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Abstract. We show the local null-controllability of a fluid-structure interaction system coupling a viscous
incompressible fluid with a damped beam located on a part of its boundary. The controls act on arbitrary
small parts of the fluid domain and of the beam domain. In order to show the result, we first use a change
of variables and a linearization to reduce the problem to the null-controllability of a Stokes-beam system in
a cylindrical domain. We obtain this property by combining Carleman inequalities for the heat equation, for
the damped beam equation and for the Laplace equation with high-frequency estimates. Then, the result on
the nonlinear system is obtained by a fixed-point argument.
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1. Introduction

We consider a fluid-structure interaction system composed by a viscous incompressible fluid,
modeled by the Navier-Stokes system, and by an elastic structure located at a part of the bound-
ary of the fluid domain. We assume that the structure displacement is governed by a damped
beam equation. The corresponding model has been introduced in [47] as a first model to study
the blood flow in vessels. To simplify our work, we consider here a particular geometry in dimen-
sion 2 of space (see Figure 1). The fluid domain is confined into an infinite strip where the bot-
tom boundary is fixed and where the top boundary corresponds to the beam. We also assume
periodic condition in the x; variables. To be more precise, we set

S :=R/2n2),
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and for any deformation ¢ : .# — (—1,00), we consider the fluid domain associated with this
deformation:

Qr={(x1,x) €F xR; x2 € (0,1+{(x1))}. (1)

Then the fluid-structure interaction system writes

orw+ (w-Vw—divT(w,n) =1, f >0, x€Qep,
divw=0 t>0,x€Q.((,;),
w(t1x1!1+((t1xl)):(at()(t)xl)eZy t>07 xley)
] (2)
w=0 t>0, xely,
01l + @105, — a20% { —a30,0% { = —Hy(w,m)+1 48 >0, x1€.9,
w(,)=w’ inQup, {0,)={7, 0,{(0,)=¢Y in.g,
where
a; >0, a,=0, as3>0,
and where

Iy =% x{0}.

In the above system, we have used the following notations: (e, e») is the canonical basis of R2 and

T(w,m) =2D(w) -7, Dw)=-(Vw+Vw)?), 3)

1
2

Hy (w, m) (2, x1) = [(1 410, {192 [T, m)n) (2,51, 1+ (8, x1)) - €] - @
We have also denoted by 7 the unit exterior normal to Q. In (2), w and 7 are respectively the
velocity and the pressure of the fluid and they satisfy the Navier-Stokes system (two first lines),
with no-slip boundary conditions (third and forth equations). The elastic displacement satisfies
the damped beam equation written in the fifth line of (2). Finally, our aim is to control (2) by
using two distributed controls f and g respectively localized in an arbitrary small nonempty open
subset w of Q and in an arbitrary small nonempty open subset ¢ of .#.

Let us remark that the well-posedness and the stabilization of system (2) have been already
studied in the literature. Let us quote some of the corresponding articles: [13] (existence of weak
solutions), [5,21, 35,40] (existence of strong solutions), [48] (stabilization of strong solutions), [1]
(stabilization of weak solutions around a stationary state). We can also mention some works de-
voted to the case § = 0 (undamped beam equation/wave equation): [12, 20,43] (weak solutions),
[2-4,22] (strong solutions). Some authors have tackled the study of more complex models: [33,34]
(linear elastic Koiter shell), [44] (dynamic pressure boundary conditions), [45,46] (3D cylindrical
domain with nonlinear elastic cylindrical Koiter shell), [51] and [52] (nonlinear elastic and ther-
moelastic plate equations), [38,39] (compressible fluids), etc.

A standard strategy to study this kind of systems consists in using a change of variables to
write the fluid system into a cylindrical domain, and then in linearizing the system after this
transformation. A large part of the work is thus devoted to the corresponding linear system,
the results for the nonlinear system are deduced by estimating the coefficients coming from the
change of variables and by using a fixed-point argument. We follow here this approach and after
a change of variable and a linearization (see Section 6 for the details), we are reduced to work on
the spatial domain

Q:=Qy=4x%(0,1)
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{x2 =1+ (x1)}

I'; (beam)

0 Ty 21
Figure 1. Our geometry

(see Figure 1) and to show the null controllability of the following linear system

orw—-Aw+Vr=1,f in(0,7) xQ,
divw =0 in(0,7) xQ,
w=0 on (0, T) x T,
Jw=00:ex on (0, T) x Iy, (5)
0% +a10% { — a20% ( —a30,0% { =-T(w,mn-e,+14g in(0,T)x.%,
w(0,-) = w° inQ,
{0,)=09, 0,{(0,-)=09 in.7,
where
I =.%x{1}.

In what follows, to simplify the notation, we take
ay=ar=a3z=1.

The values of these constants do not play any role in our study. As it is standard (see, for instance,
[53, Theorem 11.2.1, p. 357]), the controllability of (5) is equivalent to an observability inequality
for the adjoint system

0iu—Au+Vpy=0 in(0,7)xQ,
divu=0 in(0,7) xQ,
u=0 on (0, T) x Iy,
S u=0me; on (0,7) xTy, (6)
82n+ 63‘611] —ailn - atafqn =-T(u,po)nyr, -e2 in (0,T) x .#,
u(0,-) = u° inQ,
n(0,)=n% 9;m0,)=n° in.g.

Before writing the corresponding observability inequality, let us mention an important remark
and introduce some notation. We set

2
L3(F):= {fe L*(F); | ) dxg = 0}-

Remark 1. Using the particular geometry considered here, we can simplify the above adjoint
system. First on I'y, n = e, and using (3), we deduce

=T (u, po)n-ex=—20x,up + po =20y, U1 +po=po only, (7

since u;(x1,1) =0 for x; € .#.
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Moreover, using the incompressibility of the fluid and the boundary conditions, we de-
duce that

d 2n
0= | divudx=— dx;.
fﬂ vude=q | ndx
Assuming that 9 € L3(.#) then, we deduce that for all ¢ > 0, 7(¢,) € L3(.%). Using this condition

on the beam equation leads to the following condition on the pressure:

27
po(t,x1,1) dx; =0. (8)

In particular, in contrast with the standard Stokes system, the pressure is not determined up to a
constant.

We define the operators associated with the beam equation:
D(A) = H'(F)nL5(9), An:=03,n-0%1, 9)
D(Ay) := HA(F) N L5(.F), Apmi=—0% 1. (10)
We also define the Hilbert space of states for our system:
= {(w,n1,m2) € Q) x D(A)*) x L3(F) ; up=mp on Ty, up=0o0nTy, divu=0inQ}, (11)

endowed with the canonical scalar product of I2(Q) x 9 (A{/ 2) x [2(.#). With the above remark
and notation, the adjoint system writes

0iu—Au+Vpy=0 in(0,7) x Q,
divu=0 in(0,7) xQ,
u=0 on (0,T) x Ty,
S u=0me; on (0,T) xTy, (12)
0?n+ A1n+ A0, = o, in(0,7)x.7,
u(0,) = u° inQ,
n0,-)=n9, 9;m(0,")=7n3 in.g,

with the condition (8). Our main result stated below is an observability inequality for (12):

Theorem 2. Assume T >0, w € Q and ¢ € . are nonempty open sets. For any [u°,n%,n] € 7,
the solution of (12) satisfies

NUCT, )20 )+ 00Ty + 10T | 5
< k2 (ff lul? dx dr+ff |0m|* dxy de|, (13)
0D xw ©0,1)x #

and we can choose k in the form
2
kr=Ce“'T", 14)

with a constant C > 0.

The controllability of fluid-structure interaction systems has already been tackled in the case
where the structure is a rigid body in [8, 9, 16, 24, 49]. Up to our knowledge, the above theorem
is the first result of controllability for the system (5). Let us mention also [42] where the author
obtains an observability inequality for the adjoint of a linearized simplified compressible fluid-
structure model similar to our system.

Let us point out that due to the structural damping in the beam equation (-9 tailc ) the cor-
responding beam equation becomes a parabolic equation (see, for instance, [14]). In a previous
work [11], we have replaced the damped beam equation by a heat equation and we have shown
the corresponding controllability result. The proof done here is inspired by our previous work,
and in particular, in the proof of the observability, we first apply results on the heat equations
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to the fluid velocity by considering the pressure as a source term, (in the spirit of [18]). Then,
we estimate the pressure by using that it satisfies a Laplace equation. Since the boundary con-
ditions of this Laplace equation are difficult to handle, our estimates on the pressure depend on
the boundary value of the pressure and more precisely on the high frequencies of the pressure
on the boundary of the fluid domain. To conclude, we apply some energy inequalities combined
with a high frequency argument in the horizontal direction to estimate these high frequencies.
Using the microlocal analysis near boundaries and interfaces to derive Carleman estimates and
to show the controllability of coupled parabolic systems is quite standard and one can quote for
instance [6,7, 10,25, 28-30] and the recent books [26, 27] for elliptic counterparts).

One of the main differences with [11] is that we work here directly with the time variable
whereas in the previous work we show a spectral inequality and then use an abstract method
([31,32]) to deduce the corresponding observability inequality. Here we do not follow the same
approach since it uses that the main operator of our system is self-adjoint, and here our main
operator is not self-adjoint or even a perturbation of a self-adjoint operator as in the framework
considered in [31]. A consequence of working directly with the time variable is that the separation
between low and high frequencies is done through a pseudo-differential operator, which symbol
depends on time, and in particular we need some standard commutator estimates from these
operators in order to handle the high frequencies.

Remark 3. With respect to [11] or to the stabilization result [1], one should expect to obtain the
controllability of (2) or of (5) without any control on the beam equation (g = 0). However, with our
present approach, it seems difficult to handle the elastic displacement without any observation
on the beam equation. Even with the presence of two controls, a particular treatment of the
coupling between the pressure and the elastic displacement in the proof of the observability is
needed. Concerning the particular geometry, we are using it several times in order to simplify
several proofs but the corresponding result in a general geometry should hold even if it is not a
direct consequence of our work.

We deduce from Theorem 2 the local controllability of (2):

Theorem 4. AssumeT >0 andthatw € Q and ¢ € ¥ are nonempty open sets. There exists Ry > 0
such that for any((l) € @(A:'l”‘*), ((2) € @(A{M), w? e HY (Q(?) satisfying

divu’=0inQ, w’=00nTy, w’(x;,1+{x)=0(x)er (x1€9), (15)

and

”((1)”}13(&) +[5] o ”’OHH1 (Q .

< Ry, (16)
)

there exists a control
(f,8) € L*(0, T; L*(w)) x L*(0, T; L*(_#))
such that the solution of (2) satisfies
(T, )=0, 0,(T,-)=0 ing, w(T,-)=0 inQ.

