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1. Introduction

We are concerned with the study of existence and nonexistence of solutions to the Sobolev-type
inequality
o .
—-0:(Au)—-Au+ Wuzlxl”lul’” in (0,00) x B, (1)
X

where u = u(t, x), B is the unit open ball of RN, N> 2, o > — (%)2, peRand p > 1. Problem (1)

is considered under the Dirichlet-type boundary condition
u=f on(0,00)x0B, 2)

where f = f(x) € L'(dB). We mention below some motivations for investigating problems of
type (1)-(2).

The corresponding equation to (1) belongs to the class of Sobolev-type equations of the form
0;Au+Bu=V(x)F(u), 3)

where A and B are linear elliptic operators and F(u) is a nonlinear term with respect to u.
In our case, we have Au = —Au, Bu = -Au+ ﬁu, V(x) = |x|* and F(u) = |ulP. Equations
of type (3) arise in many mathematical models. For instance, the Hoff equation [19] (Au =

—Oyxuu+u, Bu=0,V =1, Flu = au+ ﬁu?’), the Barenblatt—Zheltov—Kochina equation [10]
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(Au=—-Au+cu, Bu=—-Au, V =1, F(u) = 0) that describes nonstationary filtering processes in
fissured-porous media, the semiconductor equation [24] (Au = -Au+u, Bu=-Au, V=1, Fu=
au®) that describes nonstationary processes in crystalline semiconductors, the one-dimensional
Boussinesq equation [15] (Au = —0xxu+u, Bu=0, V=1, F(u) = a@xx(lulp‘zu)), and many
others.

Sobolev-type equations and inequalities have been studied in various contexts: numerical
solutions [6,11,18,31], asymptotic behaviour of solutions [7,8,12,14], inverse problems [17,28-30]
and blow-up of solutions [5, 9, 13, 20, 21, 23-25, 27]. In particular, the issue of nonexistence of
(weak) solutions to various differential inequalities of Sobolev-type has been investigated in [25].
For instance, the special case of (1) with ¢ = g = 0 has been studied in the whole space RY.
Namely, it was shown that the Sobolev-type inequality

—0,(Aw) —Au=ul’ in(0,00) x RN @)
subject to the initial condition
u(0,x) = up(x) inRY,

where p>1and yj € LY(RYN), admits no nontrivial solution, provided that N € {1,2}; or

N=3, < .
p N-2

An extension of the above result to a time-space-fractional version of (4) has been obtained in [5].
The issue of existence and nonexistence of solutions to evolution equations and inequalities
with Hardy potential in unbounded domains has been considered in several papers. For instance,
Hamidi and Laptev [16] invetsigated the higher order evolution inequality
A
alt‘u—Au+Wu2|ulp in (0,00) x RN (5)
X
subject to the initial condition
05 1u0,x)=0 inRV. (6)

where 8l u = ‘9i—tﬁ‘, N=3, k=1,p>land1=- (%)2 Namely, it was proven that, if one of the
following assumptions is satisfied:

Az0, 1<psl+s =
%+S

or

N-2)?
———| =1<0, 1<p=1+ ,
2 g—s*
k
where
N-2 N-2)?
+ /1+(T) S« =8"+2—-N,

*

S =

then (5)-(6) admits no nontrivial (weak) solution. In the parabolic case, among other problems,
Abdellaoui etal. [1] (see also [3]) considered problems of the form

up~1

+ufu>0) in(0,00) xRY, @)
|x|P

0,wP H-Apu=27

wherel<p<N,g>0and0=< A< (?)p. Namely, it was shown that there exist two exponents
q*(p,A) and F(p, A) such that,
(@) ifp—-1<g<F(p,A) <q*(p,A) and uisa solution to (7) satisfying a certain behavior, then
u blows-up in a finite time;
(i) if F(p,A) < g < g* (p, L), then under suitable condition on ©(0,-), (7) admits a global in
time positive solution.
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We refer also to [22], where (5) with k = 2 has been studied in an exterior domain of RY
under different types of inhomogeneous boundary conditions. Additional results related to
parabolic and elliptic equations involving Hardy potential in bounded domains of RY can be
found in [1-4, 26].

