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Abstract. Let IT denote the upper half-plane. In this article, we prove that every vertical operator on the
Bergman space < 2(IT) over the upper half-plane can be uniquely represented as an integral operator of the
form

(Sef) (z):fnf(w)zp(z—mdp(w), Y fess?(), zeT],

where ¢ is an analytic function on II given by
¢(2) =f Eo(§)el¥de, v zell
R+

for some o € L°°(R+). Here du(w) is the Lebesgue measure on II. Later on, with the help of above integral
representation, we obtain various operator theoretic properties of the vertical operators.

Also, we give integral representation of the form Sy, for all the operators in the C*-algebra generated by
Toeplitz operators T, with vertical symbols a € L°°(II).
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1. Introduction

This paper is devoted to the integral representation of vertical operators on the Bergman space
over the upper half-plane.

LetII={z=x+iy e C:y>0} be the upper half-plane, and let du(z) = dxdy be the standard
Lebesgue plane measure on I1. The Bergman space «/*(Il) is the closed subspace of L?(I1, d )
which consists of all funtions analytic in IT. It is well known that <¢2(IT) is a reproducing kernel
Hilbert space with the reproducing kernel given by

Knw(z) =- Vz,well

n(z—w)?’
Let B (<£?(I1)) denote the collection of all bounded linear operators on &/ 2(I1). For every h e R, let
Hj, : o/ (IT) — /(1) be the horizontal translation operator defined by

(Hnf) (@ =f(z—h), ¥V feo*(I), zeIlL

The operator Hy, is unitary on </2(I) for all h € R. An operator T € B(o#%(I1)) is said to be vertical
(or horizontal translation invariant) if

THy,=H,T, VheR.

As 2/?(I1) is a reproducing kernel Hilbert space, every operator T € %8(s/2(I1)) can be uniquely
written as an integral operator of the form

(Tf)(z)=fnf(w)AT(Z,w)d/J(w), zell, @

where Ar(z,w) := (T*Kn,z)(w) = {T*Kn,z, Kn,w) o2 = (Kni,z» TKn,w) o2 =t Ar+(w,z). It can be
easily seen that Ar(, () is defined on I x IT and A7(-, W), Ar(z, () € «2(I0). It is now natural
to ask the following question:

Question. Characterize all the functions A, () on Tl x II with A¢, W), Az, (1) € «/2(I) for all
z, w €I1 such that the integral operator

(Taf) (z)=fnf(w)A(z,mdu(w), z€ll,
is bounded on <% (I1).

In the present article, we consider the following class of integral operators:

For a function ¢ on the upper half-plane such that ¢((-) — w), (p(z—ﬁ) € /(M) for each
z, w € I1, we formally define an integral operator Sy, : &% (IT) — «/*(I1) by

1 _
(Spf) (2) = ;fnf(w)(p(z—w)dy(w), z€ll, feo/?(I0). 2

By Cauchy-Schwarz inequality, we have |(Sy, ) (2)| < || f|l .2 |I<p(Z—a)|| 2 forall feof 2(11) and
z € C. Also, (SpKm,p) () = ¢(() — p) € «/*(I0) for all p € I1. As span{Kq,,, : p € IT} is dense in =72 (II),
Sy is densely defined on </ 2(10). In Section 2, we recall some preliminaries which will be useful
throughout the article. In Section 3, we characterize the symbol ¢ so that the operator given by (2)
is bounded on /2 (I1). Indeed, we prove the following result on .<¢2(IT).

Theorem 1 (Main Theorem). Let @ be a function onll such that ((-) — W), ¢(z — () e L2 for
each z, w € I1. Then the integral operator S, defined by (2) is bounded on <¢*(I1) if and only if there
exists o € L°(R,) such that

(,D(z)=f Eo(@)el®dé, zeTl 3)
Ry

Moreover, we have that
ISpll y2—. 2 = Nl o,
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Thus, we answer the Question for the kernels of the form 7~ '¢(z — W), where ¢ is a function
on ITwith ¢((-) —w), @(z — () € L2(10) for each z, w e I1. As a consequence of Theorem 1, we get
that every vertical operator can be uniquely represented as an integral operator of the form (2)
and vice-versa. Thus, the collection

{Swe%(dz(ﬂ))ﬂaeﬂ’o([}?g and (p(z):f Eo@el®dg, VZEH}
Ry

gives all vertical operators in 98(<#?(I)). Also, we obtain various operator theoretic properties for
the vertical operators such as compactness, normality, C* -algebra properties, etc..

