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Abstract. Let A and H be nonempty finite sets of integers and positive integers, respectively. The generalized
H-fold sumset, denoted by HD A, is the union of the sumsets K Aforhe H where, the sumset hA s
the set of all integers that can be represented as a sum of i elements from A with no summand in the
representation appearing more than r times. In this paper, we find the optimal lower bound for the cardinality
of H A, i.e., for |H) A] and the structure of the underlying sets A and H when |H" Al is equal to the
optimal lower bound in the cases A contains only positive integers and A contains only nonnegative integers.
This generalizes recent results of Bhanja. Furthermore, with a particular set H, since HU') A generalizes
subsequence sum and hence subset sum, we get several results of subsequence sums and subset sums as
special cases.

Keywords. sumset, subset sum, subsequence sum.

2020 Mathematics Subject Classification. 11P70, 11B75, 11B13.

Funding. The first author was funded by the Council of Scientific and Industrial Research (CSIR), India (Grant
No. 09/143(0925)/2018-EMR-I). The second author was funded by the Department of Atomic Energy and
National Board for Higher Mathematics, India (Grant No. 02011/15/2021-NBHM (R.P)/R&D 11/8161).

Manuscript received 7 September 2022, revised 21 February 2023, accepted 23 February 2023.

1. Introduction

Let N be the set of positive integers. Let A= {a, ..., ay} be a nonempty finite set of integers and h
be a positive integer. The h-fold sumset, denoted by h A, and the restricted h-fold sumset, denoted
by h"* A of A, are defined, respectively, by

k k
hA::{Z/liai:/liENu{O} fori=1,...,kwith Z/l,- :h},
i=1 i=1

k k
A= {Zliai :Ai€f0,1} fori=1,...,kwith ) A; = h}
i=1 i=1
Mistri and Pandey [6] generalized hA and h” A, into the generalized h-fold sumset, denoted
by h") A, as follows:
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Let r be a positive integer such that 1 < r < h. The generalized h-fold sumset h'" A, is
defined by
k k
hA:= {Z/l,-al- :0sA;srfori=1,.. kwith) A;= h}
i=1 i=1
So, the generalized h-fold sumset h A is the set of all sums of & elements of A, in which every
summand can repeat at most r times. Therefore, 1A and h" A are particular cases of 1" A for
r = hand r = 1, respectively.
For a finite set H of positive integers, Bajnok [1] introduced the sumset
HA:= | hA,

heH

and the restricted sumset
HM"A:= | A

heH
In a recent article, Bhanja and Pandey [5] considered a generalization of HA and H"A, the
generalized H-fold sumset, denoted by H") A, defined by

H(r)A:: U ]’l(r)A.

heH
Observed that, if r = max(H), then H"V A= HAandif r = 1, then H"” A= H" A. The sumset H" A
becomes more important as it also generalizes subset sums and subsequence sums.

1.1. Subset sum and Subsequence sum

Let A be afinite set of integers. The sum of all the elements of a given subset B of Ais called subset
sum and it is denoted by s(B). That is,

s(B)=)_b.
beB
The set of all nonempty subset sum of A, denoted by }_(A), thatis

Y () ={sB): 0 #B<cAl.
Also we define, for1<sa <k

Y(4)={s(B):¢ #B< Aand |B = a}.
a

Similarly, we define subsequence sum of a given sequence of integers. Let A = {a;, ay, ..., ai} be
a set of k integers and r be a positive integer, with a; < a; < --- < a;. Then we define a sequence
associated with A as
A=(ay,...,a,az,...,a2,...,0,...,a;) = (41, az,..., ai) r(say).
—_——— —— ——
r—times r—times r—times
Let B be a subsequence of A. Then
B=(ay,...,a,a,...,a2,...,0,...,a) with0<r; <r.
—_——— —— ——
rj—times  rp—times r—times
Given any subsequence B of A, the sum of all terms of the subsequence B is called the subse-
quence sum, is denoted by s(B) and we write

s@) =) b
beB

The set of all subsequence sums of a given sequence A is the set

Y (A) = {s(B) : B is subsequence of A of length = 1}.
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For1l < a < kr, define

Y (A) = {s(B) : B is subsequence of A of length = a}.
a

Note that, we can write
hA= {s(B) : B is subsequence A of length h}.

With suitable sets H, we can express Y(A),Y 4 (A),Y(A) and ¥, (A) in terms of H* A and H" A,
as follows:

o fH=1{1,2,...,k}, then H*A=UF_ i" A= ¥ (A).

o fH={a,a+1,...,k} then HNA=UF_ " A=Y 4(A).

o fH={1,2,...,kr}, then HOA=UN hDA=F(A).

o fH={a,a+1,...,kr},then HOA=UK h(DA=Y,(A).

Let A={a;, a,...,ar} be anonempty set of integers with a; < a» < --- < aj. For an integer c,
we write ¢ * A= {ca: a € A} and for integers a and b with a < b, we write [a, b] = {a,a+1,..., b}.
For anonempty set S = {51, $2,..., Sp—1, S}, we let max(S), min(S), max_(S), min, (S) be the largest,
smallest, second largest and second smallest elements of S, respectively. For a given real
number x, | x| and [x] denote, floor function and ceiling function of x, respectively. We assume
Y fi)=0ifr<l.

Two standard problems associated with a sumset in additive number theory are to find best
possible lower bound for the cardinality of sumset when the set A is known (called the direct
problem) and to find the structure of the underlying set A when the size of the sumset attains its
lower bound (called the inverse problem). These two types of problems have been solved for the
sumsets in various types of groups. We have several classical results on sumsets for the case when
A is a subset of group of integers, (see [1, 3, 6,8-11]), and for subsequence sums and subset one
may refer to [2,4,5,7]. We mention now, some of these results that are applied in this paper.

Theorem 1 ([10, Theorem 1.3, Theorem 1.6]). Let h = 1, and let A be a nonempty finite set of
integers. Then
|hAl= h|Al-h+1.
This lower bound is best possible. Furthermore, if |h A| attains this lower bound with h = 2, then A
is an arithmetic progression.
Theorem 2 ([9, 10, Theorem 1, Theorem 2]). Let A be a nonempty finite set of integers, and let
1< h<|A|. Then
| A| =z h|Al - h? +1.
This lower bound is best possible. Furthermore, if |h" A| attains this lower bound with | Al = 5 and
2 < h<|A|-2, then A is an arithmetic progression.
Mistri and Pandey [6] generalized above results as follows:

Theorem 3 ([6, Theorem 2.1]). Let A be a nonempty finite set of k integers. Let r and h be integers
suchthatl<r<h<kr.Setm=|hl/r]. Then

IR Al = mr (k—m) + (h—mr)(k—2m-1) + 1.
This lower bound is best possible.
Theorem 4 ([6, Theorem 3.1, Theorem 3.2]). Let k = 3. Letr and h = 2 be integers such that
lsr<hs<kr-2and(k,hr)#4,21). Setm=|h/r]. IfAis a finite set of k integers such that

KD Al = mr (k—m)+ (h—mr) (k-2m—-1)+1,

then A is an arithmetic progression.
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Further generalization of h") A was considered in [6] for which the direct and inverse results
were proved by Yang and Chen [11]. Direct results for 1’ A when A is a subset of the group of
residual classes modulo a prime and A is a subset of a finite cyclic group were given, respectively,
by Monopoli [8] and Bhanja [3].

