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Abstract. In this note we prove a sharp reverse weak estimate for Riesz potentials
n—s

=S
(O om0 2 sty Iflp foro< fe Ll @™,
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wherey;=2"°%1"2 el

Riesz potentials, and we prove €, s = O(L;) ass— 0.

) . We also consider the behavior of the best constant 6, s of weak type estimate for
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1. introduction

The Riesz potentials(fractional integral operators) I;, which play an important part in Analysis,
are defined by

L(F)(x) = s f a9y,
re |y|"S

where 0 < s < n and ys = 275172 F;E)
by M.Riesz [11]. The (Lp,Lq)-boundédness of Riesz potentials were proved by G.Hardy and
J. Littlewood [6] when n = 1 and by S. Sobolev [12] when n > 1. The (LI,L%"’O) -boundedness
were obtained by A. Zygmund [16]. More precisely, they established the following theorem.

Theorem 1. LetO0< s<nandletp,q satisfyl < p < q<oo and%— 1_ &, then whenp > 1,

q
I Is(Nlramny = C(n, p, ) f e @ny.

. Such operators were first systematically investigated

And whenp =1,
||Is(f)||L%,oo(R,,) =supA{xeR": | f| > )L}I% =C, )N fllipgn)-
A>0
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The best constant in the (L?, L7) inequality when p = - + =, q= 2” S was precisely calculated by

E. Lieb [8] (see also [4]), and E. Lieb and M. Loss also offered an upper bound of C(n, p, s)(see [9,
Chapter 4]).

Although the best constant of (LP,L9) estimate for Riesz potentials has been studied for
decades, to the best of the authors’ knowledge there is no result about the best constant of
(L', L#5*) estimate for Riesz potentials. In this paper, we will provide some estimates for the
best constant of the weak type inequality.

In [14] (see multilinear case in [15]), the second author setted up the following limiting weak-
type behavior for Riesz potentials,

hm Ax e R | f]> A} 7 = ySu,, ||f||L1(Rn) for 0< fe L'®R™),
which implies a reverse weak estimate

IO oy Z YsVn” Ifl@ny for 0< feL'®™, o)

where vy, is the volume of the unit ball in R”. So a natural question that arises here is whether the
n—-s

constant ysv,” is sharp? In the paper, we will give an affirmative answer.
n
Let €, s be the best constant such that the (L!, L#»-5'*°) estimate holds for Riesz potentials, i.e.

IO 2 oo o
Gpo= sup — LTIZED
feL'®m) £l ey
Then from (1), one can directly obtain a lower bound for 6}, s,
Gns=Ysvy"
Our another goal in this paper is to provide upper and lower bounds of 6,,s and to study the

behavior of ), s as s — 0. Our approach depends on the weak L7*s norm ||| - Il ;25,00 Which is
defined by

1
_1l,n=s T n
1, sy = s 1B ([1prar)”, 0<r< ot

0<|E|<oc0 n—s

The norm ||| - ||| ;2 « is equivalent to || - In fact there holds(see Exercise 1.1.12 in [5])

Li ,00 *
n 1
”f”L%,OO(Rn) = |HfH|L%,OO(Rn) = (n _ r(n _ S) ) r ”f"L%‘OO(R”)' (2)
Closely related to the Riesz potentials is the centered fractional maximal function, which is
defined by

1
M; f(x) =sup —1_7‘[ [fIdy, 0<s<n.
r>0 |B(x,1)| B(x,r)

Mj satisfies the same (L”,L9) and (L', L7~+°) 1nequ%hnty as I does, see [1] and [10]. For any
positive function f it is easy to see M;(f) < 1/y(s)v," Is(f). Although the reverse inequality
dose not hold in general, B.Muckenhoupt and R.Wheeden [10] proved that the two quantities
are comparable in LP norm(1 < p < co) when f is nonnegative.

Now let us state our main results. First of all we consider the weak estimate of I(f) and
M;(f) under the norm || - [[[, .2, «. Surprisingly identities for the weak type estimate of Riesz
potentials and fractlonal maximal function can be established, which implies the two quantities
are comparable in Las™® (quasi)norm when f € LYR™) is nonnegative.