In mathematics, Toeplitz operators are one of the widely studied operators on holomorphic
function spaces (Hardy space, Bergman space, Fock space, etc.). For a better understanding,
these operators are studied by restricting the defining symbols to a particular class (For example,
see [6,7,10-14,17]). In [14], C*-algebra generated by Toeplitz operators on </ 2(IT) with vertical
symbols from L*°(II) is described. As every Toeplitz operator T, with vertical symbol a e L*°(I) is
a vertical operator on &/ 2(10), in Section 4, we represent T, uniquely in the form (2) and explicitly
give the operators in the C* -algebra generated by Toeplitz operators with vertical symbols.

2. Notations and definitions

Let / be a Hilbert space and #(#°) be the collection of all bounded operators on /. Let
T € B(H), then the spectrum of T is defined by o(T) = {A € C: (T-AD7! ¢ B(A)} and
the point spectrum of T is given by o,(T) = {A € o(T) : (T — Al) is not injective}. A number
A € o(T) is an approximate eigenvalue of T if there exists a sequence (x,) of unit vectors such
that (T — AI)x, — 0 as n — oco. The approximate point spectrum of T, denoted by o,(7T), consists
of all approximate eigenvalues of T. Clearly, 0,(T) € 04(T). Let ran(T) = {Tx : x € A} and
ker(T) ={xe X: Tx =0}. An operator T € %B(A) is said to be Fredholm if

(1) ran(7) is closed;

(2) ker(T) and ker(T™) are finite dimensional.
The essential spectrum of T is defined by 0.(T) = {A € C: (T — AI) is not Fredholm}. For more
details, we refer to [3,5].

Let (X, M,v) be a o—finite measure space and L?(X,v) := L?(X) be the Hilbert space of all

v—measurable complex valued functions on X such that

7z = [ 171 av <o

The inner product on L?(X) is given by

<frg>L2(X) :fxfgdv

for all f,g € L?(X). Let f be a v—measurable complex valued function on X. Then the essential
range of f, denoted by ess(f), is given by

{aeC:Ve>o0, v{xEX:|f(x)—a|<e}>0}.

Let L (X, v) := L*°(X) be the collection of all essentially bounded v—measurable functions on X.
It is a Banach space with the norm given by

||l oo xy = sup{lal: a€ess(f)}.
It is known that, the space L*°(X) is a commutative C*-algebra.
Let (X, M,v) be a o-finite measure space and m be a v-measurable function on X. Let 9, <
L2(X) be the set of all f € L2(X) such that m- f € L?(X). The operator M, : @,, — L?(X) defined
by My, f = m- f for all f € @,, is called a multiplication operator. It is well known that M, is
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bounded on L*(X) if and only if m € L®(X). If 4 (L*(X)) = {M,, : m € L®(X)}, then the map
A LX) — A (I*(X)) defined by A(m) = M,, is a x—isometric isomorphism.

Theorem 2 ([3,4]). Forall m,m;, my € L°(X, M, V), we have
(1) My, = Mz;
(2) My, My, = Mpmymy = Mmymy = My, M5
(3) The collection 4 (L?*(X)) is a maximal commutative C* —subalgebra of B(L*(X)), where
B(L%(X)) denote the set of all bounded linear operators on L2(X);
4) 0(Mp,) =04(Mp) = 0.(Mp,) = ess(m);
(6) Ae€op(My,) if and only if the Lebesgue measure of v({x : m(x) = A}) is positive.

Theorem 3 ([15, Corollary 1.11). Let v be a non-atomic o -finite measure on X, and let m €
L*™®(X, M,v). Then M, is compact if and only if m = 0 almost everywhere on X.

