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differential equations with non-instantaneous impulses under sufficiently small perturbations of the linear
homogeneous part which has a nonuniform exponential trichotomy. In addition, we show the C! smoothness
of center manifolds outside the jumping times.
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1. Introduction

Instantaneous impulsive effects arise naturally in physics, biology and control theory [1, 2, 23].
Non-instantaneous impulsive effects start at an arbitrary fixed point and remain active on a
finite time interval and this effect models certain dynamics of evolution processes in phar-
maceutics. Noninstantaneous impulsive differential equations was introduced by Herndndez
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and O’Regan [17] and is an extension of classical instantaneous impulsive differential equa-
tions [27, 30]; we refer the reader to [12, 18, 22, 24-26, 29] and the reference therein for results
on qualitative and stability theory.

It is well known that the notion of (uniform) exponential dichotomy and exponential tri-
chotomy play an important role in stability theory for differential equations and dynamical sys-
tems, both with continuous and discrete time. The theory of exponential dichotomies and expo-
nential trichotomy and its applications are widely developed and we refer the reader to [8, 15, 16]
for details and further references. Analogously, the more general notions of nonuniform expo-
nential dichotomy and nonuniform exponential trichotomy play a similar role although under
much weaker assumptions, and thus also for much larger classes of dynamics. In particular, the
notion of nonuniform exponential dichotomy and nonuniform exponential trichotomy are es-
sentially as weak as the (uniform) exponential dichotomy and exponential trichotomy.

A significant result in the theory of ordinary differential equations is the stable manifold
theorem. The concept of the invariant manifold for rest points arises from the study of linear
systems. Recall that if of is a linear operator on R”, then the spectrum of ¢ splits naturally (from
the point of view of the stability theorem) into three subsets: the eigenvalues with negative, zero,
or positive real parts. With a linear change of coordinates that transforms < to its real Jordan
normal form, we find that the differential equation u’ = «/u decouples into an equivalent system

X=2x, y=Wy, z=%Rz

where (x,7,2) € R¥ x R! x R with k+ [+ m = n, and 2, # and % are linear operator whose
eigenvalues have all negative, zero, and positive real parts, respectively. The subspace R¥ is called
the stable manifold of the rest point of the original system u’ = /1, the subspace R’ is called the
center manifold, and the subspace R is called the unstable manifold; we refer the reader to (7,
Chapter 4] for details and further references. If a center manifold has dimension less than the
dimension of the phase space, then the most important dynamics can be studied by considering
the restriction of the original system to a center manifold. We refer the reader to [3,5,6,9,10,19,20]
for more details and further references.

It should also be noted that the study of invariant manifolds has a long history. Fenner and
Pinto [13] introduced the notion of (%, k) manifolds and gave conditions under which the prop-
erty of being a manifold with asymptotic phase holds. In [14], Fenner and Pinto studied dis-
crete nonautonomous nonlinear systems possessing (h, k)-trichotomies and (h, k)-hyperbolic.
Li et al. [21, 28] studied Lyapunov regularity and the existence of stable invariant manifolds and
stable invariant manifolds of C! regularity for non-instantaneous impulsive equations.

In this paper we consider the following non-instantaneous linear impulsive differential
equation:

Y () =AWy, te (s tir1lU U gen,s-i], i=0,1,2,...,
y(th) =By, i=%1,%2,...,
y() = Bii(t)y(t;i), te(t,siluls—i t-il, i=12,...,
y(sH) = y(s;), i=+1,%+2,...,

€8]

in R", where we consider n x n matrices A(f) and B.;(f) varying continuously for ¢t € R and
impulsive point ¢;; and junction point s, ; satisfying the relation ¢_(;+1) < s-; < f_; and s; < ;41 <
si+1, i € N. The symbols y(p],) and y(g ;) represent the right and left limits of y(#) at t = p;,
respectively and set y(p ;) = y(0+i). We consider the perturbed equation:

V(@0 =AWy + ft,y(®), te(si, tin]U (tgen, -],  1=0,1,2,...,

y(&) = Bi(tN)y(t;)) + gi(t], y(t,), i=+1,%2,..., ©
y(@) =By (Oy(t ) +8+i(t, y(1 ), t€(ti,silU(s—, 1], i=12,...,

Y =), i=+1,%2,...,
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where f:RxR"” — R" and g; : RxR" — R" satisfy f(¢,0) =0and g;(¢,0) =0foreach e R,i € Z. We
assume [ and g; are piecewise continuous in ¢ with at most discontinuities of the first kind at ¢;.

The rest of the paper is organized as follows. In Section 2, we recall the notion of nonuniform
exponential trichotomy and use Example 2 to present nonuniform exponential trichotomy for
non- instantaneous impulsive differential equations, and some important lemmas are given. In
Section 3, we establish the existence of center manifolds under sufficiently small perturbations
of the linear homogeneous part which has a nonuniform exponential trichotomy. Existence of
center manifolds are formulated and proved.

2. Preliminaries

Set PCR,R™) := {x : R — R" : x € C((¢;, t;+1],R™),i € Z and there exist x(£;) and x(tlf) with
x(t;) = x(8)} with the norm || x| p¢ := sup;cg lx(8) 1, and C(R,R") denotes the Banach space of
vector-valued continuous functions from R — R” endowed with the norm | x|lcg) = sup;eg Il x ()|l
for anorm | - || on R".

We assume that the impulsive points #,; and the junction points s.; satisfy the following
relation

S <) < S <o <SS <H<0=Ss =< <S1 << <SS <Uliy1...,

with lim; . 4o t; = +00, lim; . 4o, §; = 200, and
r(t,s)

p :=limsup <oo, and inf |det(B;(1))| >0, 3)
rseR E—S ieZ,teR

where r (¢, s) denotes the number of impulsive points which belong to (s, 1).

In [28], the authors introduced a bounded linear operator W(-,-) and any nontrivial solution
of (1) can be formulated as y(¢) = W(¢,5)y(s) for every ¢,s € R. In addition, we obtained the
fact that any nontrivial solution of (1) has a finite Lyapunov exponent provided (3) holds. Note
W(t, )W (s, 1) = W(¢t,7) and W (¢, 1) = 1d for every ¢,5,7 € R, where Id denotes the identity
operator.

Definition 1 (see [5]). We say that (1) admits a nonuniform exponential trichotomy if there exist
projections P(t), Q1(1), Q2(t) varying continuously with t € R such that P(t) + Q1 () + Q2(¢) = 1d
and
W(t,s)P(s) =P(O)W(t,s), WI(L8)Q;i(s)=Qi()W(t,s), i=1,2 4)
for every t = s, and there exist constantsb>a=0,d > c=0 and ¢, D > 0 such that
IW(t,5)P(s)| < De® 9%l 1w (r, )7 Qu(0)|| < De PU=9%l ¢ seRwitht=s, (5
and
IW(s, £) " P(s)|| < DeSS™ D+ |1 W(s, )Qi (1) < De”@6=0%ell ¢t seRwitht<s.  (6)

Let E(1) = P(1)(R™), F1 (1) = Q1 (1) (R™) and F» () = Q2(1)(R") be the center, stable and unstable
subspaces for each t € R, respectively. We now present an example of nonuniform exponential
trichotomy:.

Example 2. Letw, y,v > 0. We consider the non-instantaneous impulsive differential equation

V(0 =AWy, te(si, tiv11U (t-(iv1),$-i1, 1=0,1,2,...,

y(&H) =B;(t"y(t)), i=+1,+2,...,

y(0) = B+ (Dy(L7), te(t,siluls—;,t—],i=1,2,..., @
y(s) =y, i=+1,42,...,

y($) = yd = w(s), v1(), v2(5), Ss€(s0, 1),

C. R. Mathématique, 2020, 358, n° 3, 341-364
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where y' (£) = (1, vy, 12) and

A =(0 —w—pusint 0 . Bi()=|0 Q+wvyewt-w 0
0 0 w+ pusint 0 0 L ewti=t)

in R3. We assume that w > g+ pIn(1 + v) with p as in (3).