The direct and inverse theorems for the sumsets HA and H" A proved by Bhanja [2] are the
following:

Theorem 5 ([2, Theorem 3]). Let A be a set of k positive integers. Let H be a set of t positive integers
with max(H) = h;. Then
|HA| = hy(k—1)+t.

This lower bound is optimal.

Theorem 6 ([2, Theorem 5]). Let A be a set of k = 2 positive integers and H be a set of t = 2 positive
integers withmax(H) = hy. If
|HA| = hi(k—-1)+1¢,

then H is an arithmetic progression with common difference d and A is an arithmetic progression
with common difference d * min(A).

Theorem 7 ([2, Theorem 6, Corollary 7]1). Let A be a set of k nonnegative integers and H =
{h1, hy,..., ht} be a set ofpositive integers with hy < hy <--- < h;. Sethy=0. If0¢ Aand h; < k,
then

t
|HMA| = ) (hi — hi—1) (k= h;) + 1.
i=1
If0oe Aand hy < k-1, then
t
|HMA| =z hy + ) (hi — hi=1) (k= h; = 1) + ¢.
i=1

The lower bounds are optimal.

Theorem 8 ([2, Theorem 9, Corollary 10]). Let A be a set of k nonnegative integers. Let H =
{hy, hy,...,hi}t be a set ofpositive integers with hy < hy < --- < h;. Sethy=0. If0¢ A, k=6,
hy<k-1,and

|H"A| =Y (hi = hi-))(k—hj) + 1,
i=1
then H=hy +[0,t—1] and A=min(A) = [1, k].

IfoeA k=7 h;<k-2,and

t

t
|HMA| = hy + ) (hi — hi-) (k= hi = 1) + 1,
i=1

then H=h; +1[0,t—1] and A=min(A\{0}) * [0, k—1].

In this paper, we prove similar direct and inverse results for the sumset H") A when A is
a finite nonempty set of positive integers. In Sections 2 and 3, we prove our main theorems,
Theorem 9 and Theorem 14, the direct and inverse theorems for sumset H") A, when A is a finite
set of positive integers. Consequentaly we prove direct and inverse theorems when A contains
nonnegative integers with 0 € A.

To state our main results we need some notation that are used throughout the paper. Let
H ={hy, hy,..., h} be a set of positive integers with 0 = hy < h; < hp <--- < h; and r be a positive
integer. If t = 1, then HV A = hgr)A. So, we assume ¢ = 2. If r > h;, then hgr)A =h;Aforl<i<t,
giving H") A = HA. So we assume that r < ;. There always exists a unique positive integer [ such
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that hj_; <r<h;,wherel<l<t. Fori=1,2,...,t let hy = m;jr +€;, where 0 <¢; <r—1. For
given set H of positive integers and set of integers A with |H| =t and |A| = k, let

13
LHDA) =h (k=D + -1+ r(m;—m_) (k- m))
i=l
t
+ Y ((ei =€)tk = mi = 1) ~maxles i1} m; = mi) + 1), (1)
i=l
Note that,if0<i <[ —1, then m; =0 and ¢; = h;. So, we can also write

t
LHDA=Y (T(mi —-mi—1)(k—m;) +(€; —€i—1) (k—m; — 1) —max{e;, €;-1}(m; —m;—1) + 1)-
i=1
Fori=1,...,t, define

M;{MJ
r
and for j =0,...,t—1, define
Nl 1 1<i<io
N - ’-r-‘ ifl-1=sj<t-1
0 otherwise.

Also, let {0}V A = {0}.

2. Direct Theorems
Theorem 9. Let A be a nonempty finite set of k = 3 positive integers. Let r be a positive integer and
H be a set of t = 2 positive integers with 1 < r <max(H) < (k—1)r — 1. Then
|H" Al = 2H" A). 2
This lower bound is best possible.
Proof. Let A={ay,ay,...,a;} and H = {hy, hy,..., h;} be such that
O<ay<ay<---<ap and O0=hg<h;<hy<---<hy.
Fori=0,1,...,t, write h; = m;r +¢€;, where 0 <¢; <r —1. Then, we have
O=mog<mi<mp<---<my<k-2.

Since [ is a positive integer satisfying h;_; < r < h;, we have m; =0 ande¢; = h; fori =0,...,1 - 1.
Set Sy = @. Define

Si = (hi—hi-)P A; + max{h" A} fori=1,2,..,1,
where

Ai={ay,...,a5_n, ,} fori=12,..,¢t.

Note that §; < hg”A < H A and max(S;) < min(S;41) for all i € [1,7—1]. We shall define sets
T; < h{" A that satistfy T; n S; = @ for i € [0,¢]. Let R; = S;uT; < h\"A, for i =0,1,...,¢. If
i €10, —-1], then define T; = @. So, |Ry| =0 for [ = 1, and by Theorem 1, we have |R;| = |S;| =

(hi—hi—1)(k—1)+1forl=2and i€ [1,]-1]. Ifi € [[,¢], then we define T; for every possible
values of €;_; and ¢;, and consequently find |R;|.

Letie[l,tf] besuchthate;—; =0ande; =0. Then M; =m; —m;_; and N;_1 =m;_1.Let T; = @
in this case. Then by Theorem 3, we have

[Ri| =1S;1+ | T;l
=M;r(k—Nj_1—M;)+(h;i—hj_1—M;r)(k—N;_1-2M; —-1)+1

=r(m; —-m;_1)(k—m;)+(e; —€;—1)(k—m; —1)—e;(m; —m;_1) + 1.
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Let i € [I,t] be such that ¢; > €¢;-; > 0 and m; = m;_1. Then M; = m; —m;—; = 0 and
Ni_1=mj_1+1.For j=0,1,...,¢; —€;_1, define

m;
Ti(?j =(€i —€i-1— J)Ak—m;—1 + (€i-1 + ) Af—pm; + Zl rak—m;+p-
p:
Then, we have max(8;) = Ty < T}, <---< T{, _. =max(h{” A) <min(S;;1). Let
T={10: =1, ei-eiaf. 3)
Then by Theorem 3 and (3), we have
[R;| = 1S;|+ | T3]

=z Mir(k—Nj-1—M;)+ (hi —hi-y = M;r)(k— Nj-1 —2M; = 1) + 1+ (€; —€;-1)

=r(m; —m;_1)(k—m;)+(e; —€;_1)(k—m;—1)—¢€;(m; —m;_1) + L.

