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1. Introduction

Consider the Cauchy problem for the Benjamin–Ono equation, posed on the torus

∂t u = H∂2
x u −∂x (u2), u|t=0 = u0. (1)

In (1), u(t , · ) is a real valued function or a distribution on the torus T = R/2πZ and t ∈ R (the
problem is time reversible). The anti-symmetric map H is the Hilbert transform on periodic
functions. The problem (1) is an infinite dimensional Hamiltonian system. The study of the
Cauchy problem (1) attracted a lot of attention, we refer to the very recent work [7] and the
references therein. In this note, we are interested in invariant measures for (1). The invariant
measures problem for (1) was addressed in [3, 4, 12–14]. Our aim is to show that the recent work
by Gérard–Kappeler–Topalov [6] can be used in order to construct a large family of new non
degenerate invariant measures for (1). In particular, we will construct such measures living in
H s for every s >−1/2, which is a significant extension of [3].

A natural space for studying (1) is the Sobolev space

H s
0(T) = {u : û(0) = 0, û(n) = û(−n)},

endowed with the norm ∑
n∈Z

|n|2s |û(n)|2 .

The zero Fourier coefficient is invariant under (1) and one may introduce similar (affine) spaces
in which the value of the zero Fourier coefficient is prescribed as a fixed real number. The analysis
of (1) in such spaces does not present a considerable novelty and therefore we will restrict to the
spaces H s

0(T). Thanks to the remarkable works [5, 6], we know that (1) is globally well-posed in
H s

0(T), s >−1/2, and the dynamics is almost periodic in time. It is a natural question whether [5,6]
can be used to deduce new results on the statistical description of the flow of (1). Our goal here is
to make a first step in this direction.
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Theorem 1. Let s > −1/2. Then there is a probability measure ρs on H s
0(T) which is invariant

under the flow of the Benjamin–Ono equation, defined in [5, 6], and satisfies :

(1) ρs (Hσ
0 (T)) = 0 for every σ> s.

(2) Every set of full ρs measure is dense in H s
0(T).

In order to prove Theorem 1, we construct a large family of invariant measures for the
Benjamin–Ono equation written in the Birkhoff coordinates, introduced in [5,6]. In order to prove
the invariance properties in the Birkhoff coordinates side, we simply exploit the Hamiltonian
structure and some simple rotation invariance properties. Then we use some basic properties
of the Birkhoff map proved in [5, 6]. The analysis below gives more precise informations on the
possible measures ρs . However, many basic questions remain open, see Section 3 below.

The rest of the paper is organized as follows. In the next section we study invariant measures
for the Benjamin–Ono equation written in the Birkhoff coordinates. In Section 3 we complete the
proof of Theorem 1 and we make a conjecture concerning the nature of the obtained invariant
measures. Finally, in the last section, we introduce a renormalized flow for the Benjamin–Ono
equation written in the Birkhoff coordinates for random data going beyond the analysis of [5, 6].
It is a challenging open problem to suitably extend the Birkhoff map of [5, 6] to this setting. This
would in particular allow to solve (after a renormalization) the Benjamin–Ono equation with
white noise initial data. See also Remark 8 below.

2. Analysis in Birkhoff coordinates

2.1. The flows

By definitionN= {1,2, . . . }. We denote by hs the set of sequences of complex numbers ζ= (ζn)n∈N
such that ( ∑

n∈N
|n|2s |ζn |2

) 1
2

<∞ . (2)

We endow hs with the norm (2) resulting from the natural scalar product. For N ≥ 1, we denote
by EN the space spanned by the first N vectors in the canonical basis of hs and by πN : hs → EN

the corresponding orthogonal projection. Therefore EN = {u ∈ hs : u =πN u}.

When written in Birkhoff coordinates the Benjamin–Ono equation in H
s− 1

2
0 (T) (cf. [5, 6])

becomes the following equation in hs

∂tζn = i

(
n2 −2

∞∑
k=1

min(n,k)|ζk |2
)
ζn , n ≥ 1. (3)

For s ≥ 0 the solutions of (3) are given by

ζn(t ) = ζn(0) exp

(
i t

(
n2 −2

∞∑
k=1

min(k,n)|ζk (0)|2
))

. (4)

We readily see that for (ζn(0))n∈N ∈ hs , s ≥ 0 the expression (4) is well defined while if (ζn(0))n∈N ∉
h0 the expression (4) is not well defined. We denote by Φ(t ) the flow map of (3) defined on hs ,
s ≥ 0.

