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1. Introduction

A complex number λ is an algebraic integer if S(λ) = 0 for some irreducible monic polynomial
S(x) ∈ Z[x]; it is a unit if λ−1 is also an algebraic integer. A Salem number is a unit λ > 1 whose
conjugates other than λ±1 lie on the unit circle. The irreducible monic integer polynomial S(x)
of λ is a Salem polynomial and the degree of S(x) is the degree of Salem number λ. In this paper,
we allow quadratic Salem numbers; these were excluded in Salem’s original definition [14, III.3].
A Salem trace is an algebraic integer τ > 2 whose other conjugates lie in (−2,2); the minimal
polynomial of such a number is called a Salem trace polynomial. Salem traces and Salem numbers
correspond bijectively, via the relation τ=λ+λ−1.

All Salem polynomials satisfy the equation xnS( 1
x ) = S(x), where n = degS(x). This simply

means that its coefficients form a palindromic sequence, that is, they read the same backwards
as forwards. Hence any Salem polynomial of degree 4 is as follows

S(x) = x4 −ax3 −bx2 −ax +1 ∈Z[x]. (1)

Since S(x) = x2((x + 1
x )2 − a(x + 1

x ) − b − 2), the associated Salem trace polynomial is R(y) =
y2 −ay −b −2 ∈Z[y].

A compact complex surface X is called a K3 surface if it is simply connected and has a nowhere
vanishing holomorphic 2-form ωX . We consider the second integral cohomology H 2(X ,Z) with
the cup product as a lattice. It is known that H 2(X ,Z) is an even unimodular lattice of signature
(3,19), which is unique up to isomorphism and is called the K3 lattice.
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For an automorphism f ∈ Aut(X ), it is known that either all eigenvalues of f ∗|H 2(X ,Z) are
roots of unity or there is a unique eigenvalue of modulus > 1, this eigenvalue is simple, and it is
a Salem number λ ([6, Theorem 3.2]). This number λ is the dynamical degree of f . The degree of
its minimal polynomial is bounded from above by the Picard number of X . An automorphism f
of X is called symplectic (resp. anti-symplectic) if its action on the vector space H 2,0(X ) = CωX is
trivial, i.e., f ∗ωX =ωX (resp. f ∗ωX =−ωX ).

In this paper, we show the following.

Theorem 1. Let λ be a Salem number of degree 4, and let S(x) = x4 − ax3 − bx2 − ax + 1 be its
minimal polynomial.

(1) If a is even and b is odd,λ6 is a Salem number of a symplectic automorphism of a projective
K3 surface with Picard number 4.

(2) If both a and b are even, λ8 is a Salem number of a symplectic automorphism of a
projective K3 surface with Picard number 4.

(3) If both a and b are odd, λ10 is a Salem number of a symplectic automorphism of a
projective K3 surface with Picard number 4.

(4) If a is odd and b is even, λ12 is a Salem number of a symplectic automorphism of a
projective K3 surface with Picard number 4.

Similarly, for a Salem polynomial x2 − ax +1 with Salem number λ, λ2 is a Salem number of
symplectic automorphism of a projective K3 surface with Picard number 2. ([5])

Remark 2. By the fundamental result of Gromov and Yomdin ([4,15]), the topological entropy of
an automorphism of a compact Kähler surface is the logarithm of a Salem number. For dynamics
of automorphisms of compact complex surfaces, we refer to [3]. For minimal Salem numbers of
automorphisms of K3 surfaces, we refer to [7, 8]. Moreover, for similar results on complex tori,
Enriques surfaces and K3 surfaces, we refer to [1, 2, 12, 13, 16].

For f ∈ Aut(X ), let
X f := {x ∈ X | f (x) = x}. (2)

If X f =;, then f is said to be fixed point free or free for short. In [10], Oguiso first showed that there
is a projective K3 surface with a free automorphism of positive entropy when the Picard number
is 2. Conversely, he also showed that a smooth compact Kähler surface with a free automorphism
of positive entropy is birational to a projective K3 surface of Picard number ≥ 2. In [5], the authors
showed that for Picard number 2, the example in [10] is the unique free automorphism.

