
Comptes Rendus

Mathématique

Antje Dabeler, Emilie Mai Elkiær, Maria Gerasimova and Tim de Laat

Unitary Lp+-representations of almost automorphism groups

Volume 362 (2024), p. 245-249

Online since: 2 May 2024

https://doi.org/10.5802/crmath.549

This article is licensed under the
Creative Commons Attribution 4.0 International License.
http://creativecommons.org/licenses/by/4.0/

C EN T R E
MER S ENN E

The Comptes Rendus. Mathématique are a member of the
Mersenne Center for open scientific publishing

www.centre-mersenne.org — e-ISSN : 1778-3569

https://doi.org/10.5802/crmath.549
http://creativecommons.org/licenses/by/4.0/
https://www.centre-mersenne.org
https://www.centre-mersenne.org


Comptes Rendus. Mathématique
2024, Vol. 362, p. 245-249

https://doi.org/10.5802/crmath.549

Research article / Article de recherche
Representation theory / Théorie des représentations

Unitary Lp+-representations of almost
automorphism groups

Représentations unitaires Lp+ de groupes de
presqu’automorphismes

Antje Dabeler a, Emilie Mai Elkiær b, Maria Gerasimova a and Tim de Laat ∗,a

a University of Münster, Mathematical Institute, Einsteinstraße 62, 48149 Münster,
Germany.
b Department of Mathematics, University of Oslo, Norway

E-mails: antje.dabeler@uni-muenster.de (A. Dabeler), elkiaer@math.uio.no
(E. M. Elkiær), maria.gerasimova@uni-muenster.de (M. Gerasimova),
tim.delaat@uni-muenster.de (T. de Laat)

Abstract. Let G be a locally compact group with an open subgroup H with the Kunze–Stein property, and
let π be a unitary representation of H . We show that the representation π̃ of G induced from π is an Lp+-
representation if and only if π is an Lp+-representation. We deduce the following consequence for a large
natural class of almost automorphism groups G of trees: For every p ∈ (2,∞), the group G has a unitary
Lp+-representation that is not an Lq+-representation for any q < p. This in particular applies to the Neretin
groups.

Résumé. Soit G un groupe localement compact avec un sous-groupe ouvert H ayant la propriété de Kunze–
Stein, et soitπune représentation unitaire de H . Nous montrons que la représentation π̃de G induite parπ est
une représentation Lp+ si et seulement si π est une représentation Lp+. Nous en déduisons la conséquence
suivante pour une grande classe naturelle de groupes de presqu’automorphismes G d’un arbre : pour tout
p ∈ (2,∞), le groupe G a une représentation unitaire Lp+ qui n’est pas une représentation Lq+ pour tout
q < p. Ceci s’applique en particulier aux groupes de Neretin.
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1. Induction of unitary Lp+-representations

Let G be a locally compact group with a closed subgroup H . Given a unitary representation π of
H , it can be induced to G in order to get a unitary representation of G . Technically, this procedure
is much easier if H is not only closed, but also open in G . In that case, it is well known that the
restriction π̃|H (restricted to H as a function) contains the representation π.
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We briefly recall the construction of induced representations, and we refer to [4,10] for further
details. Let H be an open subgroup of G , and let {ti }i ∈ I be a maximal set in G consisting of
left coset representatives. Let (π,V ) be a unitary representation of H . Let Ṽ = { f : G → V |
f (g h) = π(h−1) f (g ) ∀ g ∈ G ∀ h ∈ H and

∑
i ∈ I ∥ f (ti )∥2 <∞}. With respect to the inner product

〈 f , f ′〉 = ∑
i ∈ I 〈 f (ti ), f ′(ti )〉, this is a Hilbert space. The induced representation (π̃,Ṽ ) is defined

by (π̃(g ) f )(g ′) = f (g−1g ′).
Given a unitary representation (π,V ) of G , a function of the form πv,w : g 7→ 〈π(g )v, w〉,

where v, w ∈ V , is called a matrix coefficient of π. This short note is concerned with the
behaviour of integrability properties of such matrix coefficients under the procedure of induction
of representations from open subgroups.

Definition 1. Let p ∈ [1,∞). A unitary representation (π,V ) of a locally compact group G is an
Lp -representation if there is a dense linear subspace V0 ⊂ V such that for all v, w ∈ V0, we have
πv,w ∈ Lp (G). The representation π is an Lp+-representation if it is an Lp+ε-representation for all
ε> 0.

The property of being an Lp -representation (or Lp+-representation) is preserved under induc-
tion of representations. We briefly recall the proof, which is based on [21, Theorem 2.4], in which
Wiersma shows this fact in the setting of discrete groups. The same proof works in our setting
and we claim no originality here.