The proof of Theorem 4 is quite standard from Theorem 2: we need to estimate the coefficients
of the change of variables and use a fixed point argument. Similar procedure is done to show the
well-posedness or the stabilization of the system. We only sketch the proof of Theorem 4, the
details can be found for instance in [1, 48].

The outline of the article is as follows: in the next section, we complete the functional setting
needed in this article, introduce the Carleman weights and some classical results on pseudodif-
ferential operators. Section 3 is devoted to Carleman estimates: a Carleman estimate for the heat
equation, a Carleman estimate for the damped beam equation and a Carleman estimate for the
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pressure. Gathering them yields an estimate of the fluid velocity and pressure and of the elas-
tic displacement by terms localized in w or in _¢ and by high frequencies of the pressure on the
boundary. To get rid of these last terms, we show in Section 4 high frequency estimates using the
Stokes system. This allows us to show the observability inequality in Section 5. We give the sketch
of the proof of Theorem 4 in Section 6. Finally, in Appendix A, we recall some technical results
concerning the Carleman estimates of Section 3.

Notation 5. In the whole paper, we use C as a generic positive constant that does not depend on
the other terms of the inequality. The value of the constant C may change from one appearance
to another. We also use the notation X < Y if there exists a constant C > 0 such that we have the
inequality X < CY.

2. Notation and preliminaries
2.1. Functional setting

We complete the notation introduced in the introduction: we consider the control operator for
the beam equation:

Byg:="Przs (18),
where PL(z) )" [%2(.9) — L% (.#) is the orthogonal projection. With the above notation and (9), (10),
the beam equation in (5) writes

0T+ A1l + A20,{ = P2 sy + B g g.
We also consider the orthogonal projection on the space . defined by (11):
PP Q) x D(AV?) x [3(F) — .

We recall (see, for instance, [1, Proposition 3.1]) that the orthogonal of # in L?(Q) x 2(A}/?) x
L3(.#) is given by

%J‘:{(Vp,O,PLg(J)pm); pEHl(Q)}. 17)

Then we define the space
7/;:{(u,nl,nz)EHl(Q)X@(A?M)X@(A%M);M=T]2€20nr1, u=0onTy, divu:OinQ},

and the unbounded operator < associated with (5):

u Au
D(A):=V 0 [H(Q xD(A) x DAV, o |m| =2 n2
12 —A1m1 — A2z

It is shown (see, for instance, [1, Proposition 3.11]) that < is the infinitesimal generator of an
analytic semigroup on .. We have in particular that if F € L?(0, T;.7), ®° € 7, then there exists
a unique solution

® e L2(0, T;2(£)) N CO([0, T; V) N HL (0, T; .7)

to

do , 0
E:d®+F in(0,7), ®©0)= (18)

and we have the estimate

1l 120,73 20 x DA )@ (A2 T NP 10,7512 () x @ (41 2) < 1209))

0
S ”F”LZ[O,T;LZ(Q)X@(Ai/Z)xLZ(J]) + ”(D ”7/ . (].9)
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Finally, we consider the control operator:

lof
B [f] =2 0
4 Byg
Using the above notation and (17), we can write (5) as
alw w f w w®
d—t[c]:g{ { |+ g] in(0,7), |¢|0= (g] (20)
0:¢ 0:¢ 0,¢ e

We say that the above system is null-controllable in time T > 0 if for any [w?, (9, (5] € 7, there
exists a control [ f, g] € L?(0, T; L?(w) x L?>(_#)) such that the solution of the above system satisfies

w

¢
0:¢

A classical result (see, for instance, [53, Theorem 11.2.1, p. 357]) states that the null-controllability

is equivalent to the final-state observability of the adjoint system: there exists k7 > 0 such that for
0
u
any 1 | € #, the solution of
0

(T)=0.

M2
q [ u u u®
a 771] =of" [m] in(0,7), |m|©)= [—7())?] (21)
M2 n2 2 P
satisfies
u 2 T u 2
m|m| <& [ @ m] 0 dr. 22)
M2 H ’ L112 L2(@)xI2(#)
One can show that
u Au
DA*)=D(A), [m = 12
12 ] A — Aan2
and
* N Ujw
B 171] = 772'] .
12
Setting n = —n; we see that (21) writes as (12) or in the following abstract form
PR u u u®
E[" =g¢[n] inoO,7), | n|O=|n (23)
0 o 0 T]g

The observability inequality (22) writes as (13).

2.2. Weight functions for the Carleman estimates

We consider nonempty open subsets _#, € _# and w( € w and (see, for instance, [19, Lemma 1.1],
[53, Theorem 9.4.3]) two smooth functions ¥y and ¥ satisfying

Ys>0ing, Y, (x1)=0=x € _%, (24)
wa>0inQ, wq=0andd,yq=-10ndQ, Vyq(x)=0= x€wy, (25)
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with

P C ¥, w)Cw. (26)
In fact, using our particular geometry, one can show directly the existence of such functions
vy and yo. We set 91(x;) := 2 +sin(x;) and we consider y, € C*([0,1]), w2(x2) = x2 in a
neighborhood of 0, ¥, (x,) = 1 — x, in a neighborhood of 1 and w’z(xg) =0 xp =1/2. We also
consider 8 € C*°(R) with compact support in (0,1) and such that 8 = 1 in a neighborhood of 1/2.
Then for € > 0 small enough,

Walx, X2) = Wwa(x) + €0 (x2) w1 (x1)

satisfies W > 0in Q, wq = 0 and 8,,¥q = —1 on dQ and it has only two critical points: (7/2,1/2)
and (-7/2,1/2). By a change of variables on ¥ and on ¥q (see, for instance, [53, Proposi-
tion 14.3.1]), we obtain functions ¥ ¢ and v, satisfying (24) and (25).

We also denote by ¢ the function defined by

0():=t(T-1). (27)
Let us consider ¥ := ||y.» ”Lw(y) + ||wQ||LOQ(Q) and for A > u > 0, let us define the following
functions
1

T /‘ll//g(xl,xZ)+/JWy(X1)+81‘{/_ 10AW T AWQ(xl,X2)+[ll[/y(xl)+8/‘l\P

t,X1,X2) i= e e , t,X1,X2) i= e ,
@(t,x1,x2) ((t)z( ), &t x1,x2) TGE

(28)

@o(t,x1) = [(t)z (ewl/ﬂ(x1)+8/1‘11 _ elOA\P), &olt, xy) = [(t)z e#w,y(x1)+87t‘{" 29)

We also define for A > p > 0 the function

W(x1,x2) = %W](xl) +walx, X2). (30)

2.3. Spatial truncation

In order to use pseudodifferential operators in the x; variables, we consider that our functions
are 2n-periodic functions defined in the domains

Q%:=Rx(0,1), IF:=Rx{0}, I':=Rx{l}.

In the adjoint system (12), we also replace the pressure p, that satisfies (8) by a pressure p
satisfying another condition. More precisely, we consider w; an open set such that wg € w; € w
and we define

cp(t) = —f po(t,x) dx
w1
and
p:=po+cp. (31)
Then the pressure p verifies the condition

p(t,x)dx=0 in (0,T). (32)

w
We consider y*° € C*°(R; [0,1]) with clompact support and such that y*° = 1in [0, 27]. We set

u™:=x%u, p>:=x%p, n=:=x"n. (33)
Then we deduce from (12) that

6m°°—Au°°+Vp°°:f(U in (0, T) x Q%°,

divu® = f@ in (0, T) x Q%,

u*®=0 on (0, T) xI'$°,

u® =0 ey on (0, T) xI'°,

(34)
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Ap® =¥ in(0,T) x Q%, (35)
FP == () u=2(3) 0 u+(x®) per, f@:=(x) w, =™ "p+2(t™) 0y p. 36)

2.4. Pseudodifferential operators

We consider a parameter 7 > 1 and an order function
A (k) :=V12+ k%2 (keR), 37

where k corresponds to the Fourier variable associated with x;. For m € R, we denote by S/ the
space of complex smooth functions a = a(x, k, 7) defined on R x R x [1,00) and such that for all
@, f € N there exists Cy,5 > 0

08,0k ata, k)| < Caphr P (01, K, 7) €R X R x [1,00). (38)

For instance, we have A" € §7" and for any C € R, the function

k1) 2 - Ck?
' 72+ k2

is in S%. We also recall the following classical lemma (see, for instance, [26, Proposition 2.3] or [23,
p- 73, Lemma 18.1.10] in the classical setting)

Lemma6. Ifae S(T) and yo € C°(R). Then yo(a) € Sg.

From a € S, we can define the following operator on the Schwartz space on R:
[Op(a)u] (x1):= %ff[@z e gx kT u(y) dydk.
We can also extend this operator to the Schwartz space on [0, T] x R x [0, 1] by a similar formula:
[Op(a)u] (t,x1,%2) := %ffﬂz eI g, k, T ule, 1, x2) dyrdk.

From symbolic calculus, we have the following results (see, for instance, [26, pp. 27-28, Theo-
rem 2.22 and Corollary 2.23])

Theorem 7. Let m,m' € R and let a € S, b € S . Then there exist c € S"*™ and d € S+ 1
such that
Op(a) e Op(b) =0Op(c), [Op(a),Op(b)] =Op(d).

We can extend the operator associated with a symbol of order m to Sobolev spaces. For
instance we have the following result (see [26, p. 29, Theorem 2.26])

Theorem 8. Letm,m’' € R, and leta€ S™. Then, Op(a): H™ M (R) — H™ (R) and ifm,m' eN, we

have
Z 72

i+j<m’

2 .
< TZl
2R~ Z

i+j<m+m'

Co2
j
Oy, U

J
0y, Op(@)u 2w

In what follows, we assume that the parameter 7 is related to functions defined in Section 2.2
through the formula
SAeB/I‘I/
()
In particular, 7 is a function of time and there exist sy > 0 and Ay > 0 such that if s > soT* and
A > Ao, then

T:=1(8) = (39)

T>2—>1 (40)

=1
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Remark 9. Due to (39), the symbols in S/ depends on the time variable through the parameter
7. The continuity estimates of Theorem 8 are uniform with respect to 7, and thus with respect to
the time variable if it only appears in the parameter 7. In what follows, some symbols may depend
on time, but not as a function of 7, this occurs for instance when considering 9;t. In that case,
we always decompose such symbols in terms of the form b(t)a(x,, k,T) where b is a bounded
function of time, and a € SI"*.

An important example of symbol used in what follows is a function of the form
X,k = xo (—TZ —CK )
72+ k?
where C is a constant and y¢ € C*°(R). From Lemma 6, we have that y € S? and one can check
that
[0x,,0p(Y)] = [0x,,0p(x)] = 0.
Moreover, we have the following result on the time derivative of y:

Lemma 10. Let y be defined as above. Then

!
-2
atxe WTZST .

