applying k € N\ {0} times the inequality (19), we get thanks to the triangle inequality for mean
oscillation of Lemma 4,

][ ][ 1F0) - f(2)dydz
QNB;, (1) JQNBy, (x)

k-1
j=0 QﬂBrO(rler)j/k(x) QﬂBrO

Taking k € N\ {0} such that k—1 < dIn(ry/rp) < k, we obtain the conclusion (18). O

(19

Ak (20
F0) - f@]dydz < k(i‘_o) I f Imot-

(ry gy U+ D1k ()

Our last tool to prove Theorem 1 is the following integral identity.
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Lemma5. Foreveryp € (1,00) and a € (0,00), one has
* (Inr)P r 1
/ (Inr) dr = (p+ )'
1

rl+a T bl

Proof. One performs the change of variable r = exp(z/a) in the left-hand side integral and uses
the classical integral definition of the Gamma function. g

We now proceed to the proof of Theorem 1.

Proof of Theorem 1. For every x,y € Q, we have by the triangle inequality and the domain
monotonicity of the integral

F) - Fo) 57[ FD—fl+ ][ - 1@
QnB\y—xI/Z(%) QﬁB\y—x\/Z(%)

szd][ If(y)—f|+2d][ If = fl,
Q”B\y () QNBjy-x| (x)

since by convexity QN By /2 ( %) <3 1B, y—x ()N Q) + . It follows thus from (21) by integration
and by symmetry that

W -f@I” ff ][ P dydx
ydx=C - _—
foxQ i x<C o QnB|y—x|(x)|f fl TR

21

. (22)
diamQ P dr
< Cg/ / ][ lf- (x)|) dx.
alo QNB, () =1 ri+sp
If p € (0,diam(Q)), we first have by Lemma 2, for almost every x € Q,
(4 e

/ (][ lf- f(x)l) T = (K(Q)./%|Df|(x))p/ FU=9p-1 4,

0 \JOnB (v 0 23)

0" 9P (k(Q) 4D f1(x))"

- 1-9p '

Next we have by the triangle inequality, by Lemma 2 again and by Lemma 3, for every r €
(0, diam(Q2)),

f |f—f<x>|sf If—f(x)|+][ ][ F) - f@ldydz
QNB; (x) QnB,(x) QNB;(x) J QNB, (x) (24)

< (ex( @) AIDf1(x) + e(1 +dIn(r/ )l fllsmo),
and hence, integrating (24), we get

diam(Q)
I (x) I)
/p (]{mBr(x) r=1 rlsp

P M|DfI(x)P o0 (1+d1n(r/ ))P

_ o[ @Painficg” TP+ DI lsvo)
<C S (sp)P+lpsp ’

in view of Lemma 5. Putting (23) and (25) together, we get, since sp > 1,

diam(Q) A=-9Px QP H\D P AfIE
/ ][ |f- f(x)|) Ty S CS(Q KOPADNDT | W Tsmo@ | o)
0 QNB;(x)

1-s o°P
If | flismo(q) < diam(Q)x (Q).4|D f1(x), taking o=l flismow)/ (x(Q).4|D f|(x)) in (26), we obtain

diam(Q) Cs - 1-9)p
i (mB (x)lf f(x)l) Trop = 15 KQAIDFI0) 1 f gy @27
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otherwise we take p = diam(Q) < | flsmow)/®(Q)#|Df|(x)) in (23) and also obtain (27).
Integrating the inequality (27), we reach the conclusion (8) by the quantitative version
of the classical maximal function theorem in L”(R%) since sp > 1 (see for example [27,
Theorem I1.1]). O

We conclude this section by pointing out that Theorem 1 admits a localised version in terms
of Fefferman and Stein’s sharp maximal function f*: Q — [0,00] which is defined for every x € Q
(see [13, (4.1)]) as

ff= SuP]L ][ If) - f(2)]dydz; (28)
r>0 JQnB,(x) JQNB,(x)
noting that the proof of Lemma 3 yields in fact the estimate
][ ][ If(») - f(2)ldydz < e(1 +dIn(r1/10)) f*(x) (29)
QnBy, (x) / QNBy, (x)

and following then the proof of Theorem 1, we reach the following local counterpart of (27).