Let i € [[,t] be such thate; > ¢;-1 >0 and m; = m;_; +1. Then M; = m; —m;_; =1 and
Niy=mj_1+1=m;. Forj=0,...,e; —€;—1 — 1, define

mi_y
0 . .
T;j=(ei=€i1 = Ak—m;_y -2+ T A=y -1 + €i-1+ [) Ak, + Zl TQk—m;_y+p
p:
. mi_y
T;j=(ei—€i1 = ak-m; 2+ (T =Dag—m;_ -1+ €1+ j+Dagm;_, + 21 TOk—m;_1+p
p:
andfor j=0,1,...,r —¢€;,
o mi_y
Ui,j =(r—pag—m_-1+ €+ a_—m,_,+ Zl Fak—m;_y+p-
p=
Then, we have max(S;) = T°. < T} <79 <T! <...<T0 < T} <UY <U° <
4 i i,O i,O i,] i,l i,eifel-,lfl i,c‘i—é‘i,l—l i,() i,l
e<UY = max(hﬁ.r)A) < min(S;;1). Assume {Tl.oj cj=1..,e—€in1—-1} =9, ife;—€;-1 = 1.
’ 1 ’
Let

T; :{ng:j: 1,...,6,‘—6,‘_1—1}U{Ti1'j:j=0,...,€i—€,‘_1—1}U{Ugj:j=0,...,r—€l'}. 4)
Then by Theorem 3 and (4), we have
IR;| = 1S: +1T;l
= M;r(k—Nj-1—M;)+ (hj —hi-y = M;r)(k— Nj—1 —2M; = 1) + 1+ 2(e; —€;-1) + (r —¢€;)
=r(m;—mi-1)(k—m;) +(€; —€;-1)(k—m; —1) —€;(m; —m;_1) + 1.

Let i € [[,t] be such that €; > ¢;.1 > 0 and m; > m;_; +1. Then M; = m; — m;j_; = 2 and
Ni_1=mj_1+1.Forj=0,...,.e;,—€;.1—land g=1,...,m; — m;_;, define

0 mi—mj—1 mi—
Ti,j =(ej—€i-1— J)Ag—m;—1 + Fag—m;-1+p |+ (€i—1+ Jar—m;_, + Z TF'Ak—m;_1+p>
p:l p:]
q mi—mi_1
Ti,j =(€i—€i-1— J)Ak-m;—1 + TQk-mi-1+p |+ (T =D Ak—m;_ ¢
p=1, p£gmi-mi_1+1-¢q
ni—1
+(€im1+ J+ Doy + Y, Tk +p-
p=1

For j=0,...,r—e;j—land g=1,...,m; —m;_; — 1, define
0 mi—m;_1—1 mi—1
Upj=(r=ag-m + Zl FOie—my+p + €+ J)Ag—m,;_, + Zl IQie—my;_y+p»
pP= p=
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mi—mj_1—1
q _ . ,
Ul.,j =(r—j)ag—m; + Z Tk—myrp |+ (7= D@g-m;_ —q + €+ j+ 1 ag—pm,_,
p=l, pEmi=-mi_1-q
mi—y
+ Z Fk—mj_+p-
p=1

Furthermore, define
k

0 — e
Ui,r—e,- =€ilk-m; + Z rap.
p=k-m;+1
ThenU? = max(hi.r)A) <min(S;41) and
’ l
) = 70 1 . mi—m;_;
max(S;) = Ti,o < Ti,o < < Tl.’0 <
0 1 m;—mi_y
Tl.,1 < Tl.'1 < < Ti,1 <
0 1 m;—mij—_y
Ti,e, €i—1—1 < Ti,ei—ei,l—l < < Ti,ei—e,-_l—l <
0 1 . mij—m;_1—1
U;,o < Ui,O < < Ui,o <
0 1 mi—m;_1—1
Ul'1 < Ul.,1 < < Ul.'1 <
0 1 . mi—mj_1—1 0
Ui,r—ei—l < Ui,r—e,-—l < < Ui,r—ei—l < Ui,rfe,-'

Assume{Tl.Oj:jz 1,....e;—€i_1 -1} =0, ife; —€;_1 = 1. Let

T,-:{ng:jz1,...,e,~—e,~_1—1}u{Ti‘Tj:j=0,...,el~—el~_1—1;q=1,...,m,~—mi_1}
U{Ugj:j:O,...,r—ei}U{Ugj:j=0,...,r—€,~—1;q=1,...,mi—mi_1—1}. (5)
Then by Theorem 3 and (5), we have
[Ri| =1Si1+T;l
> M;r(k— Nj_1 — M;)+ (h; — hj—1 — M;r)(k— Nj_; —2M; - 1) + 1
+(ei—€ei-)mi—mi—y + 1)+ (r —€))(m; —mj—;)
=r(m;—mi-1)(k—m;)+(e;—€i-1)(k—m;—1) —€;(m; —m;—1) + 1.

Let i € [[,t] be such that €; = €¢;-1y >0 and m; = m;—; +1. Then M; = m; — m;_; =1 and
Ni_1=mj_1+1.For j=0,...,r —¢€;, define

nmj—1
U?,j =(r _j)ak—mi_l—l + (€; +j)ak—mi_1 + Z Fag—m;_1+p-
p=1
Then max(S;) = U%, < U?, <---<U? __ =max(h” A) <min(S;.1). Let
T;={U};:j=1,...,r—€i}. (6)

Then by Theorem 3 and (6), we have
[R;| =1S;|+|T;]
= Mﬂ’(k—Nl‘_l —Ml') + (hl — hi—l —Ml-r)(k—N,-_l —ZM,' -D+1+ (r—e,-)

=r(m;—-m;j_1)(k—m;)+(e; —€;—1)(k—m; —1)—e;(m; —m;_1) + 1.