Proof. By standard computations and (39),

2 2 2 AV
T —Ck“\2(C+1) k10,7 _ ,She
0:x(1,k) =y, ( 7.2 ) 2+ kz)z , 0,1 =-2¢ e (41)
We have
S8V 7312
3 (sA)1/2
so that using Lemma 6 and Theorem 7, we deduce the result. O

3. Carleman estimates

In this section, we show a Carleman estimate for the solutions of (6). Using the weights introduced
in Section 2.2, we define the following weighted integrals:

L(sAm:=A >0 (060011 + s°€510.,, m* + €5 (105, n1” +10,m1%)) drdx,
0, T)x.#

A f(o n LS (18,1 +105,0m7) did
A f(o - LS (1031 +10,0%, 0l +107n1%) drdxy

+A f(o T)Xyezwo(|0ilfl|2+|6?6x177|2+|6z6§’cln|2) drdx;, (42)

L(s, A, u):= ff A2 (|V2u|2 + (atu)z) e drdx + f SPAE2e?5P |V u? dedx
0,T)xQ 0,T)xQ

+ff sPA8E4 e 1 u)? drdx, (43)
0,T)xQ

and

I3(s, A, p™) := ff SSALE 25| p>? dtdx+ff sA2Ee® P \Vp™ 12 drdx
(0, T)xQ° (0, T)xQ°

+f S [ drdx + [ AL [0, p[* drdxr.  (44)
(0,T) x0Q>® (0,T)x0Q>®



Rémi Buffe and Takéo Takahashi 1551

Remark 11. The above quantities depend also on u but since we will fix the value of u = g after
Section 3.1, we suppress reference to it in the notation.

For pp > 1, we set
Ky 1= elomaXVs | K= glominys, 45)

In particular, with the definition (29) of ¢, and the definition (39) of 7, we have

K1 <sAép < K,t. (46)
Using Lemma 6, we can define the following symbol of order 0:
S < 1 in[3/4,00)
K in ,00
7,k) = ———_ |es? with € C*°(R;[0,1]) such that yg = . (47
Ko k) Xo( 2+ k2 ) T Ko € TR I0,1D xo {0 in(coo1/2)” 1)

The main result of this section is stated below:

Proposition 12. Assume %y € #1 € ¢ and wg € w1 € w. There exist 1y > 0, Ag > 0 and so such
that for p= o, A > Ag and s > so(T2+TY), any smooth solution [u, po,n] of (6) satisfies

Il (S)A’n) + 12 (S)A') u) + IS(S’Ar poo)

<A f e (s10810In1? + s*&310%n1?) drdx
0,T)x %
+ff e (s* A5 uf? drdx + $*A*E3 | p™1?) dedx
0,T)xw;

+ff 7|0y, Op(1 - x) [*° p™] |2 dtdx, (48)
(0,T)x3Q®
where p*™ is given by (31) and (33).

In order to prove Proposition 12, we first combine a Carleman estimate for the fluid velocity
and a Carleman estimate for the elastic deformation (see Section 3.1 and Section 3.2). Both
estimates contain pressure terms in the right-hand side and to estimates them, we perform a
Carleman estimate for the pressure in Section 3.3. In this last estimate, we need to put in the
right-hand side the trace of the pressure at the boundary, microlocalized in the high frequency
regime.

3.1. A Carleman estimate for the elastic deformation

In this section, we obtain a Carleman estimate for the elastic deformation, mainly based on the
results in [41]. This is the only part of the work where p > o, after this, we will fix u = g in the
weights ¢, ¢, o, &p. To avoid introducing many notations, we keep the same notation g, o, Ao
during the proofs, but their values may change from one appearance to another.

First, we deduce from the definitions (29), the existence of yy such thatfor A > p > o, t € 10, T]
and x; € .¢,and a >0,

|05, @0 + 0%, &o| Sué (k>1),
10,03, @ol +10:05, o] S T &%, 0705, @o| +]070%, &o| < T* . (49)
Moreover, there exists g such that for A > > o, for £ € [0, T] and for x; € £\ _#,
1o S0 ol #E0 S 0%, o (50)

With these properties, we can obtain the following result which is proven in [41]. More precisely,
the Carleman estimate below is obtained in [41] with slightly different weights but the author
only uses the above properties in his proof. For sake of completeness, we give in Appendix A.1 a
sketch of the corresponding proof.
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Theorem 13. Assumer € R and ¢, € #1 € #. There exist constants sy > 0 and [y > 0 such that
for any smooth functionn, for any s > so(T? + T*), and for any A > u > pg, we have

ff 625(,00 (82r+7u2r+8€gr+7|n|2 +s2’+5p2’+6§§’+5|0x1n|2) dtdx1
©0,T)x.9
+ff 625(p032r+3'u2r+4€(2)r+3 (|6i1n|2+|atn|2) dtdxl
©0,7)x.7
+ff eZS(pOSZHINZHZf(Z)HI(|6ilﬂ|2+|atax1ﬂ|2) drdx
©0,7)x.7
wf[ et (o off + 020 +10,0% nf) ded,
©0,T)x.7
N f f 2002 2 2 (02 + 0% — 0%, —0,0% )n|” drdxy
©,T)x.7
+[f ST RIBEIT 250012 drd iy, (51)
0,T)x _#

As a corollary, we have the following result

Corollary 14. Assume %y € ¢, € _#. There exist constants sy > 0 and o > 0 such that for any
smooth functionn, for any s > so(T? + T*), and for any A > > po, we have

ffm -y e (s EP Nl + P2 E10., nI* + PTG (105, ml® +10,m1%)) drdx
" ffm L, E S (0] + 100 drdx
2
+[f(0 Ll (s€8 (105, m1? +10,02 ni? + 10%m1%) + (105, | + 1030, mI? +10,0%, nl?) ) dz oy
S f f > spéo |y, (02 — 02, +0%, —0,:05 )nl* dtdx
0, T)x.#
+ff >0 (slouuféolnlz+szu3€§|6%n|2) dtdx;. (52)
0,T)x A

Proof. We first apply Theorem 13 to d,,n with r = 1/2 and with an open set _# such that
HEJ € J1:

f f( ey >0 (P P0E510x, I + s°u7EG10% n1? + 51 &5 (103, mI? +10,0x 1I?)) drdxy
2
+ff(0 . Jezwo (s22€5 (103, mi? +10:0% mi) + (|05, | + 16%0,,mI? + 10:0%, ml?) ) drdxy
< f f e sué |0y, (8% + 05, — 0%, —atail)nf dtdx
0, T)x.¥
+[f 38u9fge25¢0|axln|2 drdx;. (53)
0,T)x 22

Then, we use a Carleman estimate for the gradient operator (see, for instance, [15, Lemma 3]):
there exists sy > 0 such that for any smooth function ¢, and for any s > s T4,

ff Sr+2Mr+36(r)+2 eZS(p()(Z dtdxl
0,T)xs

5 ff Sr+2,ur+3€(r)+2e251p062 dtdx1 + f Srur+1§662s<po (6x] ()2 dtdxl.
0,T)x 22 0,T)x.%
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This Carleman estimate, combined with (53), yields that for s > so(T? + T%),

ff(o,T)xy e (s o Inl” + $° 0 E0l0 mI* + "8G (103, I +10,m1%)) dediry

+ﬂm,r,xﬂ €250 (s* 588 (103, nl? +105,0im1%)) drdxy

e ] e (S 104 ni + 10,02 i+ 102ni®) o125 " #1005, + 10,83, ) dr
S f-[(O,T)xy > spuéo|0y, (07 — 05, +0%, — 0,05 )nl* drdxy

+ff(0 e e?590 (sloullé(l)olnlz+38p9€g|6x117|2+56p7§g|6t17|2+32p353|6%7]|2)dtdx1. (54)
)y X £2

Then proceeding as in [41], one can absorb the local terms in d,, 77 and in 8,1 by using a cut-off
function and integrations by parts and we deduce the result. U

3.2. A Carleman estimate for the velocity

From now on, we take u = yo as in Theorem 13 and take A > uo. The constants that follow in
the article may depend on py. We have the following standard Carleman estimate for the heat
equation (see, for instance, [17] or [19]). For sake of completeness, we also give a sketch of the
proof of the following result in Appendix A.2.

Theorem 15. Assume p1 = oy and wy € w1 € w. There exist sp > 0 and Ay > 0 such that for any
A= Ags=so(T?2+TY, and for any smooth function u such that

ou
u=0 on0,T)xTy, u;=0 on(0,T)xTy, 0—2:0 on (0,T) x Ty,
n

we have

ff (IV2ul® + (0,w)?%) > dtdx
©,T)xQ
+ff $PA2E2%5\Vu? dedx + f sPAER PSP y)? drdx
0,T)xQ ©0,T)xQ

5[[ $Ee*? (0, — A)ul?® dtdx + f sAAER S u)? drdx.  (55)
0, T)xQ 0, T)xwy

3.3. A Carleman estimate for the pressure

In order to obtain a Carleman estimate for the pressure, we use that from (12), the pressure pg
is harmonic in Q. We recall that p® is defined from py by (31) and (33). In particular, it satisfies
the Laplace equation(34) but without any explicit boundary condition. Thus in our Carleman
estimate, we keep in the right-hand side a boundary term microlocalized in a high frequency
regime (represented by supp(1 — y), with y defined by (47)). We recall that 7 is defined in (39).
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Proposition 16. Assume p = g and wy € w, € w. There exist sy > 0 Ay > 0 and C > 0 such that for
any s > so(T? + T*), A > Ay and for any smooth function p, the function p™ := py> satisfies

ff SAIE PP | p®? drdx + f sA%Ee®?|Vp™ 12 dtdx
(0,T)xQ>® (0,T)xQ>®

+ff SA%E e |p®| drdx +ff SAE9e? 0|0y, p®|” drdx
(0,T)x0Q> 0,T)x0Q>

C(ff e*?|Ap™|? dtdx+ff SSALE 2P| p™? dtdx
(0,T)xQ° 0,T)xw1
+ﬂ 7|05, Op(1 - ) [es‘f’Op"°]|2 dtdx;|. (56)
(0,T)x3Q®

Proof. We start by a standard Carleman estimate for p*™ in Q°, using that y* has a compact
support. First, we set

q=ep>
and we perform standard computations (see, for instance, [17,32], [26, pp. 106-117]), to obtain
the existence of positive constants c, C, sy such that for s > so(T2+TY),

cff (s3A4£3q2+sAZ§|Vq|2+ ks |Aq|2) drdx
(0,T)xQ>®

+ff ( S vy S ”’ 7 23/12£|V1//| L g-25089y- vg2? 4 a8 W|Vq| )dtdx
(0,T) %30 on

C(ff (—Ap)zezs"’ dtdx+ff SAE G dx). (57)
(0,T)x Q> 0,T)xwy

PP L

Thus there exist A¢ > 0 and sp > 0 such that for A > g, s > so(T2 + T*), we have on (0, T) x 09,