Proposition 6. For every d € N\ {0} and for every p € (1,00), there exists a constant C > 0 such
that for every s € (1/p,1), for every open convex set Q) < R satisfying x(Q) < oo, for every function
fe WI})CI (Q) and for almost every x € Q), we have

diam(Q)
/ (][ If - f(x)l) ey (f“( )" (k(Q)4\D f1(x))P. (30)
0 QNBy(x)

Proposition 6 is stronger than Theorem 1 in the sense that the integration of the estimate (30)
yields (8).

Proposition 6 is a counterpart of the interpolation involving maximal and sharp maximal
function of derivatives [22, (4)], which generalised a priori estimates in terms of maximal func-
tions [23, Theorem 1], [19]; Proposition 6 generalises the corresponding result for integer-order
Sobolev spaces [25, Remark 2.2].

3. Interpolation between first-order Sobolev semi-norm and mean oscillation

We explain how the tools of the previous section can be used to prove the fractional BMO
Gagliardo-Nirenberg interpolation inequality as persented by Brezis and Mironescu’s [6, Lem-
ma 15.7].

Theorem 7. For every d € N\ {0}, every s,s1 € (0,1) and every p, p1 € (1,+00) satisfying s < s1
and s, py = sp, there exists a constant C > 0 such that for every open convex set QO € R satisfying
k(Q) < oo and for every function f € WP (Q) nBMO(Q), one has f € WP (Q) and

If(y) = f)IP p—p If(y) = I
ffm S dxsC||f||BM01(Q)K(Q)P1foXQ e drde @D

The proof of Theorem 7 will follow essentially the proof of Theorem 1, the main difference
being the replacement of Lemma 2 by its easier fractional counterpart.

Lemma8. Forevery p € (1,00), there exists a constant C > 0 such that if the set Q € R? is open and
convex, if s€ (0,1) and if f : O — R is measurable, then for every r € (0,diam(Q)) and every x € Q,

_ p 1
][ |f—f(x)|SCK(Q)r5( Mdﬂp-
QNB, (%) Q ly—x|atsp

Proof. By Holder’s inequality we have for every r € (0,diam(Q)) and for every x € Q,

— p 1 d+s, 17l
/ |f—f(x)|s( Mdy)p(/ |y—x|rf1pdy) g (33)
QNB; (%) o ly—x|a*sp B, (%)

(32)
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Noting that
-1 P r

d+s,
/ ly—x 71 dy=Cr L (r* 29 (B, (1)) 7T = Cy(r* L9 (B, (x)) 7T, (34)
B, (%) d+sp

we reach the conclusion (32) thanks to the definition of the geometric quantity x(Q) in (10). [

Proof of Theorem 7. We begin as in the proof of Theorem 1. Instead of (23), we have by Lemma 8,

0 P dr I[f() = f(x)|Pr o [e . op
/0 (fsz (x)lf_f(x”) Fl+sp SC{)K(Q)p( de}/) /0 F1-9p-14,

» (35)
L Clox@P P ([ 1) = FIP ),,—1
B (s1=9)p a ly—x|dtsim '
Next instead of (25), we have
diam(Q) P dr
Ilf- (x)l) -
/9 (]{)nB,(x)f ! ritsp
P os1-9p _ i e IFIR (36)
<C x(Q)Pp ( lf() - fx)l d)m+ BMO(Q)
= 1 sp Q Iy—xld”l”l (Sp)p+193p .
Taking p € (0, diam(Q2)) such that
p
lf() = fo 1
p _
Wiy =0"Pr(@" o ly—xdm ¢ 37

if possible, and otherwise taking p := diam(Q2), we obtain, since s; p; = sp, by (35), (36) and (37)

diam Q 2| -~ — P1
/ (][ If - f(x)l) < Cllf IR o K@ ASZhd KCOLUPIET
0 QNB; (x) Q

pl+sp ly — x|d+sip1
We conclude by integration of (38). O

As previously, we point out that the estimate (38) admits a localised version, which is the
fractional counterpart of Proposition 6.

