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Abstract. For integer & = 2 and A < N, we define hA to be the set of all integers which can be written as a
sum of &, not necessarily distinct, elements of A. The set A is called an asymptotic basis of order hif n € hA
for all sufficiently large integers n. An asymptotic basis A of order h is minimal if no proper subset of A
is an asymptotic basis of order h. For W = N, denote by & * (W) the set of all finite, nonempty subsets of
W. Let A(W) be the set of all numbers of the form }’ re 2/, where F € #*(W). In this paper, we give some
characterizations of the partitions N = Wj U- --uUW}, with the property that A= A(W;)U---UA(W},) is aminimal
asymptotic basis of order h. This generalizes a result of Chen and Chen, recent result of Ling and Tang, and
also recent result of Sun.
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1. Introduction

Let N be the set of all nonnegative integers. For an integer h =2 and A <N, we define

hA={n:n=a,+---+ayp,a;€ A i=1,2,...,h}.

* Corresponding author.
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The set A is called an asymptotic basis of order h if n € hA for all sufficiently large integers n. An
asymptotic basis A of order # is minimal if no proper subset of A is an asymptotic basis of order
h. This means that for any a € A, the set E; = hA\ h(A\ {a}) is infinite.

Let W be a nonempty subset of N. Denote by & * (W) the set of all finite, nonempty subsets of
W. Let A(W) be the set of all numbers of the form ZfeF 2/ where F e F*(W).

In 1988, Nathanson [8] gave a construction of minimal asymptotic bases of order .

Theorem A. Let h = 2 and let W; ={neN:n =i (mod h)} fori =0,1,...,h—1. Let A=
AWp) U AWL) U --- U A(Wj_1). Then A is a minimal asymptotic basis of order h.

Let h=2and N= WjuU---U W, be a partition; that is, W;n W; = ¢ if i # j. Nathanson also
posed the following open problem:

Problem 1. Characterise the partitionsN = Wy U --- U W), with the property that A= A(W))U---U
A(Wy,) is a minimal asymptotic basis of order h.

In 2011, Chen and Chen [1] solved Problem 1 for & = 2. They proved the next theorem.

Theorem B. LetN = W, U W, be a partition with 0 € Wy such that Wy and W, are infinite. Then
A= A(Wy)u A(W,) is a minimal asymptotic basis of order 2 if and only if either Wy contains no
consecutive integers or W contains consecutive integers or both.

In 2020, Ling and Tang [7] focus on Problem 1 for & = 3; they proved the following result:

Theorem C. Foranyi € {0,1,2,3,4,5}, if Wo={neN:n=1i,i+1 (mod6)}, Wy ={neN:n=
i+2,i+4 (mod 6)} and W ={neN:n=i+3,i+5 (mod 6)}, then A= A(Wy) U A(W;) U A(W>) is
a minimal asymptotic basis of order three.

In 2021, Sun [11] gave a generalization of Theorem A.

Theorem D. Let h and t be two positive integers with h = 2. Let

Wi =Jliht+jtiht+jr+1-1]
i=0
for j =0,1,...,h—1. Then A= AWp) U A(W) U---U A(W),_1) is a minimal asymptotic basis of
order h.

In 2011, Chen and Chen [1] gave the following sufficient condition for Problem 1.

Theorem E. Let h =2 and r be the least integer with r >logh/log2. LetN=WjuU---UW}, be a
partition such that each set W; is infinite and contains r consecutive integers fori =1,...,h. Then
A=AWp uU---UAWy) is a minimal asymptotic basis of order h.

For other related results about minimal asymptotic bases, see [2-5,10,12].
In this paper, we continue to focus on Problem 1. First, we give a generalization of Theorem C
and Theorem D. For We N, set W(x) =|[{ne W:n < x}|.

