INSTITUT DE FRANCE

Académie des sciences

Comptes Rendus

Mathématique

Mourad Choulli

Stable determination of the nonlinear term in a quasilinear elliptic equation by
boundary measurements

Volume 361 (2023), p. 1455-1470

https://doi.org/10.5802/crmath.484

[cOCEE| This article is licensed under the
CREATIVE COMMONS ATTRIBUTION 4.0 INTERNATIONAL LICENSE.

http://creativecommons.org/licenses /by /4.0/

MERSENNE

Les Comptes Rendus. Mathématique sont membres du
Centre Mersenne pour I’édition scientifique ouverte
www.centre-mersenne.org
e-ISSN : 1778-3569


https://doi.org/10.5802/crmath.484
http://creativecommons.org/licenses/by/4.0/
https://www.centre-mersenne.org
https://www.centre-mersenne.org

Comptes Rendus
Mathématique

2023, Vol. 361, p. 1455-1470
https://doi.org/10.5802/crmath.484

Partial differential equations / Equations aux dérivées partielles

Stable determination of the nonlinear term in
a quasilinear elliptic equation by boundary
measurements

Mourad Choulli "4

@ Université de Lorraine

E-mail: mourad.choulli@univ-lorraine.fr

Abstract. We establish a Lipschitz stability inequality for the problem of determining the nonlinear term in a
quasilinear elliptic equation by boundary measurements. We give a proof based on a linearization procedure
together with special solutions constructed from the fundamental solution of the linearized problem.
Mathematical subject classification (2010). 35R30.

Funding. The author supported by the grant ANR-17-CE40-0029 of the French National Research Agency
ANR (project MultiOnde).

Manuscript received 14 June 2022, revised 18 November 2022 and 28 February 2023, accepted 28 February 2023.

1. Introduction

1.1. Statement of the problem

Consider on a bounded Lipschitz domain Q of R” the quasilinear BVP

{ div(a(u)AVu) =0 inQ,
ur = f,

where a is a scalar function and A is a matrix with variable coefficients, and I' is the boundary of
I'. Assume that we can define the map A, : f — a(u) AVu(f) - v between two well chosen spaces,
where u(f) is the solution of the BVP (1), when it exists, and v is the unit exterior normal vector
field to I'. In the case where a is supposed to be unknown we ask whether A, determines uniquely
a. This problem can be seen as a Calderén type problem for the quasilinear BVP (1). We are mainly
interested in establishing a stability inequality for this inverse problem.

e8]
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1.2. Assumptions and notations

Throughout this text, 0 < a < 1 and Q is a C>* bounded domain of R” (n = 3) with boundary T
Fix A = (a'/) € CH*(R",R™") satisfying (a'/ (x)) is symmetric for each x € R",

KNP = AWE-E xEeR”, 2)
and
max aij‘ <K, 3)
1<i,j<n Cha(rm?)

where x > 1 is a given constant.
Pick s > 0. Let p: [0,00) — [37,00) and v : [0,00) — [0,00) be two nondecreasing functions. If
o = p(n,|Q|) denotes the constant appearing in (6) then consider the assumptions

(al) ae C'(R), a=sxand g, = a'lae C¥ (R).
(a2) a(z) < u(p'lzl), zeR.
@3) |d'(2)| <y(p 'lzl), z€R.

Let ¥ : [0,00) — [0,00) be another nondecreasing function. We need also to introduce the
following assumption,

(@l) ae C*R), a=sxand|a’(2)| <y 'lzl), zeR.

Note that (1) implies (al).

The set of functions a : R — R satisfying (al) (resp. (al), (a2) and (a3) is denoted hereafter by
o (resp. ).

In the rest of this text 'y denotes a nonempty open subset of I'. We define Hllé 2(I) as follows

Hlléz(r) ={fe HY2(D); supp(f) cTo}.

We equip H}éz (') with the norm of HY/2(I).
Also, fixT'; g an open subset of T"and y € C(‘)’O(Fl) sothat y =1in fo.
For any t € R, §; will denote the constant function given by f,(s) = ¢, seT.
Finally,
Cm = Cm(n,Q,x,5c,a,u(m),y(m)) >0, m=0,
cl = C%(n,Q,K,%,a, m, u(m),y(m)) >0, m=0,

C}ﬂ = C;,l(n, Q) K,», &, m, l.l(m), Y(m)y?(m)yr())rl) > 07 m= O)

will denote generic constants.