8 Mohan and Ram Krishna Pandey

Let i € [[,t] be such that €; = €;_; > 0 and m; > m;_; +1. Then M; = m; — m;_; = 2 and
Ni_1=mj_1+1.For j=0,...,r—¢;—land g =1,...,m; — mj_; — 1, define

0 mi—m;i_1—1 mi—1
Ui,j =(r—jag—m; + Z TQk—mpvp |+ (€0 + J)Ag—m;_; + Z TFQk—m;_1+p
pil p:l
and
mi—mj_1—1

q _ . .
Ui,]. =(r—jax-m; + ( rakmier) +(r=Dak-m;_—q+ €+ j+1ag—m,_,
p=1, p#mi—m;_1—q
mi—;
+ rak_mi71+p.
p=1

Furthermore, define
m;

0
Uiy e, = €ikm; + 2 TQk-m+p-
p=1
It is easy to see that U?r_g_ = max(hgr)A) <min(S;;1) and

N—7170 1 mi—mj_1—1
max(S,)—Ul.’O< Ui,o < <Ul.,0 <

0 1 mi—mj_1—1
Ul.’1 < Ul.'1 < < Ul.,1 <
0 1 mi—mj_1—1 0
Ui,rfei—l < Ui,r—e,-—l < < Ui,r—ei—l < Ui,rfei'

Let
Ti:{Ugj:j:1,...,r—€,~}U{Ul.qj:j:0,...,r—€l~—1andqzl,...,mi—mi_l—l}. (7
Then by Theorem 3 and (7), we have
IR;| =1Si| +|T;l
2M,-r(k—N,-_l—M,-)+(hl-—hl-_1—M,-r)(lc—Ni_l—2M,~—1)+1
+(r—e;))(m;j—m;_1)
=r(m;i—mi_1)(k—my)+(€;—€i_1)(k—m;—1)—e;(m; —m;_1) +1.

Let i € [I,t] be such that €¢; < €;_1 and m; = m;_1 +1. Then M; = m; —m;_; —1 = 0 and
Ni_1=mj_1+1=m;. For j=0,...,r —€;_1, define
mj—y

0 _ . .
Ty =(r+ei—€im1= )k -1+ €1+ Ak, , + Zl I = +p-
p:

Then max(S;) = Ty < TP} <+ < TP, _. =max(h{” A) <min(S;1). Let

Ti={T);:j=1,...,r—€i1}. 8)
Then by Theorem 3 and (8), we have
[R;| =1S;| + | T;]
= M,-r(k—N,-_l —Mi) + (hl — hi—l —Mil’)(k—Ni_l —ZM,' -D+1+ (I‘—€i_1)

=r(m; —-m;_1)(k—m;)+(e; —€;—1)(k—m;—1)—e;_1(m; —m;_1) + 1.
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Let i € [I,¢] be such that ¢; < €¢;-1 and m; > m;_1+1. Then M; = m; —m;_;—1=1 and
Ni_1=mj_1+1.For j=0,...,r—¢;-1—land g=1,...,m; — m;_; — 1, define

0 mi—mj_j—1 mi_y
Ti,j =(r+ei—€i-1— J)ag-m; + Z TQk—mi+p |+ (€i-1+ [)Ak—m;_, + Z TF'Ak—m;_1+p>
p=1 p=1

mij—mj_1—1
Tﬁ] = (r +€;—€j-1 _j)ak—mi + rak—mi+p + (r_ 1)ak—mi,1—q
p=1, pFmi—mi_1—q

mi—y
+ €1+ j+ Do, + D TAk—m;  +p-
p=1
Define also
mi
0 —c:
Ti,r—ei,l =€iAk—m; + Z Fk—m;+p-
p=1
Itis easy to see that T ___ = max(hﬁr) A) <min(S;41) and
=€
3y — 70 1 mi—mj_1—1
max(S;) = Ti'0 < Ti,o < < Ti,() <
0 1 mj—mj_1—1
Ti’1 < Tiy1 < < Tl.‘1 <
0 1 mi—mj_1—1 0 : .
ir-ei-1 Ti.r—ei,l—l < < Ti,r—e,-_l—l < Ti,r—e,-,l <min(S;+1)-

Let
Ti={T};:j =L, r—eimfU{T] 1 j=0,.,r—ei ~land g =1,...,mj = mi—y ~ 1}, (9)
Then by Theorem 3 and (9), we have
[R;| =1Sil+ T3l
> M;r(k—Nj_1 — M;) + (hj —hj_y — M;r) (k= N;_1 —2M; = 1) + 1
+(r—ei-)(m; —m;_y)

>r(mi—mi-1)(k—m)+(€;—€;-1)(k—m;—1) —€;—1(m; —m;i—1) + 1.

Hence

t -1 t
I[HP A2 Y [Ri|= Y ISil+Y_IS; U Til
i=0 i=1

i=0
-1

=) (hi—hi-)(k-1)+1
i=1

t
+ Y r(mi—mi_1)(k—m;) + (e; —€j—1) (k— m; — 1) —max{e;, €;_1 }(m; — mj_1) + 1
i=l

=h1(k-1D+U-1)

t
+ ) r(mi—mi_1)(k—my+(e; —€i—1) (k— m; — 1) —max{e;, €;1}(m; — mj_1) +1
i=1

=L(H" A).
This proves (2). Next, we show that this bound is best possible. Let H = [1,(k - 1)r — 1],
A=1{1,2,...,k}. Then HP A< [1,2(r = 1) +3r+ -+ kr]. So [HD A s X&+D ;- _ 5 On the other
hand, we have by (2), |[HD Al = w —r —2. This completes the proof of Theorem 9. O



10 Mohan and Ram Krishna Pandey

Remark 10. Following the notation from Theorem 9.
(@ If0=ho<h;<--<hgy_1<(k-1r < hyy <--- < hy < kr with § = 2, then we have

max(h{’ | A) <max_(h{)) A) < max(h{]’ A) < max(h{",, A) < --- < max(h{" A).

So|H" Al = |H) | Al+t—tg+2 = L(H] | A)+1—1o+2, where Hyy—1 = {hy, ..., hyy-1}, fo = 2.
This lower bound is best possible, as that can be verified with A = [1, k] and H = [1, rk].
Clearly, we have |[HD Al = w
(b) fOo=hy<(k—1Dr<h;<---<h;<kr, then
HPA2h" Au{max(h" A):i=2,...,t}.
Therefore
[HOA| = |7 Al + =12 myr(k—my) + (hy — myr) (k—2m; — 1) +1,

where m; = |hy/r]. To check, this bound is best possible, we take A = [1,k] and H =
[(k=Dr kr]. Then HD A= [r+2r+---+(k=1)r,r+2r+---+kr] and hence |[H" A| = kr+1.