For t; < t<s;,i=1,2,..., the solutions of (7) are given by

u(r) =v"®9)

u(s),
v1(0) = U(t, )1 +v)" T vy (s)
vo(t) = U(t,8) (1 +v) "9y (s),

where

Ult,s) = e—w(t—s)+p(z;(=t;) (Cos tj—C08 5j_1)+(cOS 1] —COS $))

Fors;<t<t;4+1,1=0,1,2,..., the solutions of (7) are given by
u(n) =v'es)
() =Ut)1+V) Vv (s)

V(D) = U, ) A +v) "0y (s),

u(s),

where
Ut s) = e—w(t—s)+,u((cos t—cos sr(tys))+2;(=t‘,‘;) (Cos tj—C0s 5j_1)+(cos 1] —cOs $))
) - .

Now we consider projections P(-) : R — R3, Q1 () : R® — R3 and Q,(-) : R® — R® defined by
P(O)(u, v, v2) =u, Qu()(u,v1,v2) =v1, Qu(0)(u,v1,v2) = 1.

Note (4) holds. For #; < t < s; and s; < t < t;41, there exists a constant D > 0 such that

—w(t—s)+u((cos t—cos s,([,s))+z;(j;) (cos £j—C0s §j_1)+(COS 1] —COS 5))

U(t,s)<e
< De(—w+p)(t—s)+2us‘

Therefore, using (3),
|V1 (t)l < De(—w+,u)(t—s)+2ysepln(l+v)(t—s) | n (S)|

< De(—uu+,u+pln(1+v))(t—s)+2ps|y1 (s)].

The remaining cases (when ¢ < s) can be treated in a similar manner. Similar inequalities hold for
the component v;. This shows that (7) admits a nonuniform exponential trichotomy.

To obtain the smoothness of the center manifolds, we consider the following result.
Let & and % be Banach spaces, and let % < & be an open set. Given constants a €
(0,1] and b > 0, we consider the set @Z‘(%,@) = {u e CY"U¥) : |ula < b}, where
lull1,e = max{llulloo, | Ditlloo, Ho(Du)}; here | - o denotes the supremum norm and Hy (Du) =
sup{llDu(x) — Du(y)l/lx— yll*: x,y € % with x # y}.

The following result shows that 2} (%, %) is closed with respect to the supremum norm.

Lemma 3 (see [11, Lemma 2.2]). Let ¥ and % be Banach spaces, and let % < & be an open set.
Then the following properties hold:

1) Ifu,e @Z(%,@/) for each n € N and the function u : % — % is such that || u, — ulloc — 0
when n — oo, then u € @g(%,@) and Du,, (x) — Du(x) when n — oo, for each x € % .

(2) IfinadditionV c % is uniformly bounded away from the boundary of %, then Du, — Du
uniformlyonv .
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Lemma 4 (see [23, p. 14, Lemma 3]). Let x: R — R} be a piecewise continuous function at most
with discontinuities of the first kind at the points t;. If

t
x(t)sa+f w(T)x(t)dt + Z vix(t), t=s
N

S<t;<t

for some constants a,y; = 0, and some function w : Ry — RS, then the following estimate holds

t
x(H)=<a H (1+7vy;)exp (f w(r)dr).
S<I;i<t s
Throughout the paper, we will always denote the norm ||(x, y, 2)[| = |l x|l + ||l + | z|| for (x, y,2) €
R". We assume that:

(1) Eachrestriction A|(s;, t;j+1]1U (t—(;+1), S-;] has an extension of class C! to some open inter-
val containing [s;, t;+11U [#_(i+1), S-;], and each restriction f|((s;, tj+1]1U (t_(i+1), S=i]) x R"
has an extension of class C! to some open interval containing ([s;, ti+11U[f—(i+1), S—i]) xR";

(2) Each restriction B;|(#;,s;] U (s_;, t_;] has an extension of class C! to some open interval
containing [#;, s;] U [s_;, t_;], and each restriction g;|((¢;, s;] U (s—;, f—;]) x R" has an exten-
sion of class C! to some open interval containing ([#;, ;1 U [s_;, t_;]) x R";

3) %(t,O) = 0 for every ¢ € (s;, tj+1] U (f—(j+1), 5—;] and %(I,O) = 0 for every t € (¢;,s;] U

(S—i! t—i];
(4) There exists sufficiently small § > 0 such that for each t € R, i € Z and x, y € R” we have
of _a alf alf _ .
—(t, <0 Eltl, —(t,x) — —(¢, <Ge 2| x - , =0,1, 8
H Ox( x) e ax( x) ax( » e lx—=yll, j 8
and
0gi 2 o/ gi d/g i} :
— (1, <d g‘t|’ 2Lt x) - =21(¢, <fe 2| x - =0,1, 9
” ax( x) e x (t,x) x (t,y) e lx—yl j )

where ¢ is defined in Definition 1.

Note in (8) and (9) the § > 0 is sufficiently small so that some constants in the following
Lemma’s can be appropriately chosen.

Without loss of generality, we consider only the case when ¢ = s, the case when ¢ < s can be
proved in a similar fashion, we assume that (1) admits a nonuniform exponential trichotomy.
Concerning the position relationship between the impulsive point #; and the junction point s;,
the unique solution (P(#) y(#), Q1 (1) y (1), Q2() y(1)) = (u(2), v1 (1), v2(1)) € E(t) x F1 (1) x Fo(t) of (2)
with initial condition (¢,71,72) € E(s) x F1(s) x F2(s) and fixed point s with 0 < s5; < s < 41 <
+00, j € N satisfies the following conditions:

Let Sjir(r,5) < T = Ljrr(s,99+1 and r (¢, 8) = 1, and we have

Ljt1
u(t)=W(t,S)E+f] W, T)P(7) f(z, u(x), v1 (1), v2(7))dT

t
+f W(t,7T)P(1) f (7, u(r), v1(1), v2(7))dT
sjJrr(t,s)
r(t,s)—1 tj+k+1
+ W, )P() f(z, u(r), v1 (1), v2(7))dT
k=1 Sj+k
r(t,s)
+ WL, $j+i) P(Sj+1) 8j+k(Sjvir U(Ljr k), V1(Lj1k), V2(Ljrk)), (10
k=1

C. R. Mathématique, 2020, 358, n° 3, 341-364
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and

Tjt1
vi(t)=W(t,S)17i+f ' W(t,1)Qi(7) f(r, u(r), v1(7), v2(7))dr
S

t
+f W(t,7)Q; () f(z,u(r), v1 (1), v2(1))dr
S

j4r(t,s)
r(t,s)—1 tj+k+l
+ ) W(,7)Q;(7) f (7, u(r), v1(7), v2(7))dT
k=1 Sj+k
r(t,s)
+ ) W, S0 Qi(Sja ) 84k (Sjuker Utjuk), V1 (L k), V2(tj4k)),  i=1,2. (11)
k=1

Let £y r(r,s) <= Sjir(r,9 and r(z,s) = 1, and we have

tiy
u(t)=W(t,S)§+f] 1W(t,T)P(T)f(T,u(T),l/l(r),vz(r))dr

+P(O)gj+rit,) (& Uljsr(t,9), V1 (Ej1rt,9), V2 (Lsr(r,s))

r(t,s)—-1 Tjtk+1

+ ) W(t,T)P(T) f (7, u(t), v1(7), v2(7))dT
k=1 Sj+k
r(t,s)-1
+ Y W, Sjs )PS0 8j+k(Sjk Wit V1 (), U2 (Lj1k)), (12)
k=1

and
Ljv1
vi(t)=W(t,S)m+f ' W(t,7)Q; (1) f(z, u(r), v1 (1), v2(7))dT

+ Qi (0)gj+r(t,) (& Utjsr(t,9)s V1(Ejrrt,5)) V2 (Ejtr(s,s))

r(6,8)=1 etjipe
+ ) f W(t,7)Q; () f(z, u(r), v1 (1), v2(1))d7T
N

k=1 j+k
r(t,s)-1
+ W(ty s]+k')Ql (s]+k)g]+k(s]+kr u(t]+k)) U](t]+k), Vz(t]+k))) l = 112- (13)
k=1

From the properties of the projection operator, the function u(-) defined in (10) is a solution
of the center subspace of the phase space of (1) and the function v;(-) defined in (11) are the
solutions of the stable subspace and the unstable subspace of the phase space of (1). Similar
comments apply to the formula (12) and (13). Note, (10), (11), (12) and (13) are useful in studying
the center manifold of the perturbed equation (2).