For Picard number > 2, one can construct free automorphisms of positive entropy by extend-
ing this isometry to a Picard lattice of higher Picard number. All the known examples of free au-
tomorphisms are constructed in this way. In this paper, however, we give examples of free auto-
morphisms of positive entropy of a K3 surface with Picard number 4 with Salem degree 4 as well
as 2.

Theorem 3. There are free automorphisms of positive entropy on K3 surfaces with Picard number
4 with Salem degree 2 or 4.

The paper is organized as follows. We recall some results on lattices and K3 surfaces in
Section 2. We review P (x)-lattices in [6] in Section 3 and prove theorems in Section 4.

2. Preliminaries

2.1. Lattices

A lattice is a freeZ-module L of finite rank equipped with a symmetric bilinear form 〈 · , · 〉 : L×L →
Z. If x2 := 〈x, x〉 ∈ 2Z for any x ∈ L, a lattice L is said to be even. For any given lattice L, the twist
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L(m) is obtained by changing the intersection form 〈 · , · 〉 of L by the integer m, i.e., L(m) = L as
Z-modules but

〈 · , · 〉L(m) := m · 〈 · , · 〉L .

We fix a Z-basis of L and identify the lattice L with its intersection matrix QL under this basis.
The discriminant disc(L) of L is defined as det(QL), which is independent of the choice of basis.
A lattice L is called non-degenerate if disc(L) ̸= 0 and unimodular if disc(L) = ±1. For a non-
degenerate lattice L, the signature of L is defined as (s+, s−), where s+ (resp. s−) denotes the
number of the positive (resp. negative) eigenvalues of QL . An isometry of L is an automorphism
of the Z-module L preserving the bilinear form. The orthogonal group O(L) of L consists of the
isometries of L and we have the following identification:

O(L) = {
g ∈GLn(Z)

∣∣g T ·QL · g =QL
}

, n = rankL. (3)

For a non-degenerate lattice L, the discriminant group A(L) of L is defined by

A(L) := L∗/L, L∗ := {
x ∈ L⊗Q ∣∣〈x, y〉 ∈Z ∀ y ∈ L

}
. (4)

Let K be a sublattice of a lattice L, that is, K is aZ-submodule of L equipped with the restriction
of the bilinear form of L to K . If L/K is torsion-free as a Z-module, K is said to be primitive.

For a non-degenerate lattice L of signature (1,k) with k ≥ 1, we have the decomposition{
x ∈ L⊗R ∣∣x2 > 0

}=CL ⊔ (−CL) (5)

into two disjoint cones. Here CL and −CL are connected components and CL is called the positive
cone. We define

O+(L) := {
g ∈O(L)

∣∣g (CL) =CL
}

, SO+(L) :=O+(L)∩SO(L), (6)

where SO(L) is the subgroup of O(L) consisting of isometries of determinant 1. The group O+(L)
is a subgroup of O(L) of index 2.

Lemma 4. Let L be a non-degenerate even lattice of rank n. For g ∈ O(L) and ε ∈ {±1}, g acts on
A(L) as ε · id if and only if (g −ε · In) ·Q−1

L is an integer matrix.

Proof. This follows from the fact that L∗ is generated by the columns of Q−1
L . □

2.2. K3 surfaces

A compact complex surface X is a K3 surface if it is simply connected and has a nowhere
vanishing holomorphic 2-from ωX . We consider the second integral cohomology H 2(X ,Z) with
the cup product as a lattice. It is known that H 2(X ,Z) is an even unimodular lattice of signature
(3,19), which is unique up to isomorphism and is called the K3 lattice. We fix such a lattice and
denote it byΛK3. The Picard lattice SX and transcendental lattice TX of X are defined as follows

SX := {
x ∈ H 2(X ,Z)

∣∣〈x,ωX 〉 = 0
}

, (7)

TX := {
x ∈ H 2(X ,Z)

∣∣〈x, y〉 = 0 (∀ y ∈ SX )
}

. (8)

Here ωX is considered as an element in H 2(X ,C) and the bilinear form on H 2(X ,Z) is extended
to that on H 2(X ,C) linearly. The Picard group of X is naturally isomorphic to SX . It is known that
X is projective if and only if SX has signature (1,ρ−1), where ρ = rankSX is the Picard number
of X .

