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Abstract. In 2009, Claire Amiot gave a construction of Calabi-Yau structures on Verdier quotients. We sketch
how to lift it to the dg setting. We use this construction as an important step in an outline of the proof of her
conjecture on the structure of 2-Calabi-Yau triangulated categories with a cluster-tilting object.

Résumé. En 2009, Claire Amiot a donné une construction de structures de Calabi-Yau sur les quotients de
Verdier. Nous esquissons comment la relever au cadre dg. Nous utilisons cette construction comme une étape
importante dans I'ébauche de la preuve de la conjecture d’Amiot sur la structure des catégories triangulées
2-Calabi-Yau avec un objet de amas-basculant.
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In 2009, Amiot [1] constructed Calabi—Yau structures on certain Verdier quotients. Our first
aim is to lift her construction to the level of dg (=differential graded) enhancements. Our second
aim is to sketch how this construction allows one to prove Amiot’s conjecture [2] on the structure
of 2-Calabi-Yau triangulated categories with a cluster-tilting object.

1. Calabi-Yau structures on Drinfeld quotients

Let k be a field and A a k-linear Hom-finite triangulated category. Let d be an integer and
suppose that A is d-Calabi-Yau, i.e. endowed with bifunctorial isomorphisms

Hom(Nj, N2) — DHom(N,, =4 Ny)
where Nj, N, lie in A& and D denotes the dual over k. For example, let X be a smooth
projective variety of dimension d over an algebraically closed ground field and .#” the bounded
derived category of coherent sheaves on X. Then, by one possible definition, the variety X is
d-Calabi-Yau if and only if its canonical sheaf wy is trivialisable and that happens if and only
if A4 is d-Calabi-Yau as a triangulated category. As a second example, suppose that A is a
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finite-dimensional basic algebra and .4/ the bounded homotopy category of finitely generated
projective A-modules. Then A4 is 0-Calabi-Yau if and only if A is symmetric, i.e. isomorphic to
its dual DA as a bimodule. The examples we are most interested in are associated with quivers
with potential (Q, W) which are Jacobi-finite, i.e. the associated (complete) Jacobian algebra is
finite-dimensional, cf. [7] for the terminology. Let I" be the Ginzburg dg algebra [10], cf. also [17],
associated with such a quiver with potential. Let 2 (T') be its unbounded derived category, perT its
perfect derived category (the full subcategory of compact objects in 2(I')) and pvdT its perfectly
valued derived category, i.e. the full subcategory of objects M of 2(I') such that the underlying
complex M|y is perfect over k. By Amiot’s definition [1] of the cluster category 6 w, we have an
exact sequence

0 > pvdll > perl’ > Gow —> 0

of triangulated categories. Here the perfectly valued derived category is 3-Calabi-Yau, the perfect
derived category is not Calabi-Yau and the cluster category is 2-Calabi-Yau, cf. [1] and the
references given there.

The last example can be generalised as follows: suppose that the category .4 is contained as
a thick subcategory in a k-linear triangulated category 9. As shown by Amiot [1], in the exact
sequence

0 > N > T > TN — 0,
the Verdier quotient 9 /.4 is often (d—1)-Calabi-Yau. Let us recall the construction of the Calabi-

Yau structure in a slightly more general setting: let us assume that we are given a bilinear form of
degree —d on ./, i.e. a family of bilinear maps

N (N1, Np) x N (N2, 24 Ny) — k

such that the associated maps
N (N1, Np) — DN (N2, 29 N1) M
define a morphism of bifunctors on .4". Such a bilinear form is determined by the pretrace forms
tn: N (N,ZIN) — k

obtained as the images of the identities 1y under the maps (1). One defines a d-Calabi-Yau
structure on A to be a bilinear form of degree —d on .4 such that the map (1) is invertible and
which satisfies a graded symmetry property, cf. [6, Proposition A.5.2].