For each (s,¢,11,1m2) € (sj, tj+1) x E(8) x F1(s) x F2(s), j €N, we consider the semiflow

Vi(s,¢,n1,m2) = (s+tuls+1),v1(s+ 1), v2(s+1).

3. Smooth center manifold results

In this section, using ideas from [5], we consider the existence of smooth center manifolds
under sufficiently small perturbations of nonuniform exponential trichotomies. We first describe
a certain class of functions (in fact each center manifold is a graph of one of these functions
(see [5]).
Let . be the space of functions ¢p: R x E(-) — F;(+) x F»(-) such that
(1) Each restriction ¢|((s;, ti+1] U (t_(i+1), S—i]) x R" has an extension of class C! to some
open interval containing ([s;, t;+1] U [£—i+1), S—;]) x R", and each restriction ¢|((t;, s;] U
(s—j, t_;]) x R" has an extension of class C! to some open interval containing ([#;, s;] U
[s_i, t—i]) x R";

C. R. Mathématique, 2020, 358, n° 3, 341-364
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(2) For each s # t; we have ¢(s,0) =0, g—(ﬁ (5,0) =0 and ¢(s, E(s)) < F1(s) x Fo(s);
(3) There exists a constant L > 0 such that

”a—(p(sx)H<L @(s x)—@(s MW<Llx—vyl, seR, j=0,1 (14)
6.76 » =Ly ax ’ 6x ry = y y ) ] — U, L.
We equip the space . with the distance

d(¢p, @) = supillp(s,x) — (s, 0)I/Ix]l : s€ Rand x € E(s)\{0}}. (15)

Lemma 3 can be used to show that .# is a complete metric space with the distance in (15) (see [4,
Proposition 3]). Given a ¢ € ¥ we consider the set

Vg =1(5,$,¢(5,0) : (5,6) eR x E(s)}.

Moreover, for arbitrarily fixed constant o > 0 we let

+00 +00
r;.’ =Y e ik < oo, f}’ =Y etk < 4oo,

k=1 k=1

+o0 +00 (16)
rf=Y et <00, 7= ) el < yoo,

k=1 k=1

Definition 5. 7/(; is called the center manifold of (2) if the semiflow

Y58, Pp(s,0)) €V, foreverytzs,
where¢ € & and ¢ € E(s).

Using Definition 5, each solution in 7 must be of the form (¢, u(t),¢(t, u(t))) for some
¢ € & and t € R. In particular, writing ¢(z, u(#)) = (P1(t, u(), d2(t, u(r))) € Fi(t) x F>(1), the
equations (10)—(11) for Sjir(,s) < t < Ejyr(r,9+1 and (12)—-(13) for fji,(,5) < £ < Sj1r(1,5 Can be
replaced by

tit
u(t) = W(t,s)§+f ! 1W(t,T)P(T)f(T,u(T),(/)(T,u(T)))dT
N

r(t,s)—1 Ljvk+1
+ ) f W, T)P(@) f (7, u(z),d(7, u(r)))dr

k=1 Sj+k

t
+f W, T)P() f (7, u(r),¢(r, u(r)))dr
Sj+r(t,s)
r(t,s)

+ Z W, $j+1)P(Sj+1) 8j+k (Sjrkr Ullji), P(Ljrfe, Ut k))), 17)
k=1

Lj1
G (8, u(®)) = W(t, s)p; (s, u(s) +f ' W, 1)Q() f (7, u(),p(r, u(r)))dr

r(t,s)—1 Ljvk+1
+ ) f W(t,1)Q;() f(r, u(x), p(z, u(r)))dr
N

k=1 j+k

t
+f W, 7)Qi(7) f (7, u(r), (7, u(r)))dr
3j+r(t,s)
r(t,s)
+ W, 8740 Qr(Sj+k)8j+k(Sjrk Ut ), Ptk u(tjrr)), =12,  (18)
k=1

C. R. Mathématique, 2020, 358, n° 3, 341-364



348 Mengmeng Li, JinRong Wang, Donal O’'Regan and Michal Fetkan

and

Ljt1
u(t) =wit, S)f+f ' W, t)P() f(r, u(r), P, u(r)))dr

r(t,s)—1 Ljtk+1

+ ) W(t,T)P(7) f (T, u(r), (7, u(r)))dr
k=1 Sj+k
r(t,s)—1
+ ) WS )P0 84k (Sjeko Utjei), Lk Ui 1))
k=1
+P(O)gj+rt,s) (6, Ulljsr,9), P(Ljtr,s) UEjrr(e,5)), (19)

Lit1
qbz(t,u(t)):W(t,S)¢z(s,u(S))+f] W, 1)Q;(v) f(z, u(r),p(r, u(r)))dr

r(t,s)—1 Ljtk+1

+ ) W, 1)Qi(7) f (7, u(r), (7, u(r)))dr
k=1 Sj+k
r(t,s)—1
+ ) WS Qu(Sj )k (Sjak UlLjak), PEj i, UEjs i)
k=1
+Qi(gj4r(t,9 (6 Utjrr(1,9), P Ejrrt,s), UEjrr,))), [=1,2. (20)

For afixed s such that 0 < s; < s < fj4+1 <+o0o, j €N, set

K(t):{(a+a)(t—s)+e|s|, t=s, o= 25D.
(c+a)(s—1+egls|], t<s,

Let B be the space of functions x : R x E(s) — R" such that:

1) x(s,é) =¢ and x(t,¢) € E(t) foreach t € R;

(2) Each restriction X|(Sj+r(z,5), Lj+r(e,99+1] X E(8) OF X|(Zj+r(1,5), Sj+r(r,5)] ¥ E(s) has a C! exten-
sion to some open set containing [$;+r(z,s), Lj+r(t,5)+1] X E(S) OF [£j1r(1,5)s Sj+r(1,9] x E(S);

(3)

llxllo := sup{%e"“” it=s,€ E(s)\{O}} <2D, 21
lxlli:=su {Ha—x(ts‘)
pi=supy |55 (0

10x/98)(2,6) = @x/0) (1,1 —2xn)
1€ =<l

e ¥ r>5¢€ E(s)} <2D,
(22)

Ixl|l2:= sup{ }SZD,

with the last supremum taken over ¢ = s and ¢ ,f_ € E(s) with ¢ # f_ .

Using Lemma 3, then B is a complete metric space with the norm in (21).

Lemma 6. Assume that (1) admits a nonuniform exponential trichotomy. Given d > 0 sufficiently
small and (s,¢) € R x E(s), for each ¢ € & there exists a unique function ug € B: [s, +oo) — R"™ with
up(s) =& and uy (1) € E(1) satisfying (17) and (19) with t = s.

