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Abstract. Let K x s V be the homogenous vector bundle over K/M = Sp(n) x Sp(1)/Sp(n—1) x Sp(1) asso-
ciated to an irreducible representation (6, V) of Sp(1). We give an image characterization of the Poisson
transform 2 ,, of L2-section of K x 3y V. We also show that Py, f € LP(K x )y V) satisfies a Hardy-type
estimate.
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1. Introduction and main results

Let G be a connected real semi simple noncompact Lie group with finite center and K be a max-
imal compact subgroup of G. Then X = G/K is a Riemannian symmetric space of noncompact
type. Let G = KAN be an Iwasawa decomposition of G, and let M be the centralizer of Ain K. We
write g = k(g)e® n(g), for each g € G according to G = KAN. A central result in harmonic anal-
ysis (see [10]) asserts that all joint eigenfunctions F of the algebra D(X) of invariant differential
operators, are Poisson integrals

F(g) — (@Af(g) ::/ e—(i7L+,D)H(g71k)f(k) dk,
K

of a hyperfunction f on K/M, for a generic A € a} (the complexification of a* the real dual of a).

This result suggests the problem of characterization of the L”-range of the Poisson transform
on the Furstenberg boundary K/M (see [4, 7-9, 11],..), some of these results were generalized to
some class of homogenous vector bundles (see [1-3, 5, 6]).

Now we restrict ourselves to the hyperbolic quaternionic space Sp(n,1)/Sp(n) x Sp(1). We
introduce the homogenous vector bundle that we consider in this paper. Let d, be a unitary
irreducible representation of Sp(1) realized on a (v + 1)-dimensional Hilbert space (V, (., -),). We
extend 4, to arepresentation 7, of K by setting 7, =1 on Sp(n) (i.e 7, = 1®9,). As usual the space
of sections of the homogeneous vector bundle G x g V associated with 7,, will be identified with
the space I'(G/K, 1) of vector valued functions F : G — V which are right K-covariant of type 7,,
ie.,

F(gh)=1,007'F(g), VgeG, VkeKk. 1)
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We denote by C*°(G/K,t,) the elements of I'(G/K,t,) that are smooth. Let o, denote the
restriction of 7, to the group M = Sp(n—1)xSp(1), and let K x 5,V be the associated homogeneous
vector bundle. We identify the section space LP(K x; V) with LP(K/M, o), the space of all
functions f: K — V that are LP with respect to the Haar measure of K and satisfy

flem)=a, (m™) f(k)

forallke K,me M.
For Ae Cand f € L'(K/M, o), the Poisson transform 22, ,, f is defined by

Prvf(@) = f e P D, (x (g7 k) £ (k) dk
K
where p = 2n + 1 is the half sum of the positive roots with multiplicities (for more detail see
section 2).

Let us mention that in [6] for A € R\{0}, we gave an image characterization of the Poisson
transform 2, , of L?-sections, as application we obtain a characterization of the L?-range of the
generalized spectral projections.

The aim of this paper is to give a characterization of the Poisson transform 22, ,, of L?-sections
and a L”-Hardy type estimate for R(i1) >0and il +2n+ (v+1) ¢2Z".

Let O denote the Casimir element of the Lie algebra g of G, viewed as a differential operator
actingon C*°(G/K, 1y). 2 , map L”(K/M,0,) into &, (G/K, 1) the space of eigensections of the
Casimir operator the space of all F € C*°(G/K, 7,) satisfying

QF=-(A*+p*-v(v+2))F. 2)
We define the Hardy type norm | - la,p for Fe C*(G/K,1,), by

1

| F ||;L,p=supe(P-%(M))f (fIIF(kat)llfv dk) ,
t>0
K

where | - ||;, is the norm on V.
We introduce the subspace é"f(G/K, 1y) of £3(G/K, 1), defined by
8Y(GIK,1))={Fe&1(GIK,7); | F Iy p<ocol.

The first main result in this paper can be stated as follows.

Theorem 1. Let A€ C such thatR(id) >0andid+2n+(v+1)¢27".

The map 2, is a topological isomorphism of the space L*>(K/M,o,) onto the space
E2(GIK,T).

Moreover, there exists a positive constanty, such that for every f € L*(K/M, o), we have

ley DI fllz = 1220 fliaz < vall fll2, 3)
where ¢, (A) is the Harish—Chandra c-function associated with ., given by
20T (p—1)T(iA)

r ( i/1+2v+p) r ( i)L+p2—v—2) ’

cy(D) =

Remark 2. We should notice that for A real the asymptotic behaviour of Poisson transform 22, ,, f
is different from the case A € C\R, the above Theorem 1 complete our study on the L2-range of
2,y initiated in [6].