To the best of our knowledge, Sobolev-type equations/inequalities with Hardy potential have
not previously been studied.

Before presenting our obtained results, let us give the meaning of solutions to the considered
problem. Let

w = (0,00) x B\{0}, T =(0,00) xB.

Observe that I © w. We introduce the set
®={pe C*w):supp(p) ccw, p =0, Iy = 0}.
Here, by supp(¢) cc w, we mean that supp(¢) is a compact subset of
(0,00) x {xe RN :0< x| <1}.
Solutions to (1) under the boundary condition (2) are defined as follows.

Definition1. LetN=2,0 > — (%)2, peR, p>1and f = f(x) € L'(0B). Wesay thatrue L ()
is a weak solution to (1) under the boundary condition (2), if

fIxI“Iulp(pdxdt+f(avatw—av(p) f(x)dedtsf u(A0t<p—A(p+ %q) dxdt (8)
w r w

for all ¢ € ®, where v is the outward unit normal to 0B, relative to B, and 0, is the normal
derivative on 0B.

By integration by parts, it can be easily seen that any smooth solution to (1)-(2) is a weak
solution in the sense of Definition 1.

2
For ¢ > — (22)", we introduce the parameter

N-2
ON=— 5 +1/0+

N-2)2
) ) )

2

We introduce also the set
LY*(0B) = {w e L'©@B) :f w(x)dS, > 0}.
4B
Our main result is sated in the following theorem.

Theorem?2. LetN=2,0>— (%)2, ueRandp>1.
() LetfeL“"(8B). If
ONp<ON—HU—2, (10)
then problem (1) under the boundary condition (2) admits no weak solution.
an If
ONp>ON—U—2, (11)
then problem (1) under the boundary condition (2) admits stationary solutions for some
feL*"(6B).

The proof of part (I) of Theorem 2 is based on nonlinear capacity estimates specifically
adapted to the operator —A-+ IxLZ -, the domain (0, 00) x B, and the boundary condition (2). Part (II)
of Theorem 2 is proved by the construction of explicit solutions.

Now, let us consider the case o0 = 0 and N = 3. In this case, by (9), one has o = 0. Hence, (10)
reduces to p < -2, and (11) reduces to y > —2. Thus, from Theorem 2, we deduce the following
result.
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Corollary3. LetN=3,0=0,ucRandp>1.

(M) Let f € LY*(0B). If u < —2, then problem (1) under the boundary condition (2) admits no
weak solution.

(I) Ifu> -2, then problem (1) under the boundary condition (2) admits stationary solutions
for some f € LY* (0B).

Remark 4. From Corollary 3, we deduce that in the case 0 =0 and N = 3, u* = -2 is a critical
parameter for problem (1) under the boundary condition (2).

Next, let us consider the case — (%)2 <o <0and N = 3. In this case, by (9), one has o <0.
Hence, (10) reducesto p > 1— ;;_4;\]2' and (11) reducestop < 1- ’;—J;VZ Then, by Theorem 2, we obtain

the following result.

Corollary5. LetN =3, — [%)2 <o<0andpeR.

() LetfeL“"(B).

(@) Ifu< -2, then forall p > 1, problem (1) under the boundary condition (2) admits no
weak solution.

(b) Ifu> -2, then forall

p>1- prz
ON
problem (1) under the boundary condition (2) admits no weak solution.
(1) Ifu> -2, then for all

+2
l<p<l- “—,
oN
problem (1) under the boundary condition (2) admits stationary solutions for some f €

LY*(0B).

Remark 6. From Corollary 5, we deduce that in the case— (%)2 <o <0and N = 3, the dividing

line with respect to existence and nonexistence is given by the critical exponent

ifus-2,

1
* *N,O', —
prEp o) {1_~_+2 it 2.

oN
Namely,

(i) if f€ LV (8B) and p > p*, then problem (1) under the boundary condition (2) admits no
weak solution;

(ii) if 1 < p < p*, then problem (1) under the boundary condition (2) admits solutions for
some f € L' (0B).