Proof. Given (s,¢) € (sj,2j+1) x E(s) with { #0, j € Nand ¢ € #, we consider the operator A (see

below) defined in the two intervals (Sj1r(s,5), Lj+r(,9)+1] and (Fjir(t,s), Sjrr(z,9)]-
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Case 1. For sj ,(s5) < I = jtr(t,5+1, We consider

Ljt1
(Auw) () = W(z, S)<$+f ' W(t,T)P(T) f (T, u(r), (7, u(r)))dr

r(6,8)=1 etiige
+ ) W(t,T)P() f (7, u(r), (7, u(r)))dr

k=1 Sj+k
t
+f W(t,7)P(1) f (7, u(r), p(r, u(r)))dr
Sj+r(t,s)

r(t,s)

+ Z W(t,$j+ 1) P(Sj+1) 8j+k(Sjrior Ut i), P(Ljrk, u(tj+r))),
k=1

for each u € B. Let 11, up, € Band 7 = s, Note from (8) and (14), we obtain
q@) =1f,u @), ¢, w1 (1) - f(7, u2(1), ¢, u2 (1))l
<60 +L0e e e uy - uallo, (23)
and
b; = llgi (s, ur (), p(t;, ur (1)) — gi (si, up(£), p(&;, u2 (1))l
<6+ D) Pe 2 g uy —uplly, i = j+k, k=1,2,...,7(t,$),
b;i (1) = Ilgi (£, ua (), p(t;, ur (1)) — &i (8, ua (), (i, ua ()l
<851+ De W e Mg luy = uallo, i = j+7(1,59). 24)
Using (23) and (24), we obtain

Il (Au) (8) = (Au) (D)l

Lj+1 r(6,8)=1 rtjige
S[ [W(t,T)P(r)lg(r)dT + Z f Wt T)P(®)lg(r)dr

j+k

t r(t,s)
+ f W, T)P@Igmdr+ Y W (L5546 P (i) 1bjk

Sj+r(t,s) k=1

t r(t,s)
< f W&, T)P@Ilgmdr+ Y WL, sj41)P(sj+0)Ibjk
s k=1

|
|

1
=DS(L+D)IEN N1 - uzlloe"(”(- " rf')'
£

t r(t,s)
<=D6A+ D&y — u2||oe’((t) f emott-D—¢eltl g o Z o~ U=t ) =alsjrk=1js )= €lS skl

k=1

N
r(t,s)
f “eltldr 4 Yy el
N

k=1

< DS+ DIIENuy — uplloe”?

where ¢ is a given positive constant. This implies that
[Aur — Auzllo < Ollur — uzllo,

where 0 = D6(1 + L)(% + rjg.). Take 6 sufficiently small so that 6 < % Therefore, the operator A
becomes a contraction mapping. Moreover

1
IAullo < IW(-,8)¢lo+0llullo =D+ Ellullo =2D.

Now we consider the partial derivative a’gé’” . For simplicity, we write

X () = (£, u(t,8), d(t, u(t,$)), Xg(si, t;) = (si, u(t;, 8), P, u(t;, ), z(2) = (¢, u(r,$)).
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Then, for sj4r(z,5) < £ < Lj4r(s,5)+1, We have

_ _f of b m3
f(x¢(t)) (x¢(t)) 3t (l‘ &+ ¢(X¢(l‘)) (Z(t)) 3t (t &),
where (1, ) € E(t) x (F1(¢) x F>(t)), and using (8), (14) and (22), we have
_f L of 99 ”
H 3¢ (x¢,(t)) f ¢(x¢(t)) (Z(l‘)) (t ¢)
ou

—2¢€|t| r

<(1+L)de agt(l‘ ,¢)

<2D(1 + L)§e 2eHx(@),

Similarly, foreachi=j+k,k=1,2,...,r(t,s), we have

%gi(fd)(sir 1)) = a (x¢(szr tz)) o (tlif) + o (X¢(Sl, 1) (P(Z(tz)) o (ti,8).

and

tl)) aé. (tlr

<2D(1+ L)6e_25|51|+1((l,‘).

8i (x¢(51; I

(x(p(Sz,tz)) (p(z(tl)) (tz,f)H

H 0 a<p

Using the first inequality in (5), we obtain

(A tin 9
H ( ”)(t,é)Han(t,anf’ ”W(t’”P(T)””a_gf(x‘p(t))”dT
r(6,8)=1 rtjige 0
) f’ ||W(t,r)P(r)||Ha—gf(xw))”dr
k=1 Sj+k

+ft W, )P H%f(x(p(t))”dr
Sj+r(t,9)

r(t,s)
+ Z IW(t, s+ ) P(sjri)l ” afgﬁk(x(,,(sﬁk,t”k))‘
k=1
r(t,s)
SDeK(t)+2D2(1+L)5eK(t)(f efa(tfr)fs\rld_[_i_ Z e*E\sj+k|)
s k=1
2D(1+L)6
< De*? (1 L2PAHD0 o psa 4 r;’) :
€
Therefore, for ¢ sufficiently small, we have
2D(1+L)6
[Aully < D(l S 220+ 0o +2Ds(1 +L)r;‘)
<2D.

Next, we also write

Xp(0) = (6, u(t, ), (8, u(t,6)),  Rp(si, 1) = (55, ult7, &), P57, u(t;,€))),  2(2) = (¢, u(t, ).
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Using (25) and (27), we obtain

q = ”aff(x(p(t))__f(x(p(t))”
< (té) _(t,é)”
+ f( (t))— (56 (t))H” ((t))'H
g ¢

_ ¢ _
+ %(X‘/’“DH(Hﬁ(z“))_a(zm)” ”a—f(t,f)”

0 _ ou ou -
+ E(Z(”)H ”6—50,5)—6—5&,&”),

and
” (X (85, t1)) = 9 (X (s t))u
afgt p\Si, Lj Egz \Si, Lj
i t'))—a—(A (s t-))” H—(t' f)”
= i ou Xp(Si, L o i
6 R -
| S G i 0) ag“”‘f) E(ti,é)H
g o ou
+ (P (X(p(sly 1)) — (p (x(,b(sz; 1)) a(Z(ti)) 0_f(ti’€)
g, o ou
+ (p(xq)(sl,tz)) ( &(z(ti))—ﬁ(z(ti)) —(ti,f)
_ ou
)| | 3¢ @8 = _(tl,s‘)u) i=j+k k=12,..,rs).
Note that
_ 9 _ _ _
lu(t,&) — u(t, &)l < sup a—u(t,€+19(§—£))” 1€ =&l <2De* V)& &) (29)
9er0,11 Il 08

Let B =2D(L+ (1+ L)%+ (1+L) > 0. It follows from (22) and (29) that

G(1) <2DS(L+ (1 + L)% e 21O 14y, 8) — u(t, )|
+2D8(1 + L)672£|t|+21<(t) Ié— 5”
<2Dfe IO g, (30)

andfor i=j+kk=1,2,...,7(¢,5), we obtain

bi <2D6(L+ (1+ L)%)e 2818 Wy r &) — u(t;, &) |
+2D3 (1 + L)e 2l e _ g
<2D§fe 212K g _E) 31)
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Therefore, for &,& € E(s) with & # & and ¢ = s, we have

0(Au) 0(Au) - ”
(t) )_——(t) )
|5 e & "
t r(t,s) _
< [ W DP@IF@T+ Y W10 Bje
s k=1
t r(t,s)
52D26ﬁ||§—5||(f pamn el 2K gp 4 3 ea(t—sj+k)—e|sj+k|+21<(tj+k))
s k=1

t r(t,s)
< 2D26ﬁ||§—f_||821(m(f e(a+2a)(r—t)—£|r|dT+ Z e—(u+2a)(t—tj+k)—a(sj+k—tj+k)—s|sj+k|)
s k=1

- 1
<2D*6)& - &[0 (— + r;).
€
For 6 sufficiently small, we obtain
1
2 £
IAullz <2D 5/3(; + rj) <2D.
This shows that A(B) = B. Therefore, A has a unique fixed point uy € B such that ug = Aug.