Let X =R (or R;) and we denote the Lebesgue measure on R (or R;) by dx. Then the Hilbert
spaces L?(R) and L?(R,) can be defined as above. For f € L?(R) n L' (R), its Fourier transform is
given by

Ff)(x) = " f(y)dy, VY fel*R), xeR.
f) fy)dy, vf

e
The transform % : L2(R) — L2(R) is unitary. We refer to [9] for more information about the Fourier
transform and it’s various applications.

The following theorems are well known.

Theorem 4 ([14, Lemma 2.1]). Let T be a bounded operator on L[2(R) such that TM pix() = Myixy T

e

for all x € R, where (M, ix f)(y) = eV f(y) for all y € R. Then there exists o € L°(R) such that
T =M.

Theorem 5 ([14, Lemma 2.2]). Let T be a bounded operator on L%(R,) such that TM* ix) =

M* i T forall x € R, where M, Jixy 18 therestriction of Mix) to L2(R,). Then there exists o € L°°([R+)
such that T = M.

In [16], an integral operator R : L?(R,) — <2 (II) defined by
1 :
(Rf)(2) = ﬁfm VEF© e de, ¥ feI*R,), z€Tl

is introduced and with the help of this transform, it was proved in [14] that the C*-algebra gener-
ated by Toeplitz operators on <2 (IT) with vertical symbols is isomorphic to a C*—subalgebra of
L®(R,). Note that if f € L?>(R,), then for any z = x + iy € I1, we have /¢ f(§)e™?* € L' (R,). Hence

|(Rf)(2)| = fR ’(\/Ef(f)e—yf) oixt

The operator R is shown to be an isometric isomorphism from L%(R,) onto the space «f 2(IT) and
its inverse is given by

dé < co.

(R*F)(x)=(R'F)(x) = ﬁf F(w)e "™ du(w), V Fe 4*(I1), x€R,.
v Jn
Letw=u+ivell, thenforany F € o/ 2(IT) N L} (IT) we have

|(R*F)(x)|fgf IF(W)I’e‘i(“‘i“)x
T JI1

du(w) < %LIF(wNe—“du(w)

< %LIF(LU)Id/J(w) < 0.

Thus the integral in the definition of R* converges in the Lebesgue sense whenever F € «#2(IT) N
LY(IT). The following result for the operator R is proved in [14].
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Lemma6. Foreveryse€ R, we have RM;S(,) R* = H,.

We observe that the operator R has properties analogous to that of the Bargmann transform.
We refer to [1, 2, 8, 18, 19] for more information about the Bargmann transform and its various
applications.

3. Integral representation of vertical operators and their operator theoretic proper-
ties

In this section, we prove Theorem 1. As a consequence, we obtain various operator theoretic
properties of the vertical operators. We start with some auxiliary results which will be useful in
proving Theorem 1.

Lemma?7. Leto € L*°(R.). Then the function
Puw(2) = f Eo(8)e'F W geE, zeTl,
Ry
is analytic on 1l for each w € I1.

Proof. Let w=u+ ivellbe fixed. For z= x+ iy € Il, we have

|(Pw(Z)| — |fR fa(f)ei(z_médq < ”U”L""(Rdﬁ; )fei(x—u)f—(yw)f dé

<ol ]R eI dE < ol o, fR Ee " d¢ < oo,
+ +

Now, we show that ¢, is continuous function on I1. We prove this with the help of dominated
convergence theorem. Let z = x+ iy € [l and (2, = X, + 1Y) nen be a sequence in II such that
zp — z. For each n € N, define f,(¢) = Ee!Gn®ig (&) and f(&) = £l @ Wig(¢) for all & € R,.
Clearly, (f, — f)(&) — 0 pointwise a.e. on R, . Also

| (= 1) ©)] = |0@) (5% = &) ™| < o i, ™ o720 — |
<llolo@yée " (e +e7) < 2l|o )l o, Ee .

Let g(&) =¢&e™ ¥¢ for all £ € R,. Clearly, g is integrable function on R.. Therefore, by dominated
convergence theorem, we have

fR (fu—f) ©dE —o0.