Corollary 11. Let A be a nonempty finite set of k = 4 nonnegative integers with 0 € A. Let r be
a positive integer and H be a set of t = 2 positive integers with 1 < r < max(H) < (k—2)r — 1. Let
m = [min(H)/r] and my; = \min(H)/r|. Then
|H" Al = myr(m—my +1) + (min(H) — myr)(m —2my) + Z2(H (A\ {0). (10)
This lower bound is best possible.
Proof. Let A=1{0,ay,...,ax-1} be a set of nonnegative integers with0 < a; <--- < ay_; and H =
{hi, ho,..., l/lt} be a set of positive/ integers with 0 = hg < hy = min(H) < hp < --- < hy = max(H).
Consider A = A\{0}. Then H" A c H" A.
Letm=1[hy/r], hy =mir+e;,where0<e¢; <r-1andB=/{0,ay,...,a,}. Then
(r) (r)
"B H" A
and hgr)B NHDA = max(hY)B) =min(H"A") =ray ++-+ram, +€1am,+1. Hence by Theorem 3
and Theorem 9, we have
|HD A= [n"B| +|H" A'| -1
> myr(m—my +1)+ (min(H) - myr)(m-2m) + L(H” (A\{0D)).
This proves the Corollary. To check optimallity of the bound, take A = [0,k —1] and H =
[1,(k—2)r—1]. Then H” A< [0,2(r—1)+37+---+ (k- 1)r] and |[H" A] < ZKED _ ;1 From (10),
wehavelH‘”Alz@—r—l. O
Remark 12. Following the notation from Corollary 11.
(@ If0=ho<h; <--<hy-1<(k=2)r <hy<---<hy < (k-1)r with 75 = 2, then we have
max(h%)_lA) < max_(h(tg)A) < max(h(tg)A) < max(h(t;)JrlA) <---<max(h" A).
So |H" Al = myr(m—my+1)+(min(H)—myr)(m-2my) + £ (H" (A\{0})) + £ — fp +2. This
lower bound is best possible, as that can be verified with A= [0, k—1] and H = [1, (k—1)r].
Clearly, we have |[HM Al = @ + 1. Also, if we take H = [1,(k - 1)r] U X, where
X < [(k—1r+1,kr], then again |[H" A = ZKE=D 17,
(b) fO0=hy<(k-2)r<h;<---<h;<(k-1)r, then
HPA2h" Au{max(h" 4):i=2,...,t}.
Therefore

IHO A2 1K Al+ £ =12 myr(k—my) + (h —mir)(k—2my — 1)+,
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where m; = [h/r]. To check, this bound is best possible, we take A = [0,k — 1] and
H=[(k=2)r,(k=1r].Then HD A= [r+2r+---+(k=3)r,r +2r+---+ (k—1)r] and hence
|[HD Al = 2k-3)r +1.

Remark 13.

(a) For r = max(H) = h;, Theorem 5 follows from Theorem 9 as a consequence.
(b) For r =1, Theorem 7 follows from Remark 10 and Remark 12 as a consequence.

3. Inverse problem

This section deals with the inverse theorems associated with the sumset H'") A. In this section, we
charaterize the sets A and H, when the cardinality of H") A is equal to its optimal lower bound.
There are some cases in which either A or H or both may not be arithmetic progression but size
of H'") A is equal to the optimal lower bound (called extremal set). See some extremal sets in [6,
Section 3] and [4, Section 2.2]. Here we give some more example of extremal sets.

(1) Let Abeasetof k(= 3) integers and r be a positive integer. If H = {1,rk} or H = {rk—1,rk},
then |H" Al = k+1.

(2) Let A= {aj,az,a;+ax} with0< a; <ay and H € {1,2,3} with r = 1; or A = {0, a1, ap,
a; + ap,} with H< {1,2,3} and r = 1. Then the sets A are extremal sets.

We now present the main inverse results associated with H") A.

Theorem 14. Letr = 1 be a positive integer, A be a nonempty finite set of k = 6 positive integers
and H be a set of t = 2 positive integers with1 < r <max(H) < (k—1)r - 1. If

|H(r)A| — f(H(r)A),

then H is an arithmetic progression with common difference d < r and A is an arithmetic
progression with common difference d * min(A).

Proof. Let A={ay,ay,...,a;} and H = {hy, hy,..., h;} be such that
O<ay<apy<---<arandO0=ho<hy <hy<---<hy.

For i =1,...,t, let h; = m;r +¢€;, where 0 < ¢; < r—1. Let ] be a positive integer such that
hi_y <r < h;, where 1 < [ < t. Since |H"” A| is equal to its lower bound given in (2), we have,
from the proof of Theorem 9 that, |[H"” A| = X.!_, |R;|. This implies that

\Ri| = |h{" Al = myr(k—my) + (b — mur)(k—2my = 1) +1

and |R;i| = |S;| +|Til = r(m; — m;—1) (k — m;) + (€; —€;-1) (k — m; — 1) —max{e;, €;1}(m; —mi—1) + 1,
fori=2,...,t. If h; > 1, then by Theorem 4, the set A is an arithmetic progression. Let h; = 1 and
hy > 2. Then we have

Ri=Aand R, =S, U T>.

Therefore |Sz| is minimum and hence A, = {a;, a, ..., ai-1} is an arithmetic progression. Now we
show that a;_, — ay_» = ay — ay_,. Let my < k—3. We have

Amy+1 <min((hy — 1" A2) + amy 41

<min((hz = 1" A2) + aymy2

<min((hy - 1" Az) + ar_;

<min((hy — 1" A3) + a; = min(Ry).
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We also have Ry = Aand a; < az < -+ < Amy+1 < Amy+2 < -+ < A < min((hy — DV Ay) + ay =
min(R»). So min((hg—l)(r)A2)+am2+i =amy+i+1fori=1,2,...,k—my—1. This gives ay_, — a2 =
aj— Aj—1.
Let my = k—2and e; =0. Then
Q2 <raiy+---+rayp-y
<ray+---+rags+r—1ax_o+ar_
<ray+-:--+rag_z+ ([ —1ax_s+ ar =min(Ry).

This implies that ra; +---+rag_s+ (r—1)ax_ = -1 —ag—2 = ar—aj-1- Let my = k—2ande, = 1.
Then r =2, m; =0 and ag—; <min(h{"” A)) < min(R,). Note that

|Ro|l =2r(k—2)—€2(k—3)

and by Theorem 3
|n{7? Al = 2r(k-2) —ea(k—3) + 1.

Let y be an element of hg)A, which is different from min(hé’ )A). If y¢ Ry, then
r
HYA2{ay,as,...,ar-1} u{min(h{” A), y} U ( U R,').
i=2

This gives |H” Al > Y.!_ |R;|, which is not possible. Therefore y € R,. This gives that hé’ A =
RyuU {min(hg)A)} and

| Al =2r(k—2)—e2(k—3)+1
and so by Theorem 4, A is an arithmetic progression.