Let X be a projective K3 surface. Since H 2(X ,Z) is unimodular and SX is non-degenerate, we
have the following natural identification:

A(SX ) = A(TX ) = H 2(X ,Z)/(SX ⊕TX ). (9)
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By the global Torelli theorem for K3 surfaces [11, Proposition in Section 7], the following map is
injective:

Aut(X ) ∋ϕ 7→ (g ,h) := (ϕ∗|SX ,ϕ∗|TX ) ∈O(SX )×O(TX ). (10)

Moreover, (g ,h) ∈O(SX )×O(TX ) is the image of some ϕ ∈ Aut(X ) by the map (10) if and only if

(1) the linear extension of g (resp. h) preserves the ample cone CX of X (resp. CωX ), and
(2) the actions of g and h on A(SX ) = A(TX ) coincide.

A line bundle L on X is very ample if there is a closed embedding of X into Pn such that
L = OPn (1)|X . A line bundle L is ample if L⊗m is very ample for some m > 0. The ample cone
Amp(X ) is the set of all finite sums Σai Li with Li ∈ SX ample and ai ∈ R>0. The ample cone of a
projective K3 surface is as follows:

Amp(X ) = {
L ∈CSX

∣∣〈L,L〉 > 0,〈L,C〉 > 0 for all C ∼=P1 ⊂ X
}

, (11)

where CSX is the positive cone of SX as in (5). In particular, if X has no (−2) curves, then
Amp(X ) =CSX .

We have the following existence theorem of K3 surfaces.

Theorem 5 ([9, Theorem 1.14.4]). For any even lattice L of rank r ≤ 10 and signature (1,r −1),
there exists a (projective) K3 surface X such that SX

∼= L.

3. P (x)-lattices

We review the definition of P (x)-lattices considered in [6, Section 8]. For a separable polynomial
P (x), a P (x)-lattice is a pair (L, f ) consisting of a non-degenerate lattice L and an element f ∈O(L)
such that P (x) = det(xI − f ).

Let (L, f ) be a P (x)-lattice. For any nonzero a ∈Z[ f + f −1] ⊂ End(L), the new inner product

〈g1, g2〉a = 〈ag1, g2〉 (12)

defines the twisted P (x)-lattice (L(a), f ).
This operation preserves even lattices. It is easy to see that if L is unimodular, then the glue

group of its twist satisfies

G(L(a)) ≡ L/aL

as a Z[ f ]-module.
We define the principal P (x)-lattice (L, f ) by

L =Z[x]/P (x) ⊂ K

with the inner product

〈g1, g2〉 = trK /Q

(
g1gσ2
R ′(y)

)
=

d∑
i=1

g1(xi )g2(x−1
i )

R ′(xi +x−1
i )

, (13)

where {xi }d
1 are the roots of P (x). The action of f is given by multiplication by x. The lattice L is

even with

det(L) = |P (−1)P (1)|. (14)

Now let λ be a solution of S(x) in (1) and Z[λ] = Z[x]/(S(x)) and Q(λ) its field of fraction.
Then [Q(λ) : Q(τ)] = 2 and σ : λ 7→ λ−1 is a natural involution of Q(λ) over Q(τ). Moreover
R(y) = y2 −ay −b −2 and R ′(y) = 2y −a. Hence we have

〈1,1〉 = 〈λ,λ〉 = 〈λ2,λ2〉 = 〈λ3,λ3〉 = 0 (15)

〈1,λ〉 = 1,〈1,λ2〉 = a,〈1,λ3〉 = a2 +b −1 (16)
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and its intersection matrix is

QL :=


0 1 a a2 +b −1
1 0 1 a
a 1 0 1

a2 +b −1 a 1 0

 . (17)

Remark 6. Note that the signature of L is (1,3) by Corollary 8.4 in [6]. Generally, the signature of
P (x)-lattice is (d ,d)+ (p,−p)+ (−q, q), where p is the number of roots of R(x) in [−2,2] satisfying
R ′(τ) > 0, and q is the number satisfying R ′(τ) < 0. Hence if S(x) has degree 2d and d is even, then
R(y) has an odd number of zeros in the range [−2,2], and therefore the lattice L has signature
(d −1,d +1).