Theorem 1 (Amiot [1]). The category I | A admits a unique bilinear form of degree 1 — d whose
pretrace form t)g; !N for an object X is given by

2 CfosT = (2 D)o foa),

~17is a fraction given by morphisms f and s (with cone ZN in /) as in the following

where “fos
diagram
b

N —% 3 X v X s IN

d-1
sd1x X8 ydy,
Moreover, if the bilinear form on A is a d-Calabi-Yau structure and N < 9 satisfies suitable non-

degeneracy conditions, then the bilinear form on I | A thus constructed is a (d — 1)-Calabi-Yau
structure.

For example, if A is a finite-dimensional symmetric algebra, we have the short exact sequence

0 — #P(prjA) — P2P(modA) — sgA — 0
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of triangulated categories and we find that the stable category mod A = sg A is (—1)-Calabi-Yau,
which corresponds to the well-known fact that the Auslander—Reiten translation is given by the
square Q2 = X2 of the syzygy functor.

Our aim is to lift this construction to the level of dg categories. Let &« be a (small) dg category
and 9(«) its derived category. Its objects are the dg functors M: o/ — Gag(Mod k) from &/ op
to the dg category of complexes over k. Suppose that </ is pretriangulated, i.e. the Yoneda functor

HY(ot) — D(oA), X — A2 X)

is an equivalence onto a full triangulated subcategory. Let 98 < &/ be a pretriangulated full dg
subcategory. By definition [8], the Drinfeld quotient «f [ p, B = </ /98 is obtained from « by
formally adjoining a contracting homotopy

hy: N— N, |hyl=-1, d(hn) = 1N

for each object N in 28. Thus, by definition, the canonical functor «f — «f / 98 is strictly universal
among the dg functors F: «f — & to a dg category where all the objects FN, N in 98, are endowed
with a contracting homotopy. As shown in [8], we have an induced short exact sequence

0 —> H(B) — H() — H(A/B) — 0
of triangulated categories, cf. also [14]. It follows that the sequence

0 > 9B > of > oA |98 > 0

of dg categories is homotopy exact, i.e. the sequence
0 — 2(%) > D(A) > D(AI1B) — 0

of triangulated categories is exact. Therefore, by the main result of [13], we have long exact
sequences

coo — HC.(B) — HCy(f) —— HCy(A/PB) —> HC._1(B) —> -+

in Hochschild and cyclic homology. Now suppose that 98 is an H*-finite dg category, i.e. the
spaces HP(98)(X,Y) are finite-dimensional for all X, Y in 28 and all integers p. Let d be an
integer. Following Kontsevich, a (right) d-Calabi-Yau structure on 98 is a class ¢ in DHC_ ;(98)
which is non-degenerate, i.e. its image under the composition

DHC_4(%8) — DHH_4(%) —— Homgge) (B, % D)

of canonical maps is invertible. Here, by abuse of notation, we denote by 98 the 28-bimodule
(X,Y) — B(X,Y) and by D the %B-bimodule (X,Y) — DA(Y, X). If 4 is pretriangulated and
carries a d-Calabi-Yau structure, then H%(%) becomes d-Calabi-Yau as a triangulated category
since we have

HY(®)(X,Y) —— H°="%D®RB(Y,X)) —— DH"(®)(Y,2%X).
More generally, we obtain a canonical map
DHC_,;(98) —— f{bilinear forms of degree —d on H°(%)},

which induces a map

DHCfg (88) —> {d-Calabi-Yau structures on H°(%)},

where DH Cfg (98) denotes the space of non-degenerate classes in DHC_ ;(%).
Now let # < o be a pretriangulated full dg subcategory of a pretriangulated dg category <.
Thus, we have a long exact sequence

- — HC)_q(B) — HC)_q(f) — HC\_q(41B) —>3 HC_q(B) — ---.
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Theorem 2 (Keller-Liu [15]). The square
DS

DHC_4(9) > DHC,_4(sf 1 9B)
{bilin. forms of degree —d on H%(®)} —— {bilin. forms of degreel — d on HO (ot 1 B)},
where the bottom horizontal map is given by Amiot’s construction, is commutative.