1.3. Main result

We show in Subsection 2.1 that, under_ assumption (al), for each f € C%%(T') the BVP (1) admits
a unique solution u, = uy(f) € C>%(Q). Furthermore, when a satisfies both (al) and (a2) the
Dirichlet-to-Neumann map

Ag:C*¥I) — H'2(M): f— a(u) AVuy(f)-v

is well defined, where v is the unit normal vector field onT.
Set C?;)“(l“) = {f € C>%(I); supp(f) < Iy} and define the family of localized Dirichlet-to-
Neumann maps (A%) < as follows

Ay feCHAM) = xha(fi+ ) e HV2D), teR.
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We will prove in Subsection 2.2 that, under the assumption (a3), for each t € Rand a € <7, K;
is Fréchet differentiable in a neighborhood of the origin. Furthermore, dA ;(0), the Fréchet dif-
ferential of A/, at 0, has an extension, still denoted by d A (0), belonging to % (H%(’) 2m), H Y21y,
and

sup [|[dA%(0) “Op <oo, T>0.
ltl=T

Here and Henceforth | - |op stands for the norm of %(H}éz(F), H™12(Dy).
We remark that since C?O“ (I") is dense in H%[/) 2(I') the above extension of dK;(O) is entirely
determined by dA%(0).

Theorem 1. Foranya;,ay € o andt >0 we have

lar — a2llc-r,m) < C% sup || d]\;l 0) — d/‘;z 0) Hop .
|tl<T

The following uniqueness result is straightforward from the preceding theorem.

Corollary 2. Let a; € C*(R) satisfies aj = », j = 1,2. Then AL, = A!, in a neighborhood of the
origin for each t € R implies a; = a,.

It is worth noticing that if a; and a, are as in Corollary 2 then a; and a; satisfy also (a2), (a3)
and (al) with

u(r)=|rzr|1g§1=1%>§aj(QZ), Y(T):E}?T‘?:l?é d}(Qz)‘, 720,

and

¥(t) = max max a’((pz)|, 720.
lzl=T j=1,2 J
These y, y and ¥ depends of course on a; and a,.
We also emphasize that Theorem 1 and Corollary 2 show that the determination of the
nonlinear term in fact can be done only through the knowledge of the Dirichlet-to-Neumann
map on an arbitrary subset of the boundary.

1.4. Comments

There are only very few stability inequalities in the literature devoted to the determination of
nonlinear terms in quasilinear and semilinear elliptic equations by boundary measurements.
The semilinear case was studied in [5] by using a method based on linearization together with
stability inequality for the problem of determining the potential in a Schrédinger equation by
boundary measurements. The result in [5] was recently improved in [4]. Both quasilinear and
semilinear elliptic inverse problems were considered in [13] where a method exploiting the
singularities of fundamental solutions was used to establish stability inequalities. This method
was used previously in [3] to obtain a stability inequality at the boundary of the conformal factor
in an inverse conductivity problem. We show in the present paper how we can modify the proof
of [3, (1.2) of Theorem 1.1] to derive the stability inequality stated in Theorem 1. The localization
argument was inspired by that in [13].

There is arecent rich literature dealing with uniqueness issue concerning the determination of
nonlinearities in elliptic equations by boundary measurements using the so-called higher order
linearization method. We refer to the recent work [2] and references therein for more details. We
also quote without being exhaustive the following references [1,6,7,9,10,12,14-21] on semilinear
and quasilinear elliptic inverse problems.
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2. Preliminaries
2.1. Solvability of the BVP and the Dirichlet-to-Neumann map

Suppose that a satisfies (al) and introduce the divergence form quasilinear operator
Q(x,u,Vu) =div(a(u)AVu), xe€Q, ue CZ(Q).