Theorem 2. LetO<s<nand f e L'(R"). Whenl<r < ﬁ,

1

"f”Ll (R7)»

n=s n T
AN 725 oo gy < VsV (m)
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and .

n r
H|Ms(f)H|L%,oo(W) = (m) I 1l gny-
Moreover if 0 < f € L'(R™), then

1
n-s n T
|||Is(f)|HL%,oo(Rn) =YsUy" (m) (FAFAYCIR

Remark 3. Infact, from the proof one can obtain the reverse weak estimate holds when 0 < r <

. More precisely when 0 < r < -,

1
e n r i 1 mn
|||Is(f)H|Lﬁ_oo(Rn) ZYsUn (m) £l @ny, if 0< feL(RY),

and

- r : 1mn
%S 500 (Rn) = (n_(n_s)r) ”f”Ll(IR")’ if fEL (R™).
Then we prove the following sharp reverse weak estimates for Riesz potentials.

Theorem4. Let0< fe LY(R™), then

1M (Ol

n-s
||Is(f)||Lﬁ oo(Rn) zysv," 1 flpgn)-

And the equality holds when f = ( ‘2) “2* where a,b> 0 and xo € R".

b+|x Xo
As a corollary of Theorem 2 and Theorem 4, we can obtain the following sharp reverse

inequality.

Corollary 5. Let f € L'(R"), then

IIMstILn o Z Il
And the equality holds when f(x) = h(|x — xo|) where h is a radial decreasing function.

At last we offer an upper and a lower bound for %6, s, which implies that the behavior of the
best constant 6, ; for small s is optimal, i.e. €y, = (Y‘) =0(1)ass—0.

Theorem 6. Whenn>2 and0<s< 22,

1
YsU? 7’1—2—_43 S%nsSYSV?E-
2s(n—2-y3) ’ s

Remark 7. Besides using the rearrangement inequality to obtain an upper bound y 1/,? o, we
can take the heat-diffusion semi-group as a tool (see the Appendix), which was used by E. Stein
and J. Stromberg in [13] to study the (L, b °°) bound for centered maximal function, to obtain

another upper bound which is equal to O(y; v,l” ”) =0(1) as (s,n) — (0,00).
2. The identity for I;(f) and Ms(f) in ||| - |||, 2 «

In this section, we will prove Theorem 2. Without loss of generality let us assume || fll ;1 gn) = 1.
Since I;(f) < L(If]) and r = 1, using Minkowski’s inequality one have for any measurable set E
with |E| < oo,

1
T 4 h=s dx T
f”sf(x)l dx| =vyslEI” A fn Lm] If(Idy. 3)

Then by Hardy Littlewood rearrangement inequality, there holds

dx dx nesy n |- sy
(n—9)r = (n—s)r =Un |E| ’ (4)
Elx—yl E* |X] n—(n-s)r

BT
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where E* is the symmetric rearrangement of the set E, i.e. E* is an open ball centered at the origin
whose volume is |E|. Therefore by (3) and (4) one can obtain

1
n-s n T
PN, o <Yt (ﬁ) 1l
Next, let us provewhen 0 < f € L' (R") and 0 < r < -2 P
1
(s 2500 = Y sUR" (m) I )
For any € > 0, choose R large enough such that fBR(O) f(»dy=1-e€.Let E = Bjg(0). Since
() () -
f e yn_sdyzf O ay=a-aue
Br(©) |X— Y B (Ix|+R)

then

S

1

_1,n=s f(y) r T

LN, nw=ysEIT7 0 U —d)dx]
I g 2 7 A A =

J- ]
E (x| + R) =97

1 tn—l
[
o (t+1)n=9r

By the fact that this inequality holds for any ! > 0, then letting / — oo, one obtain
1

n T
|||Is(f)||\L“oo—YsVn - 6)(m) ’

which implies (5). And we finish the proof of the identity for Riesz potential.
For fractional maximal function Mj, since

1
M;(f)(x) = @—f Fldy
v," (|x|+ R)n=s Jly-xIsR+Ix]

1

1, n=s
=y ElTTT T (1-¢)

—ysvn nr(l €)1 rHns

€

1_
f FOIdy = —m——
lylsR -

v," (Ix|+R)"=S

>
= 7i—s

v," (Ix|+R)"S
then one can use the same method to get

n

)r when 0<r<
s)r n—s

MM e

n—(n-
On the other hand,

1

n T
L [ o A R e

Thus one can obtain the desired identity for M.