For N ≥ 1, we consider the following finite dimensional truncation of (3), posed on EN ,

∂tζn = i

(
n2 −2

N∑
k=1

min(n,k)|ζk |2
)
ζn , 1 ≤ n ≤ N , ζn(t ) = 0,n > N . (5)

If ζn = ξn + iηn then (5) becomes

∂tξn = ∂H

∂ηn
, ∂tηn =− ∂H

∂ξn
, 1 ≤ n ≤ N , ζn(t ) = 0,n > N , (6)
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where the Hamiltonian H is given by

H(ξ1, . . . ,ξN ,η1, . . . ,ηN ) =−1

2

N∑
k=1

k2(ξ2
k +η2

k )+ 1

2

N∑
k=1

(
N∑

k1=k
(ξ2

k1
+η2

k1
)

)2

.

The solutions of (5) are given by

ζn(t ) = ζn(0) exp

(
i t

(
n2 −2

N∑
k=1

min(k,n)|ζk (0)|2
))

, 1 ≤ n ≤ N , ζn(t ) = 0,n > N . (7)

Let us denote byΦN (t ) the flow map of (5) defined on EN . We have thatΦN (t ) is the restriction of
Φ(t ) to EN . Using (4), (7) and the dominated convergence, we obtain that

lim
N→∞

∥Φ(t )(ζ)−ΦN (t )(πNζ)∥hs = 0, ∀ ζ ∈ hs , s ≥ 0. (8)

2.2. The measures

Let θ be a probability measure on C≃R2, defined by

dθ = f (x, y)dxdy , (9)

where f is supposed to be a radial function, i.e. f (x, y) only depends on x2 + y2. Therefore θ is
invariant under the action of the rotations of R2, a property which will be crucially used in the
sequel. We suppose that the support of f is R2. Finally, we also suppose that∫

R2
(x2 + y2) f (x, y)dxdy <∞ . (10)

The most typical example of an admissible f is the Gaussian

f (x, y) = 1

π
e−(x2+y2) .

Let s ≥ 0 and let us fix a sequence (ζ∗n)n∈N ∈ hs . Let (gn(ω))n∈N be a sequence of independent,
identically distributed complex valued random variables with law θ. Suppose that gn are defined
on a probability space (Ω,F , p). Let µ be the probability measure on hs , induced by the map

ω 7−→ (
ζ∗n gn(ω)

)
n∈N. (11)

More precisely, thanks to the assumption (10), we have that(
πN

(
ζ∗n gn(ω)

)
n∈N

)
N∈N

is a Cauchy sequence in L2(Ω;hs ) and therefore (11) defines a measurable map from (Ω,F ) to
(hs ,B), where B is the Borel σ-algebra of hs . The measure µ depends on the sequence (ζ∗n)n∈N
and the choice of the measure θ. This (important) dependence will not be explicitly mentioned.

We also define µN as the probability measure on the finite dimensional space EN , induced by
the map

ω 7−→ (
ζ∗1 g1(ω), . . . ,ζ∗N gN (ω),0,0, . . .

)
.

Observe that if A is a Borel set of hs and χA the characteristic function of A then∫
EN

χA(ζ)µN (dζ) =µN (A∩EN ) .

Indeed, it suffices to use that χA(ζ)χEN (ζ) = χA∩EN (ζ). We have the following property of the
measure µ.

Lemma 2. Let µ be the measure defined from a sequence (ζ∗n)n∈N ∈ hs such that ζ∗n ̸= 0 for every
n ∈N. Then every set of full µmeasure is dense in hs . Moreover, if for some σ> s, (ζ∗n)n∈N ∉ hσ then
µ(hσ) = 0.
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Proof. Following [1, Lemma B1], we first show that if for someσ> s, (ζ∗n)n∈N ∉ hσ then µ(hσ) = 0.
We have that the event

{ζ ∈ hs : ∥ζ∥hσ <∞}

belongs to the asymptoticσ-algebra obtained from suitable independentσ-algebras because the
property ∥ζ∥hσ < ∞ depends only on (1−ΠN )ζ for every N ∈ N (see e.g. [9]). Therefore by the
Kolmogorov zero-one law, we have that µ(hσ) = 0 or µ(hσ) = 1. We suppose that µ(hσ) = 1 and
we look for a contradiction. If µ(hσ) = 1 then ∥ζ∥hσ <∞, µ almost surely and by the dominated
convergence

lim
N→∞

∫
hs

e−∥πN ζ∥2
hσ µ(dζ) =

∫
hs

e−∥ζ∥
2
hσ µ(dζ) > 0. (12)