The following observation will be crucial in the sequel : u € C?(Q) satisfies Q(x, u, Vu) = 0 in Q if
and only if

n ..
Qo(x,u,Vwy = Y a¥(x)07;u() +b(x,u,Vu) =0, x€Q, )
i,j=1
where
b(x,z,p)=B(x)-p+qa(2)Ax)p-p, x€Q, zeR, peR”,
with

n s
Bj(x)=) 0;a"(x), x€Q,1<j=<n.
i=1
As b(-,-,0) = 0 one can easily check that Qy satisfies to the assumptions of [8, Theorem 15.12,
page 382]. Let f € C>%(T). Il light of the observation above we derive that the quasilinear BVP

{ div(a(u)AVu) =0 inQ,
ur=f,
admits a solution u, = u,4(f) € C%%(Q)). The uniqueness of solutions of (1) holds from [8,

Theorem 10.7, p. 268] applied to Q.
Also, as

(5)

a@)p-AX)p = »x tpl?
we infer from [8, Theorem 10.9, p. 272] that

mﬁxlua(fn 50m1?X|f
Q

) (6)

where p = o(n, Q).
On the other hand according to [8, Theorem 6.8, p. 100], for each f € C%(I), there exists a
unique & f € C>%(Q) satisfying
AEf=0inQ, Efir=f,

and from [8, Theorem 6.6, p. 98] we have
1€ fllcze =€l fllczeqy, 0

where ¢ =c(Q,a) > 0.
Assume that a satisfies (al) and (a2) and let f € C%>*(T). Then straightforward computations
show that v = u,(f) — & f is the solution of the BVP

{ —div(a(ua(f)AVr) = div(a(us(f))AVESf) inQ,

vr = 0. ®

Multiplying the first equation of (8) by v and integrating over Q. We then obtain from Green’s
formula

f a(uq(f)) AVv-Vvdx = —/ a(uq(f)) AVEf-Vvdx.
Q Q
Set
By = {fe 2% (T); mrax|f| < m}
If f € %,, then the last identity together with (6) yield

%K_l ”VU”iZ(Q] = Kﬂ(m) ||Véaf”LZ(Q) ”VV”LZ(Q)!
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which, combined with the fact of w € H'(Q) — [|[Vw/| ;2(q, defines an equivalent norm on Hy (<),
implies
” U”H1(Q) = N,u(m) ||f“ c2a) -
Here and henceforth, X = RX(n,Q, «, >, a) > 0 is a generic constant.
Whence

lea (£)| o) = Rulm) ||f||c2va(r)' )
We endow H'2(I') with the quotient norm
”(P”HIIZ(F) = mln{” U”HI(Q); Ve (p}, (P € HI/Z(F),
where
¢ ={ve H'(Q); vr = ¢}.
For each 7 € H™1/?(I') we define yy by
<X‘//’(P>1/2 = <W’X(p>1/2’ e Hl/z(r)’

where (-,-)1/, is the duality pairing between H'/2(I') and its dual H~'/?(I').
It is not difficult to check that yy € H~'/2(I'), supp(yw) c T'; and the following identity holds

W, @)1= W o172, @€ HEZ (D). (10)

This identity will be very useful in the sequel.
Let ¢ € H'2(I') and v € ¢. Appying Green’s formula, we get

fra(f)AVua(f)-v<pds=fga(ua(f))AVua(f)-Vvdx.

We recall that v is the unit exterior normal vector field onT'.

Using that u,(f) is the solution of the BVP (1), we easily check that the right hand side of the
above identity is independent of v, v € ¢.

This identity suggests to define the Dirichlet-to-Neumann map

Ag:C**T) — H V2D,

associated to a, by the formula

(Na(F) )15 =La(ua(f))AVua(f)-dex, pe H?(), ve .

Using (9), we get
”Aa(f)”Hfl/Z(r) = Nﬂ(m)znf‘”cla(r), f € t%rn (]-1)

2.2. Differentiability properties

We need a gradient bound for the solution of the BVP (1). To this end we set
B ={f € B | fllcraqy <€ 'm}, m>0,

where c is the constant in (7).

Fix f € $;, and a € /. We apply [8, Theorem 15.9, p. 380] with ¢ = cg’flllé’fllcz@ and
u= ua(f)/ll(ffllcz(ﬁ) which is the solution of (1) when a(z) is substituted by a(ll(ffllcg(ﬁ) z). We
obtain

max|Via(f)] = Co, I fll co.ary- 12)
Q

Next, we establish that A4, a € &7, is Fréchet differentiable in a neighborhood of the origin. For
1> 0 define

B = {fe BN CI%'Oa(F); I1fllcz.aqry < 77}'
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Lemma 3. Let m > 0. There exists N, = Nm(n,Q,x, 52, a, m, u(m),y(m)) > 0 such that for each
a€ o/ we have

l1a() = ua(@ | g < Cmll f — gl ey, fr8€ By,

Proof. Letn >0 to be determined later. Pick f, g € %), and set h = g — f. Let 0 = a(u,(g)) and

1
p(x)=f0 a' (ua(f)(x) + tua(@ ) —ua(H)])dt, xeQ.