Theorem 2. Let h = 2 be an integer and N = Wy U --- U W}, be a partition such that each set
W; (1 £ j < h) satisfies|W;(ht—1)| = ¢ for infinitely many integers t. Then A= A(Wy)U---U A(Wp,)
is a minimal asymptotic basis of order h.

Our second theorem is a generalization of Theorem E.

Theorem 3. Leth be an integer, h =2, andN = Wy U---UWj, be a partition such that each set W; is

infinite fori =1,...,h, 0 € W) and every W; contains [loi()gzl)] consecutive integers fori =2,..., h.

Then A= A(Wy)U---uU A(Wp,) is a minimal asymptotic basis of order h.

log(h+1)

Remark 4. Itis easy to see that [ =5

] is the least integer greater than log h/log2.

There is a more limited variant of Problem 1, see [6,9, 12]



Shi-Qiang Chen, Csaba Sandor and Quan-Hui Yang 73

2. Lemmas

Lemma 5 (see [8, Lemma 1]). Let N = Wy U---U W), where W; # @ fori = 1,...,h. Then
A=AWy U---UA(Wy) is an asymptotic basis of order h.

Lemma6. Letwy,..., w; be s distinct nonnegative integers. If
s t
2Wi=Y" 2% (mod 2",
i=1 j=1

where0 < x1,...,X; < Ws+ 1 are integers not necessarily distinct, then there exist nonempty disjoint
sets J,..., Js of {1,2,..., t} such that
2wi = Z zxj

Jjej;
fori=1,...,s.
Proof. By the proof of Lemma 2 from [8], there exist nonempty subsets Ji,..., Js of {1,2,...,1}
such that
2Wi=%" 2%
J€Ji
fori=1,...,s.
The result is trivial for s = 1. Now we assume that s = 2. Since there exists a subset J; of
{1,2,...,t} such that
2=y 2%,
Jj€N
it follows that
Y 2%i= Yy 2% (mod2“t),
2<is<s Jetl,mt\ )
which implies that there exists a subset J» of {1,2,..., t}\ J; such that
22 = 3" 2%,
Jj€l2
and so J1 N J» = ¢. Continuing this process, it follows that there exist nonempty disjoint subsets
Ji,...,Js0f{1,2,...,t} such that
W=y 2%,

Jei
fori=1,...,s.
This completes the proof of Lemma 6. g

3. Proof of Theorem 2

By Lemma 5, it follows that A is an asymptotic basis of order k. For any a € A, there exists
J €1{1,2,..., h} such that a € A(W;). Without loss of generality, we may assume that a € A(W).
Then there exists a set K < Wj such that a =) ;- 2*. Since there exist infinitely many ¢ such that

[Witht-1)| =t
for j =1,2,..., h, it follows that there exists an integer #,, such that
tyh<minK <ty h.

Let

h h
nT=a+Z Z 2U+Z Z 2Y,

j:2 UEWjﬂ[O,tn+1h—l] j:2 UEWjﬂ[In+1h,T]
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where T is an integer such that 27 > a. Next we shall prove that ny € E,. Note that K (t,+1h—1) #
@ and
ok
np= Y. 2l+) Y 2V 4 2l
jEK(t;7+1h—l) j:2 U€Wjﬂ[0,[n+1h—l]
for some m = 0. Let ny = by + by +--- + by, be any representation of nr as a sum of & elements of

Aand let
b; = Z 21
ieS;
fori=1,2...,h. Let
ci = Z 27
j€Si(tn+1h-1)
fori=1,2,...,h. Then
¢i=b; (mod 2+1h)
and
[Si(tps1h— DI <ty
fori=1,2,..., h, which implies that
h

24y Y 2= Y =) Y 2/ (mod 2fh),

keK(ty+1h-1) Jj=2 veW;nl0,tp4+1h—1] 1<i<h 1<i<h jeS;(ty+1h-1)