From (30) and (25), we have

21//2

-5 1353|V1//| 25/125|Vu/| q 2SAEVY - an—+5/1§—w|v |

_ 373:3 2 99\~ _ 2 dq dq dq
=s)%¢ |V1//| q +S/1€(an) S/lf( ) 2/16|Vw| q 2s,u0£wfax M

) 2 ) 2
35’ _i -2 _i
S /1 Oq + = S/lé()(a ) S/lf()(a 1) . (58)

Let us denote by g the Fourier transform of g in the x; direction. Then by using the Plancherel
theorem, there exists ¢ > 0 such that

1 aq \*
ff (—s3A3fgq2—2sMO(—q) ) dx;de > cff (K312 - 4K, k%) |g|* dkdt
(0,7)xd0% \ 2 0x (0,T)x3Q%®

and thus, there exist two constant ¢, C > 0 such that

1 0g \?
ff (—sgﬂtgfng—ZsMo(—q) )dxldt+C f (1 -p?k?|g|> dkdr
©,T)xa0 \ 2 0x1 (0,T)xQ>
>cﬁ (22 +k%)|g|* dkdr. (59)
(0,T) x0Q>®

Using again the Plancherel theorem, and combining the above relation with (58) and with (57),
we deduce the result. d
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3.4. Gathering the Carleman estimates

We are now in a position to prove Proposition 12

Proof. Assume that (u, pp,n) is the solution of (12). We consider p defined from pg by (31) and
p* defined from p by (33). We apply Corollary 14, Theorem 15 and Proposition 16 and using that
Vpo = Vp, we obtain the following relations for I, I, and I3 (defined by (42)-(44)):

L(s,A, ’7)<ff >0 s)E010y, pI? dtdx1+/1ff e (s106°In1? + s*&5105n1?) dtdx,
0,T)x.# 0,T)x_#
(60)
LisAw S ff sA2Ee? |Vp|* drdx+ ff s*A%¢*e* | uf* drdx, (61)
0,T)xQ 0,T)xw;
and

(s, A, p>) < f f > FO12 drdx + f f SSALE3 2P| p™®? dtdx
(0,T)x Q% 0,T)xaw1
+ff 7|0y, Op(1—x) [e°° p™] |2 drdx;. (62)
(0,T)x0Q%®
Then, we can estimate f® by using (36) and we deduce that

ff e fP1P drdx < CA™2I(s, A, p™).
(0,T)xQ°

Using that y*° =1 in (0,27) x (0,1), and taking A > A with Ay > 0 sufficiently large, we can
combine the three Carleman estimates (60)-(62) and the above relation to obtain (48). O

4. High frequency estimates

In this section, we eliminate the last term in (48) by showing high frequency estimates for u and
p. The method used here is the same as the one used in [11]. We conjugate the system (34) with
€0, using that the spatial derivatives of ¢ involve only powers of pq that is fixed, instead of
powers of A for the spatial derivatives of ¢. This allows us to perform energy estimates of the
Stokes system, by considering all the terms coming from the conjugaison as lower order terms in
the high frequency regime.

4.1. Estimates from the Stokes system

We recall that u®°, p*™ and n® are defined in (33) by using the function y*°. We introduce

¥ eCP®0,1), =1 insuppy™. (63)
Then, we set
ii:= e’y p:=e*?p>, 7= S"’On"o, (64)
ii:=0p( -y, p:=0p(l-x)p, n:=0p(1 -1, (65)
7> =7 0p(1- YL, p*:= x> 0p(-p, 17:=x>0p- 7. (66)

Our aim is to estimate p (see (48)) but we need to use y* to work on a bounded domain and
to apply the elliptic regularity of the Stokes system. In order to estimate p, we use that, with our
choice of truncation functions, we have the relations

=00

p=p>+[1-x%,0p1-Ip.

Then, using the commutator property in Theorem 7, we can estimate p from p* and p.
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Using (46), (28) and (29), we have
T SsAEy, TS SAL.
This leads us to define (see (42)—(44))
Li(s,A,7) = ff (A2 0312 + A7 7810, 11 + 17378 (105, 917 + 10,117)) dedx
0,1)x.5
] 314 (103 712 +10x,0,712)) dedx
0, T)xﬂ

.[.[(()T)xy(/1 ' 2(|04 77|2+|6 77| +|6 7l )

A ([0S, 71" +1020., 71 + 10,03, 7?)) drdxi,  (67)

I5(s, A, i0) := /12[[ (V2 + 0, 10)% + 72 |Virl* + *|itl?) drdx, (68)
0,T)xQ
and
Is(s, A, p) = A f (TPIpI +TIVpR) dtdx+ff (13 plE+7|0gp 2) dedxi.  (69)
(0, T)xQ° (0,T)x0Q>®
Noting that

I4(Sr//‘/)f])§ll(sr//‘/)n)) [S(Sr/,‘/r ﬂ)SIZ(S)//L u)r IG(S,A, ﬁ)sIB(s,//‘/y poo))

we deduce from (48) that

L, 4,0+ I5(s, A, 10) + Ig(s,A, p) < A f 22590 (swé(l)olnl2 + s253|a§n|2) dtdx;
0,T)x _#

+ff e (s* A8 uf? drdx + A3 p™1?) dedx
0,T)xwn

+ff 7|0y, p|* dedx;. (70)
(0,T)x0Q>®

The aim of this section is to show the following result:

Proposition 17. There exist Ao > 0 and sy > 0 such that for A > Ay and s > so(T2+T%), any smooth
solutions [u, po,n] of (6) satisfies

Lis,,0) +I5(s,A, 1) < A f >0 (slo€éoln|2 +s2£3|6§n|2) dtdx;
0,T)x_#

+ff e (s* A8 wf® dedx+ 223 pl?) dedx,  (71)
0,T)xwy
where 1) and i1 are defined by (64) and p is defined by (31).

Before proving Proposition 17, let us first introduce some preliminary results and notation.
Recalling that y is defined in (47), we deduce that if y # 1 then

7 <kl (72)
This yields the following semi-classical trace inequality:
Lemma 18. There exists sy > 0 such that for any s > soT* and for any f € H' (Q>),

2 ” Op(1 - 1) fiageo “LZ(aQoo) S ”VOP(l - X)f||L2(Q°°) .
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Proof. We write g:=Op(1—y)f and

g, 1) = g% (x1,%2) +2f1g(x1,yz)6x2g(x1,yz) dys
so that k
T.[rf gl )*dx <7 “g“iZ(QOO) +27| 8]l 2 i00) 195: 8] 2100y < (7 +477) ”g”iZ(Q‘X’) + “awg“;moq
and we conclude by using (72). 0

In particular, using Lemma 18, we can estimate the last term of (70) as follows:

ff(o,T)xaQwT 021 Pl | dtdt 5 V05, ﬁ”iz(O,T;LZ(Q‘X’))' (73)
We have also the following result that will allows us to estimate boundary terms:
Lemma 19. There exists sy > 0 such that for any s > soT* and for any f € H>(R),
lop =) f |l oz S 772 0P = 0%, f 12 gy -
Proof. Denoting by fthe Fourier transform of f, we have
lop( - 312 = fR(l + K321 - y (@, )2 | F | dke
and by using (72), we deduce the result. g

In order to estimate p (and prove Proposition 17), we consider the system verified by &> and
p>°: from (34), we have

0,U° —AT®+Vp® = fO in(0,T) x Q®,

diva® = f@ in (0, T) x Q%,

u>*=0 on (0, T) xI'¢, (74)
i = he, on (0, T) x ',

u*(0,-) =u>°(T,-)=0 in Q,

where
FV =7 0pa-pe™ fO+(s0,:00) 1~ 5 (63, 0o) 1+ (9, po)” B° =250, PO, 1+ 5Vepo p°

u

+|=(s0:¢0) + s (ail ®0) — 5% (0x, (po)z +250, 900y, 1> Op(1 —y)
+[=sVeo, 7°Op(1 — 1P~ T 0p@r )it~ (T°)" & ~2(7) 0, i+ (T) Per,  (75)
@ =7°0p— (e fP) + 50, 9o li° — [$0x, 90, 7> Op(L — ity + (¥°) T, (76)
h:= 7 0p(1 - 1)+ — s (0rp0) ). 77
We also define
s 12 12 (2
I(@, p) := ||0,0x, | 20,12y t [0, ””LZ(O,T;HZ(QOO)) +[|vay, pl| 12(0,T;L2(Q°))
~112 3~12 2 ~12
+ ||Tat”||L2(o,T,-L2(Qoo)) + ||T ”” 120,12y t HT Ox, ”||L2(0,T;L2(Q°°))
2 2 2
+ “ Tafcl u||L2(0,T;L2(Q<>O)) + ”Taxl 0x2 u”LZ(O,T;LZ(QOO)) + ||T6§2 uHLZ(o,T;LZ(QDO))
2 2 2
170w 120, 7,120 + 172 Pl 200, mir2000 + 1TV P 200, ms120000y - (78)
From relation (72), we have
~ 12 2 12
1@, p) < [|0:0x, u||L2(0,T;L2(Q°°)) +[|0x, ““LZ(O,T;HZ @y T Vs, b7 (0,T;L2(Q%)) * (79)

We have the following a priori estimate on (74).
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Proposition 20. There exist Ao > 0 and sy > 0 such that for A > Ay and s > so(T2+T%), any smooth
solutions [u, po,n] of (6) satisfies
T RONE 7@ )2 F(2) |
(@, p) S ”anf ||L2(0,T;L2(Q°°)) + ||0x1f ||L2(0,T;H1 @) T ”atf “L2(0,T;L2(Q°°))
~2 _ ~2 _ . .
+ ||axlh||L2(0,T;H3/2(r<;°)) +|= llzataxlh||L2(O,T;L2(FT°)) + A7 (Is(5, 4, ) + I(5, A, ) . (80)
Proof. First, we differentiate (74) with respect to x1:

0,0, 1% — Ady, 1 + VA, p° =0y, f in (0, T) x Q%,

divay, i = 0y, f? in (0, T) x Q°,

0x, U®=0 on (0, T) x I'°, (81)
Oy, U™ = 6x1ﬁe2 on (0, T) x ',

0, 1°(0,-) = 0, B°(T,-) =0 in Q.

Let us consider a bounded smooth domain Q c Q® containing supp 7 x (0, 1). Let us also write
oo |0 =0  on(0,T)x (0Q°\T),
0y, i®° =0y, he, on (0,T) x (0Q°NI).