It is then straightforward to check that u = u,(g) — u,(f) is the solution of the BVP

{ —div(c AVu) = div(puAVuu(f)) inQ,
ur = h.

We split u into two terms u = &h + v, where v is the solution of the BVP

—div(oc AVv) —div(prAVu,(f)) =div(F)  inQ,
vr =0,
with
F=0AVEh+ qERAVu,(f).

Applying Green’s formula, we find

fcrAVv-Vv+f qvAVuu(f)'sz—f F-Vu.
Q Q Q
From (12) and Poincaré’s inequality we derive

w2k HIVUIE, o = ComlVI22 ) < Cul VUl 2oyl All 2y

2 2
12(Q) L2(Q)

If n =1, is chosen sufficiently small is such a way that
ekt — Comn > %K_I/Z,
then we obtain
VUl 2y < Cmll Bl c2.ary,
from which the expected inequality follows readily. 0
In the sequel n,,,, m > 0, will denote the constant in Lemma 3.
Lemmad4. Pickac o/ andm>0. Then
1Aa(f) = Aa@ N 120y < Cll f — gllczary, fr8€ B
Proof. Let f,g e %" For ¢ € H'/?>(I) and v € ¢, we have
(Aa(@ = Aa(f) @) =11+ Do,
where
= [ [a(ua(8) - a(ual)] AVualg)-Vods,
L= fQ a(ua(f)) A[Vua(g) - Vua(f)] - Vvdx.
We can proceed similarly to the proof of Lemma 3 to derive that

1] = Cm | ta(®) — ta(Dl| g1 10111 T =12

The expected inequality follows easily by using Lemma 3. d
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Let f € 98", Similarly to the calculations we carried out in the proof of Lemma 3, we show
that the bilinear continuous form

b(v,w):f [a(ua(f)) AVv+d (ua(f)) vAVUL()] - Vwdx, v, we Hy(Q),
Q

is coercive. In light of Lemma 12, we obtain that the BVP

{ div[a(uq(f)) AVv+a (ua(f)) vVua(f)] =0 inQ, 13)
Ur =h,
admits a unique weak solution v, = v,(f, h) € H'(Q) satisfying

lvalf, W] 10y < Cll Rl ey (14)
and hence

lvalf, ] 0y < Cmlill c2ary.- (15)

We refer to Appendix A for the exact definition of weak solutions.
Next, picke >0such that f+ he ,%Z,'" foreach h e C?:)“ (I') satisfying || |l c2.« ) < €. Set then

w = ua(f +h) = ua(f) = val(f, h).
Simple computations show that w is the weak solution of the BVP

{ div[a(ua()) AVw + a' (ua(f)) wVua(f))] =div(F) inQ,
wr =0,

with
F=d (ua(f)) [tta(f + 1) = ua(f)] Vita(f)
—a(ua(f + ) - a(ua(f))] Vua(f +h)
={d (ua(D) [talf + 1) — ua(H)] - [a(ualf + W) - a(ua(H)]} Vita(f)
+[a(ua(f + M) = a(ua()] [Viea(f) = Vua(f + ).

In particular, we have
b(w,w)zf F-Vuw. (16)
Q
Using that
a (ua(f)) [ua(f + 1) —ua(f)] - [a(ua(f +h) - a(ua(f))]
1
= [ua(f + ) — ua(f)] fo (@' (1a(f) = a' (ua(f) + t (ua(f + h) — ua(f))] dt,
and the uniform continuity of @’ in [-pm, pm], we obtain
|’ (ua(h) [ualf + 1) = ua(H] = [a(ualf + W) = a(ualF)]| iy = 0 (IRl c2ar).-
On the other hand similar estimates as above give
I[a(ua(f +m) = a(ua()] [Vita(H) = Vitalf + W] || g1y < Conl Bl -
The last two inequalities together with (16) yield
lwll g q) = 0(||h||c2.a(r)) .
In other words we proved that f € %nm'” —u,(f)eH 1(Q) is Fréchet differentiable with
dua(f)(W) = va(f,h), feBy", heCrrD).