We will show that

lim
N→∞

∫
hs

e−∥πN ζ∥2
hσ µ(dζ) = 0 (13)

which will be in a contradiction with (12). Using the independence, we can write∫
hs

e−∥πN ζ∥2
hσ µ(dζ) =

N∏
n=1

∫
R2

e−|ζ
⋆
n |2(x2+y2)n2σ

f (x, y)dxdy . (14)

Now, if we set

θ :=
∫

x2+y2≤1
f (x, y)dxdy ∈ (0,1)

then we can write∫
R2

e−|ζ
⋆
n |2(x2+y2)n2σ

f (x, y)dxdy ≤ θ+
∫

x2+y2>1
e−|ζ

⋆
n |2(x2+y2)n2σ

f (x, y)dxdy

≤ θ+e−|ζ
⋆
n |2n2σ

(1−θ) = 1− (1−θ)(1−e−|ζ
⋆
n |2n2σ

) .

Now, we observe that

lim
N→∞

N∑
n=1

(1−e−|ζ
⋆
n |2n2σ

) =∞
because

lim
N→∞

N∑
n=1

|ζ⋆n |2 n2σ =∞
by assumption. Therefore, we have that (13) holds because the product defined in (14) diverges
to zero.

Next, we show that every set of full µ measure is dense in hs . For that purpose, we follow [2,
Proposition 1.2]. We need to show that for every α= (αn)n∈N ∈ hs and every ε> 0

µ(ζ : ∥ζ−α∥hs < ε) > 0.

Using the independence and the triangle inequality, we can write

µ(ζ : ∥ζ−α∥hs < ε) ≥µ(
ζ : ∥πN (ζ−α)∥hs < ε/2

)×µ(
ζ : ∥π⊥

N (ζ−α)∥hs < ε/2
)
.

Using that ζ∗n ̸= 0 for every n ∈ N and using the support property of the function f defining the
measure θ in (9), we infer that for every N ≥ 1,

µ(ζ : ∥πN (ζ−α)∥hs < ε) > 0.

Therefore our aim is to bound from below µ(ζ : ∥π⊥
N (ζ−α)∥hs < ε/2), for N ≫ 1. For that purpose,

we can write that if ∥π⊥
Nα∥hs < ε/4 then

µ
(
ζ : ∥π⊥

N (ζ−α)∥hs < ε/2
)≥µ(

ζ : ∥π⊥
Nζ∥hs < ε/4

)
.

Recall that α ∈ hs is fixed. Hence for N ≫ 1, we have ∥π⊥
Nα∥hs < ε/4 and therefore for N ≫ 1,

µ
(
ζ : ∥π⊥

N (ζ−α)∥hs < ε/2
)≥µ(

ζ : ∥π⊥
Nζ∥hs < ε/4

)= 1−µ(
ζ : ∥π⊥

Nζ∥hs ≥ ε/4
)
.
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By the Markov inequality and thanks to (10), we can write

µ
(
ζ : ∥π⊥

Nζ∥hs ≥ ε/4
)≤ (4

ε

)2∥∥∥π⊥
Nζ∥hs

∥∥2
L2(dµ(ζ)) ≤

C

ε2

∑
n>N

|ζ∗n |2n2s .

Therefore for N ≫ 1,

µ
(
ζ : ∥π⊥

Nζ∥hs ≥ ε/4
)< 1

2
.

In summary, for N ≫ 1

µ
(
ζ : ∥π⊥

N (ζ−α)∥hs < ε/2
)> 1

2
.

This completes the proof of Lemma 2. □

2.3. Invariance of the measures

Using (8), by the Lebesgue dominated convergence theorem, for every F ∈Cb(hs ;R),

lim
N→∞

∫
hs

F (ΦN (t )(πNζ))µ(dζ) =
∫

hs
F (Φ(t )(ζ))µ(dζ) . (15)

We have the following basic lemma.

Lemma 3. For every F ∈Cb(hs ;R),∫
hs

F (ζ)µ(dζ) = lim
N→∞

∫
EN

F (ζ)µN (dζ) . (16)

Proof. By definition µN is the image measure of µ trough the map πN : hs → EN . Consequently,∫
EN

F (ζ)µN (dζ) =
∫

hs
F (πNζ)µ(dζ) . (17)

For every ζ ∈ hs , πNζ → ζ in hs as N → ∞. Since F is bounded and continuous on hs , the
dominated convergence theorem implies that the right hand side of (17) tends to the integral
of F (ζ) with respect to µ. This completes the proof of Lemma 3. □

Using the invariance under rotations of the density of the measure θ defined in (9) and
the Liouville theorem for the Hamiltonian flow ΦN (t ) on EN (see (6)), one has the following
statement.