4. Proof

4.1. Proof of Theorem 1

Let S4(x) = x4 −ax3 −bx2 −ax +1 be a Salem polynomial of degree 4. Then for y = x +x−1, R2(y)
is the corresponding Salem trace polynomial of degree 2, i.e., R2(y) = y2 −ay −b −2. Using P (x)-
lattice in Section 3, we have a lattice L4 whose intersection matrix is

QL4 =


0 1 a a2 +b −1
1 0 1 a
a 1 0 1

a2 +b −1 a 1 0

 . (18)

Define g as the multiplication by x on this lattice. Then we have the following

Lemma 7. For the lattice in (18) and g as above, (g 6 − id)(QL4(2))−1 is integral if a is even and b
is odd and (g 8 − id)(QL4(2))−1 is integral if both a and b are even. Moreover, (g 10 − id)(QL4(2))−1 is
integral if both a and b are odd and (g 12 − id)(QL4(2))−1 is integral if a is odd and b are even.

Proof. Note that g is given by the following matrix
0 0 0 −1
1 0 0 a
0 1 0 b
0 0 1 a

 .

Now Lemma follows from the matrix multiplications. □

Since L4 is an even lattice of signature (1,3) as in Remark 6, there exists a projective K3 surface
X with Picard lattice L4 (Theorem 5 or [7, Theorem 6.1]).

Moreover, L4(2) has no (−2) curves, hence the ample cone is the same with positive cone. Note
that for L4(2), the ample divisor (1,1,0,0) maps to the ample divisor (0,1,1,0) via g . Since g 6, g 8,
g 10, and g 12 preserve the positive cone, by the global Torelli theorem, each of these induces a
symplectic automorphism on X . Hence the theorem is proved.

Remark 8. For S6 and L6, we have the similar result as in the lemma, but the signature L6 is (2,4)
which is not hyperbolic.

4.2. Examples of free automorphisms with positive entropy

In this subsection, we give several free automorphisms of positive entropy of K3 surface with
Picard number 4.
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4.2.1. Case 1

We construct one along the following steps.

Step 1. Let P (x) = (x2 − x −1)(x2 +1) and S(x) = (x2 −3x +1)(x +1)2. Note that if P (x) has roots
xi (1 ≤ i ≤ 4), then S(x) has roots x2

i . Now S(x) is a product of two cyclotomic polynomials and
one Salem polynomial of degree 2. Now let L be the Z-module, Z[x]/P (x), with the inner product
with respect to the basis {1, x, x2, x3} given as follows:

〈1,1〉 = 〈x2, x2〉 = 2p, 〈1, x〉 = 〈x2, x3〉 = q, 〈1, x2〉 = s, 〈1, x3〉 = t ,

〈x, x〉 = 〈x3, x3〉 = 2r, 〈x, x2〉 = u, 〈x, x3〉 = v,
(19)

where p, q,r, s, t ,u, v ∈ Z. Moreover, let g be the multiplication by x on L. The action of g on L is
represented by the following matrix 

0 0 0 1
1 0 0 1
0 1 0 0
0 0 1 1

 . (20)

Lemma 9. g 2 is an isometry of L if u =−q, v =−2p −2r − s, and t = 2p −q + s.

Proof. From (19), the intersection matrix QL of L for the basis {1, x, x2, x3} is the following matrix:
2p q s t
q 2r u v
s u 2p q
t v q 2r

 . (21)

Note that it has the same intersection numbers corresponding to the i j -th and the (i+2)( j +2)-th
entries. This is because we want g 2 (multiplication by x2) to be an isometry of L. Now the Lemma
follows from (g 2)T QL(g 2) =QL and (3). □

Step 2. By Lemma 4, in order to get a symplectic or anti-symplectic automorphism f on X ,
we need to check whether ( f ± I d)Q−1

L is integral or not, respectively. We can construct anti-
symplectic automorphisms of X by the following simple matrix multiplication.