Let hy =1 and &y = 2. Then R; = A. Consider Ri ={a1+a;:i=2,...,k—1}, asubset of hg)A.
Then max(R]) < min(Ry) = a; + ai. Therefore R} € R, = A. This gives that a; + a; = a;;1 for
i=2,...,k—1.Also ay = a1 +ax_1 < ax+ai_1 < az + a = min, (Ry) and a; < min(R,) < min, (Ry)
give ap + ay_, = a; + a. Hence A is an arithmetic progression.

Let A= aj +d;-[0,k— 1], where d; is the common difference of A. We show that H is an
arithmetic progression with common difference d and d; = da,. Note that, forall i € [1, - 1], we
have

max_ (R;) < min{(h+1 — k)" Aj 11} + max_(R;) < min(R;y).
But we already know that
max_ (R;) < max(R;) < min(R;41).
So
min{(his1 = h) " Ajir} + max_ (R;) = max(R;).
This implies that
min{(h;+1 — )" Aj1} = max(R;) — max_ (R;) = as+1 — as = ap — a; for some s. a1
Consider the following cases:

(@) Let i € [1,t— 1] be such that ¢; = €;4;7. Then m;.1 > m;. If mjy; — m; = 2, then
min{(hj+1 — h) P Ajp1} = rag + -+ + T@m,;,,—m; > a2 > az — aj, which contradicts (11).
Hence m;.1—m;=1and ra; = (hj-1 — hi)a, = a» — a;.

(b) Let i € [1,£—1] be such that €; < €;41. Then m;y; = m;. If m;;1 — m; = 1, then
min{(hjs1—hi) P Aj1} = rav+ -+ ramg, —m; + €41 =€) Amy, —my+1 > d2 > dp — a1, which
contradicts (11). Hence m;,1 = m; and (€;+1 —€;)a; = (hiz1— hj) a1 = ap — ay.

(c) Let i € [1,¢—1] be such that ¢; > €¢;;;. Then mjy; > m;. If m;y1 > m; +1, then
min{(hjs1 = h) P Aja} = ray -+ T, —m-1 + 5+ €141 — €) Ay —m; > a2 > az — ay,
which contradicts (11). Hence m;y; = m;+1and (r+€;31—€;)a; = (hjz1—hj)ay = ax—a;.
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Hence, (hj11 —hj)a; = ap —a; =d, foreachi=1,...,t—1. So H is an arithmetic progresion with
common difference d < r and d; = da,. This completes the proof. g

Corollary 15. Letr =1 and t > ty = 2 be integers. Let A be a nonempty finite set of k = 6
positive integers and H = {h1, hy, ..., h} be a set of t positive integers with hy < hy <--- < hgp_1 <
(k=1Dr—1<hg < <hg<kr. If(lo,h) # 2,1) and |H? Al = L(H) | A)+ 1~ 1o +2, then H is
an arithmetic progression with common difference d < r and A is an arithmetic progression with
common difference d * min(A), where Hy,—1 ={hy, hy,..., hy-1}.
Proof. Note that

max(Hg)_lA) = max(h(tg)_lA) < rnax_(h(tg] A) < rnax(h(tg) A)< max(h(rglrlA) <---<max(h!" A)
and

H" A2 H | Au{max_ (b A)}u{max(h’ A):i=1,..., 1}.

Therefore \Hg)_lA| =% (Hg)_lA). If fp = 3, then by Theorem 14, Hy,_; is an arithmetic progres-
sion with common difference d and A is an arithmetic progression with common difference
d * min(A). Since (fy, h1) # (2,1), so if £y = 2, then h; > 1. So by Theorem 4, A is an arithmetic
progression.
Claim. If =2, t=fy+1, and Ais an arithmetic progression with common difference d;, then

(1) € <€g-1,
) my-1=k-2,
(3) hj—h;_1=dfori=ty,...,t and the common difference of Ais d; = da,.

Proof of the claim. Note that m;_i1r + €41 = hsy—1 < (k—1)r—1 = (k—2)r +r —1. Hence
My-1 < k—2. Also hyy = (k—1)r and hyy < hy < kr -1, e, hy < kr—-2=(k—1)r+r—2. Thus
(k=1r=hy=<(k-1)r+r-2.Hence my, = k—1and 0 <€, < r —2. Note also that
max(h%)A) =epar+ray+---+rag,
max_(h(tg)A) = (e, + Day+ (r—Dag +---+ra.
(1). Ifey, = €41, then
max(h(tgllA) SY=Tarte+ragomy -1+ € k-myy oy + T k—(mgy -1 A < max_(h(t;) A),
and y e hg ) A, which is a contradiction. Hence €, <€y,-1.
(2). If myy—1 < k-3, then
(r)

max(hto_lA)

<ray+---+ rak—mto,l—Z +(r— (el()—l _efo))ak—mt0,1—1 +€f0—lak—mt0,1 + rak—m10,1+l +--trag

<max_(h{ 4),
which is a contradiction. Hence €4, < €1 and my,—1 = k— 2. Consequently, we can write

max(h(tg)_lA) <(r—(€1y-1—€1)) A1 +€y_1ap +TaA3+ -+ ray < max(h%)A).
But we already know that
max(hggllA) < max_ (h;g)A) < max(hg)A).
This implies that
(r—(eqy—1—€))a1 +€y_1ap+T1a3+-+Tag = max_(h(t;)A),

which gives €41 = r — 1. Therefore hy, — hyy-1 = (k= 1)1 + €4 — (k—2)r — (r —1) = €4 + 1. Now we
have
maX—(h(tg)_lA) <(ep+Dar+rax+(r—Nag+ras+---+rag< max_(h(tg)A).
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We also have
max_ (k| A) <max(h]’ | A) <max_(h{ A).
Therefore
(€, +Vay+raz+(r—Dag+rag+---+ray= max(hg)_lA).
This gives

(€t0 +1)ay=a3—ax = dl.
This implies that a; divides d;, so d; = da; where d =€, + 1. Hence hy, — hy—1 = d.

(3). Nowwe showthat h; —h;_;=dfori=1t+1,...,¢t.

Note that
max_ (1) ) < max (1), 4) <+ < max_ (1" 4) < max({" A)
We already have
max_ (R’ A) < max(h{’ A) < max(h",, A) --- < max(h{" A).
Therefore

max(h"” A) = max_(h"), A),
which gives (€;+1 —€;)ay = a —ay; = dy for i = tp,t0+1,...,t — 1. Hence, H is an arithmetic
progression with common difference d and A is an arithmetic progression with common dif-

ference da;. U
Now we discuss the case when ¢ = t.