That is ¢, (z,) — @ (2). Since (z,) is any arbitrary sequence converging to z, it implies that ¢,
is continuous at z. As z € I1 is arbitrary, we get that ¢,, is continuous on II.
Let y be a simple closed contour in I1. Then

Jo b
=llollor,) f fR Ee VMG |dpua)| < ol o, fR Ee " d¢ f |du(z)| < oco.
Y IR+ + Y

Therefore, by Fubini’s theorem, we have

f Pw(2)du(z) = f f Eo(&)e' ™ du(z)dé = f f (o ()e! W dEdu(z)
Y Y IRy R+ Jy

Er(©)e' e || < ol [ fR ¢lei#e e |apca)|
Y IR+

- fR £a(® f eIy (z) dé = fR Ea(©)e T (0)dE = 0.
+ Y +

As vy is any arbitrary simple closed contour in II, by Morera’s theorem, we get that ¢, is analytic
on I1. This proves the lemma. d
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Lemmad8. Leto € L*°(R.). Then the function
puta= [ co@e =i zem,
R,

belongs to the Bergman space «¢* (1) for each w € I1.

Proof. Let w(= u+iv) € Il be fixed. By Lemma 7, ¢, is analytic on II. Therefore, it is enough to
show that [l¢ |l 2 < oco. Note that

. 2
lpwl?,. = fn 9w (@) du(z) = fn ' fR ga(aeﬂz-wmfs‘ Au(z)

2
= fn ’ fR 50(5)(,»*@*”)%“”)5515’ dxdy.

Define
o(x), ifx=0
o1(x)= .
0, otherwise.

For y, v € Ry, we denote f),,({) = Eop(E)e” V¢ for all ¢ € R. Then we get

) 2
||<Pw||i¢2=fHURfy,u(§)e’(x_”)§df‘ dxdy

= [ & fy) =] dxay

- [ ([l s xmf ax]a

We know that L2(R) is translation invariant. Therefore,

loulle = [ ([ 165~ ) ol dx)ay

= [ ([P ag)ay= [ ([ e¥ay)eiowee<a;

:f( E)fzw(mze—zv*df— ffla(&)lz T2

1
E"U”LOO(R )f Ee 2v€d€<00 (V>0)
This proves the lemma. O

Lemma9. Let be afunction defined on1l such that ¢((-) — w) is analytic for each w € I1. Then ¢
is analytic onI1.

Proof. We show that ¢ is differentiable at each zy = xy+ iy € I. Let € > 0 such that U(zp,€) = {z €
IT: |z — zg| < €} =II. Choose wy = ug + ivg such that U(zg,€) + wo S I1. Then for all z € U(zg,€e/4),

we have o o
@(z+wo—wp) — (20 + Wo — Wo)

z—z20 z-—2z z—20 z—2
Let ¢, (2) := ¢(z —wp) for all z € II, then

. p(2)—p(z) . Qo (z2+Wo) — Py (20 + W)
lim ————— = lim — — .
Z2— 2 zZ— 20 Z+Wo—zo+Wo (z+wop) — (20 + Wo)

As ¢y, is analytic at zo + Wy, it implies that ¢ is differentiable at zy. Since zj € I1 is arbitrary, the
function ¢ is analytic on IT. d
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Proposition 10. Leto € L*°(R;). Then the function

w(z)=f éo(&)e™de, zell
R,

is analyticonIl and ¢((-) — w), m € (1) for each z, w € T1.

Proof. Bylemmas 7, 8 and 9, it follows that the function ¢ defined by
p(2) = fR (o(©e™dé, zell

is analytic on IT and ¢((-) — w) € «/2(I0) for all w € I1. We notice that

(p(z—W):f Eo@©)e WP, Zzwell.
R+

As 0 € L*°(R,), it follows that (p(z—a) € of2(I). O

Now, we show that every bounded operator S, is of the form RM,R* for some o € L (R,).

Lemma 11. Let ¢ be a function on Il such that p((-) = W), p(z — () € /> (1) for each z, w € Il and
Sy given by (2). If Sy € B(o4?(I)), then there exists o € L°(Ry) such that Sp=RMyR".

Proof. We first show that every bounded S, is vertical. If i € R, then for every f € &/ 2(1) and
z €Il, we have

1 _ 1
(SoH0) @ =+ [ (Huf) @ipte=Ddut) =~ [ - mp(z-Ddptw

Using the change of variable w — w + h gives

1
(SpHpf) (2) = ;fnf(w)(p((z— h) -w)du(w) = (Hp Sy f) (2).

