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1. Introduction

As it is well-known, the modulus of smoothness generated by the standard translation is equiva-
lent with the Peetre’s K-functional, see e.g. [6, p. 171]. This property is extended to Dunkl trans-
lation by E. S. Belkina and S. S. Platonov (see [2]) and Bessel translation in [12]. In this paper, we
prove the counterparts of results obtained in [2], i.e., we establish the equivalence between K-
functionals and modulus of smoothness in the Dunkl context (on (-1, 1)) by using Fourier-Dunkl
expansions introduced in [4], instead of Dunkl transform. The orthonormal system associated
with this kind of series is a generalization of the trigonometric one (in particular, the periodicity
is lost).

Hereinafter the symbol a stands for a real value such that @ > —1. We consider the Dunkl
operator A, associated with the reflection group Z, on R given by
2a+1 ( f(x) —f(—x))

2

d
Naf(x) = af(xH

The initial value problem
Agf(x)=ilf(x), AeR
fo)=1
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has a unique solution E, (iA.) (called the Dunkl kernel) given by:

ilx
Eq(idx)=joAx)+ ——— Ax), R, 1
a(iAx) = ja(Ax) 2(a+1)]a+1( X), X€ (1
where j, is the normalized Bessel function of the first kind defined by

Ja (%)

xlx

Ja(x)=2T(a+1) 2

and J, is the Bessel functions of the first kind of order «

]a(x):(g)ai (ﬂ)

2
ZonTn+a+1)

From [15], for all x € R, we have
|Eq(ix)|<1 and |E,(ix)|<1. 3)

Let LP ((—1, 1),dpa) ,p = 1, denote the Lebesgue spaces on the interval (—1,1) endowed with
the norm

1
1 G
1 fllap = Ullf(t)lpdua(x)) .

where dpg (x) = 2%+ T (a + 1)) 1 x22+1dx. The Dunkl transform is a generalization of the Fourier
transform. It is defined for f € L' ((—1,1),dpq) by the identity (see [7,9])

,%xf(y)=Lf(x)Ea(—iyx)dua(x), VER.

The Fourier transform corresponds with the case @ = —1/2 because E_/2(ix) = e'* and du_y2is,
up to a multiplicative factor, the Lebesgue measure on R.

2. Equivalence of K-functionals and modulus of smoothness generated by a Dunkl
type operator on the interval (—1,1).

Let {)Ln =Ag+1,m NE N} be the increasing sequence of positive zeros of J,+1. It is proved in [10]
that
Ans<snun+an/2+n/4 fora>-1/2. 4)

In [8] we find the following inequality
T 3
Apn>a+nn——+—-, a>-1, n=1,2,...
2 2
then

An>n, a>-1, n=12,.... 5)

When the range of « is fixed, like -1 < a < —% (see Schafheitlin in [18, p. 490]) and no (essential)
restrictionon 7 :

1
nr+an/2+nld<A,<nn (—1<as—§). (6)
Let ¢y = m + max{0, an/2 + m/4}. Combining (4), (5), and (6) gives
n<lp,<cqgn foralla>-1. (7)

The real-valued function SE,(ix) = m Ja+1(x) is odd and its zeros are {1,,n € Z} where
A_p=—Apand 1g =0.

Theorem 1 in [4] establishes that {E, (id,x)},cz is a complete orthogonal system in
L?((-1,1),dpq). That is to say

1
f . Eq (iApx) Eq (i/lmx)d,ua(x) =|Eq (idy ')”%a Onm.
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For each appropriate function f on (-1,1), we define its Fourier series related to the system
{Eq (i1, x)} ez, which are called Fourier-Dunkl series, as

1 -
f“’ Z Cn(f)sz (l/lnx) Hny Cn(f) :flf(y)Ea (l/lny)dlia(y)

nez

and
0 =l Ea (idn)ll55 -

We notice that O. Ciaurri and his collaborators have studied in [3] the weighted norm conver-
gence of the Fourier-Dunkl series and proved in [5] an uncertainty inequality associated to this
system. From [4, Lemma 1] we have
_2°T(a+1)
@A

and 0y = 2%*1T'(a +2). The following asymptotic formulas hold for the Bessel function J, (1) ([18,
p. 490]):
Ja(uw) = \/Z cos(u— ar z) +O(l)
Tu 2 4 u
Combining (8) and (9) gives
O ~ T Anl***, Il — 0. (10)