Case 2. For tj,(1,5) <= Sj4r(s,5), we have

tiy
(Auw)(t) = W(, S)§+f ! 1W(I«‘,T)P(T)f(r,Lt(r),<l>(r,u(r)))dr
N

r(t,s)—1 Tjvk+1

+ ) W, T)P@) f (7, u(r),d(7, u(r)))dr
k=1 Sj+k
r(t,s)-1

+ Z W(t, i1 P(Sji) 8j+k(Sjrir U(Ejri), P(Ejw iy Ut k)
k=1

+ P(O)gj+rit,) (6 Utjsr(,9) OWjart,s) UEjrrie,)))-
From (5) and (6) with s = ¢t € R, we obtain
1IP0I < D, Qi) < De™ and Q21 < el
Using (23) and (24), we have

Il (Au1)(8) — (Au) (D)l
Ljt1 r(6,8)=1 rtjige
S[ W, DP@lg@mdr+ IW(t,T)P(0)lg(r)dr
S k=1 YSj+k
r(t,s)—1
+ Y Wi ) PGBk + I P(ODbjar(,s (0]
k=1
t r(t,s)-1
< f W DP@Igmdr+ Y. (WL sje0) PG Ibjsk + IPOIDj4r(e,5 ()
N k=1
t r(t,s)-1
sD6(1+L)||5I|I|u1—uzlloe’((”(f e fTldr 4 Y enESil g peEllimlar A=)
s k=1

t (L)
< DS+ D€l ur — uzlloe?” (f e fTldr + ) el
s k=1

1
< DS+ D¢ N - uznoe“‘”(- * ff)’
£

which implies that
lAur —Auzllo < Olluy — uzllo,
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where 0 = D6(1 + L)(% + fjg.). Take 6 sufficiently small so that 6 < % Therefore, the operator A
becomes a contraction. Moreover

[Aullo < IW(-,)¢llo+0Ollullo < D+0llulo <2D.

Now we consider the partial derivative a%—g”). For simplicity of the notation, we always write

X(t, 1) = (t, u(t;, &), o, u(t;,€))) and Xy (¢, £7) = (1, u(t3, &), p(t;, u(t3,£))). For each i = j+r(z, ), we
have

0 it 1) = (x 0 2 s €)+—(x (&, 1)) ¢(Zm) (13,0
Egl ¢ i ¢ i { i (P ) i i P i»6),
0¢ 32
”afgl(xd,(t t D) ag”" a¢ 28 1, )5, (&) 57 (rl,ﬁ)” (32)

<2D(1+ L)§e 2I1H+*t)
and

Em—”i (X (t zr~))—i (T (2 t-))”
i —6581¢,z aégzq),z

dg; 9
: -))—ai’(%(t, t,-))H H—”(ti,f)H

a .
+ ﬁ(?cgb(t,tm ‘ (t,6) - _(tl,é)H

0

+ 08 (x (¢, ) — 08
0p P g
0gi ..

+ ﬁ(x(p(f,ti)) (”E(Z(tm_

( (¢, )) —( (t'))H Ha—u(f' 5)”
Toth b ou ac "

0P _ ou
L [

(33)

+ giﬁ(zm)) Z—?(thf) - %(ti,é)” )
bi(1) <2D8(L+ (1+ D)?)e 2 1y (13,8 - u(t;, Ol
+2D6(1 + L)e 26112kt £ _ &)
< 2D6ﬁe—25|t|+21<(ti) (= QE”‘
Using (26), (28) and (32) we obtain

dA(w) ~ tjs1 f
| 5 (t,f)(|—||vv(r,s)u+fs ”W(”)P(””'ag
r(t,8)—1 rtiigs
+ Yy | |W(tr)P(r)||‘ or
k=1 YSj+k 65
r(t,s)—1
+ ) IWT, sj4) P(sjei) ‘aé.g]+k(x(p(5]+k:t]+k)) ‘
k=1

+ PO H 8j+rit, s)(x(p(t Livr(e, s)))H

r(t,s)
sDe"(”+2D2(1+L)6e’“”( f e e =llgqr 4+ ) e—flfj+k|)
s k=1

_ o[y, 2D+ 1O
13

+2D6(1+L)f]‘?)

Therefore, for ¢ sufficiently small, we have

2D(1+L)d

||Au||lsD(1+ +2D6(1+L)f;7)52D.
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Using (30), (31) and (33) we obtain

0(Au) 0(Au) -”
t,{) — ——(t,
H a.s(‘t) 66(6)
t r(t,s)-1 _ —
< f W@, D)P@IGmdr+ ) IWE, i) Psje)Ibjk + IPOIDj1rz,5 (D)
$ k=1

- 1
<2D*8p|& - || e* D (E + f;").

For ¢4 sufficiently small, we obtain

1
IAul, < 2D26,B(— +75|<2D.
£

This shows that A(B) = B. Therefore, A has a unique fixed point uy € B such that uy = Aug. The
proof is complete. U

Next, we present some auxiliary results for the function uy € B. Let

o (1) = (a+a+pIn(1+D6(A+L))(t—s)+elsl, t=s,
P Ve+a+pin(l+DSA+D))(s— 1) +elsl, t<s,

Lemma 7. Assume that (1) admits a nonuniform exponential trichotomy. Given 6 > 0 sufficiently
small and ¢, p € & and (s,$) € (sj, tj1) x E(s), j €N, there exists a K > 0 such that

g (£,&) — up (£, 01 < KXo P&l d(¢, ),

foreveryt=s.

Proof. Foreach 1 = s, we have

I f (7, up (D), d(T, up(1))) — (T, Uy (T), (T, U ()l
<86 21 (uy (1) — Uy (1), (T, g (1)) — (T, Uy (D)
<ge 2l Up(T) — U (D1 + 1T, up () — P(T, up (7)) + (T, Uy (1)) — P(T, Up (1))
<8e 2 (lup (M) 1d (¢, @) + (1 + Dllug(T) — up (D),

and

lgi (s, ug (£:), d(t;, ugp (t:))) — gi(si, Uy (1), P(t;, up (L))l

< 8e 21 (lug ()1 d (@, @) + A+ Dllup(t) — up (D), i=j+k k=1,2,...,7(t,9),
lgi (e, ugp (1), p(t;, ugp(t;))) — gi (L, Uy (£:), (L;, Uy (1))l

<8¢ (lug ()1 d(p, @) + L+ Dllug () — up(tD), i=j+r(t,s).

Set v (1) = llugp (1) — uy (1) |l. We have two cases to consider:
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Case 1. For sj ;(s,5) <= Ljir(t,5)+1, We have
t
v =<6 f IW (&, DP@) e > |lug (1) d (¢, p)dT
N

t
+6(1 +L)f IW(t,7)P(T) e 2y (r)dr
N

r(t,s)
+8 Y W@, sj) Plsji) e 58 lug (27,0 1 d (6, )
k=1
r(t,s)
+6(L+L) Y IW L, s 0Py lle 1=y (2,4
k=1

t t
<2D?§|Elld (¢, @) <P f e U=T=eltlqr 4 D1+ L) f eU=D=¢lTly () dr
S S
r(t,s) r(t,s)
+2D?5)Eld(p, )X Y e ik £ D1+ L) Y SR E Skl (15, 1)
k=1 k=1

t
<2D?§|E|ld (¢, p)e D (é + r]'?) +D8(1+ L)f eM=D=¢lTly () dr
S

r(t,s)
+DO(L+L) Y. e ekl y (g ).
k=1

Setting T'(£) = e Yy (1), we obtain

t
r( 52D26||§||d(¢,<p)(%+r§)+D5(1+L)[ e =D=Eltp (1) dy
N

r(t,s)
+D5(1+L) Z e—a(f—tj+k)—d(5j+k_tj+k)—5\5j+k|r(tj+k)
k=1

t r(t,s)
f e Mr(mydr+ ) r(tj+k)).