Using the definition of A, we can then state the following result.
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Proposition 5. For each m >0, the mapping
feRy —Na(H)e H D)
is Fréchet differentiable with

(dDa(N, @)y =fQ [a(ua(f)) AVVa(f, 1) +a' (ua(P) valf, ) AVUL(f)] - Vvdx,
feBy, he CLYI), e HV2(T) and v e ¢.

The fact that dA,(f), [ € ,%Zlm, is extended to a bounded linear map from H%(/) 2(I) into
H~12(I') is immediate from (14).

Remark 6. If the assumption (al) is substituted by the following one

@1) acCY'®), az,
then one can prove that f € B)" — v,(f,") € %(Cﬁ“ (), H'(QY)) is continuous. In that case
fe %Z{” —Ng(f)eH -2y s continuously Fréchet differentiable.

3. Proof of the main result

As we already mentioned we give a proof based on an adaptation of [3, proof of (1.2) of Theo-
rem 1.1] combined with a localization argument borrowed from [13].

3.1. Special solutions

We construct in a general setting special solutions of a divergence form operator vanishing
outside T'y. To this end, let 2 = (/) € C1*(R",R"*") satisfying

ATNEP < AW)E-E, xeR”, (eR”,

and
Al <2

max =
Cl,a(Rn)

1<i,j<n

’

for some constant 1 > 1.
Recall that the canonical parametrix for the operator div((V-) is given by

[A ) x—p)-(x= )] &P

Hx,y) =
(n—2)|S"1 [det(p)]

X, VER™, x#y.

/2 7’

Theorem 7. [ [11, Theorem 3, p. 271]] Pick Qg > Q. For each y € Qy, there exists uy € C%(Qo \ {y})
satisfying div(AVu) = 0 in Qp \ {y},

luy(x) — H(x, y)| < Clx =y "%, xeQp\ {1},

|Vuy(x) - VH(x, )| < Clx -y "%, xeQo\{y},
where C = C(n,Qp, a,A) >0.

Pick xg € 'y and let rp > 0 sufficiently small in such a way that B(xy, ro) N\I" € I'g. As B(xy, ) \Q
contains a cone with a vertex at xo, we find 8y > 0 and a vector ¢ € $"! such that, for each
0 <6 <&y, we have y5 = xo +6& € B(xg, 19) \ Q and dist(y5, Q) = ¢d, for some constant ¢ = ¢(Q) >0
(see Figure 1 below).

In the sequel Qo = QU B(xg, r9) and us = uy;, 0 < 0 < 8y, where Uy, is given by Theorem 7.
Reducing d if necessary, we may assume that

dist(ys,0Q0) = r0/2, 0<8 <6y. 17
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On the other hand, using that the continuous bilinear form

bo(w,v)= | AVu-Vu, u,ve H(Qp),
Qo

is coercive, we derive that the BVP

{ divRIVy) =0 inQy, (18)
V1oQy = Us,
admits a unique weak solution vs € H'(Q) satisfying
” V‘S”HI(Q()) = C” u&"Hl/Z(aQO), 0<5S60. (].9)
where C = C(n,Qp,A) > 0.
Lemma8. We have
“ Us “HI/Z(F) < C, 0< 6 < 60, (20)
whereC =C(n,Q,a, A, x9,1g) > 0.
Proof. Let Q = {x € Qp; dist(x,0Q0) < ro/4}. By the continuity of the trace operator, we have
lusll grzpa,) < Cllusligg), 0<6<do, (21)
for some constant C = C(Qy, 19) > 0. Then in light of the inequality
lusll gy < llus — HC, ys) gy + 1HC y5)lgngy,  0<6 < 6o,
(17) and Theorem 7 we obtain
lusll gy =C, 0<6 <y, (22)
where C=C(n,Q,a, A, xg,19) > 0.
A combination of (19), (21) and (22) then implies
“Ué‘”Hl/Z(F)SC, 0<6560,
where C is as above. [l