The sequence {c,(f),n € Z} is called the discrete Fourier-Dunkl transform of f. We define the
weighted spaces I” (Z, (6,,) nez) by

0, nezZ\{0} (werecallthatA,:=Aq+1,4) 8)

, U — 00. 9)

1/p
lp(Zv(eﬂ)nEZ):{(xn)nezzz—’q::(z |xn|p0n) <+OO}.

nez

If f € L2 ((-1,1),duq), then the sequence {c,(f), n € Z} belongs to I* (Z, (0,) nez) and we have

Ifloa=1/ Y lealH|*0n. (11)
n=-o0o

The Dunkl translation operator of a function f is defined for all z € R by (see [1,13])

o] n
W= Y AW, a>-1 (12)
n=0 Yna

where AY is the identity operator, AZ*! = Ay (A%), and

2Kkt + 1) if n =2k,
Yma =Y g2kl g 4 1),y ifn=2k+1.

The definition (12) is valid only for C*°-functions, and assuming also that the series on the right
is convergent. In particular, this can be guaranteed when f is a polynomial, because the operator
A4 applied to a polynomial of degree k generates a polynomial of degree k — 1, so the series (12)
has only a finite number of nonzero summands. In the case a = —1/2, the translation 7 f is just
the Taylor expansion of a function f around a fixed point x, that is,

o0

n
fa+p=Y f(”)(x)%.

n=0
Some properties of the translation operator, including an integral expression, can be found
in [11, 14, 16, 17]. For our purposes, we only need the identity [13, formula (4.2.2)]
T%(Ea(iﬂtx)) =Ey (iAh) Eq (iAx) for all x, h e R. 13)

That resembles the classical
M2 _ A Ax
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The scalar product in the Hilbert space L? ((=1,1),dpq) obeys the formula

1 —
(f,g)zflf(x)g(x)dua(x).

We denote by & = £((—1, 1)), the set of all infinitely differentiable with compact support included
in the interval (-1, 1). By the partial integration one can verify the relation

! — _fg) - f(-Dg=D)
f_lAaf(x)g(x)dua(x) = S T (@ 7 )

1 —
—flf(X)/\ag(X)dHa(x)- (14)
Then for any functions f, g € &, we have

Aaf,8)=-(fAaQ)- (15)

As usual, we endow the space & with a topology; this turns it into a topological vector space. Let
&' stand for the set of generalized functions, i.e., linear continuous functionals on the space &.
We denote the value of a functional f € & on a function ¢ € & by (f, ¢).The space L ((-1,1),du,)
is embedded into &', provided that for f € L? ((—~1,1),du,) and ¢ € & we put

1
fr)= f F®)e(x)dpq (x)
-1
We can extend the action of Dunkl operator A, onto the space of generalized functions &', putting

Mo f, ) =—(f,Aap), fEE pES.
In particular, the action of the operator A f is defined for any function f € I? ((—1, 1),dua), but,
generally speaking, A, f is a generalized function.

Analogously to Aq, we can extend the operator 7§ by continuity on the whole space
[? ((—1, 1),dpa). Indeed, Let P be a vector space generated by the system {E, (i1, x)},cz and
f € P, then f can be written as f(x) = Y. _, ¢y Eq (i1, X)0,. Using (3) and (13) we check eas-
ily that

1% fllz,a < I fllz,a- (16)
As P is a dense subspace of L?((—1,1),dug), it follows from (16) that 7}, can be extended by
continuity to a bounded operator in L2 ((=1,1),dpq). The extended operator is also denoted by
T‘ﬁ; inequality (16) remains valid for it.