Since h € R is arbitrary, it follows that S, Hy, = HyS,, for all h € R. Combining Theorem 5 and
Lemma 6, it follows that S, = RM,R* for some o € L (R,). O

Lemma 12. Leto € L°(R,). Then RMyR* = Sy, wherey and o are related by
v [ e, zem
R+
Proof. For any f € «/?(IT) n L' (IT) and z(= x + iy) € II, we have

* _L * iz¢ _L * iz¢
(RMyR f)(z)—ﬁfR+\/E(MgR f©e df—ﬁfR+\/§0(f)(R £ @©ede
=lf (\/5)20(5)fnf(LU)e_iw‘td#(W)e"z‘tdf

T JR
. f f Eo (&) fw)e’ F du(w)dé.
7 Jr, Jn

If f € «/?(IT) N L' (1) and z(= x +iy) €11, then

1 f f |0 frw)e’=™<
7w Jr, Ju

du(w)alﬁs||a||Loo<uqa+)%fR fnf|f(w)e"“x+iy)—<”—i””f|du(w)df
1
SIIUIILOO([RQ);‘[[R L§|f(W)|enye’”’$du(w)d£
1
5||U||L°°(R+);/R fnﬁ|f(w)|e_y($du(w)d§

1 :
SI|U||Loo(R+);fR ({e_y‘)dfj;[|f(w)|du(w)<oo.
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Therefore, by Fubini’s theorem, we get

(RMsR* f) (2) = f f(w)( N f Ea(©e'F M aE | du(w).

Define
W(z) = f Eo@)e'®de, Vzell
R

By Proposition 10, it follows that ¥ is a well-defined analytic function on II such that y((-) —
W), y(z— () € /2(I1) for each z, w € I1. From above, we get RMyR* = Sy, on «/2(IT) N L' (TD).

Now we show that RMyR* = Sy, on «/*(T1). Let g € o/(I) and {gn}nen be a sequence in
«/%(I1) n L} (1) such that gn—gin </2(I). For each z €11, let

hy(w) :=w(z— (W), well

Then for each z € 11, h, € «Z2(I1) and (Sygn)(2) = (gnshz) g2 — (8 hz) o2 = (Sy 8)(2). But Sy gy =
RM;R* g, for all n € N. This implies that (RMyR*g,)(2) — (Syg)(2) for all z € II. RM,R* is
bounded on «/2(IT), we get RM,R*g, — RM,R*g in «/2(I). Since «/2(I) is the reproducing
kernel Hilbert space, (RMyR* g,,)(2) — (RM,R* g)(2) forall z € I1. Hence (RMyR* 8)(2) = (Sy g)(2)
forallzelland g€ </2(I). That is, RM;R*g=Sygforalge &/2(I). Thus, we get RMyR* = Sy,
on /2 (). O

In the following lemma, we show that the representation of an operator in the form (2) is
unique.

Lemma 13. Let @y, ¢, be functions on 11 such that g1 ((-) =), ¢1(z— (), @2((-) =W), @2(z—()) €
o 2(I) foreachz,wellandSy,,Sy, € B(A%(TN)). Then

Sp1 =Sp, ifandonlyif g1 =@
Proof. Suppose Sy, = Sy,. Let zp € I1 be fixed. Then for all f € «/?(IT) we get,

((Spy = Sp,) f) (z0) =0 :>ff(w) (1 — ¢2) (20 — W) dp(w) = 0. @)

Define ¥, (w) = ((p1 ®2)(z0 — W). As p1(z— o), @2(z— () € /210 for each z € I, we get
V¥, € «/2(I0). Thus
((Sp1 = Sp2) ) (20) =0 = (f,W5) o = 0 (5)
forall fe &/2(I0). This implies that ¥, = 0. That s, (@1 —¢2)(z0 —w) = 0 for all w € II. Since z € I
is arbitrary, we get ¢ (z — W) = p2(z — w) for all z, w € [1. Hence, we get ¢ = 2.
Conversely, if ¢1 = ¢, then it is easy to see that Sy, = S, . O

Now, we are set to give the proof of Theorem 1.