Using [36, p. 33, Theorem 7.5], there exists H € H2({(x1, x2) € R? ; x2 < 1}) such that H = axl’ﬁ on
['{°. Multiplying H by an adequate cut-off function we deduce the existence of H e H?(Q) such
that HY = k% on Q. Therefore h? € H32(3Q!) and we have the estimate

|

With the above notation, we deduce from (81) that (6 o U, 05, ﬁ‘”) satisfies a Stokes system in Qb

HOr2 308 [0 E||H3’2(F‘f°)'

A0y, T+ V0, P = 0y, fV = 0,05, 7 in (0, T) x QF,

divy, i = d,, f? in (0, T) x QF, (82)

0y, U1® = K on (0, T) x Q.
Using the elliptic regularity of the Stokes system (see, for instance, [50, Proposition 2.2 p. 33]) we
obtain

0y, 0|5 Vo, 7°|?
|0, @ ||L2(O,T;H2(Q°°)) +[|Voy, p ||L2(0,T;L2(Q°°))
F 12 2
S “‘%f “LZ(O,T;LZ(QOO)) + ||6t6x1 ﬁoo||L2(0,T;L2(Q°°))
F2) 2 712
102 £ 120,711 0oy *+ [0 h”LZ(O,T;H3’2(I“1’°))' (83)

On the other hand, by multiplying the first equation of (81) by 0,0y, & and integrating by parts,
we deduce

T ~ ~
f 1000 822 ey A+ f f 0y . 0,05, drydr + f f 62 7°°0,7® drdx
0 0,T) =T n

(0, T)x Q>

= f f 0y, fV 0,0y, i dxdt.
0,T)xQ®
The above relation yields that for any € > 0,
||at6x1ﬁ°°“i2(o,T;L2(Qoo))
2 1 ~0) 112
S €[V P 20, 11200y +€ 17705 ﬁoo||L2(0,T;L2(r°;°)) te 1072 20,7112

L, _ =2 O
+ e ”T llzataxl hHLZ(O,T;LZ(F‘fO)) + Ham f(l) HL2(0,T;L2(Q°°))'
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We deduce from the above relation, from (66) and from Lemma 18 that
0,0, 0|

” Ox U ||L2(0,T;L2(Q°°))

<e|Voy, p|? 5|2 Lo, Fo

Se X1p||L2(0,T;L2(Q°°))+5||p||L2(0,T;H1(Q°°)) +g lo.f ||L2(0,T;L2(Q°°))

Ly 12 72 7|2
te |7"%0:0x, | 120, 1;12(0) 195 20,7320 - B9
Now using (63) and (33), we have
V20, il = V20, i1 + V20, [(1-7™),0p(1 - p)] L.

Since, (1 - 7*),1- y € 8%, we deduce from Theorem 7 and Theorem 8 that

2
| 12(0,T;L2(Q%))

12 2 .
||V2‘3X1 u||L2(0,T;L2(Q°°)) S ||V2‘3X1 ﬁoo” 120, T;12(Q%)) T ”Tzu

. 2 12
+l vl + V22 120 7212 200 -

2
L2(0,T;L2(Q%))

Using the compact support of y°° and the periodicity of ue*?°, we deduce from the above relation
and from (68) that

iy 2 _ .
V%05, i1l| 20,7120 < V%05, 0| 20,7200y + A “Is(s,A, ). (85)
Similarly, with (69), we have
12 o012 - y
V0, Pl 72 0,7 120000) < V0 P 72 0,7:1200000) + A Hs(s, 4, ). (86)
Finally,
ataxl u= ataxl ij‘ZOO - axl [1 - XOO; Op(atX)] i+ axl [1 - Zoor Op(l - X)]a[izr

and from Lemma 10,

!
)
atXE WTZST.

In particular, if s > T2, we can combine the two previous relations with Theorem 7 and Theorem 8
to obtain

”ataxl ﬁ”iZ(O,T;LZ(QC’O)) f/ ”ataxl ﬁoo”iz (0,T;L2(Q)) + A_Z I5(s, A, 10). 87

Combining (79), (83), (84), (85), (86) and (87), we deduce the result by taking € > 0 small
enough. g

Combining (80), (73) and (70), we deduce the existence of A¢ > 0 and sy > 0 such thatfor A > A
and s > so(T?2+ TY),

Li(s,A,0) + Is(s, A, &) + Is(s, A, p) + I (i, P)

<A f P (sloé(l)oln|2+szé(2,|6%n|2) dtdx;
0,7)x_#A
+ff e (s* A5 ul® drdx + 2 A3 | p™1?) dedx
0,T)xw;

= 2 = 2 = 2
+ ||0X1f(1) ||L2[0,T;L2(Q°°)) + ”axlf(Z) ||L2(O,T;H1(Q°°)) + ||6tf(2) “LZ(O,T;LZ(Q“’))

- =12 =12
+[le7 0.0, h“LZ(O,T;LZ(F‘IX’)) +[0x, h||L2(O,T;H3/2(F‘1’°)) : 88)
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4.2. Estimates of fO, f® and h

To obtain Proposition 17, it remains to estimate the right-hand side of (88). We recall that o,
@ and h are given by (75), (76) and (77).
Combining (49), (46), (29) and (38), we deduce that for ¢ > 0,
T

T 3/2 712
05wl S 5 (k=1), |5t5§'§1<ﬂ0|5T(ﬂ) : |5?031<P0|§T2(K) (89)

T Q0 T2 v oA, o
0% goe =S? (k>1), a,azlwoee’(ﬂ) (74 4 gm2A¥)g0.
2
920% o € (2£+3(£’)2)(%) (e BN 4 ¢~61Y)80 (90)

Proposition 21. There exist so > 0 and Ay > 0 such that the function fO defined by (75) satisfies
fors > so(T? + T*) and for A > Ay,

”axl f(l) “iz(O,T;LZ(QOO)) < Ail (14(5) A)f)) + IS(SJ /1, a) + IB(S) A') ’5) + T(av ﬁ)) .

Proof. Differentiating (75) yields,
6

0x1 f(l) — Z F(i) 91)
i=1
where
r._ 6x1 (ioo Op(1 - X)es(po]c(l)) , 92)
2) ._ ~00 _ 2 ~00 , 2 2 ~oco _ ~00 ~00

F¥:=0,, ((sat(po)u $(0%,90) U™ + 5% (0x,00)” U™ = 250, P00, U™ + sVpo P ), (93)
F® =0y, |~ (59190 + 5 (02, o) — 8 (0, 90)* + 250, 9001, 7°° Op(1 x)] i, (94)
FW =0, [-sVeo, Y Op(L— )P, F®:=-dy, (¥°0p@,1)i), (95)
FO =0, (- (1) 5-2(7) 05 7+ () Per). 96)

From (92), we have
FUO =7°0p(1 - y) (s0x,poe’ fU + &0, fV) + (7)) 0p(1 — p)e*?o V.
From (36), (89), the properties of y* and the periodicity of  and p in the x; variable,
2 2
|50, p0€*? £V + e5%00,, f) ||L2(0,T;L2(Q°°)) +[evo f O ||L2(0,T;L2(Q°°))

2
< o0 (T (1 0w uf? ) + 10+ o pIF) vt
(0,7)x(0,2m) x (0,1) A

2 4 2
< 2 2 (T 2 (T2 S12, (D) 1512
fommm (|0xlu| #(5) 0w+ (3) 1 + 0 P + () 15 axat
Since 1 -y € S? (see Lemma 6), we deduce from the above estimate, from Theorem 8, and
from (68)-(69), that

, i ) i
1EO 20 2 oy <A™ (I8, A, 1) + T, A, ) @7
From (40), (93) and (89), we have for s > so (T2 + T*) and 1 > Ao,

‘[2 - - T _ ~ ~
[FO) < 25 (1 + [0 7))+ 3 (102, ]+ 5] + 0,71, 98)

and thus with (78),
2 o
”F(Z) ” 120731200y S A 21(d, p). (99)
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On the other hand, from (94), (95),

F® = [-(sa,q;o) + s(@i1 ®0) — 5% (0, <p0)2 +2505, 000y, 1°Op(1 — 1) | Ox, U
+ [ (500, po) + s(a*j’c1 ®o) —25°05, (poﬁfq Qo+ 236?61 00y, +250y, (poail, 1>°0p1-p]u, (100

F® = [=sVo, 7° Op(1 — 1)10y, P + [~ 5V, 0, 7 Op(1L — 1)1 p. oD
From (90),
. 1 l
s(0%,p0) - 5 (0, 00)° — 250, @oik € zsi, s8¢ € 51/2/182/2
. 1 !
s(ail ®o) — 25705, (poail o —Zsail Poik—250y, pok? € zSi, $010yx, o € 1/2/153/2,

1
—sVpo, —sVOy, o € ZS%,
so that, from Theorem 7, Theorem 8 and (78),

2 2

IF 2 ©0,T;12 (Q°°)) +||F® ||L2(0 T;L2(Q%)
< = (| ;
~ /12

1z (”ﬁ”iz(O,T;LZ(Qm)) + ||6x1ﬁ“iz(0,T;L2(Q°°))) N ﬁ (Is(s, A, + Is(s, 4, ). (102)

2
+[|70x ””LZ(O T;12(0%) T ||6 ”LZ(O,T;LZ(QOO)))

From (95),
F® = —7®0p(3,))0y, it — (7*°) Op(@, ) it. (103)
From Lemma 10,

Sl/2

0
tX € (As)llz

so that from Theorem 8 and (68),
®) 2 -1 112 o2 2 <12
1 20,7520 S A (”Tam i1l 120, 7:220000 + 1T 820 712000y + 195, u||L2(0,T;L2(Q°°)))

<SA2Is(s, A, 1), (104)

Finally, from (96), (78) and (40),

®) |2 255
1F N 20, 22000y S A1 B
Gathering (91), (97), (99), (102), (104) and the above estimate, we deduce the result. U

Proposition 22. There exist sy > 0 and Ao > 0 such that the function f@ defined by (76) satisfies
fors> so(T?2+T% and for A > Ay,

= 2 = 2 _ " “ . =~ o~
“0)61 f(Z) ”LZ(O'T;HI(QDO)) + Hatf(Z) ||L2(0yT;L2(QOO)) < A/ ! (14(S)A/r TI) + 15 (S; A/) u) + IG(Sy A/r p) + I(u; m) .
Proof. From (76)

0, @ =GV +G?+G® +6W, (105)

with
GM:=a,, (F°0p -y (e fP)), G = 0y, (02, 90 TIY), (106)
GW = -0y, [50., 0, ¥° Op(1 — Y] i1, GW =0y, ((?Z‘”)'ﬁl)- (107)

From (106), we have

G = (7°) 0p(1 - p) (" f?) + 7 0p(1 - 1oy, (e 1),
0, G = (1) 0p(1 — ) (€™ £@) +2(7°) Op(1 - 1)y, (€™ f?) + 7 0p(1 - 1%, (e 1),
0:,GV = (7°) Op(1 — 1) ("0, fP) + ¥ Op(1 — x)0s, (€705, [?),
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with
0, (eS<P0f(2)) =50y, (pOeS(pOf(Z) + eswoaxl]c(Z)’
ail (esq)()f(z)) — Sai] (pOeSwOf(Z) + 82 (axl (,00)2 eS<P0f(2) +2$6x1 (poesq)oaxl f(Z) + eswoailf(z)’
0y, (6%790,, f1?) = 50, o€ 0y, P + &0y, 0, f 2.