Let P € L™(R",R") satisfying || Pl ;=@ < A and consider on Hy(Q) x Hy(Q) the continuous
bilinear forms

b(u,v) :f [RAVu+uP]-Vu, u,ve Hy(Q).
Q
b* (u,v) =f [RAVu-Vv—vP-Vul, u,ve HyQ).
Q
We assume that b and b* are coercive: there exists ¢y > 0 such that
b(u,u) = collull gy 0 (w1 = collull ) u€ Hy(Q)

Let f € H'/?(I'). From Lemma 12 and its proof the BVP

{ divRIVu+uP)=0 inQ, ©23)
ur = f,
has a unique weak solution u(f) € H L satisfying
Nl ) < CIFI gz, (24)
where C=C(n,Q,A,cy) >0.
Similarly, the BVP
divRIVu*)—P-Vu*=0 inQQ,
. _ (25)
ur =1

admits unique weak solution u*(f) € H L satisfying

@ POl i < CIF ey (26)
()
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where C is as in (24).
Set f5 = (us — vs)r € HY2(T),0< 6 <6,. By construction we have vs = us on 0QyNIT 3 T'\T.
Hence supp(f3) < I (see Figure 1 below). That is we have f5 € H[./*(T).

B(xo,ro)

Figure 1.

Until the end of this subsection C = C(n,Q, A, a, ¢y, X9, 7o) > 0 denotes a generic constant.
For 6 > 0 define

1, n=3,
0,(6) = { IIn§|"2, n=4,
522 p>s,

Lemma9. Let0 <8 <6y and denote by ws € H' (Q) the weak solution of the BVP (23) when f = f5.
Then ws = H(-, ys) + zs with

Iz51l g1 () = CLR(6).
Proof. We first note that Z5 = ws — us € H' (Q) is the weak solution of the BVP

{ —div(AVZ +zP) =div(usP) inQ,
Z|r = —VUs,

It follows from Lemma 13 that
“Z(SHHl(Q) = C(" V(S”HI/Z(F) + |l u5||L2(Q))-

Using that dist(ys, Q) = ¢ (and hence Q c B(R, y5) \ B(y5, ¢8/2) for some large R > 0 independent
on ) we easily derive from Theorem 7

lusll 2 < C€n(0).
We combine this estimate with (20) in order to obtain
1251l g () < C€n(6). 27)

Let z5 = Zs+us— H(-, ¥5). Then we have the decomposition ws = H(:, y5)+zs. Using once again
Theorem 7 and (27), we obtain
| z6 Il ;2 = C?,(6)

as expected. d
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Lemma 10. Assume that P € WY (Q) with IPllyreoqy = A. Let 0 < § < &g and denote by
wg € H'(Q) the weak solution of the BVP (25) when f = f5. Then ws = H(-, y5) + z5 with

” Zs ” @ = Cln(0).
Proof. As Zj = wj — us is the solution of the BVP

divRIVZ*)-P-VZ* =P-Vus inQ,
er =—-Us,

we obtain from Lemma (14)

1251 10y = C (lwsll gz + lusll 2 ) -

The rest of the proof is similar to that of Lemma 9. g

3.2. Stability of determining the conformal factor at the boundary

Suppose that 2 = g A, where A is as in Section 1 and o € CV'%(R"), define
A, HY2(T) — H-V2(T)
as follows
(Ao () @),)n = fﬂ [0AVus () + us()P]-Vv, @€ HLPT), veg.
where u; (f) is the solution of (23) when 2 = o0 A. We also consider
Ag: f € HP(D) — yAg(f) € H'(D).

Pick P;, j = 1,2 satisfying the assumptions of Lemma 10.
Letu; = Ug; when P=Pj, Aj= Aaj, j=12.Settheno=0,—-0y, P=P;— Py and u=u; — up.
With these notations we have

((AI—AZ)(f),lqr)l/z:‘[QUAVul(f)-Vv+fQUZAVu-VU
+f [w(HP-uPy]-Vv, veH(Q).
Q

We use this identity with v = v*(g), g € H'/?(I'), the weak solution of the BVP
{ div(o2 AVv*) =P, -Vv* =0 inQ,
Vp=§.

Since
fazAVu-Vv*(g)dx—f uP,-Vv*(g)dx
Q Q

= —fQudiv(ang*(g))dx—fQng~Vv*(g)dx=0
we obtain by taking into account (10)
(R =R2) (), &)1y
:[QUAVul(f)-Vv*(g)dx+fQul(f)P-Vv*(g)dx, frg€ HYP (D).
Let Hi= Hwhen® =0 A, j=1,2. Thatis we have

[ATT () x=y) - (x =)
(n—2)|S" o (y) [det(A(y)]

](2-}1)/2

Hj(x,y) = X YeER™, x#£y.