Lemma 10. ((g 2)3 + I d)Q−1
L is integral if 2p + s =±1,±2.

Now for s = 2−2p and p = q = r = 2, L(−1) has signature (1,3). Hence by Theorem 5, there is a
K3 surface with Picard lattice SX

∼= L(−1). Moreover, it has no (−2) curves, hence the ample cone
is the same with positive cone.

Step 3. g 6 preserves the positive cone, because it has a Salem number as an Eigenvalue. Now
by the global Torelli theorem, g 6 induces an anti-symplectic automorphism on X whose Picard
lattice is L(−1).

Step 4. g 6 has no fixed curves. If g 6(C ) = C for some curve, then the class [C ] would be an
eigenvector of g 6∗|SX with eigenvalue 1. However, the eigenvalues of g 6 are −1 with multiplicity
2 and 9±4

p
5. Moreover, by the topological Lefschetz fixed point formula,

n = T (X , g 6) = 2+ trace(g 6∗|SX )+ (−1)(22− rankSX ), (22)

where n is the number of fixed points of g 6. Since trace(g 6∗|SX ) = 16 and g 6 is anti-symplectic,
n = 0, i.e, g 6 has no fixed points.
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4.2.2. Case 2

Define M = U (−2)⊕〈−4〉, where U is the unimodular hyperbolic plane. Then by Theorem 5,
there is a projective K3 surface X whose Picard lattice SX

∼= M .

One can show that for any A ∈ PGL2(Z) with A = [
a b
c d

]
, P =

[
ad+bc −ac bd
−2ab a2 −b2

2cd −c2 d 2

]
is an isometry of

the lattice M . In particular for A = [
1 2
2 3

]
, P =

[
7 −2 6−4 1 −4

12 −4 9

]
is an isometry of the lattice M . Indeed,

P T QM P =QM , where QM is the intersection matrix of M . Moreover, since (P + id)Q−1
M is integral,

P acts on A(M) as − id hence it extends to an anti-symplectic automorphism of X by defining
− id on TX . Moreover P maps an ample divisor (1,1,0) to another ample divisor (5,−3,8) with
respect to a basis, {u, v, w}, where {u, v} and {w} are the basis of U (−2) and 〈−4〉, respectively. By
the topological Lefschetz fixed point formula,

T (X , f ) = 2+ trace( f ∗|SX )+ (−1)(22− rankSX )

= 2+ (−1+18)+ (−1)(19)

= 0.

(23)

Hence it is a free automorphism with positive entropy.

Remark 11. Similarly we can do this for U (−2)⊕〈−4〉⊕n for n ≤ 8 to get similar free automor-
phisms of positive entropy by considering the isometry h = ( f ,− id, . . . ,− id), where f is given as
above.

4.2.3. Case 3

As in Section 3, we define a lattice L of signature (1,3) for the Salem polynomial x4−x3−x2−x+
1 and let g be the isometry of multiplication by x. By the construction, this is the characteristic
polynomial of g and the characteristic polynomial of g 5 is x4 − 16x3 + 14x2 − 16x + 1. Now by
Theorem 5, there is a projective K3 surface X whose Picard lattice SX

∼= L(2). Since (g 5+ id)L(2)−1

is integral, we can extend g 5 to an isometry of H 2(X ,Z) by defining − id on the transcendental
lattice. Since L(2) has no (−2) curves and g 5 preserves the ample cone(or equivalently, the positive
cone), g 5 is an anti-symplectic automorphism of X by Torelli theorem. Now by the topological
Lefschetz fixed point formula as above, g 5 has no fixed points. Hence g 5 is an automorphism
with positive entropy and the characteristic polynomial is the Salem polynomial of degree 4:
x4 −16x3 +14x2 −16x +1.
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