3. The sharp reverse weak estimate for I; and M

In this section, first we prove the sharp reverse weak estimate for Riesz potentials I;. By (2) and
Theorem 2, there holds

(O o0 = > Y0 Iflp, 0< fe L' ®),

Next, we will prove that the equality can be attained by the function g(x) = (Wimlz)%s’

where a,b > 0 and xp € R". Since the translation and dilation of g do not change the ra-
n+s

tio [|15(g) IIL%,OO/IIgIILl, we only need to consider g(x) = (ﬁ)T In our calculus we will
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use the stereographic projection, so we will introduce some notations about the stereographic
projection here.

The inverse stereographic projection . : R” — S\ {S}, where S = —e;+ denotes the south-
pole, is given by

2x; . —|x]?
FX)j=———, i=1..,n (& =—-.
(L (x))i 1+ 22 l n, (L@ 1+ 2
Correspondingly, the stereographic projection is given by # ! : "\ {S} — R"
-1 fi .
€)= , i=1,...,n.
" 1+énn

And the Jacobian of the (inverse) stereographic projection are

2 n
Lr(x) = (1+—|x|2) and Zo1()=0+&p)™"

By a change of variables,

n+s s—n

_ 2 )7 dx= )
TN I

sn ne1y 2 n2
=f Q+&pe1) 2 dE=|S |f A+nz (1-0z dt
sn -1
_ iz I'(s/2)

. 6
NED) ©
Denote rsi2)
s+n S
Cns_ n/22 F(S+I’L)
Since
1 1
& - ST P = Zyp1(OTE =l Fyprm)n, forany &neS”,
and p
dn 25a™MeT(s/2)  cps
= = —~, forany neS” (see[5, D.4]),
fsﬂ ¢ —nl"=* r(%42) 27 v
one can obtain
I 2 nTHd
s(8)x) = Y(S)f . yI" S 1+|y|2) y
=v($) ! ( 2 )Snd
V9 s i T@- T \1ri7Tme) "
1 2 2t
:Y(S) n-s n-s ( — ) dn
SUIE nlﬂ*ﬂfy-l(é)mwy-l(n)m L+ 1m)l?
=v( )f 1+ )T =y(s )L
=y |" s $n+l =7 1+ 1022
Thus for any A > 0,
(5)Cns |75 :
{Is(8) > A}l = Vn((y A"'S) —1) ) 7)

Therefore combining (6) and (7) one has

”Is(g)”ll%,oo n-s 2 /’l n-s 2 n-=s
————— =v," sup|y(s)ns - (—) =y v," .
gz A>0
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Next let us prove the sharp reverse weak estimate for M;. By the identity in Theorem 2 for M,
and (2) one can find for any f € LY

IMs(ON 0o Z 1l 8)
On the other hand, since M(f) < 1/y(s) v,;_T I5(f) and we already proved that the function

a

g= (m) “2* satisfies || I5(g) I, o0 = Y(S) v,," llgll1, then by (8) the following equality holds
Mg e = I8l @

In fact, one can prove that (9) holds for any L! function f(x) = h(lx — xol), where h is a radial
decreasing function, by using an approach from [2]. First assume | f|l;1 = 1. Let d, denote the
Dirac delta mass placed at xy. It is easy to check that

M(5x0)(x) = m,

where M is the centered Hardy-Littlewood maximal function. Hence, for every A > 0, there holds
Alx: M(8 ) (x) > A7 = 1.
Since h is a radial decreasing function with || 2]|;1 = 1, then by Lemma 2.1 in [2], one has
M(f)(x) < M(8y,)(x) for every x e R".

Then for any r > 0 and x € R”,

n-s

1 1 = \"n n—s
— dy= WA M6, @5,
|B(x,r)|1-2f3(x,nf(y) y (IB(x,r)l o] VYL (M(6) ()

which implies that

IMsfll} oo <1 =1 flip2. (10

Combining this inequality with (8), one can obtain the desired result for M;.

What is noteworthy at the end of the section is that this result is also true for the centered
Hardy-Littlewood maximal function, that is because, using the same method, one can prove (10)
when s = 0, i.e. (10) is true for the centered Hardy-Littlewood maximal function. On the other
hand, using the limiting weak type behavior for the maximal function in [7], (8) is also true for the
centered Hardy-Littlewood maximal function.