The above relations, combined with (36), (89), with the properties of y* and with the periodicity
of u and p in the x variable, imply

2 2 2
esP0 p@ [P f(Z))”LZ(o,T;LZ(Qoo)) +[|Vay, (e £ )] .
< ff e?590 ((1)4 lul? + (1)2 IVul® +|0% u|2 + 04,05, u|2) dxdt
(0,T)x(0,27) x (0,1) A A 1

S/
(0,T)xQ®

Thus, using 1 — y € S? (Lemma 6) along with Theorem 8, the property of y* and (68), we deduce
that

2 (%)2|va|2+ (%)ﬂmz) dxdt.

1GD % 0 7.1 oy < AT (5, A, D). (108)
Moreover, using (89), we deduce
1G?|+|vG?| < % (11 + |0, @] + 0%, 11| + |01y 7] + |0, By 1] (109)
We deduce from the above relation and (78) that
|62 iz ey < 47T ). (110
From (107),
8,,G® = —6?61 (50,00, 7 Op(1 — Plit, 0x,G® = —0y, (50, 0o, 1° Op(1 — 1)10x, .
Thus from (90), (68), Theorem 7 and Theorem 8,
1G9 2071 oy S A4 I5 (5,4, D). (111)
From (107),
0,6 =02 (1) @), 05,6 =0y ((7™) 0x@),
and thus, from (78) and (40),
I G “iZ(O,T;Hl @) S A2 I(@, p).

Gathering ( 105), (108), (110), (111) and the above relation, we deduce the estimate for 0y, f(Z). To
estimate 0, f @ we derive (76) with respect to time:

0,f®=HY+H? + H®, 112)
with
HWY := -7 0p(-0:7) (¢’ f @) + 7 0p(1 - 1) ((s9:00f ® +0,fP) ™), (113)
H® =0, (504 9o+ () ), (114)
H® := —0,[50,, 0o, 7 Op(1 - )lily. (115)

Combining (36), Lemma 10, (89), Theorem 8, the property of y* and (68), we deduce that
2 - .
||H(1) ||L2(0yT;L2(QOO)) SA IIS(S;A; M) (116)
Using (36), (89) and (78), we also find

|2 20,7322 0y < AT P 17)
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For the last term, we write
H® = (505,000, 7 Op(1 — Y)1di1 + [0, 0o, ¥*° Op (9 )] i1 — [0, o, ¥° Op(1 — x)10, 1.
Combining (90), Lemma 10, Theorem 7 and Theorem 8, we deduce
3)|12 -1 .
“H( )“LZ(O,T;LZ(QOO)) SAT Is(s,A, ).
Gathering the above estimate, (116) and (117) yields the result. O

Proposition 23. There exist sy > 0 and Ay > 0 such that the function h defined by (77) satisfies for
s>=so(T?+TY and for A > Ay,

” %0 10, h”LZ(O T;L2(T) + H0x1 h”LZ(O T;H3/2(I) ~ SA a5, A1),

Proof. From (77)
dx h= (1) 0p(1- A" + 7 0p(1- n)h?, (118)
with
R =001 — 50,07, P =0, BV = 0,0, — 5(0:0x,00) 71— 5 (0:00) O, 1.
Applying Lemma 19 and using (118), we deduce that

10, E” [2(0, T; H3'2(I°)) ~ S opa- phY “ 1200, T;H3/2 (%)) T lopa - Dh? ”LZ(O T; H3/2(1%)
S ”T 1/2 Op(l - X)axl h(l) “LZ(O,T;LZ(F?O)) + ||T 1z Op(l - X)aJﬂ h(z) || LZ(O,T;LZ(F?O)) :

Then, using that 1 — y € Sg, (89) and Theorem 8, we find

~ T
||aX1 h||L2(0 T;H3/2(T°) ~ ”T 1/20'“3?61’7||L2(0,T;L2(r‘1’°))

|| 120,07 ”2 23: ~ ! 2
+ |~ 6t0 f] ) 1200 + _a f] .
e ol A2 B L2(0,T;L2 (1Y)
From (67), we deduce from the above relation that
||6xl h||L2(0 T; HSIZ(FOO)) < A~ 14(5 A T]) (119)

By differentiating (118) with respect to t, we obtain
00, h =~ 0p@: ) A +(7°) Op(1 - )9, — ¥ Op (@, x) h? + 7 Op(1 - 1), h®. (120)
Applying Lemma 10, Theorem 8 and (89), we have for s > so(T?2+ TH and 1 > Ay,

" 3/2 2 7312 2
24,6, |52 2roon S || =55 05, 11 —1
I 1 ”L OBEEATN ~ | 2372 rzo,mzzaey A2 2o, 12w
~1/2 32 1/2
+[|z7'"%0 77||L2(o T2y T I==""a axm”LZ(o T;12(IS9))
2 2
ax atT] +' —Otﬁ (121)
/13’ 27 o,z NA327 20, 12 ooy
From (67), we deduce from the above relation that
-1/2 7112 -1
7772010 B 20, ryz2rooyy S A als, A1) (122)
O

The proof of Proposition 17 consists now in combining (88) with Proposition 21, Proposition 22
and Proposition 23. In the next section, we show the observability result from the above relation.
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5. Proof of the observability

This section is devoted to the proof of Theorem 2. We first remove in (71) the local terms in p and
in 0%7. Setting

1 1
P1(1) = W(e*’“—e“’“’), &)= [mzew» (123)
P2(1):= ﬁ(e“’“”o)‘P — 10, Ea(t) = ﬁe@““ww, (124)

we have (see (28))

P1(D) < (L, ) < @a(D), 61D <E(F,7) <620 (e (0,T)).

Let us set )
s
po:=At?e™ = ;L%lwﬁewa (125)
p1:= S11/21—7€§1/264s<p2—35(p1, p2:= 89/1_162645(02_35(?1- (126)

Then we have the following result.

Proposition 24. There exist s > 0 and Ao > 0 such that for any s > so(T? + T*) and for any A > A,
any smooth solution of (6) satisfies

T
f p2 || (w,n,0,m|>, dtﬁff p318.m* dtdx; +ff p5lul® dedx. (127)
0 ©0,T)x # ©,T)xw
Proof. Using (32) and applying the Poincaré-Wirtinger inequality, we deduce that
ff 53)14§3e25""|p|2 dedx < / 53)L4€§e23‘”2|Vp|2 drdx
0,T)xwy 0, T)xw;
and with (12),
ff SAE3 e p|? drdx < ff sSA1E 592 (10, ul* + |Aul?) dtdx. (128)
(0,T)xw 0,T)xw
From (125), (67) and (68), we have
T
fo po(1)? (Ilu(t)lliz(m + |93z + 0m(@) ||§zw) dt < Ii(s, A, 5) + Is (s, A, 10). (129)
Combining (71), (129) and (128), we deduce

”190””%2(0112(9)) + “POatnlﬁz(o,T;LZ(rl)) + ||PO77”i2(0,T;H2(r1))

<A f 2590 (swféolnlz + s2£3|a§n|2) dtdx,;
0,T)x_#1

+[f 284?50 y? drdx + f SSAIE 2592 (I@tu|2+ |Au|2) drdx. (130)
0,T)xwy (0,T)xw

Now we set »
ps (1) := A3e‘*“%ewl(”, pa(0) = A3 MY s71p(n)2 5@, (131)
We have p3, ps € C'([0, T]), p3(0) = p4(0) = 0 and
o5 Spo and  |p}| < ps. (132)
We recall that (12) can be written as (23). Then, we deduce
d u u u o3u
—p3| n|=ps| n|+p3| n| in©OD, | psn |0 =0. (133)
dt
o om om 030:M
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From (132), (129) and (19),

losdeul r20 71200 + 1038 120, 720
+| p3a%n||L2(0,T;L2(F1)) +| PSatn||L2(0,T;H2(r1)) +| p3n||L2(O,T;H4(F1))
< “P0”’|i2(o,T;L2(Q)) + ||906t77||i2(0,T;L2(r1)) + ||p0n||i2(O,T;H2(F1))‘ (134)
Then, we deduce from (23) that
u u u u

dai,4 —ot| L o4 in (0,7) d 0)=0. (135)
dt p4dt n = p4dt n p4dt n , 1), p4dt n =0.
o om om om

From (132), (129), (134) and (19),

||p46%u“ 12(0,T;L2 () + ||p4atu|| 12(0,T; H2(Q))
+lea0inll 2o 12wy *+ 10a07ml 20, 72y + P10 20, im0
S ”pOu“iZ(O,T;LZ(Q)) + ||P06tﬂ||22(0,T;L2(r1)) + HPO77||i2(0,T;H2<F1))' (136)

Then, from the standard elliptic regularities for the stationary Stokes system ([50, Proposition 2.2
p- 33]) and for A;, we have moreover

||p4u||L2[0,T;H4(Q)) + “ p4n||L2(O,T;H6(F1))
S ||POu“i2(o,T;L2(Q)) + ||p06tn||iz(0,T;L2(F1)) + ||9077||i2(0,T;H2(r1))‘ (137)

By integration by parts, we obtain

1
f f s2AERe* %0952 didxy = = f f 0% (s°A&5e*5%0) |0,m|? dtdx
©0,7)x %1 2 JJo,n)x 7

- f f s2AE2e* 0 9%na,m drdx;.
0,T)x _#1
Using (49), we deduce that for s > so(T? +TY), for any € > 0, there exists C > 0 such that
f f s2AE2e*%0|95|? dtdx; < C f SSAE > 010,nI? dtdx
0,T)x_# 0,T)x _#
2 _ _
+€|pa0yn| ro,rey tC f(o o sOATHER e PO209 mI* ddixy
, L)X #