Let

N

h
Yoo o2k+ Y 3 2Y=Y 2% (mod 2™+h),

keK (tns1h—1) J=2 veW;nl[0,ty41 h-1] j=1
where s is an integer such that s < f,41h. By Lemma 6, there exist nonempty disjoint subsets
Jo, J1s- o3 1, (n-1y 0f {1,2,..., s} such that

. h
gmink 4 y" Y 2V= N 2%+ Y 2%+ Yy 2% 4 Y 2%,

j=2 veW;nI0,tp+1h-1] Jj€lo jeh jel J€ty -1
Therefore,
1+t (h=-D =<1+ 1+ + | h-p] S sty h,

and so

it(h=D) < il+--+ s, (h-1) < tns1h - 1. (1
Since |W; (fn+1h—1)| = ty41 for any j = 2, it follows from (1) and Lemma 6 that for any j = 2, there
exist we Wj, J<{1,2,...,s} and |J| = 1 such that

2V =3 2%,
jeJ

which implies that x; = w € W}, and so

h
by,...byz | AWy
j=1,j#m

for any m = 2. Renumbering the indexes, we always assume that
biEA(Wi); i=2.

Then
h

bi=a+|) > 2”+i > 2= Y bil.

j=2 vern[O,thhfl] j=2 vern[t,H]h,T] 2<i<h
Since the binary representation of b; is unique, it follows that b; = a, that is n € E,;. Noting that
T is infinite, we have that A is minimal.
This completes the proof of Theorem 2.
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4. Proof of Theorem 3

By Lemma 5, it follows that A is an asymptotic basis of order h. For a € A, we assume that
aec A(W;). Let E; = hA\ h(A\ {a}). Now we prove that E, is infinite.

Let
nr=a + Z 2wy
wel0, TI\W;
where T is an integer with T > a such that each [0, T']N W; contains [loigzl)] consecutive integers

for j =2,..., h. To prove that ny € E,, it suffices to prove that if ny = a; + ay +---+ ap with a; € A
for 1 < i < h, then there exists at least one a; = a.
We distinguish two cases according to whether i =1or2<i < h.

Case 1. 7 = 1. Suppose that there exists an integer j = 2 such that
{avaz,...,aps |J  AW)).
1<l<h,l#j

log(h+1)
log2

Let{b+1,b+2,....,b+] 1} €10, TINn W;. Then by Lemma 6 there exists

{ay,...ays U AW)u{o}
1<i<sh,l#j
such that .
og(h+
2b+1+...+2b |- log2 -|=al1+"‘+a;1.

Since a; ¢ A(W;) fori =1,..., h, we have

a;<20+2 +. 4 2b =20

fori=1,..., h. It follows that

log(h+1)
ob+l +”_+2b+|- log2 ] < h@P* —1) < p2b*!,

log(h+1)
thatis 2{ log2 1_ 1 < h, a contradiction. Hence, for any integer j = 2, we have

{alvaZ)--'rah}sZ U A(Wl)
1<ishl#j
Renumbering the indexes, we may assume that a; € A(W;) fori =2,3,..., h. It follows that

a=a+ ), ( > 2“’—aj).
2<j<h \wel0,TINW;

Since a € A(Wy), W,..., W}, are disjoint, and the binary representation of a; is unique, we have
a; = a. Therefore nt € E,, and E, is infinite.

Case 2. i = 2. Since nr is odd, therefore we may assume that a; € A(Wy). Let2<j<h, j#i.
Similar to the Case 1, we get that
{aly”-)ah}g U A(Wk).
1<sks<h,k#j
Renumbering the indexes, we may assume that a; € A(W;) for j =2,3,...,i-1,i+1,...,h It
follows that
ai=a+ Y, ( > 2”’—aj).
1=j<h,j#i \wel0,TInW;
Since a € A(W;), Wy,..., W}, are disjoint, and the binary representation of a; is unique, we have
a; = a. Therefore ny € E;, and E, is infinite.
This completes the proof.
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