Proof of Theorem 1. Let ¢ be a function on II such that ¢((-) — w),@(z— () € «2(I) for each

z,w € IT and §,, given by (2) be bounded on L2(I0). By Lemma 11, it follows that there exists

o € L*(R,) such that S, = RM,R*. But, Lemma 12 implies RM,R* = Sy, where ¥ and o

satisfy (3), with v instead of ¢. Thus, we have S, = RM,;R* = S;,. By Lemma 13, it follows that
= 1. Thatis,

p(2) = f éo(©e'®dé, Yzell
R+

Conversely, suppose (3) holds for some o € L*°(R.). By Proposition 10, the function ¢ defined
by (3) satisfies the required conditions. We know that M, € B(L?(R,)) and R : L?>(R,) — «/?(II) is
a unitary operator. Therefore, RM,R* is bounded on «/(II). By Lemma 12, RM, R* = Sy- Hence,
Sp € B (1D)).

Also, 1Syl 2 (mm)— 2 qn = Mol 2, )—12®,) = 102 ®,)- This proves the theorem. O
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Let 7 be the collection of all vertical operators on «/2(Il). By combining lemmas 11, 12 and
Theorem 1, we get

7/:{S(pe.%(gfz(l'[)):E!UEL°°([R€+)and(p(z):f Eo@)el®de, VZEH}.
R,

3.1. Operator theoretic properties of S

In this Section, we prove various operator theoretic properties of the operator S, given by (2). We
first find the adjoint of S,.

Theorem 14 (Adjoint of Sy,). Let ¢ be a function on Il such that ¢((-) — w), p(z — () e L2(1D) for
each z,w € Il and S, given by (2) be bounded on (1), then Sy = S, where ¢(2) = ¢p(=7) for all
zell

Proof. Let ¢ be a function on IT such that ¢((-) - W), @(z— () € «?(I1) for each z, w € II and
Sy given by (2) be bounded on «/ 2(I1). Then by Theorem 1, there exists o € L*(R;) such that
Sy = RMsR", where ¢ and o satisfy (3). Using Theorem 2, we get S, = RMzR". Again by
Theorem 1, RMzR* = S, where

Pl2) = f (e de = f §o(eHds=¢p(-2), Vzell
R, R,
This proves the theorem. O

By Theorem 1, we know that every bounded operator S, is of the form RM;R* for some
o € L*°(R,), where ¢ and o satisfy (3). Using this, Theorem 2 and Theorem 3, it is easy to prove
the following results. The proofs are left to the reader.

Theorem 15. Let ¢ be a function on Il such that ¢((-) —W),(p(z—ﬁ) € /%) foreach z,w € 11
and S given by (2) be bounded on <f 2(10), then
(1) Sy is normal, that is, Sy S, = S3,Sy.
(2) Sy is compact if and only if p =0
(3) The collection V' = {S, € B(AL2(M)} is a maximal commutative C*—subalgebra of
B4 (D).

Theorem 16 (Spectrum of S,). Ler ¢ be a function onI1 such that ¢((-) - w), ¢(z — () e Z2(1)
foreach z,w e I1 and S, given by (2) be bounded on </%(10), then
(1) 0(Sp) =04(Sy) =0e(Syp) = ess(m), where ¢ and m satisfy (3), with m instead of o.

(2) Aeap(Sy) if and only if the Lebesgue measure of {x : m(x) = A} is positive, where ¢ and m
satisfy (3), with m instead of 0.

Now, we give structure of common reducing subspaces of operators in the collection 7. Before
that, we recall some basic definitions and results.

Definition 17 ([5, Definition 4.41]). Let # be a Hilbert space and T € B(F€). A closed subspace
M of € is an invariant subspace of T if T (M) < M and M is said to be a reducing subspace of T
ifit is invariant under both T and T*.

Lemma 18 ([5, Proposition 4.42]). Let.7¢ be a Hilbert space and T € B(FC). Then 4 is invariant
subspace of T if and only if P4 TP 4 = TP 4 and it is a reducing subspace of T if and only if
TPy =P 4T, whereP 4 is an orthogonal projection associated to M .
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Theorem 19. Let ./ be a subspace of the Bergman space ¢ (I1). Then . is a reducing subspace
of all the operators inV if and only if 4 = S, («#2(10)), where

Po(2) = fR Exp©e*dé (6)
forall z€ 11, E is a measurable subset of R, and x g is characteristic function associated to the set E.