Lemma 4. For every F ∈Cb(hs ;R),∫
EN

F (ΦN (t )(ζ))µN (dζ) =
∫

EN

F (ζ)µN (dζ) .

Proof. Set
F̃ (ζ1, . . . ,ζN ) := F (ζ1, . . . ,ζN ,0,0, . . . ) .

We have that
πNΦN (t )(ζ) =

(
ζne i tβN ,n (ζ)

)
1≤n≤N

, ζ ∈ EN ,

where

βN ,n(ζ) = n2 −2
N∑

k=1
min(n,k)|ζk |2.

We are reduced to compute ∫
CN

F̃
(
ζ1, . . . ,ζN

)( N∏
n=1

f (ζn)

)
dζ1 . . .dζN . (18)

Thanks to our assumption on f ,

f (ζn) = f
(
ζne i tβN ,n (ζ1,...,ζN )

)
, 1 ≤ n ≤ N .



82 Nikolay Tzvetkov

Moreover, thanks to the Hamiltonian structure (6), using the Liouville theorem, we have that the
volume element dζ1 . . .dζN is invariant under the map

ζn 7−→ ζne i tβN ,n (ζ1,...,ζN ) , 1 ≤ n ≤ N .

Therefore (18) equals∫
CN

F̃
(
ζ1 e i tβN ,1(ζ1,...,ζN ), . . . ,ζN e i tβN ,N (ζ1,...,ζN )

)( N∏
n=1

f (ζn)

)
dζ1 . . .dζN .

This completes the proof of Lemma 4. □

Using the Fubini theorem∫
EN

F (ΦN (t )(ζ))µN (dζ) =
∫

EN

F (ΦN (t )(πNζ))µN (dζ) =
∫

hs
F (ΦN (t )(πNζ))µ(dζ) .

Therefore, thanks to (15) and Lemma 4,∫
hs

F (Φ(t )(ζ))µ(dζ) = lim
N→∞

∫
EN

F (ζ)µN (dζ) .

Using Lemma 3, we arrive at ∫
hs

F (Φ(t )(ζ))µ(dζ) =
∫

hs
F (ζ)µ(dζ)

which proves the invariance of µ under Φ(t ), after using a final approximation argument of
an arbitrary L1(hs ;dµ) function by Cb(hs ;R) functions. Such an approximation is classical by
first approximating the indicator functions of the open sets and then using the regularity of the
measure µ.

Summarizing the previous discussion, we get the following statement.

Theorem 5. Let µ be a measure on hs , s ≥ 0, defined from a sequence (ζ∗n)n∈N ∈ hs , s ≥ 0 and
a rotation invariant probability measure on C as in (9). Then µ is invariant under the flow Φ(t )
of (3).

3. Proof of Theorem 1 and a conjecture

Using Theorem 5, Lemma 2 and [5, 6], we can prove Theorem 1.

Proof of Theorem 1. Let s >−1/2. Let us fix a sequence (ζ∗n)n∈N ∈ hs+ 1
2 such that

ζ∗n ̸= 0, ∀ n ∈N, (ζ∗n)n∈N ∉ hσ, ∀σ> s + 1

2
.

An example of such a sequence is

ζ∗n = 1

ns+1 log(n +1)
, n ≥ 1.

Let µ be the measure on hs+ 1
2 associated with this sequence and a rotation invariant probability

measure on C as in (9).
Thanks to [5, 6] there is a map (the Birkhoffmap)

φ : H s
0(T) −→ hs+ 1

2

which is a bi-continuous bijection such that

Φ1(t ) =φ−1 ◦Φ(t )◦φ
generates the Benjamin–Ono flow on H s

0(T) (Φ(t ) is the flow appearing in Theorem 5). Moreover,

we also have that φ is a bijection from Hσ
0 (T) to hσ+

1
2 for every σ≥ s.
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We define the measure ρs as
ρs (A) =µ(φ(A)),

where A is an arbitrary Borel set of H s
0(T). Now, using the definition and Theorem 5 we can write

ρs (Φ1(t )(A)) =µ(Φ(t )(φ(A))) =µ(φ(A)) = ρs (A),

where A is again an arbitrary Borel set of H s
0(T). Therefore ρs is invariant underΦ1(t ).