2 - -

< el a0l 20,720y + Cff sOATAE et 7250119 > drdxy.  (138)
0,T)x _#1

Then, we integrate by parts the last term and we obtain that for any € > 0, there exists C > 0 such

that
f f sATAE et P02 19,12 dedx
0,T)x_#

2 - -
S€ “p36%n”L2(O,T;L2(F1)) + C//(O Dxg sHATHgg P00 |2 drduy. (139)
, L)X A1

Similarly, for any € > 0, there exists C > 0 such that

ff $SA1E3e*59210,u)* drdx < cff sPA1ESe? 52 ju|* dedx
(0,T)xwy 0,T)xw

2112 8128 4spy—2s 2
+ellpadiul iz 20 +C f(OT)Xw STATG, e ul” drd
y 1
2 _
gs“p;;@%u”sz,T:Lg(Q)) +Cf£0 o 38A262e43w2 251P1|u|2 dtdx (140)
) 1
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Finally, we consider a nonnegative smooth function y; with compact support in w and such that
x1 =1in w;. Then by integrating by parts,

ff 33/14£ge25‘p2|Au|2 drdx
(0, T)xw
gff 115 AE P2 | Aul® dedx = f s3/14§§ezs‘pzA()(1Au)udtdx
0,T)xw 0,T)xw

2 812 ¢8 4spr—2 2
<ellpau| 2y +C f(mst APE5 et P22 |y > drdx.  (141)

Gathering (130), (138), (139), (140), and (141), and using (134), (136) and (137) we deduce
! 2 2 2 2
fo Po(1) (||um||wm+Hn(t)||H2w+||atn(t)||Lz(j)) dt

gff p%lnl2 dtdx; +ff ,oélul2 drdx, (142)
0,T)x 7 0,T)xw

5 = sTAEG P21, (143)

To end the proof of Proposition 24, we need to replace in the above estimate the observation
by n with an observation by d,n. This is done by using the smoothing effet of the parabolic
system (23). More precisely, we apply (142) to (8;u,07, 6?17) and we deduce

with p; defined by (126) and with

T
fo Po (0 (104012, + |0m(B) |2 ) + 930D 2, )

< / p§|am|2 dtdx1+ff p§|a,u|2 drdx. (144)
0,T)x ¢ 0,T)xw
On the other hand, using (23) and the fact that 0 € p(</) (see, for instance, [1, Proposition 3.5]),
l0:w,n,0m| 5 = < Tw,n,0ml|| 5 = c||lw,n,0:m| 4 -
Combining the above estimate and (144) implies
T
f 2 || (w,m,0,m1|>, dtﬁff p310.m* dtdx; +[f p2l0,ul* dtdx. (145)
0 ©0,1)x ¢ ©,T)xw

We integrate by parts the last term: recalling (143), we obtain that for any ¢ > 0, there exists C >0
such that

_ 2
ff p2l0,ul* drdx < C f sUAZEL 022501 2 drdx+ € ||p46%u||Lz(0 T-12(Q)
0,T)xwy (0,T)xwy "
+C f sBA2¢18 50276501 12 drdx.  (146)
(0,T)xw,
We deduce (127) by combining (145), (146) and (137). g

Using Proposition 24, one can deduce Theorem 2:

Proof of Theorem 2. We fix A = Ay and s = so(7? + T%) in (125) and (126). In particular the
constants that follows may depend on A and sy. Then we deduce from (127) that

3T/4
f o [ tu,m0.m|)%, deff p1(0?10ml* dtdx +ff p2(0?ul® dedx.  (147)
T/4 0,T)x ¢ 0,T)xw
From (125) and (126), there exists C > 0 such that

C T
?e‘C’TZ <po in (——)
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and
p1S1l, p2S1

Since < is the generator of a semigroup of contractions (see, for instance, [1, Proposition 3.4]),
we deduce the result from the above relations.

6. Proof of Theorem 4

We give here a sketch of the proof of Theorem 4. First we construct a change of variables to
write (2) in a cylindrical domain, then we use the “source term method” and Theorem 2 to show
Theorem 4 by a fixed-point argument.

6.1. Change of variables

We can assume that for some § >0

wc ¥ %x(0,1-0).
Let us consider a smooth function 8 € C*°([0, 1]; [0, 1]) with compact support in (1 -4, 1] and such
thatf =11in [1-6/2,1]. We consider the change of variables

X(t,): Q= Qi (y1,¥2) = (71,2 +0(2)0 (2, y1)) (148)

that is a diffeomorphism if
1
||9 ||L°°(0 1) ||C||L00(o T;L° (%)) X <z (149)

We denote by Y (¢,) the inverse of X(z,-).
We write

l\J

W(t,y) :=Cof(VX)* (t, pw(t, X(t,y), T(t,y):=n(t, X(t,y)
X%:=X(0,9), W%:=Cof(vx"*w’oXx°.
We also write

a:= Cof(VY)™. (150)
After some standard calculations (see, for instance, [2]) (2) is transformed into
0 W —divT(W,1I) = 1, f +F (W, 1) >0, xeQ,
diviv=0 >0, xeQ,
W =0:(e, >0, xel'y, (151)
W=0 t>0, xely,
01l + AL+ A0l = P2 (IT+1 5 g+ Gc(W)) 1>0, x1€.9,
w©,)=w°’ inQ, ¢0,)=¢, 0,{0,)=¢ in.2, (152)
with
0W; 0Y;
[[F((W,H)]l.:=—20ta,-'k(X)Wk+(ai,k(X) 5ix)0 Wi — Z“zk(X) 53, =, 0
+Za2 (X)W +2 6W’“al +y lk(X)a ’“ﬂ( X)
¥ ax] k]laj kil 9y
OWy. 0Y; o1l
+k,%m azk(X) (X)—(X) lk5l,j5m,])m— l (a—xi(X)—(Sli)a—
X X)W W, ! oW Ve (153
—j%ka]m() ]( YWy Wi — dt(VX)Za,k() " v (153)
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oWy

G (W)= = (0,0 + (05,¢)°) o

Then, we can write Theorem 4 as follows:

(154)

x2=1

Theorem 25. AssumeT >0, w € Q and ¢ € & are nonempty open sets. There exists Ry > 0 such
that for any [WO,(O,Zg] €V with
Itw?,¢9,81|l, < Ro, (155)
there exists a control
(f, & € L0, T; L (@) x L*(0, T; L*(_#))
such that the solution of (151), (152), (153) and (154) satisfies

((T,-)=0, 0:(T,-)=0 ing, W(T,-)=0 inQ.

6.2. The fixed point argument

Using the notation of Section 2.1, the result of Theorem 2 states the existence of kr satisfying (14)
such that for any [u°,7%,19],

2 2

ud u®
T
e™ | nY <sz[ B* e | de. (156)
0 0 0
M2 11l Mol 2 wyx12( )

From standard results (see, for instance, [53, Theorem 11.2.1, p. 357]), this yields the null-
controllability of (5). Using the “source term method” (see, [37]), one can improve this result.
Let us consider the following weight functions

__G __© _ __G
o1(t):=e T-0*, gy(t):=e T-0*, og3(f):=e T-0? (157)

and the corresponding spaces (for o = 01,0, or 03)
LhO, T;%) :={floe L’ (0, T; )},
CI([0, T Z) :={flo € C*(0, T;; Z)},
H3 0, T;%):={flo € H(0, T; X)},

for p > 1, keN, s€ Ry and & a Banach space. The abstract result proved in [37] yields the
following result:

Proposition 26. Assume (156) with (14). Then there existo1,02,03 as in (157) and a bounded map
Er:¥ x L (0, T;L*(Q) x L*(#)) — L%, (0, T; L? (@) x L*(_#))
such that for any (W°,(9,(3] € ¥ and for any (F,G) € L3 (0, T; L*(Q) x L*(.¢)), the solution of

OW—divT(W,IT) =1, f +F >0, x€Q,
diviv=0 >0, xeQ,
W =0.(e> t>0, xely, (158)
wW=0 t>0, xel'y,

6”(+A1(+A26t(:Png (M+14g+G) >0, x1€.9,

wo,)=w°" inQ, (0,)=¢, 0,0,)=0 in2, (159)
with the control
(f, 8 =Er((w% 3,91, (F,G))
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satisfies

I W”L§3 (o,T;HZ(Q))ng3 ({0, T];H! (Q))nH}3 o012 T ||H||L§,3 (0, T;H} ()
I8z, 0,1 o) + 1€y, 10,133 + 1€ a3, 0,320
+Clcy, qo i oy + 102, 0,11:1209))
0 0 0
SIwWe.a.G1, +IEG Iz o, 7:2@x12050) - (160)
Moreover, we can assume
o <o. (161)
We are now in a position to prove Theorem 25 and thus Theorem 4.
Proof of Theorem 25. Assume that [W°,( (1), 4 g] satisfies (155) for some Ry and let us assume that
IEG 2 o,1;120x1205) < Ro-

. o, . 2 . 2 2
Applying Proposition 26, we deduce the existence of a control (f,g) € ng (0, T; L*(w) x L*(_#))
such that the corresponding solution of (158), (159) satisfies

WLz, 0, 7:12@)nc8, qo, Timr @), 0 52 + M2 0,70 @)
1802z, 0,780 T 1€ CQ, 0,713 00 T 1EN 1Y (0,73 11209)
+ ”(”C}73 ([0, T1; HL(.#)) + ”(||H§3([0,T];L2(J)) < CR() (162)
for some constant C > 0. Using the Sobolev embeddings, we have in particular that
1€l cogo,71;w2e0 () < CRo (163)

for some constant C > 0. This yields that for Ry small enough, (149) holds and we can consider
the change of variables of Section 6.1. We thus define X, a, F and G by respectively, (148), (150),
(153) and (154). Moreover, following the arguments in [1, 48] and using (161), one can show that

2
|Fe(w, 1D ”L,Z,1 oz + 16W) ”LE,1 o120 S CRoy (164)
and in particular for Ry small enough, the closed set
Bry = {(EG) € L2, 0, T; Q) x LX) 5 IE G2, r3z2(c01200) < Ro}

is invariant under the map

Z :(F,G) — (F¢(W,ID), Gy (W)).
One can also show that for Ry > 0 small enough, the above map is a strict contraction on Bg,.
Using the Banach fixed point we deduce the existence of fixed point (F, G) for Z. One can notice
that the corresponding solution (W, I, {) of (158)-(159) verifies the conclusion of Theorem 25. [

Appendix A. Technical results
A.1. A Carleman estimates for the damped beam equation

The proof of Theorem 13 follows directly from the proof done in [41]. The differences with respect
to this article is the weight in time and the powers of s, 1, and . For sake of completeness, we
give here a brief sketch of the proof of Theorem 13 by using what is already done in [41].