<2D?8¢ld (¢, ) (1 + r;) +D5(1+1L)
€ s k=1

Using Lemma 4, we have

r(t,s) t

(1) 52D25||5||d(¢,(p)(§+r;) I1 (1+D6(1+L))exp(f D6(1+L)e_5|”dr)
k=1 s

(1+D&(1+L)) %9,

5 (1+ 1
<2D?6Ele” < dip,g) | = + 18
€

Using (3) and taking ¢ sufficiently small so that eDg(;+L) < 2, we obtain

1
W(t) < 4D26 (_ + r;‘ ||§||d((,b, (p)epln(l+D5(l+L))(t—s)+1<(t),
£

Case 2. For tj,(s,5) << Sj4r(s,5), we have

t
y()<6 f IW(t,7)P(@) e (lug (@ ld(, ¢) + 1+ Lyy(1)dr
N

r(t,s)—1
$6 Y IWE s PGsja0le 2 (g (1, 01 d (@, ) + 0+ Dyt
k=1
+8De” 2 (lug (tj4r(,) 1A D, @) + A+ L)Y (tjr(r,9)

t
<2D?§|Elld (¢, @) <P (é + f;?) +D8(1 +L)f e t=D=¢ltly (1) dr
S

r(t,s)—1
+D&(1+ L)( Y e R Sk (g ) + e_f‘tl'l//(tj+r(t,s)))r
k=1
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where we use |P(£)|| < Def'!l.
Setting I'(£) = e ¥y (1), we obtain

') = 2D26||f||d(gb,(p) (é + f;) +D6(1+1L)

t r(t,s)
f e Mrmydr+ Y F(tj+k)).
k=1

N
Using Lemma 4, we have
r(z,s)

t
F(t)52D25||E||d((p,(p)(§+f;) I1 (1+D6(1+L))exp(f D6(1+L)e_£mdr)
k=1 N

D6(1+1L)

<2D%*5|éle & d(p, )

1
—+7 |+ DS+ 1),
&€

Using (3) and taking ¢ sufficiently small so that e < 2, we obtain

1
w() < 4D%*8 (_ + ’—,je) ”f”d((P, (p)epln(l+D6(1+L))(t7s)+1<(t).
€
Therefore, we can choose the constant K = max{4D?§(1 + ri ),AD?6(L + 77)} such that

w(t) < K”f”d((p,(p)ep1n(1+D5(1+L))(t_s)+K(t), t>s.

The proof is complete.

O

Now we transform (18), (20) into an equivalent problem. We use the notation ¢(t, u(t)) =

(1 (8, u(t), pa(t, u(t))) € F1 (1) x Fo(t) with teRand ¢p € &.

Lemma8. Assume that (1) admits a nonuniform exponential trichotomy. Given d > 0 sufficiently

small, and
2a—b+e<0, 2c—-d+e<0,

then the following properties hold:
(A) Foreach (s,¢) € (sj, tj+1) x E(s), witht < s forl =1 and with t = s for | = 2, if

Ljt1
iz, u¢(t,€))=W(t,8)¢z(s,f)+f] W, 1)Qi(T) f(7,up(t,8),d(7, uy(t,$)))dr

r(6,8)=1 rtjige

+ ) W, 1)Qi(T) f (7, up(7,6),p(T, up(7,$)))dr
k=1 Sj+k
t
+f W, 1)Qi(T) f (7, uyp(t,6), (7, uyp(7,$)))dT
Sj+r(t,s)
r(t],s)

+ ) WS Qu(sj+ )84k (Sjk g (L4 ker ), DLk U (L4, ),

k=1
or

Tiv1
¢z(t,u¢(t,£))=W(t,S)¢z(s,<f)+f] W, 1)Qi(T) f (7, up(7,6),p(T, up(7,$)))dr
N

r(t,8)-1 Tjtk+1

+ ) W(t,1)Q;(0) f (7, ug(T,8),P(1, ug(T,))dT
k=1 Sj+k
r(t,s)—-1

+ Wt $j+1)Qu(Sj+1)8j+k (i Uep (L4 k6, P(Eji iy Ugp (£, E)))
-1

k
+ Ql(t)gj+r(t,s)(t, u¢(tj+r(t,s);Q();Qb(tﬁ-r(t,s)» u¢(tj+r(t,s);§)))-
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then
N
$1(s,6) = W(s,T)Q1(7) (7, up(7,8), (7, up(t,6)))dr
Sr(s,0)
r(s,0) pt
+ ) W(s, 1)1 (1) f (T, up(t,8), (7, up(7,6)))dt
k=1 Y Sk-1
F0O rS gt
+ W(s,1)Q1(7) f(T,up(1,8),d(7, uyp(7,6)))dr
k=1Y1-k
r(s,0)
+ ) WS, si)Qu(sk) 8 (Sk» g (11, €), P L, U (21, €)))
A @
+ Z W(S, S—k)Ql(s—k)g—k(S—k, u(,b(tfkrf)r(p(tfkv u(,b(tfk)f)))y
k=1

Tiv1
(Pz(s,f):—f ' W(t,9) Q) f (1, up(1,8), ¢ (1, ug (T,0)))dT
N

Too rlitkn
- ij W(T,9) ' Q) f (T, up(1,0), (T, up(7,6))dr
k=1YSj+k
+00
= Y Wi 9 Qalsja k) &k (Sj+r g (Fjr ), DL er U (Fj i er ).
k=1
(B) If (37) holds for each (s,§) € (sj,tj+1) x E(s), then (35) and (36) hold for each (s,¢) €
(sj,tj+1) x E(s) witht < s forl =1 and with t = s for | = 2.

Proof. We first show that the integral and the series in (37) are well-defined for each (s,¢) €
(sj,tj+1) x E(s). From Lemma 6, we have

I1f (T, up(T,8), (T, up@, NI = A+ L)de > uy (1,8 =2DSA + Lye "), (38)
and

{ugi(s,-, U (11, 6), (8, g (17, )l < 2DS (1 + L)eX D=2l &), i = j+k,k=1,...,7(t,s),

K (t)—2¢|t| . (39)
lgi(t, ugp(ti, ), pti, ugp(t;, I < 2DS(1 + L) e*: €N, i=j+r(ts).

Using (6) and the inequality |s| < |s — 7| +|7], it follows from (38) and (39) that

f{ IW (s, D@ (T, up(T,6), P, ug(7,))) d7

t]+1

k=1 rtjipen
Y [T WG D@, up(,E), ¢, up (T, O ldT

—00YSj+k

S
<2D*5(1+D)|I€]l f ele-d+a+a)s=1) q
—00

From (34), we obtain c—d + € < 2c—d + ¢ < 0, and taking § sufficiently small, we have (recall
a=20D) c—d+ a+ e <0. This shows that this integral is well defined. Similarly,

Lit1
fj W, 9 QI f (T, ug(T,), (T, ug(x,)) 7
S
t00 r,ljik+1 -1
+) IW (T, QeI f (T, up(7,8),P(1, g (7)) I dr
k=1YSj+k

+00
<2D?*5(1+ D)|I€]| f elab+are)T=9) 47 < oo,
S
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sincea—b+a+¢e<0,and

r(s,0)
Y W (s, s)QusON gk (ks g (2, €), P2k, g (11, DI
k=1
+00
+ ) IW(s, 520 Qu(s—p) 1 8= (5= g (1=, €), P2, Uy (1, NI
k=1
oo r(s,0)
52D26(1+L)”£“( Z e(C—d+(1+€)(S—S,k) + Z e(c+a)(sk—tk))
k=1 k=1
r(s,0)
52D25(1+L)||§||(rIC—d+a+EI + Z e(c+a)(sk—tk)) < oo,
k=1
+00
S IWSjk0 97 Qalsj )NG4k (S ko tp (£ k), Ptk Up (11 D)
k=1

+00
< 2D26(1 +L)||<f|| Z e(a—b+a+£)(sj+k—s)
k=1

<2D?5(1+ L)€ 74 bra+el < o,

This implies that the right-hand side of (37) is well-defined.