The second main result in this paper is a Hardy type estimate of the Poisson transform 27, ,, f,
feLP(KIM,oy)), stated as follows.
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Theorem 3. Let A € C such that R(iAd) > 0 and il +2n+ (v+1) ¢ 2Z~. There exists a positive
constanty ) such that for every f € LP(K/M,d,) with 1 < p < +o00, we have

ey fllp < [Pavflla, < 1Al F b @

Remark 4. Since 2, ,(LP(K/M,0,)) is a subspace of &) (G/K, 1,), then from the right side of (4)
we deduce that £, , is a continuous map from L”(K/M, o) into é”f (G/K,1v).

We think that by similar reasoning as in [2], 22) , is an isomorphism from L”(K/M,c,) onto
&) (GIK,Ty).

Due to some technical difficulties we are blocked, we hope to return to the problem in the near
future.

We now describe the plan of the paper.

In Section 2, we recall some basic known results of harmonic analysis on the quaternionc
hyperbolic spaces, In Section 3, we define the Poisson transform 72, ,. In Section 4, we prove
Theorem 3. Section 5, is devoted to prove Theorem 1.

2. Preliminaries

In this section we recall some background of harmonic analysis on the quaternionic hyperbolic
space.

Let G = Sp(n,1) be the group of all linear transformations of the right H-vector space H""!
which preserve the sesquilinear form

n
[, v) = Y Ujvj —Ups1 Vns1, u=(uj),v=(v;)eH™?,
i=1

where g — ¢ is the standard involution of H.

By Sp(g) we denote the group of all g x g matrices over H keeping the inner product on H"
(u,v) = Z?:Iﬁj v; invariant. In particular Sp(1) is identified with the group of quaternions of
norm equal to one. Let

K= {(g‘ 2) sueSpn),ve Sp(l)} ~ Sp(n) x Sp(1).

K is a maximal compact subgroup of G. The quaternionic hyperbolic space is the rank one
symmetric space G/K of the noncompact type. It can be realized as the unit ball B(H") = {x €
H";| x |< 1}. The group G acts on B(H") by the fractional transformations

x—g.x=(ax+b)(cx+d)

forg= (2 Z). Denote by g the Lie algebra of G; g = £ @ p the Cartan decomposition of g, where ¢ is
the Lie algebra of K and p is the vector space of matrices of the form

{0 x n (X0 . B _
P—{(x* 0),x€[H] }, and E—{(O 67),X +X—0,q+q_0},
where X* is the conjugate transpose of the matrix X and g € H.

Let H = (toe’ll %1) € p with ‘e; = (1,0,---,0). Then a = RH is a Cartan subspace in p, and

A={a;=exptH;teR} is the corresponding analytic subgroup where

cosht 0 sinht
ag = 0 Infl 0 .

sinht 0 cosht
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The group M is equal to

qg 00

M:{g: (0 m 0),m€8p(n—1),| q|=1}=8p(n—1) x Sp(1).
00g¢g

Let a € a* be defined by a(H) = 1. Then a system X of restricted roots of the pair (g,a) is

Y ={+a,+2a}if n =2 and X = {+2a} if n = 1, with Weyl group W = {+Id}. A positive subsystem

of roots corresponding to the positive Weyl chamber a* ~ R* in a is = = {a,2a} if n = 2 and

>t={a}ifn=1.

Let n = go + g2 be the direct sum of the positive root subspaces, with dimg, = 4(n—1) and
dimg,, =3 and N the corresponding subgroup of G. Then the half sum of the positive restricted
roots with multiplicities counted p is equal to (2n + 1), and shall be viewed as a real number
0 =2n+1 by the identification a} =~ C via Aa — A.

3. Poisson transform

In this section we define the Poisson transform on the vector bundle G x x V over Sp(n,1)/Sp(n) x
Sp(1) associated with 7, and derive some results referring to [12, 13] and [14] for more details on
the subject. Let P = M AN the minimal standard parabolic subgroup of G. For A € C we consider
the representation o, ., of P on V defined by 0, ,(man) = aP~i* g, (m). Then 0,y defines a
principal series representations of G on the Hilbert space

HM .= {f:G—» V|f(gman) = Uz‘lv(man)f(g), VY mane MAN, fix € Lz},

where G acts by the left regular representation. We shall denote by C™*(G, 0, ) the space of its
hyperfunctions vectors. By the Iwasawa decomposition, the restriction map from G to K gives an
isomorphism from H*" onto the space L?(K,o,). This yields the compact picture of H*", with
the group action given by

T (@) f (k) = e PHETH £ (1 (g7 ).
By C™“(K/M, 0,) we denote the space of its hyperfunctions vectors. The Poisson transform £, ,,
is the continuous, linear, G-equivariant map from C™“(G/Bo, ) to C*°(G/K, 1) defined by

Pl @ = [r 0 gk dk,
K
The integral is a formal notation with the meaning that the hyperfunction 7,(.) f(g.) on K has to
be applied to the constant function 1. In the compact picture the Poisson transform is given by

Prf(g)= [ POIE D (g7 H) flk) k.
K
Let D(G/K, 1) denote the algebra of left invariant differential operators on C*(G/K, 7).
Proposition 5 ([6]).
(i) D(G/K, 1) is the algebra generated by the Casimir operator Q of g.
(i) ForAe€C,veN, the Poisson transform %), maps C"“(G/P,0,,) to E)(G/K,1,).