Proof. Let .# be a closed subspace of 2(10). By Lemma 18 and Theorem 1, .# is reducing
subspace of operatorsin 7 < S,P 4 =P 4S,forall S, €V < My (R*P 4R)=(R*P 4R)My,
for all m € L*°(R.). By Theorem 5, we get (R*P_,R) = M, for some o € L°(R,).

As My (= R*P_4R) is an orthogonal projection on L[2(R,), there exists a Lebesgue measurable
set E € R, such that o = yg almost everywhere on R, and M, = M,,. Hence, P, = RM, R*. By
using Theorem 1, we get P 4 = Sy, where

$o(2) = fR Exp)e®de, v zeTl.

This proves the theorem. d

4. Toeplitz operators with vertical symbols

We know that «/?(II) is a closed subspace of the Hilbert space L?(I,du). Let P denote the
orthogonal projection on L?(II, dyu) with range </ (II). The operator P is an integral operator
given by

1 1
(PA@=(fKz) 2y = —;fnf(w) T

For a function a € L*(II, du), the Toeplitz operator T, on </2(I0) is defined by Taf = P(af). We
say that the function a € L*°(I) is vertical if it is invariant under horizontal translations. That is,

for each h € R, a((-) — h) = a(-) almost everywhere on II. If a € L>°(II) is a vertical function, then the
Toeplitz operator Ty is also vertical operator. In fact, we have the following known result.

du(w), feL*>(1,du).

Theorem 20 ([14]). Letae L*°(I1). Then T, is vertical operator if and only ifa is a vertical function.

Let 7;p denote the collection of all Toeplitz operators with vertical symbols and 73 (L*)
denote the C*-algebra generated by Viop- Note that Vg~ (L*®) < 7. In this section, our aim is to
give explicit representation of operators in 79 (L>°). We first recall some definitions and results
from [14] which will be useful in this section.

Let f : Ry — Cbe abounded function. Then f is said to be very slowly oscillating function if the
compositon f oexp is uniformly continuous with respect to the usual metric on R.. Let VSO(R,)
denote the set of all very slowly oscillating functions.

Lemma 21 ([14, Proposition 4.2]). VSO(R,) is a closed C*-subalgebra of the C*-algebra Cy(R.)
of all complex valued bounded continuous functions on Ry with pointwise operations.

Since C,(R;) is closed C*-subalgebra of L*°(R,), it follows that VSO(R.) is a closed C*-
subalgebra of L*°(R. ). For Toeplitz operators with vertical symbols, the following result is known.

Lemma 22 ([14, Theorem 3.4]). Let a € L°°(I1) be a vertical function and T, be the Toeplitz
operator with defining symbol a. Then there exists y, € L°(R,) such that T, = RMy, R*, where

Yalx) = fo a(y)e>dy, xeR,. (7)
0

Let ¢ denote the collection of all y, € L*°(R,), where a € L*(I1) is vertical function and y; is
given by (7). In [14], the follwing result is proved.
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Lemma 23. The C*-algebra generated by % is equal to 4 = VSO(R).

Now we give explicit integral representation of the form (2) for all the operators in the C*-
algebra generated by 7.

Theorem 24. The C*-algebra Vg (L) generated by Vy,, is given by
{sw €7:30e€VSOR,) and ¢(z)= f Eo(©)e*dE, Yze n}.
Ry

Proof. Let T, € 7;,p. Then by Lemma 22, we get T, = RM,, R*, where y, € L™ (R,) is given by (7).
By Theorem 1, we have RMy,R* = S, where @y, and y, satisfy

Py, (2) =fR Eyal®)e®de, Y zell

This implies that T, = Slﬂya' Hence, we get V;op = {S«,ya :Ya € 9}. Now, using Lemma 23, we get
VI LX) ={SpeV :Sp= RM,R* for some o € VSO(R,)}. In fact, we have

7/3’(L°°):{S(,,€7/:EIUEVSO(R+) and <p(z):f éod)el®dg, VZEH}.
R,

This proves the theorem. O
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