For every function f € I? ((—1,1),d,ua) we define the differences Ahm f of order, m € N =
{1,2,3,...}, with step & € R by the formula A}lf(t) =Apf(0) = (r5, — Df (1), where I is the identity
operator in L? ((-1,1),dpe) and for m > 1

i=0

AR F@ =0 AR f@) = @ - D" f(1) =} (1™ (T)(TZ)if(t),

where . _
@’ =f@, @O fO=TLE@H W), i=12..,m

The moduli of smoothness generated by general translations are defined as follows.
Om(f,0)2a:= sup A f],,, 6>0, feL’((-1,1),dua).
0<h<é ’
Let WZ’Z be the Sobolev space constructed by the operator A, i.e.,
Wyl = {fe L2((-1,1),dpa) : AL f € L2 ((-1,1),dpta), j = 1,2,..., m}
Then the corresponding K-functional is
KU LW = inf ]|~ gl o+ t[AT gD 0 8 € WL}
where f € L? ((-1,1),dpq) and ¢ > 0. For brevity, we denote
Km(f, t)Z,a = K(fy t) WZ’T[IX)
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The following theorem establishes an equivalence between the modulus of smoothness and
the K-functional. It is analogous to the theorem on the equivalence between the modulus of
smoothness and the K-functional in classical approximation theory.

Theorem 1. One can find positive numbers C; = Cy(m,a) and Cy = Co(m, a) which satisfy the
inequality

Clwm(f» 6)2,a = Km(f’(sm)Z,a <= Gop (f, 6)2,(1
where f € L? ((-1,1),dpq) and & > 0.

Using that E_j;»(ix) = el* it is easy to check that Theorem 1 reduces to an equivalence
between the modulus of smoothness and the K-functional on the basis of Fourier series and usual
translation.

When we consider real even and odd functions the Fourier-Dunkl series can be seen as
Fourier-Dini and Fourier—Bessel series respectively. From this fact, applying Theorem 1 to even
or odd functions, we can deduce analogs of Theorem 1 for these kinds of series.

3. Proof

Some technical facts are needed to prove our result. They are included in the next lemmas.
Lemma 2.

(i) For x € R the following inequality is fulfilled

[1—Eq(ix)| < x].
(ii) For|x| =1, there exists a certain constant ¢ > 0 which depends only on a such that
[1-E4(ix)| =c.

Proof. (i). It follows by the estimates provided in (3) together with standard application of
Lagrange’s mean value theorem.
(ii). The asymptotic formulas (9) imply that j, (x) — 0 as | x| — co. Consequently, a number 7 > 0
exists such that with |x| = n the inequality | Ja (x)| <1/2istrue. Let

m= min |1—ja(x)|.
1<|x|=n
With | x| = 1 we get the inequality |1 - jo(x)| = ¢, where ¢ = min{m, 1/2}. Taking only the reel part
of 1 - E4 (il x) gives
c<|l-ja(0)|<11-Eq(idpx)].

O
Proposition3. Lerxe(-1,1) andheR.If f € L*((-1,1),duq) with
f(x) = Z Cn(f)Ea (iAnx)0y,
nez
then
10 f(X) =) cn(f)Eq (iAdnh) Eq (idnX) 0. 17)

nez

Proof. By product formula (13) of Tz, we have
Ty Eq (iAnx) = Eq (iAyh) Eq (idyX).

So, for any Dunkl-polynomial function

N

2nx) = Z cn(f)Eq (iAnx)0p,
n=-N
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(this can be considered as a generalization of the trigonometric polynomial in the classical case
a =-1/2) since ‘L'Z is linear, we have

N
1PN = Y cn(HEq (iAnh) Eq (i1nx) 0. (18)
n=-N

By using the fact that TZ is extended to a continuous linear operator in I? ((—1, 1),dua) and the
set of all polynomials 2y (x) is everywhere dense in L? ((—1,1),du,), passage to the limit in (18)
gives the desired equality. g

Corollary 4. Let fe L?((—1,1),dug) and h€R, then
a5 Flpe =27 1120 (19)
Proof. Let h € R. According to the formula (17), we obtain
cn (83.F) = en (T5f) = en()
= (Eq (idph) = 1) cn(f).
Using induction with respect to m, we have

cn (AR f) = (Bq (iAnh) = D)™ cu (). (20)
Then
cn (A} f) =2™cn(f).
0
Lemmabs. Iffe€é&, weget
cn(Aa f) =idnen(f) (21)
forallneZ.
Proof. Let f € &, we put ¢, (f) = f_ll FEq (iAny)duq (). It follows from (15) that
1
cn(Naf) = f AafO)Ea(~iAny)dpa(y),
1
= _f ) FWAE, (_l/lny) duq (),
1
= ih [ FO)Ea(=iAny)dHaty),
=iAncn(f).
Then the equality (21) is valid in &. O
Remark 6. Using induction with respect to m and Lemma 5, we can see that for all f € WZ’?ZX
Cn(Ag?f) = (l/ln)mcn(f) (22)