4. The upper and lower bounds of 6,

In this section, we will provide an upper and a lower bound for 6, s. Using Theorem 2 and (2), we
can get an upper bound
n n=s
Gn,s < ys; v, .
To obtain the lower bound, we will use the following formula (see [9, Section 5.10]). Let
O<a<n0<s<nanda+s<n,then

1 1 dv= 1
o Tx—ys fyprme T e s an
with
2 TEIETE=59)
Cha,s =72 .
o T (T (5
Now assume n —2 > 4s. Choose f(y) = M%X(Iylsl) and let us prove

n-s

v," n—-2-4s
o2y Ml

1efll 2 oo = Y
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Since |x| < %, |yl > 1 implies |y — x| = %, using (11) with @ = 2 one have

1 1 1 1
—I( )(X)Zf ——f(ndy = ———d
¥s © ! R Ix—yl”’sf V= | <t = yns 2 Y

1 1 1 1
=f = —zdy_f = —dy
re [X— "5 |y|" yl>1 [x =y 5 |y|"?

1 1 2n=s
S [ — - / 4
fuw =y [y 2 YT ) s Y

c

=z % (12)
where
4nn/2 4 d 2n—s+1nn/2
c= an =,
(n=-s=-2)I'(n/2-1)s (n—s-2)I'(n/2)
Choose 1 = y5(2""2c—d), since Z= "T_Z 2,,1,5 > 2,,,%, then Ay is positive. Thus by (12), there
holds
c A 1
HIsf > Ao}l = {|x|51/2,W—d>Y—O} =Un(5)n- (13)
N
Using the fact || fll ;1 gn) = % and (13) one can obtain
NS00 Agltlsf > Aol 7 = T(n/2) v, n-2-4s
> =Aov = .
Il Ifl 0V Sn=sgniz = VST 2(n—2—5)

So we complete the proof of Theorem 6.

Appendix

In this Appendix, we give an alternative approach to prove the (L}, L7=) estimate for Riesz
potentials, and at the same time this approach also provide an upper bound for €, s, which
have the same behavior with y; 9y s as (s,n) — (0,00). First, we state a lemma (see [13,
Section 3], also see the Hopf abstract maximal ergodic theorem in [3]) about the weak estimate of

the average of the heat-diffusion semi-group T*(f) = P; * f, where

no_lx?
P;=UAnt) 2e 1.

Lemma8. Foranyfe LY(R™), there holds

1 S
{xe[R”:sup— Ptf(x)dt>/1}
s>0 SJo

1
SE”f”IAl(R”)’ A>0.

Now let prove the (LY, L%""’) estimate for Riesz potentials I;(f), which also can be presented
by the following formula related to T*(f),
1

L& =572

foo 127 P, x f(x)dr.
We divide the integral into two parts '

fow 271k f0dE = 1 (D) + () ),
where

R S
h(f)(x)=f0 t271P, x f(x)dt,

L)) = fR 1P« f0d1,

for some R to be determined later.
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Denote .4° f(x) = sup, % Jo Pt * f(x)dt, then we have
00 2-itlp s
() = Zfﬁ £271p « f(a)dre

2—l+1R ) .
f @R 27IP, * f(x)dt

oo
<Y @ iR:l27 R —
l=zl( ) 271+1R

s 273
R2

IA
N

M”f(x)

On the other hand, by direct computation, we obtain that
Jz(f)(x)sz 27 Pell ool £l pdt
2 n S n
<——@m) 2R2" 2 .
—— ) £l

Combining (14) and (15), we obtain that

S

1
(N0 < 7 (2R —

for all R > 0. The choice of

(4n)*%||f||L1 E
R=|——— 1
2“1 1M°f(x)

minimizes the right side of the expression in (16). Thus

L(H) < Tl Fx) T | f||L1,

where

20am)3 (25 1) 2 (1)Z !
Ts=2(4nm -1 - .
s n—-s\s) I(s/2)

Now using Lemma 8 one can see that

Vl—S

AN f > A5 < A {r( ﬂof(x)) TIAI, =i

<1 (TS”;C”“) 1l

= Tsll fll e

n

Notice that
s In2
22 —1>7s for s> 0,

thus,

S

2 1)\ 2 1 n
s — | — 5 _
In2 F(§+1)n—s

1
F( +1)n s

So by this approach, one can obtain that €, s < ln2 (471)_’
when (s, n) — (0,00),

|
Nl

2 (l) 1 n —O( v%n)
m2\ar) TG+nn-s U )

2—i+1R
f Py * f(x)dt)
0

2 0 2 _n_s_n
s A f)+ @) 2R | fll

(14)

(15)

(16)

a7

and it is easy to check that
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