Let us sketch the proof: let HH(«/) be the Hochschild complex of «/. It is the sum total
complex of the bicomplex

4, # (Ao, Ap) $—— Ll ag,4, (A, A1) ® L (A1, Ag) — -+,
where, for example, the leftmost differential sends f ® f; to
DY fyo fi = (IIUAED f0 £y,
Then the sequence
0 > 9B > of > oA 198 > 0
of dg categories with the given null-homotopy for the composition 98 — «// 28 yields a homotopy
short exact sequence of complexes (defined below)

h

HH(%) —l) HH() T) HH(A198), (2)

where the map h sends fy to hp,fo (Bp is the source and the target of f;). The homotopy
snake lemma (stated below) applied to the sequence (2) then allows us to make the connecting
morphism
6: HH)_4(of198) — HH_4(9)
explicit and to check the commutativity claimed in the theorem.
We define a homotopy short exact sequence of complexes to be a diagram of complexes of

abelian groups
h

/\
B —l) A T) C
such that i and p are morphisms of complexes and # is a homogeneous morphism of degree
—1 such that we have d(h) = poi and that the graded object X~'C @ A ® B endowed with the
differential

-di-h
0 d-p
0 0-d

is acyclic. Such a diagram yields a triangle

B > A > C > XB

in the derived category of abelian groups and we can compute the connecting morphism
8: H1(C) — HT*!(B)
thanks to the following homotopy snake lemma, where a € A9, be BY e i,

Lemma 3. We have 5(¢) = —b if and only if there is an element a in A such that we have
d(a)+i(b)=0andp(a)+ h(b) =c.

As mentioned above, we apply this lemma to the sequence (2) to prove the commutativity
stated in the Theorem 2.
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2. Amiot’s conjecture

Suppose that k is a field of characteristic 0. Let € be a k-linear triangulated category which is
Hom-finite and Karoubian. Assume that € is 2-Calabi-Yau. Recall that an object T of € is cluster-
tilting if

(a) wehave €(T,XT)=0and

(b) for each object X of €, there is a triangle

Tl > TO > X > ZTI

with T; inadd T.

Amiot showed in [1] that if (Q, W) is a Jacobi-finite quiver with potential, then the cluster category
€6o,w is k-linear, (Hom-finite,) Karoubian, 2-Calabi-Yau and admits a canonical cluster-tilting
object. In [2, Question 2.20], she asked whether, under suitable additional hypotheses, all
examples are obtained in this way. The question is discussed for example in [12]. The fact
that the answer should be positive is now known as “Amiot’s conjecture”, cf. for example [11,
Conjecture 1.1]. Classes of examples can be found in [3, 4, 9].

2.1. The quiver case

Theorem 4 (Keller-Liu [15]). Assume that k is algebraically closed and

(a) thereis a Frobenius exact category & enriched over the category of pseudo-compact vector
spaces with the full subcategory 22 of projective-injective objects and the stable category €
such that

(b) thedg category €, g= 9 Zg &)/ @Zg (22) carries a right 2-Calabi-Yau structure inducing the
given 2-Calabi-Yau structure on € and

(c) € contains a basic cluster-tilting object T.

Then there exists a quiver with potential (Q, W) and a triangle equivalence €o,w — € taking the
canonical cluster-tilting object of 6o,w to T. Consequently, the endomorphism algebra of T is
isomorphic to a Jacobian algebra.

This theorem is a consequence of the more general Theorem 5 stated below, which also holds
for ground fields k which are not algebraically closed.

2.2. The species case

Suppose that [ is a finite-dimensional semisimple k-algebra and V. a pseudo-compact graded
I-bimodule concentrated in degrees [—1,0] of finite total dimension. We denote by T;V, the
completedtensor graded algebra of V. over / and by [T}V, T; V] the closure of the vector subspace
generated by the commutators. Let 1 be a non-degenerate and anti-symmetric element in
Ve ®1e V. of degree —1 and w an element in T;V,/[T;V,, T;V,] of degree 0. Following Van den
Bergh [5], we define the deformed dg preprojective algebra 11(l, V., n, w) associated with the data
(1, Ve,n, w) as the l-augmented pseudo-compact dg algebra T;(V, @ zl), where z is an I-central
element of degree —2 and the differential is determined by

d(z)=0'nd" and d(f)={w,f}s, forallfeT;V,.