Proposition 2. Let G be a locally compact group, H an open subgroup of G, and p ∈ [1,∞).
Let (π,V ) be a unitary representation of H and (π̃,Ṽ ) the associated induced representation. If
π is an Lp -representation (resp. Lp+-representation), then π̃ is an Lp -representation (resp. Lp+-
representation).

Proof. Let V0 be a dense linear subspace of V such that for all v, w ∈ V0, the matrix coefficient
πv,w lies in Lp (H). Let {ti }i ∈ I be as above, and let Ṽ0 be the subspace of Ṽ consisting of functions
f for which f (ti ) ∈V0 for all i ∈ I and such that f (ti ) is non-zero for only finitely many i ∈ I . Then
Ṽ0 is a dense linear subspace of Ṽ .

For each i ∈ I , denote by Ṽ i
0 the linear subspace of Ṽ consisting of all functions f with support

in ti H and such that f (ti ) ∈ V0. Then Ṽ0 consists of finite linear combinations of functions from
(different) spaces Ṽ i

0 . For i , j ∈ I and f ∈ Ṽ i
0 and f ′ ∈ Ṽ j

0 , consider the matrix coefficient π̃ f , f ′ . Set
w = f (ti ) ∈ V0 and w ′ = f ′(t j ) ∈ V0, and denote the modular function on G (and its restriction to
H) by ∆. Then∥∥π̃ f , f ′

∥∥p
p =

∫
G

∣∣∣〈π̃(g ) f , f ′〉∣∣∣p
dµG (g ) =

∫
G

∣∣∣ ∑
k ∈ I

〈
f
(
g−1tk

)
, f ′(tk )

〉∣∣∣p
dµG (g )

=
∫

G

∣∣∣〈 f
(
g−1t j

)
, w ′〉∣∣∣p

dµG (g ) =∆(
t−1

i

)∫
H
∆

(
h−1) ∣∣∣〈 f (ti h), w ′〉∣∣∣p

dµH (h)

=∆(
t−1

i

)∫
H

∣∣∣〈π(h)w, w ′〉∣∣∣p
dµH (h) =∆(

t−1
i

) ∥∥πw,w ′
∥∥p

p <∞.

It follows that π̃ is an Lp -representation. □

In general, it may happen that the induced representation has better integrability properties
than the representation from which one induces, in the sense that the induced representation
of an Lp -representation may be an Lq -representation for some q < p (even if one considers the
“optimal” value of p). Indeed, this for example happens if one induces Lp -representations of
F2 for large p to higher-rank simple Lie groups, since for every higher rank simple Lie group G ,
there exists p(G) < ∞ (depending on the group) such that every nontrivial unitary irreducible
representation of G is an Lp(G)-representation [6, Théorème 2.4.2]. This phenomenon is not well
understood and we do not know whether it can actually happen in the case of induction from an
open subgroup.
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The main point of this note is to show that in a specific case, namely for representations of a
locally compact group G induced from representations of an open subgroup H with the Kunze–
Stein property, we know that the (optimal) Lp -integrability of a representation is preserved under
induction. A locally compact group G has the Kunze–Stein property if for every p ∈ [1,2), the
convolution product on Cc (G) extends to a bounded bilinear map Lp (G)×L2(G) → L2(G). This
property originated from the work of Kunze and Stein [12], who proved it for SL(2,R).

Theorem 3. Let G be a locally compact group, H an open subgroup of G, and p ∈ [1,∞). Let (π,V )
be a unitary representation of H and (π̃,Ṽ ) the associated induced representation of G. If H has the
Kunze-Stein property, thenπ is an Lp+-representation of H if and only if π̃ is an Lp+-representation
of G.

Proof. One direction is Proposition 2. For the other direction, suppose that π̃ is an Lp+-
representation of G . Then π̃|H (restriction as a function) is an Lp+-representation of H . Because
π is contained in π̃|H and H has the Kunze–Stein property, it follows from Proposition [13,
Proposition 4.3] that π is itself an Lp+-representation. □

If we do not assume H to have the Kunze–Stein property, the restriction π̃|H might theoretically
have better integrability properties than being an Lp+-representation. It would be interesting to
have a better understanding of the relation between Lp+-representations of a group and Lp+-
representations of its subgroups (also in the case of closed subgroups).

2. Application to representations of almost automorphism groups of trees

For d ≥ 3, let Td be a d-regular tree and Aut(Td ) the automorphism group of Td , which carries
a natural non-discrete, totally disconnected, locally compact group topology. In [16], Neretin
introduced the group Nd of almost automorphisms of Td . The Neretin groups Nd also carry a
natural non-discrete, totally disconnected, locally compact group topology, and Aut(Td ) embeds
into Nd as an open subgroup. It is known that the groups Nd are simple [11] and that they do not
have any lattices [3]. Recently, the Neretin groups have attracted increasing interest, also from
the point of view of unitary representation theory (see e.g. [17]). Notably, it was recently shown
that the Neretin groups are not of type I [5] (see also [2]).