foralneZand m=0,1,2,....
Lemma?7. Assumethatd>0and f € WZI?}x' The following inequality is true:
Om(f,0)2,a =6™ ”Amf”z,a'
Proof. Let & € (0,6]. According to the formula (20), we have
cn (A f) = (Eq (iAnh) = 1) cu(f).
It follows from the Parseval identity (11) and Lemma 2 that

1-Ey (id, h)\?>™
Ay £l = Z(1—Ea(i1nh))2m|cn(f)|29nsh2mZ(—““ n )) AT e (20,
nez

nez Anh
< WAL flpa <02 A2 o
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Calculating the supremum with respect to all 11 € (0,61, we obtain W (f,6)2,a <™ [AY |- O

Definition 8. For any function f € L? ((=1,1),duq) and any number o > 0, we define the function

Py(N) )= ). XsAp)en(f)Eq (id,1) 0,

nez
where Z;(n) is the characteristic function defined by
1 iflAul=o,
Zypi={ L T
0 if|Ayl>o0.

Proposition 9. Leto > 0. For any function f € L? ((=1,1),duq) the following inequality is true:

”f_'@cr(f)uz,a = C”ATf”Z,a-
Proof. Using the Parseval equality, we obtain

If =P (D50 =Y. 1=ZsAn))lca())*0n,

nez
-y (1-X5(An))
nez (1-Eq (iAgo=1))*"
Note that C; < |1 — E, (ix)| with |x] = 1 (see Lemma 2). Hence
1-Z5(An) 1 1
sup—————— <suyp——— < —.
nez 1= Eq (idno™1) " xz1 1= Eq (ix) ~ G

Relations (24) and (25) give

(1= Eq (iAno ™))" 1cn ()20,

If =P6(liza = CIAT fli2,a

where C = —
1

Corollary 10. For any function f € L?((—1,1),duy) the following inequality is true:
1
I~ 25l Conlf15] .
0)2,a

Proposition 11. Suppose that f € I? ((—1, 1), d,ua), meN, and o > 0. Then we have
“AZZ'@U(]C) "2,a = CSO'm”ATf”Z,a-

Proof. Using the Parseval equality, we obtain

IAT 25 (D50 = Y A" % An)len ()P0,

nez

:O.Zmz

s An)Apo~h)2m

nez (1 —E, (i/an'_l))zm
Note that
%o(/ln);tn071 X
sup| —————— | = sup | ——————| = Co.
nez | 1= Eq (idno™1) |~ |x=111—Eq (iX)
Then formula (27) yields

IAG Ps(Hllz,q < C30™ AT fli2,a
where C3 = CJ"".

Corollary 12. For any function f € L2 ((—1,1),duy) the following inequality is true:

1
”Aanga(f)nz,aSCBUmwm(f,—) .
0)2,a

(1= Eq (iAno ™))" 1cn ()20,

(23)

(24)

(25)

(26)

27

(28)
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Proof of Theorem 1.

Proof of the inequality 27w, (f,0)2,¢ < Kin(f,6"™)2,a+
Let he(0,6], g€ WZ’?;. Using Lemma 7 and inequality (19), we obtain

187 F o <187 F =8l + 185 8100 <27 |/ = 8lloa + " A& F 2.
2" (If =gl + 1" A7 )

Calculating the supremum with respect to & € (0,6] and the infimum with respect to all possible
functions g € W,’; we obtain

2_mwm(f, 6)2,(1 =Km (f;5m)2,a-

Proof of the inequality Kj,,(f,0")2,a < Ciwm(f,0)2,a.
Since &, (f) € W,";, by the definition of a K-functional we have

Kn(f,6™2,0 < | f =P 0+ | AT P ()] 10 -

Using Corollaries 10 and 12, this gives
1 1
Km(fyﬁm)z,aswm(fy_) +C3(50')nwm(fr—) .
0)2,a 0)2a

Since o is an arbitrary positive value, choosing o = 1/, we obtain the inequality. g
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