Corollary 16. Letr =1 andt =2 be positive integers. Let A be a nonempty finite set of k = 6 positive
integersand H = {hy, hy, ..., h;} bea set of t positive integers withhy <--- < hy_1 < (k—D)r—-1<h; <
kr. If (t,hy) # (2,1) and |HV Al = L((H\ {h )" A) + 2, then H is an arithmetic progression with
common difference d < r and A is an arithmetic progression with common difference d * min(A).
Proof. Note that
max((H \ {ht})(r)A) = max(h(ti)lA) < max_(h(tr)A) < max(h(tr)A)
and
H" A2 (H\ (h) Au{max_(h{" A), max(h\" A)}.

Therefore |H££)1A| = L(H\{hHPA). Also, if t =2 and h; > 1, then by Theorem 4, A is an
arithmetic progression.
Claim. Ift =2, then

D) hea>r,

) erser,

3) my_1 = k—2.
Proof of the claim.

(1). If hy—1 <1, then max(hgr_)lA) = h;_y ai. Note that
hiyap < (e;+Day+raz+(r—1az+---+rap < (e;+Day + (r — Dag +--- + ray = max_(h\"” A),

which is a contradiction. Hence h;_; > r and so m;_; = 1.
Note that m;_1r+€4-1 = hy—1 < (k—-1)r—-1=(k—-2)r+r—1. Hence m;_1 < k—2. Also
(k—1)r < h; < kr —1. Hence m; = k— 1. Note also that

(r) _
max(h;”| A) = €21 ak-m,_, + T Ak—m,_,+1 +- -+ T Ak,
max(hg”A) =€ray+raz+---+rag,

max_ h{" A= (e;+ Day + (r—az +---+ ray.
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(2). Lete;>e€4—1. Then
max(h\"| A) <x=ray +-+ Tk, 1 + €Ak, + T Ah—(my_y—1) + Tk
<sy=ray+eap+raz+---+rag
<€ +Dai+-Day+--—-+rag= max_(h(t”A),
and x,y € h(tr)A. Ifx<yory< max_(hgr) A), then we get a contradiction. So we assume that
X=y= max_(h(tr)A). This implies that ¢, = r — 1 and m,_; = k—2. Since ¢; > €;—1, we have
€1 <r—2. Nowconsider z =ra;+ra+(r—-1ag+ras+---+ray € h(tr)A. Then we have
max(h(tr_)lA) < z<max_ (h(tr) A), which is again a contradiction. Hence €; < €;_;.
3). If m;_1 < k-3, then
(r)
max(ht_lA)
<ray+-+rag—m_ 2+t —(€-1—€))Ak—my_, -1+ €-10k—m,_y + T Q- 41+ -+ 10
< max_(hgf)A),
which is a contradiction. Hence €; < €;_1 and m;_; = k — 2. Consequently, we can write
max(hgr_)lA) <(r—(et-1—€))ar+e€r1a+razg+---+rag< max(hgr)A).
But we already know
max(h", A) <max_(h{" A) < max(h\" A).
This implies
(r—(e;1—€))ay +er1ap+raz+---+rag = max_(hg”A).
This gives €,_1 = r — 1. Therefore h; —h;—; = (k—1)r +e; - (k—2)r — (r — 1) =€, + 1. We have
max_(h(ti)lA) <€+ Day+rax+-Daz+ras+-—+ra; < max_(h(tr)A).
We also have
max_ (h\”| A) < max(h{"”| A) < max_(h{" A).
Therefore
(er+Day+rax+F—-Das+rag+---+rag= max(hgr_)lA).
This gives
(er+1)ay=as—ay. 12)
If t = 3, by Theorem 14, H\ {h;} is an arithmetic progression with common difference d < r and
A is an arithmetic progression with common difference d * min(A). Therefore
(e;+Nar=az—ax =da,

which implies h; — h;—; = €2+ 1 =d. Hence, if t = 3, H is an arithmetic progression with common
difference d < r and A is an arithmetic progression with common difference d * min(A). If r =2,
then H = {hy, hy} is an arithmetic progression with common difference d = hp —h; =e; +1 < r.
Since hy > 1and |H\" A| = L(H\ {h})" A) = |\ Al = myr (k- my) +e1(k—2m; —1) +1, we have
from Theorem 4 that A is an arithmetic progression with common difference da; from (12). O

Corollary 17. Let r = 2 be a positive integer and A be a nonempty finite set of k = 6 positive
integers and H be a set of t = 2 positive integers with (k—1)r —1 < min(H) < max(H) < kr. Let
my = lmin(H)/r]. If

|HD Al = myr(k = my) + (hy — myr)(k—2my = 1) + ¢,

then H is an arithmetic progression with common difference d < r — 1 and A is an arithmetic
progression with common difference d = min(A).
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Proof. Note that
max(hy’ A) < max(h{” A) < --- < max(h\" A)
and
HP A2 h" Au{max(h{” A):2<i<1t}.
Therefore |h§r)A| = myr(k—my)+(hy—myr)(k—2m; —1)+1 and by Theorem 4, A is an arithmetic
progression. Assume d; is the common difference of A. Note that
max_ (h\" A) <max_(h)’ A) < --- < max_(h{"” A) < max(h{"” A).
We already have
max_ (h\” A) < max(h{” A) < max(h)” A)--- < max(h\” A).
Therefore
(r) ) = (r)
max(hl.r A)= max_(hl.:lA),
which gives (e;41 —€j)ay = ap —ay = dy for i = 1,2,...,t —1. Hence, set H is an arithmetic

progression with common difference d < r — 1 and set A is an arithmetic progression with
common difference d * min(A). 0

Corollary 18. Let r be a positive integer, A be a finite set of k = 7 nonnegative integers with 0 € A,
and H be a set of t = 2 positive integers with 1 < r < max(H) < (k—2)r — 1. Let m = [min(H)/r]
and my = |min(H)/r]. If

|H" Al = myr(m—my +1) + (min(H) - myr)(m —2my) + Z(HP (A\ {0h), 13)

then H is an arithmetic progression with common difference d < r and A is an arithmetic
progression with common difference d » min(A\ {0}). Moreover, if min(H) > 1, thend = 1.