More generally, let H be a non-compact, closed subgroup of Aut(Td ) acting transitively on the
boundary ∂Td of Td . Then H satisfies the Kunze–Stein property [15]. In [14, Section 2], Lederle
constructs the group F (H) of H-honest almost automorphisms, i.e. almost automorphisms of Td

that “locally look like” elements of H . She also shows that this group can be viewed as the topo-
logical full group of H acting on ∂Td . If it is moreover assumed that H satisfies Tits’ independence
property, then the group F (H) carries a unique non-discrete, totally disconnected, locally com-
pact group topology such that H embeds into F (H) as an open subgroup [14, Proposition 2.22].
A special class of such groups F (H) is the class of coloured Neretin groups.

The unitary representation theory of Aut(Td ) goes back to [18] (see also [7]), and more
generally, for subgroups H of Aut(Td ) as above, it was described by Amann [1]. It follows from
Theorem 3 and the above discussion that every unitary representation of H can be induced to
F (H) retaining the optimal Lp+-integrability of the representation.

We now make this more precise for the spherical complementary series of unitary represen-
tations under the additional assumption that the action of H on Td is transitive. From the point
of view of Lp+-representations, this part of the representation theory is most interesting. Indeed,
for the groups H under consideration, all non-spherical unitary irreducible representations are
tempered (i.e. they are L2+-representations).

Let H be a non-compact, closed subgroup of Aut(Td ) acting transitively on Td and on ∂Td

and satisfying Tits’ independence property. In what follows, we will use Amann’s description [1,
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Theorem 2] of the unitary dual and refer to that text for details. The unitary irreducible spherical
representations are in one-to-one correspondence with the positive-definite spherical functions,
and because the latter are diagonal matrix coefficients with respect to a cyclic vector, Lp -
integrability (for some p) of the spherical function implies that the corresponding representation
is an Lp -representation. As follows from (the proof of) [1, Theorem 2], the positive-definite
spherical functions associated with non-tempered representations are parametrised by the set
P = [0, 1

2 )+ i {0, π
log(d−1) } through a bijection

P →S P (K \G/K ), z 7→ϕγo (z).

Let πγ0(z) denote the (unique) spherical unitary irreducible representation associated withϕγo (z).
For an explicit description of the spherical function ϕγo (z), we refer to [1]; we just recall its Lp -
integrability. Outside the setting of Lie groups, the Lp -integrability of spherical functions was
first considered for spherical functions on the free group Fn [8, Corollary of Theorem 2]. By the
K -bi-invariance of spherical functions, this leads to the following consequence in the case of a
subgroup H < Aut(Td ) as above: For p ∈ (2,∞) and p ′ ∈ (1,2) with 1

p + 1
p ′ = 1, the representation

πγo (z) is an Lp+(G)-representation if and only if Re z ∈ [ 1
p , 1

p ′ ]. We also refer to [9, Lemma 4.11] for
a direct proof of this fact.

Theorem 4. Let H be a non-compact, closed subgroup of Aut(Td ) acting transitively on Td and
on ∂Td and satisfying Tits’ independence property. Let p ∈ (2,∞) and p ′ ∈ (1,2) be such that
1
p + 1

p ′ = 1. Then the representation of F (H) induced from πγ0(z) is an Lp+-representation if and

only if Re z ∈ [ 1
p , 1

p ′ ]. As a consequence, for every p ∈ (2,∞), the group F (H) has a unitary Lp+-
representation that is not an Lq+-representation for any q < p. This gives an uncountable family
of pairwise inequivalent non-tempered unitary representations of F (H).

A version of the above theorem can also be formulated if the action of H on Td is not transitive.
However, due to an inaccuracy in the description of the unitary dual in [1] in that case (as pointed
out in e.g. [19]), the parametrisation of the spherical complementary series of H requires some
more care.

3. Remark on Lp+-group-C∗-algebras

In the previous section, we constructed Lp+-representations of F (H) that are not Lq+-
representations for q < p. It is interesting to point out that by C∗-algebraic methods, it fol-
lows that the Lp+-group-C∗-algebras C∗

Lp+ (F (H)) of F (H) must be pairwise canonically distinct
for p ∈ [2,∞). More precisely, since H is an open subgroup of F (H), it follows from Proposi-
tion 2, [20, End of Section 3] and [9, Theorem A] that for every 2 ≤ q < p < ∞, the canonical
quotient map C∗

Lp+ (F (H)) → C∗
Lq+ (F (H)) is not injective. Although this gives some information

about the existence of Lp+-representations, this method does not give information about the op-
timal Lp+-integrability of specific representations (such as induced representations).
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