Using Lemma 2, we can write for σ> s,

ρs (Hσ
0 (T)) =µ(φ(Hσ

0 (T))) =µ(hσ+
1
2 ) = 0.

Let A be such that ρs (A) = 1. Then µ(φ(A)) = 1. Using Lemma 2, we obtain that φ(A) is dense in
hs+ 1

2 . Thanks to the continuity and the bijectivity ofφ−1, we have that A =φ−1(φ(A)) is a dense set
of H s

0(T) (a dense set is mapped to a dense set by the continuous bijection φ−1). This completes
the proof of Theorem 1. □

Of course, it would be interesting to understand better the measures ρs appearing in Theo-
rem 1. They should heavily depend on the choice of the measure in (9) and the sequence (ζ∗n)n∈N
in the definition of µ. Here is a conjecture we have.

Conjecture 6. It seems reasonable to conjecture that if µ is a suitable gaussian measure on hs+ 1
2

then the corresponding measure ρs appearing in Theorem 1 is absolutely continuous with respect
to a suitable gaussian measure on H s

0(T). For example, we conjecture that the image of the Gibbs
measure defined in [10] by the Birkhoff map defined in [5, 6] is the measure on hs , s < 1/2 defined
as the limit as N →∞ of the measures

GN (ζ)µ(dζ),

where the measure µ is constructed from θ a standard complex gaussian and the sequence

ζ∗n = n−1, n ∈N.

The density GN is given by

GN (ζ) =χ
( N∑

k=1
n|ζn |2 − cN

)
exp

( N∑
k=1

( N∑
k1=k

|ζk1 |2
)2)

,

where χ : R → R is a continuous function with a compact support and cN ≈ log(N ) is a renor-
malisation constant. We conjecture that a similar procedure may lead to the measures considered
in [4, 12–14] .

4. An almost sure extension ofΦ(t ) to l 4, after a renormalisation

In this section we consider a sequence (αn)n∈N such that∑
n∈N

|αn |2 =∞ (19)

but ∑
n∈N

|αn |4 <∞ .

The sequence

αn = 1p
n

, n ≥ 1

is of particular interest because this sequence (together with gaussians) should appear in the
analysis of the Benjamin–Ono equation with data distributed according to the white noise on the
circle. We refer to [8] for the invariance of the white noise on the circle under the periodic KdV
flow.
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Let (gn(ω))n∈N as in the previous sections. We suppose that the density f also satisfies∫
R2

(x4 + y4) f (x, y)dxdy <∞,
∫
R2

(x2 + y2) f (x, y)dxdy = 1. (20)

Let µ be the measure defined by the map

ω 7−→ (
αn gn(ω)

)
n∈N.

The flow Φ(t ) is not defined µ almost surely because, in view of (19) and Lemma 2, one has
µ(h0) = 0. However, using the inequality

∥(αn)n∈N∥h−1 ≤C

( ∑
n∈N

|αn |4
) 1

4

we obtain that (
πN

(
αn gn(ω)

)
n∈N

)
N∈N

is a Cauchy sequence in L4(Ω;h−1). Therefore, we see µ as a measure on h−1 equipped with the
Borel sigma algebra B. Solving (3) on the support of µ is not possible because, in view of (19),
the angles diverge almost surely. However, we can make the phases converge after a suitable
renormalisation. Recall that the flow map of (5) is denoted byΦN (t ) and is defined as

πNΦN (t )(ζ) =
(
ζne i tβN ,n (ζ)

)
1≤n≤N

, ζ ∈ EN ,

where

βN ,n(ζ) = n2 −2
N∑

k=1
min(n,k)|ζk |2, ζ ∈ EN .

We have the following statement.

Theorem 7. Let n ≥ 1. There is hn ∈ L2(dµ) such that the sequence

(βN ,n(πNζ)+2ncN )N≥1

converges µ almost surely to hn(ζ), where the divergent constant cN is defined by

cN =
N∑

k=1
|αk |2 .

As a consequence, for every n ∈N the sequence(
e i 2tncN (ΦN (t )(πNζ))n

)
N≥1

converges µ almost surely to ζne i thn (ζ) and moreover((
e i 2tncN (ΦN (t )(πNζ))n

)
n∈N

)
N≥1

converges µ almost surely in h−1 to (
ζne i thn (ζ)

)
n∈N .