Finally, let us consider the case 0 > 0 and N = 2. In this case, by (9), one has o > 0. Hence,
(10) reducestop <1— ’;—J;VZ, and (11) reducesto p > 1— ‘;—;}2 Thus, we deduce from Theorem 2 the
following result.

Corollary7. LetN=2,0>0anducR.
() Let fe LY (8B). Ifu< -2, then for all

u+2
1 l1-——,
<p< .
problem (1) under the boundary condition (2) admits no weak solution.
(I) If u = =2, then for all p > 1, problem (1) under the boundary condition (2) admits

stationary solutions for some f € L'* (0B).
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(IID) If < =2, then for all

+2
p >1-— IJ_,
ON
problem (1) under the boundary condition (2) admits stationary solutions for some f €

LY (0B).

Remark 8. Let N =2 and o > 0. From Corollary 7, we deduce that, if u < —2, the dividing line
with respect to existence and nonexistence is given by the critical exponent
u+2
ps=p«(N,o,u)=1-——.
ON
Namely,
@ iffe LY*(0B) and 1 < p < P+, then problem (1) under the boundary condition (2) admits
no weak solution;
(ii) if p> p*, then problem (1) under the boundary condition (2) admits solutions for some
feLlb*(0B).
However, if p = -2, the problem admits no critical behavior, that is, for all p > 1, stationary
solutions exists for some f € L'* (0B).

The rest of the paper is organized as follows. In Section 2, we establish some useful preliminary
estimates. In Section 3, we prove Theorem 2.

Throughout the paper, the symbols C or C; denote always generic positive constants, which
are independent of the scaling parameters T and R, and the solution u. Their values could be
changed from one line to another. We will use frequently the notation T, R, ¢ > 1, to indicate that
the above parameters are sufficiently large.

2. Preliminaries

LetN=2,0>- (%)2, peRand p > 1. We introduce the function
K(x) =[x N7V (1- xPOVN2) 0 xe B\{o),
where oy is given by (9). It can be easily seen that the function K satisfies the following properties.

Lemma9. The following properties hold:

(i) K=0;
(i) —AK+ 55K =0inB\{0};
(i) Klop =0;

(iv) 0,K=2—N-20y.

Next, we introduce two cut-off functions « and S satisfying:

a € C™([0,00), @=0, supp(a)cc(0,1) (12)
and ]
BeC®(0,00), 0<p=<1, P(s)=0if0<s< 2 Bs)=1ifs=1. (13)
For T,R, ¢ > 1, let
ar(t) = o/(%), t=0 (14)
and
Br(x) =K(x)ﬁ[(R|x|), x € B\{0}. (15)

We consider the family of functions {¢ 1 g ¢} 1 r,¢>1, Where

QrRe(5,X)=@(t,x)=ar()fr(x), (f,X)€w. (16)
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Lemma 10. For T,R,?¢ > 1, the function ¢ defined by (16) belongs to ®. Moreover, we have

Ovp(t,x)=2-N-20N)ar(t), (el

and

0v0rp(t,x) = (2—N-20pN)a’p (1), (t,x)€el.

Proof. By the definition of ¢, it can be easily seen that for T, R, ¢ > 1, we have

Qe C3(w), supp(p) cc w.
Furthermore, by (12), (13), (14), (15), (16) and Lemma 9 (i), (iii), we have

¢=0, ¢lr=0.
Consequently, we have ¢ € ®. On the other hand, by (13) and (15), we have

1
Br(x) = K(x), s lx| < 1.

Then (17) and (18) follow from (16), (19) and Lemma 9 (iv).

For T,R, ¢ > 1, let ¢ be the function defined by (16).