Proposition 9. For every d € N\ {0}, every s, s; € (0,1) and every p, p1 € (1,+00) satisfying s < s;
and s, p1 = sp, there exists a constant C > 0 such that for every open convex set Q € R satisfying
x(Q) < oo, for every measurable function f : Q — R and for every x € Q,

diam(Q) —
[ r-swl) S ety o [ LD, )
0 QNB;(x)

rl+sp = Q |y_x|d+s1p1

The estimate (31) can be seen as a consequence of the integration of (39).

4. Higher-order fractional spaces estimates

The last ingredient to obtain the full scale of Gagliardo-Nirenberg interpolation inequalities
between fractional Sobolev-Slobodeckii spaces and the bounded mean oscillation space is the
following estimate.

Theorem 10. For every d € N\ {0}, every k; € N\ {0}, every g, € (0,1) and every p, p; € (1,00)
satisfying

k1p=(k1+0'1)p1, (40)
there exists a constant C > 0 such that for every function f € WkitoupL(RY) A BMO(RY), one has
f e Wkor(RY) and

k1 _ Dk pP1
/|D’<1f|'”sc||f||”*pl ff D2 @ = DR 4, 4D
Rd
de

BMO(R?) |x— y|d+01p1
[Rd
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As a consequence of Theorem 10, we have that f € W**%P(R%) whenever k€ N, o € [0,1) and
p € (1,00) satisfy k+0 < k; + 0 and (k+0)p = (k; + 01)p1. Indeed for 0 = 0 and k = ki, this
follows from Theorem 10 and then for k € {1,..., k; — 1} by the Gagliardo—Nirenberg interpolation
inequality for integer-order Sobolev space [25, 28]; for 0 < 0 < 1 and k = 0 one then uses
Theorem 1 whereas for 0 < 0 < 1 and k € N\ {0} one uses the classical fractional Gagliardo-
Nirenberg interpolation inequality [5].

Proof of Theorem 10. Fixing a functionne CS"([Rd) such that fRd 1 =1 and suppn < By, we have
for every x € R? and every p € (0,00),

1 - 1 -

k k k k

DN f(x) = o /Rd n(%)(D Lf(x) =DM f(y))dy+ o /Rd n(%)D Lf(y) dy. (42)
We estimate the first term in the right-hand side of (42) by Holder’s inequality

|pid /Rdn(%)(pklf(x) -D" f(y)) dy|

1 1-L
C Dk _ Dk p1 P1 d+oyp P1
5—1; / D" ) = o)l dx / |x—yl T dx (43)
0 \Jwd |x =yt By(®)

1
Dk — Dk p1 n
< Cia0” |ID™ f(x) FI axl
Re  |x—yldrom

For the second-term in the right-hand side of (42), for every x € R%, we have by weak differentia-
bility,

1 =y pk _ 1 ko (X=y
Q—d/Rd’?(T)D Fwdy=—ag /RdD ()

1 (44)
_ k x-y X—
= W/Rd /RdD (5 () - @) dyaz,
and thus by (44) and by definition of bounded mean oscillation (7), we have
1 x-y k C15
E/Rdn(T)D Lf(ydy| = E”f”BMO(Rd). (45)
Choosing p € (0,00) such that
1
k1 _phk p1 2
k+o D™ f(x) = D™ f ()l _
e (/Rd oy ) = W svoed, (46)
we get from (42), (43) and (45), for every x € R4,
k1
1- IDk f(x) - DR F(yy 1\ TFenm
k1 ky+o) Y
ID™ f(x0)l = Cl6”f"BMO(Rd)(/Rd |x — y|d+oip dy ’ @7
and thus in view of the condition (40), the estimate (41) follows by integration. O

Theorem 10 also admits a localised version involving the sharp maximal function which
follows from the replacement of | f [l gy, by f*(x) in (45).

Proposition 11. Forevery d € N\ {0}, every k; e N\ {0}, every o € (0,1) and every p; € (1,00), there
. . ik, 1
exists a constant C > 0 such that for every function f € W, (R%) and every x € R?,
ky
Dk f(x) = DR p1 k1+o1)p1
D™ f(x) Fyl dy ‘

d |x — y|d+oip1 48)

k
DM )] < C(fA ) B (/
R

As previously, the integration of (48) yields (41).
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