Proof. Let A=1{0,ay,...,ax-1} be a set of nonnegative integers with0 < a; <--- < ay_; and H =
{h1, hy, ..., hi} be set of positive integer such that hy < hy <--- < k. From (13) and Corollary 11,
we have

|n"B| = mir(m—my + 1)+ (b — myr)(m—2my) +1
and

|H(T)A/| — f(H(r)(A’)),

where A' ={a,,ay,...,ar_1} and B =10, ay,..., any} with m = [h1/r]. Then by Theorem 14, H is an
arithmetic progression with common difference d < r and A’ is an arithmetic progression with
common difference d * min(A’). Now, we show that d = 1, if h; > 1. To show that d = 1, it is
sufficient to prove that the common difference of arithmetic progression A is a;. If r = 1, then
d = 1. Assume r = 2. Now, define R; = S; U T; for the set A’ as it was defined in Theorem 9. So

Ri=S=h"Ach’A
Now max(hir)A’) = max(hi”A) implies that hi”A N Ry = @. We write
|HO Al = mir(m=my + D+ (hy —myr)(m—2my) + |h{D A'|
# Y (romi = mi ) (k= mi =1+ (e — ;1) (k = m; = 2)
i=2

~ (maxie, e, 1) (m; = mi-)+1). - (14)

If hy = myr +e; with m; =1 and ¢; = 1, then m = m; + 1 and so |B| = 3. Since |h§r)B| =
myr(m—my+1)+(h;—myr)(m—2m;)+1, Theorem 4 implies that B is an arithmetic progression
with common difference a;. Furthermore, as A’ is also an arithmetic progression, we have
A= BU A'is an arithmetic progression with common difference a;.
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If hy = myr+e€; with m; =0ore; =0, then m =1 or m; = m. Since
KOBURP A ch”Aand K" AnR, = g,
we have from (14) that
| Al = "Bl + [ A'| -1
=mrm-mp+ 1)+ —mr)(m-2my)+mr(k—m;—1)+(hy—mr)(k—-2m; —2)+1
smr+h—mr)+mrk—-m; -1+ —mr)k—-2m;—2)+1
=mrk—my))+ M —mr)k-2m;—-1)+1.
This gives
|h§r)A| =mrk—m)+h —mnr)(k—m;—1+1.
So, by Theorem 4, A is an arithmetic progression with common difference a;. This implies that

d =1. Hence,
H=h;+[0,t—1] and A=min(A\{0}) = [0, k—1]. O

As a consequence of Corollary 15, Corollary 16, Corollary 17 and Corollary 18, we have the
following Corollaries.

Corollary 19. Letr =1 and t > ty = 2 be integers. Let A be a nonempty finite set of k = 7
nonnegative integers with 0 € A and H = {hy,hy,...,h;} be a set of t positive integers with
h<hy<--<hg1<(k=-2r=1<hy<--<h <(k=1Dr. If (fo, 1) # (2,1) and |H A| =
myr(m—my+ 1)+ min(H) — myr)(m-2my) + L(H" (A\{0)) + £ — to + 2, then H is an arithmetic
progression with common difference d < r and A is an arithmetic progression with common
difference d * min(A\ {0}). Moreover, ifmin(H) > 1, thend = 1.

Corollary 20. Letr =1 and t =2 be integers. Let A be a nonempty finite set of k = 7 nonnegative
integers with0 € A and H = {hy, hy,..., h;} be a set of t positive integers with hy < hy <--- < h;_1 <
(k=2)r—=1<h; < (k-=1Dr. If(t,hy) # (2,1) and |H" Al = myr(m—my + 1) + (min(H) — myr) (m —
2my) + $(H(” (A\ {O})) +2, then H is an arithmetic progression with common difference d < r and
A is an arithmetic progression with common difference d = min(A\ {0}). Moreover, if min(H) > 1,
thend =1.

Corollary 21. Letr =2 be a positive integer and A be a nonempty finite set of k = 7 nonnegative
integers with 0 € A and H be a set of t = 2 positive integers with (k —2)r —1 < min(H) < max(H) <
(k=1)r. Let my = lmin(H)/r]. If

|H" Al = myr(k = my) + (min(H) — my 1) (k—2m; — 1) + £,

then H is an arithmetic progression with common difference d < r — 1 and A is an arithmetic
progression with common difference d * min(A\ {0}).

4. Conclusions

In Section 1.1, we have already discussed the relation between generalized H-fold sumset and
subsequence sum. Choosing a particular H we get some results of subsequence sum.

Corollary 22 ([7, Theorem 2.1]). Let k and r be positive integers. Let A be a finite sequence of
nonnegative integers with k distinct terms each with repetitionsr.

If0¢ A andk =3, then
rk(k+ 1)

Y (A) =

If0eA andk =4, then
rk(k 1)
2

Y A)=1+
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The above lower bounds are best possible.

Proof. If 0 ¢ A, then taking H = [1, kr] in Remark 10 (b), we get Y (A) = @ If 0 € A, then
taking H = [1, kr] in Remark 12 (a), we get }_(A) = l+w. U

Corollary 23 ([7, Theorem 2.3]). Let k and r be positive integers. If A is a finite sequence of
nonnegative integers with k distinct terms each with repetitionsr.

If0¢A, k=6and

rk(k+1)
YA = ——,
2

then A =d (1, k], for some positive integer d.

If0eA, k=7and

. rk(k-1)
YA =1+ TR

then A = d « [0,k — 1], for some positive integer d.

Proof. If 0 ¢ A, then taking H = [1, kr] in Corollary 15, we get A = d * [1, k], for some positive
integer d. If 0 € A, then taking H = [1, kr] in Corollary 19, we get A = d * [0,k — 1], for some
positive integer d. U

Taking H = [a, kr] in Theorem 9 and Remark 10 and taking H = [a, (k—1)r] in Corollary 11 and
Remark 12, we get the following result.

Corollary 24 ([4, Corollary 3.2]). Letk=4,r =1 and a be integers withl < a < kr. Let me [1, k]
be the integer such that (m—1)r < a < mr. Let A be a finite sequence of nonnegative integers with
k distinct terms each with repetitionsr.

If0¢ A, then

Y (A) = rk(];H) - rm(;;1+1) +m(mr—a)+1.
a

If0€A, then

Y (A) = rk(];_ D_ rm”:_ D m-Dmr-ay+1.
a

The above lower bounds are best possible.
Taking H = [a, kr — 2], Theorem 14 and Corollaries 15-21 give the following result.

Corollary 25 ([4, Corollary 3.5]). Letk =7, r = 1 and a be integers with 1 < a < kr —2. Let
m € [1, k] be the integer such that (m—1)r < a < mr. Let A be a finite sequence of nonnegative
integers with k distinct terms each with repetitionsr.

If0¢Aand

Z(A) = rk(l;+ 1) - rm(r2n+ 1 +mimr—-—a)+1,
a

then A =d « (1, k] for some positive integer d.
If0eA and

Z(A) = rk(l;— L_ rm(’:_l) +(m-1)(mr-a)+1,
a

then A = d * [0, k — 1], for some positive integer d.
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