Lemma 11. The following estimate holds:
fsupp(Aazw)
Proof. By the definition of ¢, we obtain

f |x|%(pp;—11|A0t(p|% dxdt
supp(Ad;¢)

T
= U (t)IaT(t)IL1 )(f |x| 7= lﬁ (x)IAﬁR(x)I -d )
0 supp(ABr)

On the other hand, by (14), we have

XI7T 7T [80,p] 7T drde = CT' 7T (1nR+R”N 2

pt2p

/ _ -1_/¢-1 L / 1
ar()=¢T"«a (T)a(T)’

which implies by (12) and (14) that

P

(r)|aT(t)| T<CT M a

Integrating, we get

r =4 o 2 (T (1 -2 (Y o r
[ (t)IaT(t)I -1dt<CT Vflf a Pl (?) dt=CT Pflf a  rl(s)ds,
0 0 0

that is,

T »
f "Wl (0P Tde=CT 7T,
0

Furthermore, by (15), we have

A(Br(0) = A (K0’ (RIx])

= BY(RIx))AK (x) + K(x)A B (R|x]) + 2VK (x) - V B (R|x]),

where - denotes the inner product in RN, which implies by Lemma 9 (ii) that

A(Br(x)) = olx| 2K (x) B¢ (RIx]) + K(x)A B (RIx]) + 2VK (x) - V B (Rl x]).

Hence, from (13), we deduce that

f 7 BT (1A PR ()7
supp(ABRr)

L
-1

dx=C1+ L+ I3),

)

P

a7

(18)

(19)

(20)

21

(22)

(23)
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where

_w2p p
I= f xI 7T K0 B (RIxl) dx,

§<|x|<1
Iz=f |x| 7~ 1K(x)|Aﬁ”(R|x|)(" T 7 (Rx)dx,
—<|x|<7

P
-1

= 4J7 =1 l p I
Is.ZfL " 7|x| “TKP1(x)|[VK(x)|P-1 P IRIxI)‘Vﬁ (R|x|)| dx.

Let us estimate the terms [;, i = 1,2,3. Since 0 < 8 < 1, by the definition of K, we obtain
_h+2p
I Sf x| P 1 K(x)dx
<|x|<1

p+2p

- +2-N-o

Sf |x|” Pl Ndx
55 <|x|<1

1 p+2p
Pil-0
:Cf ro el Ndr
r

1 if — “*2’”+2 on >0,

o, fH2p
=C{ RIN2Y T if — “p+l”’+2 on <0,
InR if — “p+2”+2 on =0,

which yields
I < C(lnR+R"N 2+ ,,)'
On the other hand, by (9), (15) and the definition of K, for ﬁ <l|x| < %, we have
‘Aﬂ"(mxn‘ < CR*B'2(RIx), )Vﬁ"(mxn( < CRB'2(RIx))

and
CiROVTN=2 < k(%) < GRON*N=2 |VK(x)| < CRONTN-L,

Thus, due to 0 < 8 < 1, and using (25) and (26), we obtain
< CRON 2T

and

+H+ P

I3 <CRN?
Finally, in view of (21), (22), (23), (24), (27) and (28), we obtain (20).

Lemma 12. The following estimate holds:

e
f [x|P=Lr-
supp(¢p)

Proof. By the definition of the function ¢, we obtain

—1

p
" dxdr< CTROV 25

(/’+| |2(/’

21
dxdr

K =1
[ e ap e e
supp(¢) | x|

T u =1
= (f ar(t)dr) (f |xIPT B (x)
0 supp(Br)

~ABR() + — r(®)
| x|

o
=
dx) .

93

(24)

(25)

(26)

27)

(28)

(29)

(30



94 Mohamed Jleli and Bessem Samet

On the other hand, by (14), we have

T T t
f aT(t)dt:f c/(—)dt
0 0 T

1
=T f a[(s) ds,
0
that is,
T
f ar()dt=CT. (31
0
moreover, using similar calculations as that done in the proof of Lemma 11, we obtain
p
o =L p-1 _oBr2p
f X177 B () [~APR(X) + —5 fr(0)|” dx= CRON 2o, (32)
supp(Br) [ x|

Hence, (20) follows from (30), (31) and (32). O

3. Proof of the main result

Proof of Theorem 2.