We end this section by recalling a result of Olbrich [12] on the range of the Poisson transform
on vector bundles which reads in our case as follows
Theorem 6 ([12]). LetveN and A € C such that
(i) —2ile¢N
(i) il+p¢2Z” —vu2Z +v+2.
Then the Poisson transform 2, ,, is a K-isomorphism from C~*(K/M,d,) onto ,(G/K, ).
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4. Fatou-type Theorem

The proof of the right part of the estimate (4) follows from the following result.

Proposition 7. Letl < p < +oo, and A € C such that R(iA) > 0. There exists a positive constanty
such that for every f € LP(K/M, o), we have

1

Supe(pfﬁ(iﬂ.))t (f |20 f (kar) ||fv dk) =yallflp. (5)
K

>0

Proof. We recall that 2, , f(ka;) = fe‘(i’“P)H(“-fk_] h)f(h)dh, then
K

|20 kanl, = [e RV AHATI | |, an
K
the right term of the above inequality can be written as a convolution over the compact group K

f e RV HATI | py| = (| £O)],, * €] ()

K

where e, ,(h) = e RUM+PH@-h™) hence by using Hausdorff-Young inequality we get
1

P
(fMWMJWWWqu <lewclillfl,
K

then the desired result follows from the following estimate

_1_1 .
leasl = [entb =000t < yyelinor,
K

where v, is a positive constant, wia’ﬁ ) is the Jacobi function and the last inequality above follows

from the fact that for R(i1) > 0 the Jacobi function (pf{x'ﬁ ) verify as t — +oo the following identities

@) gy _ plir-a-p-n)e | 2 PINA+ )L GA)
Pa - F(M+a+ﬁ+1)r(m+a—ﬁ+l)
2

+o(1)

2
O

Theorem 8 (Fatou type Theorem). Let A € C such thatR(iA) >0 andid+2n+(v+1) ¢ 2277, then
we have

lim e(PRV)ig, | f(kas) =c, Q) f(k) (6)

t— 400
(i) uniformly for f € C*°(K/M, o)

—iA _ .
(i) in the LP(K,V) for f € LP(K/M, ) with 1 < p < +oo, wherec, (1) = %
2 VT2

Proof. For (i) see [13] and [14], it remains to show (ii).
Let € > 0, and f € LP(K/M,0,). Since C*(K/M,a,) is dense in L”(K/M,o,) there exists
¢ € C®°(K/M,a,) such that
lp—fll, <e.
For every ¢t >0 and k € K we put e@/{yvf(k) =2 v f(ka;), then we have

” e(p—%(i/l))tg}iyvf(k) e W) ”p < ” e(p‘“("’“)f,@/{,v(f - ) (k) ”p

N He(p—m(w)tguiv(p(k) — e Mg(k) ”,, +le Wl -9l
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from the first part (i) and Lebesgue Theorem we get

lim _[e® RNl k) - ey (Do) =0

t—+o00

On the other hand by using (5) we find that
H P RD)igp! (f— ) (k) ”p =nllf-ell,<era
therefore V € > 0, we have

lim _[lel-RMg! £k~ e, (1) f(K) Hp <e(ya+ley (D))

t— +oo

hence the result follows. O
Now we are able to prove the Theorem 3.

Proof. The right side of the estimation (4) is just a reformulation of Proposition 7. For the left
side, from (ii) in Theorem 8 we deduce that there exists a sequence tj — +oo as j — +oo such that
lim RN, | f(kay,) = e (D)

Jj—+oo
almost everywhere, hence
. R 4 P
lim e(P~REM)PY; Hg/l,vf (k“tj) H =le,WIP | f)|7
Jj—+oo Ty v

almost everywhere, therefore by using the classical Fatou’s lemma we get

. —_ ] i p
|CV(A)|P||f||5:ijliTooep(P REN) ¢ H‘@/LVf(kafj) . dk

v

< lim e”(”_m’mtffHg”a,vf(katj)“fv dk
K

j—+oo

= ”gz/lv"f”f{,p :
and the desired result follows. O

5. The L2-range of the Poisson transform

We first recall some results of harmonic analysis on the homogeneous vector bundle K x; V'
associated to the representation o, of M.
We recall from the introduction that the space L? (K x »;V) is identified with the space L2(K/M, 0.,)
of V-valued functions f on K which satisfy f(km) = Uv(m_l)f(k) (ke K,meM)and || f] € I[2(K).
Let K be the set of unitary equivalence classes of irreducible representations of K. For § € K
let V5 denote the representation space of § with ds = dim V5. We denote by K (c,) the set of § € K
such that o, occurs in 6 |p; with multiplicity mgs > 0.
The decomposition of L?(K/M,c,) under K (the group K acts by left translations on this
space) is given by the Frobenius reciprocity law