(A). Assume that (35) holds for each (s, ¢) € (s}, £j+1) x E(s) and j € N. Therefore, we will consider
the following two cases:

Casei. Letsjir(ss) <= lj+r(,5+1. Then (35) can be written in the form
Ljit1
$1(5,8) = W (L, 97 QuNP(L, ug(t,6)) —f ' W(t,5) ' Q1) f (T, ug(T,),P(T, ug(t,£)dr
S

r(t,s)—1 jtk+1 1
- ) f W(T,8) Qi) f(r, ug(t,8), (T, ugp(r,$))dr
N

k=1 j+k

t
- f W(t,5) ' Q1) f (T, up(1,8),d(T, ug(1,6))dr

Sj+r(t,s)
r(t,s)

- W(sji$) T Qusj+ )84k (Sj o g (Ejker €, P(Ej s g (Ej1kr D), (40)
k=1

Caseii. Let fji,(s,5) <I=Sj4r(s,5. Then (35) can be written in the form

Liv1
B1(5,8) = Wt ) QUOPLL 1 (1, ) — f WL 9T QU £, g (1,8, (T, g (1, E))dT
s

r(t,s)—1

Ljvk+1
- kz f] W(t,9) ' Qi) (T, up(T,8), (1, up(1,6)))dr
=1 YSj+k
r(t,s)—1

= Y Wik 8) T Qulsj )8 4k (Sj ko Ug (Eker €, P(Ej s g (2110 )))
k=1
-Wi(t, s)_lol(t)gj+r(t,s)(ty Up(Tjrr(1,5,6), P(Ejrr(t,s), Up(Ejrr(r,5),6)))- (41)
From Lemma 6, for ¢ < s we have

IW(t, ) QuOP(E, ug(t, )l < LDe™ 46~ D% el 1y, (1))
< 2LD2”E”e(c—d+a+£)(s—t)+2£|s|. (42)
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We note that since c—d + a+¢ < 0, the right-hand side of (42) tends to zero as t — —oo. Thus, (40)
yields the first identity (37) by letting t — —oco. Similarly, for ¢ = s we have

IW(t, ) Qa(Op(t, ug (t, Ol < LDe™ 4=l 1y (1))
< 2LD2 "E”e(a—b+a+s)(t—s)+28\s|‘

Thus, letting t — +oo in (40) yields the second identity (37).
A similar argument works if we assume (36).

(B). Assume that (37) holds. Let sj1r(t,5) < I < £j4r(z,5+1, and we have

Tjt1
W(t,8)¢>1(s,§)+fj W(t,T)Q1(7) f (7, up(7,8), (7, up(t,6)))dr
N

r(,s)-1 tj+k+1

+ ) W(t,1)Q1(T) f(T,up(1,6), (7, uyp(T,$)))dT

k=1 Sj+k

t
+f W, 7)Q1(1) f (T, up(7,8), (7, up(t,4)))dr

Sj+r(t,s)
r(t,s)
+ W(t,$j+1)Q1(Sj+1)8j+k(Sjrior Up (£ ks €, P(E ks Ugp (£ £, 6)))
k=1
t

= W, 1)1 (1) f (T, up(t,8), p(7, up(7,6)))dt
Sr(£,0)
r(t,0) pty

+ ) W, 1)Q1(0) f (1, ug(T,8), (T, ug (1,8)))dr
k=1 YSk-1
TO0 S k41

+ W, 71)Q1(7) f (T, up(7,8), (1, up(t,¢)))dr
k=1Y1-k
r(2,0)

+ ) WL, ) Qu (k) 8k (Sker g (11, €), P 1, g (15, €)))
k=1

+00
+ 3 Wt 1) Qu(S—) 8-k (S—ier Ugp (s &), PUL_k, Uy (-1, D).
k=1

By the first identity of (37), we have

Ljt1
W(t,S)qbl(s,fo] W, 1)Q1 (1) f (T, up(t,8), (7, ug(7,6)))dr
S
r(t,8)-1 Ljvk+1
+ ) f W, 1)Q1(1) f (T, up(7,8), (7, up(t,4)))dt
k=1 YSj+k
t
+[ W(t,1)Q1(T) f(T,up(1,6), (7, Uy (7,$)))dr
Sj+r(t,s)
r(;,s)

+ Wt 841 Q1(Sj+1) 8j+k(Sj+k» u¢)(tj+k»5);(,b(tj+k, u¢(tj+krf)))
k=1

= 1 (1, up (1, ).

which implies (35) holds.
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Using the second identity of (37), we have

Ljt1
W2, 5)¢ba (s, &) + f W Q@ £, up (1, 6), (1, up(r, ENdr
s

r(ts) 1 ptivker
f] W(t,1)Q2(7) f (T, up(t,8), (T, up(7,6)))

j+k

t
+f W, T)Q2(7) f (7, up(7,8),p(T, up(1,$)))

sj+r(t,s)
r(t,s)

+ ) W50 Qa8 k(Sjakr U (E4kr ), DLy ey U (21 ks D))
k=1

Ljvr(e,)+1
=—f ' W, 7)Q2(7) f (T, up(7,8), (1, up(7,¢)))dr
t

x© Tjrk+1
- ) f ' W(t,7)Q2(7) (7, ugp (7,8), p(T, ug(7,£)))dT
N

r(t,s)+1YSj+k

()
Y W81 Q2(84 1) 4k (Sjs ko Up (L1 ), Lk Up (L 1y D).
r(t,s)+1
which implies (35) holds.
A similar argument shows (36). The proof is complete. g

Lemma 9. Assume that (1) admits a nonuniform exponential trichotomy. If (34) holds, then for
6 > 0 is sufficiently small, there exists a unique function ¢ € ¥ such that (37) holds for every
(s,8) € (s, tj+1) x E($).

Proof. Let u(r) = uy(f) be the unique function given in Lemma 6 such that u4(s) =¢. When ¢ =0
we have uy (1) =0 forevery ¢p€ . and t = s. For each ¢p € . and (s,¢) € (sj, tj+1) x E(s), we define
the operator _¢ by

(ZP)(s,6) = (P1(5,6), P2(s,6)). (43)

Since f(t,0) = g;(¢,0) = 0, we have (_£¢)(s,0) = 0 for every s > 0. By the chain rule, the function
Z(¢) satisfies condition 1 in the definition of the space .#, and for each s # ¢;, we have

0(Z¢P) (0¢>1 02
3¢ (s,0) = 65( ,0), PR (s,0)].
Let w(t,¢) = (up(1,), (T, uyp(7,£))). We have
ai;(s 0) = f WD f(r 0 g(T 0)dr
r(s,0) piy f
+ Z W(S’T)QI(T) (T 0) (T 0)dr
k 1 5
+ Z " wis, D5~ of L@ 0) 3 Y (¢, 0dr
r(sO)
+ ) W(S,Sk)Ql(Sk) (sk,O) é(tk,O)
k 1
+ Z W (s,s-1)Qi(s- k) (s > 0) g((r 5 0),
k=1
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and
6¢2 f Wi(r,s)~ 102(1)—f(r 0) é(‘r ,0)dt
Ljvk+1 _1 f
- Z W)™ Q@5 -, 0% (r,0)de
k=1YSj+k é
+00
—kZlW(sj+k,s) Qz(s,+k) (3]+ky0) aé(rﬁk,m

Since %(T,O) = %%(s,-,O) =0, we have a(“ﬂ’) (s 0) =0 for s€ (s}, £j+1).
Nowlet b(7,¢) = a%f(xd,(t)) and b; (s;, 6) a.s 8i(Xp(si, t;)), and it follows from (26) and (28) that