(I). Suppose that u € Ll’f) (@) is a weak solution to (1) under the boundary condition (2). Then,
by (8), for all ¢ € @, there holds

f|x|'“|u|p(pdxdt+f(aval(p—(?v(p) f(x)dS,dr
w T

sf |l |20, | dxdt+[ ul|-Ap + — | dxdr.  (33)
) ) | x|
On the other hand, by means of Young'’s inequality, we have
f|u||A0t(p| dxdt=f|x|%|u|<p% |x|%¢%|A6t¢| dxdr
w w
1 il _p_
< —f |x*|ulPodxdt+C IxIP-“l(pp-l |Ad,p|PT dxdt (34)
2Jw supp(Ad; )
and
flul -Ap+ %(p dxdt
) | x|
1 B =L [z %
S—f |x[*lulP@dxdr+C |xX[PT QP T | =A@+ —=¢ dxdz, (35)
2Jw supp(¢) [x]
provided that
f IxI%(pP;-ll|A6t(p|% dxdt < oo,
supp(Ad;¢)
P (36)
. g p-1
[ |x|P~TpPT '—A(p+ —¢ dxdf < oco.
supp(¢p) [x|
In view of (33), (34) and (35), we obtain
fr (0401 — 0vep) f(x)dSydt
-1 P T r=
<C f |x|P~TpPT |A6t<p|IH dxdt+f |x|P~TpPT|-Ap+ X4 dxdt|. (37)
supp (A0 ) supp(¢) [x]
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Next, for T,R,¢ > 1, we consider the function ¢ defined by (16). By Lemma 10, we know that
¢ € ®. Moreover, by Lemmas 11 and 12, (36) holds. Consequently, for T, R, ¢ > 1, (37) holds for
the function ¢ defined by (16). On the other hand, thanks to (17) and (18), we have

fr(avaﬂp—av(p) f(x)dedtz(Z—N—ZUN)fo faB (a7 () —ar(®) f(x)dS,dt.

Notice that by (9), we have 2 - N — 20 < 0. Hence, by (12) and (14), we get

fr(avatq)—avq)) f(x)dedtzC(fOT(O/(:—;)—ZT_Io/_I(:—;)a’(%)) dt)( an(x)de)

1 (38)
- CTU (o/(s) - é:r‘la”‘l(s)a’(s)) ds) (f £ de) .
0 B
Furthermore, by the dominated convergence theorem, we have
1 1
lim (o/(s) —éT‘la"‘l(s)a’(s)) ds=f a’(s)ds>0.
T—o0Jo 0
Thus, for T > 1, one has
1
/ (a[(s) - ZT‘la[_l(s)oc’(s)) ds=C.
0
Since f € LY*(8B), we deduce from (38) that
fr (0,01p—0vep) f(x)dSydr = CTfaB f(x)dSy. (39)
Then, using (37), (39), Lemmas 11 and 12, we obtain
Tf fwds,<c|T 7T (lnR + RJN_2+%) + TRON 2T ] ,
0B
that s,
—P —P
f f(x)dsxsc(TﬁlnR+ TFR‘+R‘), (40)
0B
where o
I1=onNy—2+ K p.
p-1

Notice that due to (10), we have ¢ < 0. Hence, taking T = R in (40), and passing to the limit as
R — oo, we obtain [} f(x)dSy <0, which is a contradiction with f € L»*(dB). This completes
the proof of part (I) of Theorem 2.

(II). Let
—(u+2
max{Z—N—oN, (w 1)}<6<0N 41
and .
0<e<(-8°+@2-N)5+0)r". (42)
Notice that by (9), we have 2 - N — oy < o. Moreover, due to (11), there holds % < Opn.

Hence, the set of § satisfying (41) is nonempty. Notice also that 2 — N — o and oy are the roots
of the polynomial function

F(0)=-8*+@2-N)d+o.
Hence, for all § satisfying (41), one has F(6) > 0. Thus, the set of € satisfying (42) is nonempty. We
consider functions of the form

us.e(x) =€lx1°>, xe B\{0}.
Elementary calculations show that

g
—Aug .+ o = eF(8)]x|°2. (43)
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Then, thanks to (41), (42) and (43), we obtain

o
—Auge + T e > eP|x|OPHH = le“ug,g-
Thus, us, is a stationary solution to (1)-(2) with f = €. This completes the proof of part (II) of
Theorem 2. O
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