Here the symbol o = ¢’ ® ¢” denotes the Casimir element in [ ® [ associated with a fixed trace
form on [ and {?,-},, is the necklace bracket associated with the bisymplectic form w;, defined
by 7, cf. [5, Section 10.1].
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Let us make the assumptions (a), (b) and (c) of the preceding theorem but not assume that k
is algebraically closed or that T is basic. Let [ be the largest semisimple quotient of End(T). Since
k is of characteristic 0, the semisimple k-algebra [ is separable. Therefore, by the Wedderburn—
Mal’cev theorem, we can choose an augmentation for End(T) over .

Theorem 5 (Keller-Liu [15]). There exists a deformed dg preprojective algebra Il = T1(1, V¢, n, w)
and a triangle equivalence 611 — € taking the canonical cluster-tilting object of 611 to T. Conse-
quently, the endomorphism algebra of T is isomorphic to H°(IT).

We can deduce Theorem 4 from Theorem 5: indeed, when the ground field k is algebraically
closed and T is basic, the algebra [ is isomorphic to a finite product of copies of the ground
field and /-bimodules can be described using vector spaces with bases given by arrows. The
“deformation” contained in the term “deformed dg preprojective algebra” is then encoded in the
potential.

Let us sketch the proof of Theorem 5: we define I' to be the endomorphism algebra of the
image of T in the dg quotient € 5g (A1 ‘65 (2), where .4 < & denotes the closure under finite
direct sums and direct summands of T and the projective-injective objects in &. It is an I-
augmented pseudo-compact dg algebra. One can show that €, fits into a short exact sequence

0 — pvdggl' — perggl —— €4 — 0

of dg categories. Therefore, it suffices to show that I' is quasi-isomorphic to a deformed dg
preprojective dg algebra II. To prove this using the main result of [5], it suffices to construct a
non-degenerate class in negative cyclic homology HN3(T'). Since pvdgI is quasi-equivalent to
perggl’ ', where I' is the Koszul dual of T, the above exact sequence of dg categories yields [13] a
long exact sequence in cyclic homology with invertible connecting morphism

8: HC_5(6ag) — HC_3().
Moreover, by [5, Corollary D.2], we have a canonical k-linear bijection
HN3(I) = DHC_3(I").
Thus, we get a composed bijection
HN3(T) —— DHC_3(I") 2% DHC_5(G4g).

We let a be the given non-degenerate class in DHC_»(64g) and y its preimage in HN3(I'). The
subtle point is to prove that y is non-degenerate. The key to proving this is Theorem 2. More
precisely, we proceed as follows: it is not hard to see that the non-degeneracy of y follows if its
image 8 in DHC_3(I") is non-degenerate. For this, we show that D§ detects non-degeneracy. To
prove this point, we use Theorem 2 to reduce the claim to a statement about graded symmetric
bilinear forms on the categories € = H° (€ag) and pvdI = HO(pvdy ¢I). We prove this statement
by showing that the construction in the proof of [16, Proposition 4 (c)] is “locally inverse” to
Amiot’s construction.

Example 6. This example serves to illustrate the construction of I1(/, V,n, w) in the case where
k is not algebraically closed. Starting from the R-species

—
R RbeRbi c
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with the potential W = abc we obtain the graded double R-species

v C
Rb*®Rib*
Rt Crg

with the elements a*, b*, ¢* of degree —1 and #, f», f3 of degree —2. It gives rise to the
l-augmented pseudo-compact dg R-algebra Il = T;(V &Rt # Rz, #Ct3), where [ is the semisimple
R-algebra R x R x C and V; is the [-bimodule with the R-basis
a,b,bi,c,ic,a*,b",ib",c", c*i.

In the notations above, we have z = t; + » + 3 and o is the Casimir element associated with the
trace form Tr(Aq, A2, A3) = A1 + 12 + Re(A3).