In addition, the measure µ is invariant under the map

(ζn)n∈N 7−→
(
ζne i thn (ζ)

)
n∈N . (21)

Remark 8. If one succeeds to extend the Birkhoff map to the support of the measure µ consid-
ered in Theorem 7, then one will obtain a renormalized Benjamin–Ono flow as the conjugate of
the flow (21), for many initial data of Sobolev regularity below −1/2. We believe that to obtain
such an extension of the Birkhoff map, we have to make appeal to unavoidable probabilistic ar-
guments. As a consequence of such an extension of the Birkhoffmap, one will obtain the proba-
bilistic well-posedness of the Benjamin–Ono equation in a super-critical regularity regime. More
precisely, the proof of Theorem 7 suggests the probabilistic well-posedenss of the Benjamin–Ono
equation in the Fourier–Lebesgue spaces FL− 1

2 ,4 (i.e. data u0 such that 〈n〉−1/2û0(n) ∈ l 4(Z)).
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Therefore we believe that the probabilistic well-posedness theory developed in the last years
for many dispersive models can be extended to the Benjamin–Ono equation with data of super-
critical regularity.

Proof of Theorem 7. We will use a renormalisation argument as for example in [11]. We can write

βN ,n(πNζ)+2ncN = n2 −2
n∑

k=1
(k −n)|ζk |2 −2n

N∑
k=1

(|ζk |2 −|αk |2) .

Therefore, we are reduced to show that( N∑
k=1

(|ζk |2 −|αk |2)

)
N≥1

(22)

converges µ almost surely. For that purpose we aim to apply the Kolmogorov almost sure
convergence theorem in the probability space (h−1,B,µ). We have that (|ζk |2 − |αk |2)k∈N is a
family of independent random variables in (h−1,B,µ). Moreover, thanks to (20), we have that∫

h−1
(|ζk |2 −|αk |2)µ(dζ) =

∫
Ω

(|gk (ω)|2 −1)dp(ω) = 0.

In order to apply the Kolmogorov theorem, we need to show that (22) converges in L2(dµ). Let us
show that (22) is a Cauchy sequence in L2(dµ). For that purpose, by definition, we can write for
N < M ∥∥∥∥ M∑

k=N+1
(|ζk |2 −|αk |2)

∥∥∥∥
L2(dµ(ζ))

=
∥∥∥∥ M∑

k=N+1
|αk |2(|gk (ω)|2 −1)

∥∥∥∥
L2(Ω)

.

Therefore, using the independence and (20), we obtain that there is a finite constant C such that∥∥∥∥ M∑
k=N+1

|αk |2(|gk (ω)|2 −1)

∥∥∥∥2

L2(Ω)
=C

M∑
k=N+1

|αk |4

which tends to zero as N →∞. This proves the µ almost sure convergence of the sequence

(βN ,n(πNζ)+2ncN )N≥1.

The proof of the invariance can be done as in the previous section. The only difference is that
Lemma 4 should be replaced by the following statement.

Lemma 9. Let Φ̃N (t ) be defined as

(Φ̃N (t )(ζ))n := e i 2tncN (ΦN (t )(ζ))n , ζ ∈ EN .

Then for every F ∈Cb(hs ;R),∫
EN

F (Φ̃N (t )(ζ))µN (dζ) =
∫

EN

F (ζ)µN (dζ) .

Proof. Again we set F̃ (ζ1, . . . ,ζN ) := F (ζ1, . . . ,ζN ,0,0, . . . ) and we study∫
CN

F̃
(
ζ1, . . . ,ζN

)( N∏
n=1

f (ζn)

)
dζ1 . . .dζN . (23)

First, we make the variable change

ζn 7−→ ζne2i tncN , 1 ≤ n ≤ N

which leaves the volume element and f (ζn) unchanged. Therefore (23) equals∫
CN

F̃
(
ζ1 e2i tcN , . . . ,ζN e2i t N cN

)( N∏
n=1

f (ζn)

)
dζ1 . . .dζN . (24)

Next, we make the variable change

ζn 7−→ ζne i tβN ,n (ζ1,...,ζN ) , 1 ≤ n ≤ N
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and as in the proof of Lemma 4 we obtain that (24) equals∫
CN

F̃
(
ζ1 e2i tcN e i tβN ,1(ζ1,...,ζN ), . . . ,ζN e2i t N cN e i tβN ,N (ζ1,...,ζN ))( N∏

n=1
f (ζn)

)
dζ1 . . .dζN .

This completes the proof of Lemma 9. □

This completes the proof of Theorem 7. □
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