1/2°



1466 Mourad Choulli

According to Lemmas 9 and 10, with f =g = f5,A=0jAand P=Pj, j=1or j =2, we have

w (f5) = Hi(,ys5) +z5, 0<6<dy,
v (fs) = H2(, y5) + 25, 0<8 <0y,
where zg and z; satisfies

Iz5ll i1y < CCnB), |25 1) < Cn(®), 0<6 <5

In the rest subsection we always need to reduce dy. For simplicity convenience we keep the

notation .

Fix Y a nonempty closed subset of I'y and assume that |lo|lc(y) = o(xp). Proceeding as in the

proof [3, (2.8)], we get
Clolc Sén_zfQUAVul(fg)~Vv*(f5)dx+6a
We also prove in a similar manner
Uﬂ w (f)P-Vv*(fs)dx
[((A1=A2) (), v* (f))1,0] = C'[| A1 —/~\2||0p52_n-

<Cl )82,

Here and in the sequel C' = C'(n,Q, A, a,T,T'1, X0, o) > 0 denotes a generic constant.

Hence
C'lollc < |A1 - Az, +max (87271 0,,(8),6%), 0<8<8y,
from which we derive
lollco = C' A1 - Az ||Op-

3.3. Proof of Theorem 1

Let a),as € 7. We apply the preceding result with

ajzaj(uaj(f)), sza’(uaj(f))Vuaj(f), feBM j=1,2 teR

(28)

Note that the coercivity of b and b* when P = P;, j = 1,2, was already demonstrated in the

previous section, with coercivity constant independent on f € B/".
By taking f = 0 we easily get from (28)

|a1(0) - a2(0)| = Gy | dAG, (0) — dAg, 0], -
For each a € o/ and t € R, we obtain by straightforward computations that
tar (f) = ta (f +f) = fr,
where a’(z) = a(z + 1), z € R. This identity yields
Aa(f+5)=Aat(), feCr D).
The following assumptions hold for the family (a’) ;e : for any 7 > 0, we have
a'@ <su. (e Mzl)=p(e 'zl +1), aceR, |tI<T,
|@"Y (@] <y:(e7'zl) =y(e 'zl +T), aceR |tI=<T,
|(@")' (@) =¥ (o7 1z2l) =¥ (0 'zl + 7)), aceR, |t=T.

Identity (30) shows that A, is Fréchet differentiable in a neighborhood of the origin with

dAL(0) = dA 4 (0).

(29)

(30
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Furthermore, (14) and Proposition (5) with a = a’ gives

sup [|dAL©)],, < C7- 3D

|ltl<t
Now, we easily get by applying (29), with a; and a, substituted by a{ and aé,
a1 (1) = ax(1)] < Cy [|dAG, (0) - dAG, O, 1tl<7.
That is we have
lar = azllc-nan < Cq sup ldAg, 0 —dAg, O,
tI<n

which is the expected inequality.

Appendix A. Technical elementary lemmas

Let A = (A1) € L®(R",R™") satisfying
2BIE° <AME-E, x,EeR”,

for some >0, and P € L (R",R").
Pick a bounded domain Q of R” and consider on H& (Q) x H(} (Q) the continuous bilinear forms

b(u,v):f [RAVu+uP]-Vu, u,ve Hy(Q).
Q

b*(u,v):f [RAVu-Vv—-vP-Vul, u,ve H Q).
Q

Denote by g the Poincaré’s constant of Q:
Il 2y < ol Vil 2y, ue Hy(Q).