For a suitable choice of non-degenerate and graded anti-symmetric element n in V, ®;e V., we
obtain the differential determined by

d(t) =bb* +bib* —a*a, d(t)=aa* —c*c—c'ic, d(t3) =1 +i)(cc* =b*b)+ (1 -i)(cc* -=b* b)i
and
da*)=-bc, db*)=-ca, d(c*)=—-ab.
Then the endomorphism algebra of the cluster-tilting object P; ® P37~ Py in the cluster category
associated with the R-species
R—LEsR -5 ¢
is isomorphic to H°(II).

Remark 7. All constructions and results generalise from dimension 3 to higher dimension.

Acknowledgment

The first-named author thanks Claire Amiot and Dong Yang for stimulating discussions and help
with the references. The second-named author is supported by the Chinese Scholarship Council
(CSC, Grant No. 202006210272). Both authors are grateful to the referee for helpful comments
and suggestions and to Damien Calaque for pointing out an error in a previous version of the
expansion [15] of this note.

References

[1] C. Amiot, “Cluster categories for algebras of global dimension 2 and quivers with potential”, Ann. Inst. Fourier 59
(2009), no. 6, p. 2525-2590.

, “On generalized cluster categories”, in Representations of algebras and related topics, EMS Series of Congress
Reports, European Mathematical Society, 2011, p. 1-53.

[3] C. Amiot, O. Iyama, L. Reiten, G. Todorov, “Preprojective algebras and c-sortable words”, Proc. Lond. Math. Soc. 104
(2012), no. 3, p. 513-539.

[4] C.Amiot, L. Reiten, G. Todorov, “The ubiquity of generalized cluster categories”, Adv. Math. 226 (2011), no. 4, p. 3813-
3849.

[2]



142 Bernhard Keller and Junyang Liu

[5] M. Van den Bergh, “Calabi-Yau algebras and superpotentials”, Sel. Math., New Ser. 21 (2015), no. 2, p. 555-603.
[6] R.Bocklandt, “Graded Calabi-Yau algebras of dimension 3”, J. Pure Appl. Algebra 212 (2008), no. 1, p. 14-32.
[7] H.Derksen, J. Weyman, A. Zelevinsky, “Quivers with potentials and their representations I: Mutations”, Mathematica
14 (2008), no. 1, p. 59-119.
[8] V. Drinfeld, “DG quotients of DG categories”, J. Algebra 272 (2004), no. 2, p. 643-691.
[9] A. Garcia Elsener, “Monomial Gorenstein algebras and the stably Calabi-Yau property”, Algebr. Represent. Theory 24
(2021), no. 4, p. 1083-1099.
[10] V. Ginzburg, “Calabi-Yau algebras”, https://arxiv.org/abs/0612139v3.
[11] M. Kalck, D. Yang, “Relative singularity categories III: Cluster resolutions”, 2006, https://arxiv.org/abs/2006.09733.
[12] , “Relative singularity categories I: Auslander resolutions”, Adv. Math. 301 (2016), p. 973-1021.
[13] B. Keller, “Invariance and localization for cyclic homology of DG algebras”, J. Pure Appl. Algebra 123 (1998), no. 1-3,
p. 223-273.
[14] , “On the cyclic homology of exact categories”, J. Pure Appl. Algebra 136 (1999), no. 1, p. 1-56.
[15] B.Keller,J. Liu, “On Amiot’s conjecture”, arXiv:2311.06538 [math.RT].
[16] B.Keller, I. Reiten, “Cluster-tilted algebras are Gorenstein and stably Calabi-Yau”, Adv. Math. 211 (2007), no. 1, p. 123-
151.
[17] B. Keller, D. Yang, “Derived equivalences from mutations of quivers with potential”, Adv. Math. 26 (2011), no. 3,
p. 2118-2168.



https://arxiv.org/abs/0612139v3
https://arxiv.org/abs/2006.09733

	1. Calabi–Yau structures on Drinfeld quotients
	2. Amiot's conjecture
	References