L*(KIM,0,)= @ Vs®Homy(V,Vp),
5eR(oy)

where v® L, for v € V5, L € Homp(V, V) is identified with the function (v® L)(k) = L* (§(k™ ) v),
where L* denotes the adjoint of L.

Foreach 6 € K (o) let (L j)Tfl be an orthonormal basis of Hom;(V, V) with respect to the inner

1

product < Ly, Ly >= 55

Tr(LlL;). Let {v1, -, v4;} be an orhonormal basis of V5. Then

fl-‘i.:k—» %Lf(é(k‘l)vj),lsisrng, l1<j<ds, 6€eK(0)
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form an orthonormal basis of L2(K/M, g,).

For f € I[2(K/M,0,) we have the Fourier series expansion f(k) = Z(SEK(U) Z 145 f5 (k)
with
ms dg
Ifl= ¥ 33|
5eR(o)i=1]j=
We define for 6 € K(o) and A € C, the Eisenstein integral
ok (g) = fe‘”“f”H(g'l")rv (k(g7'k))L*6 (k™) dk, Le Homp(V,Vy). 7)
K

It is easy to see that @ﬁ s satisfies the following identity
D} s(kigks) =7y (k') ] 5(8)0 (ki'), ki, k2 €K, g€G.
and for every g € G and v € V we have
Py (L6671 ()v) (kay) = @F s(ka)v ®8)
In order to prove Theorem 1 we need the following Lemma.

Lemma 9. Let A € C such that R(iA) > 0 and il +2n+(v+1) ¢ 22, § € K(0). Then for
L,Se€ Homy;(V, Vs) we have

lim (PRt Ty [(D;L (@) @3 ﬁ(at)] =ley (M) Tr [LS*] 9)

t—+o00

Proof. Since 22, ,(L*0 5 'O v)(kay) = CDL (kat) v, for every L € Homy;(V, Vs) and v € Vj, then by
using (6) in particular for k = e (the 1dent1ty element), we find that
lim e Ml (a,)v=c,(WL" (V). (10)
t—+o00

We have

lim 2P~ RUD)IT, (DL sar) (I’m(ar)] = hm 2 W’mtz<<Di,5(at)vi,®li,5(at)vi>

t—+o00 i=1

=Z lim <e(p—ﬁ(il))tq)i6(at)Ui’e(p—ﬂ(i/l))tq)i’é(at)vi>

where {vy, ---, vg,} is an orhonormal basis of V. Therefore by (10) we get

t— +oo

. s
lim e?(P~REA) Ty [@’iﬁ(at)*qﬁﬁma] =ley WP Y. (S*vi, L* ()
i=1

=ley (D> Tr [LS*].

Now we are able to prove Theorem 1.

Proof. From Proposition 7 and Theorem 6 it follows that 27, is a continuous map from
L*(K/M, 0) into E3(G/K, Ty).

We now prove the sufficiently condition, let F € éaf (G/K,1,). Then by Theorem 6 there exists a
functional f such that F = 27; , f. By using the Fourier series expansion

f= % ZZaU fiy

seR(o)i=1]=
F =2, , f can be written as

Fig)= Y. ZZ ok (gvj in C®(G,1,).
7L,6

5eR(0) ] li=
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Moreover by using Schur relations and a straightforward computation we find that

1 mgs
f||1r(kat)||§owc=v+1 Y Z Z al a5 Tr [q> ' (a) @ 5(at)]
K

s5eR(oy) j=1i,i'=1

Let A be a finite subset in K (), since || F | 1,2< oo it follows that

ms
5 Zez(p Rav)e N g0 g Tr[(b " (a) @k 5(at)]<||F|I“<oo

V14 = ii=1
By using (9) we find that

lim e2(P—RGM)! Z a‘sa ST [@if&(ar)@ifa(at)] ley (D)2 Z al a Tr (LiL}]

2 |a5

t—+o0 . .
i,i'=1 ii'=

=(W+Dley(V)

By going to the limit in (11) when ¢ — +o00, using (12) we get

e WP Y 22) a[ <1 F IR < co.

deNj=1i=1

Since the subset A is arbitrary in K (o), then

Irl3= % ZZI 2 <le I I F I < oo

5eR(o)j=1i=1
Thus f € I%(K/M,0,) and the proof is finished.
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