Lemma 11. Under the assumption || P|| poogr) < ,u;zlﬁ, we have

b, 1) = BIVull, ), ue Hy(Q), (32)
0" (u,u) = BIVul, ), u€ Hy(Q. (33)

Proof. Let u € H}(Q). As

2
LUP'VMS ||P||L°°([R”)||u||L2(Q) ||Vu||L2(Q) 5,UQ“P”LOO(R")||Vu||L2(Q)y

we get
bu, 1) = (26— poll Pllregn) IVl 3 g -
Therefore (32) follows. The proof of (33) is similar. O

We introduce a definition. Let f € H'/2(I'). We say that u € H'(Q) is a weak solution of the BVP

{ divRIVu+uP)=0 inQ, 34)
ur=f
if wr = f (in the trace sense) and
b(u,v)=0, ve Hy(Q).
Note that this last condition implies that the first equation in (34) holds in H~(Q).
Also, we say that u* € H'(Q) is a weak solution of the BVP
divRVu*)-—P-Vu* =0 inQ,
« _ (35)
ur = f

if u = f and
b* (u*,v)=0, ve Hy(Q.
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Let us assume that 2l satisfies in addition

< B,

L>®(R")

max 4
1<i,j<n

for some E > 0.
Let &f be the unique element of f so that [|€f gy q) = ||f||H1/2(r) (& f is nothing but the
orthogonal projection of 0 € H' (Q) on the closed convex set f). Then

|div(AVEf +EFP)| 1. < (B+ IPIro@n) I f 1l vz ry- (36)
Furthermore, we have
(div(AVEf+EfP),v)_,=b&f,v), veHy(Q, 37
where (:,-)_; is the duality pairing between H(} (Q) and H~1(Q).

Lemma 12. Suppose that | P| (o~ gn) < pig,' B. Then we have
(i) the BVP (34) admits a unique weak solution u € H"(Q) satisfying

lull gy < Cllifll gz, (38)
and
(ii) the BVP (35) has a unique weak solution u* € H' (Q) satisfying
™71 = CUF Nz, (39)

where C = C(n,Q,ﬁ,B) >0.

Proof. We provide the proof of (i) and omit that of (ii) which is quite similar to that of (i).

Since b is coercive by Lemma 11, in light of (37) we get by applying Lax-Milgram’s lemma that
there exists a unique ug € H) (Q) satisfying

b(uo, v) =-b(Ef,v), ve HyQ.
In particular we have
b(uo, o) = —b(Ef, ), ve Hy(Q).
Using (32), (36) and (37), we derive
BlIVuoli 2y < (B+ 1Pl ee@n) | f1l vz ry- (40)
Clearly, u = up + & f satisfies
b(u,v)=0, ve Hy(Q).

and yr = f. In other words u is a weak solution of (34) and, as a consequence of (40), u
satisfies (38).

We complete the proof by noting that the uniqueness of solutions of (34) is a straightforward
consequence of the coercivity of b. 0

Consider now the BVP

{ divRVu+ uP)=div(F) inQ, @D

ur=f,
where f € HY2(I') and F € L2(Q)".
Assume first that f = 0. In that case the variational problem associated to (41) has the form

b(u,v) =(divEv)_1, ve Hy(Q), (42)

As in the preceding proof we show, with the help of Lax-Milgram’s lemma, that the variational
problem (42) admits a unique solution u(F) € H& (Q) satisfying

lu(F)l gy < CIF Nl p2(qyns
where C = C(n,Q,,B,B) >0.
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By linearity, the solution of (41) is the sum of the solution of (41) with f = 0 and the solution
of (41) with F = 0 (corresponding to (34)).
We derive from Lemma 12 the following result.

Lemma 13. Suppose that | Pl ~®m < pug'p. Let f € HY*(I') and F € L*(Q)". Then the BVP (41)
admits a unique weak solution u € H' (Q) satisfying

Il g = C(”f”Hl/Z(r) + ||F||L2(Q)") ) (43)
where C=C(n,Q, B, ,E) > 0.

Next, consider the BVP

{le(?Zqu )—P-Vu*=R-Vg inQ, (44)

ur =1
Assume that R € W1°(Q) with IRy < @, for some p >0, and g € HY(Q). A simple
integration by parts enables us to show that

IR-Vgllg-10) = cliglizq)
where ¢ = ¢(n,Q, ).
With the help of this inequality we can proceed as above in order to derive the following
lemma.

Lemma 14. Suppose that |Pli~gn) < pg'p. Let g € H'(Q) and R € WH®(Q) satisfying
IR w1reoq) < 0, for some o > 0. Then the BVP (44) has a unique weak solution u* € HY(Q) sat-
isfying

” u” ” H(Q) = C(”f”Hl/Z(r) + IIgIILz(Q)) , (45)
where C = C(n,Q, B, B,0) > 0.
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