0 0 0 0 0
” (ﬂ’)( f)H ( 91 (5.0, 6";2( é)) ¢1 ¢>2( 6)”
=] +]2, (44)
where
s r(s,0)
N Sf W (s, )b, OIdT+ Y IW (s, s1) Q1 (k) 16k (sk, O
- k=1
+ Z W (s, s k) Qr(s— )b (s_, )l
k=1
s r(s,0) +00
S2D2(1+L)6 f e(c—d+a+£)(s—r)d_r+ Z e(c+a)(sk—tk) + Z e(c—d+a+s)(s—s,k)
—00 k=1 k=1
2 r(S’O)(+)( %) | Hle—d+a+el
- C+a)(Sk—1Ik c— a+e
<2D*(1+L)6 dvate + k;l e +r ) (45)
and

+00 oo
Jo < f Wz, )" Q@b OIdT + 3 W (sj15,9) ™ Qalsjs )4 15715 E)l
s k=1

+00 oo
52D2(1+L)5(f e(a—b+a+s)(r—s)d_[+ Z e(a—b+a+£)(sj+kfs))
s

k=1
<2D?*(1+ L)6(; +la-brazel| (46)
la—b+a+e|
Put (45) and (46) into (44) and provided that § is sufficiently small, we have
0 1
” (f‘b)( ,5)” 52D2(1+L)6( +
lc—d+a+e| |la—-b+a+e|
N r(if) e(c+a)(5k 1) + rlc d+a+e| +F ~la-b+a+e| <.
k=1

Let u = up and & = iy be the unique functions given by Lemma 6 such that u(s) = ¢ and
i(s) =&, and we obtain

- 0 ~ - - -
1C2P)(5,8) ~ (L) (s, DIl < sup a—?(s,éw(é—énu 16— < Lig—&.
9€l0,1]

Moreover, set $=2D(L+ (1+L)?)+(1+L) >0and

_ B 0
B(r.6) = 32 £ ko) = 2 f (1)

0 0
b (si,¢) = aggl(x(p(slr ti)) — f—gl(x(/)(slr t)).
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It follows from (30) and (31) that

Ha(ﬂn( a_a(ﬂﬂ( 5)” ”%( 0 a"; *|oe 60586 E)”

= J3+ g, (47)

0o 02

where

r(s,0)
I3 Sf IW(s,7)Q1 (@ I1b(z,&)lIdT + Z IW (s, s Q1 (s 1B (51, E)
- k=

+ Z IW (s, s_1) Qu (s 1Bk (-, )l

k=1
s
52D2,55||f—5||€£s(f (20 d+2a+e)(s— T)dT+ Z eZ(c+a)(sk 1) + Z e(Zc d+2a+¢)(s—s_g)
—00 k=1 k=1
- r(s,0
S2D2 5” _ ”ess( eZ(cha)(sk—tk)+r|20—d+2a+£| (48)
polle=¢ [2c—d+2a+eé] k; '

and

+00 -
Ju< f W, 9 Q@b O)ldr
N

+00

+ 3 IW (i1 97 Qalsj+ bk (sj11 O
k=1

_ +00 too
< 2D2,55||g( & ees(f e(Za—b+2a+£)(T—s)dT + Z e(2a—b+2a+6)(sj+k—s)
S k=1

<2D*f6lI§ ¢ ||( + 'f'z"*b”““'), (49)

[2a—b+2a+¢|

for fixed point s with 0 < s < +oo, provided that § is so small that 2a— b +2a +¢ < 0 and
2c—-d+2a+¢e<0.
Put (48) and (49) into (47) and provided that § is sufficiently small, we have

o ZP) 0 Z2P)
Z¢ (5,8) - FP
0¢ o0&
Next, we show that operator _¢ is a contraction. Given ¢, € & and (s,§) € (s}, £j+1) x E($),

let up = uyp(-,¢) and uy = uy(-,¢) be the unique functions given by Lemma 6 such that ug(s) =
Uy(s) = ¢. From Lemma 7, we obtain

b(1,8) = 1 £ (T, up(1),p(T, ug (1)) = F(T, Uy (1), (T, Uy (D)
<8¢ 2" (lug @ d(p, @) + (1 + Dl ug (1) — uy @)
<6@2D+ 1+ DK D28 d (g, ),

(5, <LIE-¢].

and
bi(si,8) = llgi(si, ug (1), p(t;, up(t;))) — 8i(si, Uy (£7), P(L;, U (1))l
< 8e 2l (lug () 11d(p, ) + (1 + L)l (1) — Uy (1))
<8@2D+ (1 + L) K)eXeW=2esil g1 d (@, ), i € Z.
From (37) and (43), we obtain

1(ZP)(s,6) = (ZP)(s, N = (p1(s,8) —@1(s, ) +1Pals, &) — (s,
=J5+Je, (50)
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where
s - 7(s,0) -
]5Sf IW(s, Q@b Oldr+ Y IW(s, sK)Qu1(se) bk (sk, &)
—o0 k=1
+00 N
+ ) IW (s, 52 Quis—) bk (s—, O
k=1
<DS@D+1+LK)IEd(g, q))( f T ledrarphneDO0D) 1O g7
—00
r(s,0) +00
+ Z e(c+a+pln(1+D6(1+L)))(sk—tk)+ Z e(c—d+a+p1n(1+D6(1+L))+£)(s—s_k) , (51)
k=1 k=1
and

+00 N oo —~
Jo < f W@, 9 ' Q@I O+ Y W (sj459) ™ Qa4 £ (571 O
s k=1

< D6(2D+ a +L)K)||£||d((P, (p)(f+oo e(a—b+a+Pln(1+D5(1+L))+E)(T—S)dT
N

+ Jioe(a—b+a+pln(l+D6(l+L))+e)(sj+k—s)). (52)
k=1
Therefore, settingX, = c—d+a+pIn(1+D6(1+L))+ecand K, =a-b+a+pln(1+DS(1+L)) +e¢,
provided that 6 is so small that X, <0 and K, <O0.

Let

r(s,0)

Ki=2D+QQ+ LK)l L +rikel 4 ; + 7ol 4 > e(”‘“pln(“D‘s(“Lm“’f—t’C)).
[Kpl [Kpl k=1

Put (51) and (52) into (50) and provided that 6 is sufficiently small, then the operator _# is a

contraction in the complete metric space .#. Hence, there exists a unique function ¢ € . such
that _#¢ = ¢. The proof is complete. g

The following center manifold theorem is in the sense that we have the unique graph of the
form 7/¢C (for some function ¢ € %) which is invariant under the semiflow.

Theorem 10. Assume that (1) admits a nonuniform exponential trichotomy. If (16) and (34) hold,
then for 6 > 0 is sufficiently small, there exists a unique function ¢ € & such that
W, (s, & P(s,E) VS, foreveryteR. (53)

Furthermore, for every s € (sj, tj+1), & E€E(s)and jeN, ift = s, then

I £ (5,&,p(5, ) = (5, &, (s, )| < 2D(1 + L) @H2POU=Ivelslye_ gy
and ift < s, then

I (5, &,p(5,6) — o5, &, (s, )| < 2D(1 + L) 2POEDelsl e _ &
Proof. From Lemma 6, for each (s,¢) € (sj,%j41) x E(s) with { # 0, j € N and ¢ € .7, there exists
a unique function uy € B. Using Lemma’s 8 and 9, for each (s,¢) € (s}, £j+1) x E(s), there exists a
unique function ¢ € .# such that (35) and (36) hold. This shows that (53) holds, for any sufficiently
small §.

Let ug = uy _(-,cf) and L_t(/,(-,f_) be the unique functions given by Lemma 6 such that u(s,{) = ¢
and iy (s,¢) = ¢. From Lemma 6 (see (29)), we have

15, B(5,)) = Wi(5,E D5, DIl = (2, g (1), Pt up (D)) = (8, T (1), (£, Ty (1)) |
< (1+ Dllug (1) — g (D)
<2D(1+ L)< |E-E|. 0
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