We recall that ¢y and ¢ are given by (29). We set

fo= 0 +0%n—0%n-0,0%1, (165)
(=e’¢m. (166)
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We say that a function g is l. 0.t (lower order term) if it satisfies for some €1,€2 > 0, €162 #0,
|g| 5 S—&1;{]—£26661 (57/2”468/2 |(| + 85/2#353/2 |ax1(| + 83/2”’263/2 (|6§1C| + |6[(|)
+52 g5 (103, ¢| +10:0x,¢[) + 57126512 (|03, ¢| +10.0%,¢] + 10%¢]))

From the Leibniz formula

64 4 4 aoc 04—11
s r — S -y _ s — s r -r
e M"_ax;* (e7%%0&70) = ag,o (a)e Po _6x_f‘ (e5%0Q) ‘(O_ax;**a (&7)-
From (49), we obtain
04—0( ( ) 4
$07a=a (o )| SHTT
6x‘1l @

and thus a direct computation and (49) yield that for s > so(T?2+TY),

- (4 SPo 0" =$¢o 7\ &7 A
Z ¢ @ (e () 50 6x4—“ (50 ) =l.o.t.

a=0\2% 1
We also deduce from (49) that

o
5P - (e75%0¢) = —45 (3, 0)° 02, { + 65 (3, p0)” 0% { — 450, 900> { +0% ( +5* (01, 90) " ¢
1
~125% (0x,900)° 32, ol +1.0.t
and thus
o
e85 (€765 0) = =45 (0, 90)” 01, +65% (911 p0)” 05, L — 4500, 900%, ¢ + 03,
1
+54(0,5,00)* ( —125° (0, (po)zail ol +lo.t. (167)
Note that

~125% (95, 90)° 02, 0¢ =L 0.1,
but we follow the trick of [41] to keep this term in order to show the Carleman estimate.
We can show similarly that

62
e — (e77¢,"¢) = L.o.t. (168)
oxy
We also have
eS(poé—ra_z (e*S(poffl‘() — eS(poa_z (e*S(poc) + 265(,003 (e*S(p(){) é-l‘i (f*l‘) +C€rﬁ (é-*l‘) .
0912 0 ar? ot 09t 70 092 20
Thus, using (49), for s > so(T? + T%),
0 _
eswo(fgw (e75%0¢,7¢) = 0% +1.0.t. (169)
Finally,
esPoEr 2 6_2 (e—swogr—f() = %P0 6_2 (e_s“’(’() & i (f—r) + gS%0 i 6_2 (e—woc)
00, 0x2 0 ox? 09¢ 0 0t 0x?
0 0 0 0 0 0
2 Spo __— =S r_- _- -r 2 Spo — 7 —S¢®o r_— —-r
+z2e axl (e C)éoat axl (60 )+ e ot axl (e ()600)61 (50 )

d 62 0 02
(& — —(ETT) 4 @5P0 — (oS0 r - (ETT)
ao@taxf (50 ) e Gt(e ()foax% (&")
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From (49), for s > so(T? + T*), and for p=0,1,2,
oP o¢

agpl2
é'OOtp ax (50 ) ~ f0
and
eSPEr 26_2( TSP0E L) = e 0——2(e_s‘p°()+l.0.t.
95, dx 2 0 0t ox?

Consequently, using (49), we deduce that for s > so(T?2+TY),

0 0% i
es"’(’féa@ (€7908,7) = 5% (3, 0)” 0:C — 250, p0010, { +0,0% { +L.0.1.
1

Gathering (167), (168), (169), and the above relation and combining them with (165) and (166),
we deduce

Ml("'MZC: eS‘pOf(r]fn+l.0.t, (170)
with
M= 5% (0x,00)" { +652 (0, 0)° 02, { +0% { +25 (95, 00) 0,0, { + 0%,
and
Ma( = —45° (05, 00)° 0, { — 450,900 { — 0,02 { — 5% (3, p0)” 0:C — 125° (3, 0)” 32, o
In what follows, we say that a term G is a L.O.T (Lower Order Term) if there exist €; > 0, £, > 0,
£1&2 #0, such that
G5 [ AT (T ¢ S0l s (3,0 + 101
+ 5280 (10, €12 410,05, 0%) + 57165 (|08, ¢ + 103012 +10,0% ¢ ) ) dedx - (171)

Then, we deduce

MR ) IV g oy *2 [ MMt di

2
= “ es(pof(r)fn(“LZ(o,T;Lz(Q)) +L.O.T. (172)
Writing I; for the product term of the i-th term of M;{ with the j-th term if M>(, we have
M{-My({ dx;dt = Ii i
f/;0 T)x.% IJEE’---, 5} b

and we have to estimate all the terms I; ;. This is done in a precise way in [41] using (49). For
instance, by integration by parts,

L= _435ff(0 ; JZ(6xl<p0)5(0§;l( dxldtz—SOssf/ (02,00)" 0%, 90 (0x,0)° dx1dt

0, T)x.#

+205° ﬁm ., y[4(0xl(p0)3(0i1(p0)2+(Oxl(p0)46i1(p0 {04,¢ dxy dt

and using (49), we deduce, as in [41] that

I o = —4s° f f (02,00)°¢03 ¢ dxy dt = —305° f f (02,00)" 0%, 90 (0x,()* dx1dt +L.0O.T.
0,T)xF 0,T)x.F
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Then, following the computations in [41], we find
[ nenmgandrze | (SHERE SRI0n 0P 5 103,08 +10.41)
0,T)x.s 0, T)x.#
J 2
+ 5280 (103, ¢ +10:0.,C) + 57165 (103, ¢ +103¢1% +10:0% ¢ %)) dedxy
e ff (T SO0 P ¢ S (02,0 +10,01)
0,T)x %o
S 2
+ 51280 (103,012 +10:05,81%) + 57185 (08,6 + 103012 +10:0% ¢ ) | drdx,.

Then by using standard techniques as in [41], we deduce the result.

A.2. A Carleman estimate for the heat equation

We give here a sketch of the proof of Theorem 15. We recall that ¢ and ¢ are defined by (28) and
we define

@(t x xz) = > (e—/le(xl,xgHm//y(x1)+8)L‘I/ _ 810/1‘11)
) ) [(l’) )
(173)
E(t) X1, x2) = e—ll{/g(x‘1,)€2)+;ﬂ[/y()€1)+8/l‘l"
2(1)?
We also recall that v is defined by (30) and we define
F 0, x5) = %Ufﬂ(xl)—llfﬂ(xhxz)- (174)

We have in particular

1 _ 1 o ~ 1 -
6/1(1//+8‘{’) _ elOA\P)’ &= ﬁeﬂ.(u/JrS"I’)’ P= _(e)L(u/+8\I’) _ ew’m’), &= ﬁel(ws\f’)_

1
=7 Iz

We set
vi=eu, 7= .
Using (25), we have

P oylg W _00 ov_ 07

=~r =~) =G, =V, ’ = O,T 69, 175
ww<p<pffvvaxlaxlan anon()x (175)
andusingthat%zOon (0, T) xI';, we deduce that

61/2 6’172

— =——= on(0,T)xTI}. (176)

on on

Since p = o, taking Ag > o and A > A, we deduce that
[y|+|Vy|+ V2] + |97] + | Vy |+ Vg < 1.
There exists sy > 0 such that for s > so(T2 + T%),

1< s, VO + V0| SA%E (k= 1), |0,V9E|+|0, V| SAYTE?, |02V¢|+]02V | S AT T2E?,

1<sE, VY| + |V SA%E (k> 1), |0,VYE|+|0,Vep| SACTE?, |9V E| +]02Ve | S AT T E,
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Using the above relations and following standard calculations (see, for instance, [17]), we obtain
the existence of sy, ¢, C, ¢, C > 0 such that for s > so(T% + T%),

1 1
cff (33/1463 lv)? + sﬂtzé Vvl + = |AVP + — |atv|2) dxdr
0,T)xQ s¢ s¢

0 0
[ eewe e Sk anar- [ asizelvuf 2 v ands
0,T)x3Q on 0,T)x0Q on

0 0
—ff 4sAé (Vovy) - v dxldt+ff 23/15—1” IVv|? dx;dt
0,7)x0Q on 0,T)x3Q on

d d
—ff 20,0 22 dxldt—ff 222 60,0101 dxide
(0,T)x0Q on (0,T)x0Q on
< c(ff 10,1 — Aul? &2 5% dxdt+ff SAE |2 dxdr| (177)
0,T)xQ 0, T)xw
and
N 1 1
Eff (s3A4E3|ﬁ|2+sA25|V'17|2+ — A7+ —~|6t'17|2) dxdt
0,T)xQ s¢ s¢
12 0 — 20D
[ eewe e S anar- [ aa2Evif 2 pands
(0,T) %30 on (0,T)x0Q on
~ . 0D -0y
—ff 45AE (VOV) - == dxldt+ff 2528 |95 dxidr
0,T)x0Q on (0, T)x0Q on

o7 oy
—ff 20,7 22 dxldt—ff 222 5,519 dxide
0,T)x0Q on 0,T)x0Q on

< (:Uf 10,1 — Aul? & 2P dxdt+ff SAAE |7 dxdt). (178)
(0,T)xQ 0,T)xw1y
Summing (177) and (178) and using (176), (176), we deduce that
1 1
cff (531453 [V + sA?E VU + — |Av/> + = |6tv|2) dxdr
©0,T)xQ s¢ s¢
~ 1 1
+ Eff (s%‘*? 1712 + sA2E VD)2 + = |AT1? + = |0tﬁ|2) dxdr
©0,7)xQ s& ¢
< c(ff 10;u—Aul? &2 e dxdt + f SSALE v dxdt)
0, T)xQ (0,T)xwq
+é(ff 01— Aul? E e*5P dxdt+ff SAE )2 dxdt). (179)
0,T)xQ 0,T)xw
Then, using that ¢ < ¢ and E < &, we deduce that
3143 2 2 2 1 2 1 2
SCATE|IT + sAE VYT + — |Av|©+ — |0 v|° | dxdt
©,1)xQ s¢ s¢
5[[ 10,1 — Aul? & e dxdt + f SAYE v dxdr.  (180)
0,T)xQ

(0, T)xw

From the elliptical regularity of the Laplace operator, we deduce
3943, 2 2 2, g2 2 1 2
SCATE |v|© + sASE V| +—|V v| + —|0;v|°| dxdt
0,1)xQ ¢ ¢

gff 10,1 —Aul® & e*? dxdt + f SAE v)? dxedr  (181)
0,T)xQ 0,T)xw
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and with standard computations, we can come back to u:
ff G250 (G273 N2TH IS |2y 2T 2T 22 g 2
©0,T)xQ
- _ 2 _ _
+27 1/lzr§2r 1 |V2u| 452 1/12r52r 1 |6tu|2) dxdr

gff 10,1 — Aul? (sAE)?T &>5¢ dxdt+ff §ETHIN2HAL2IE3 G250 |12 dxdr.  (182)
0,T)xQ 0,T)xwy

We deduce Theorem 15 by taking r = 1/2.
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