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1. Introduction and main results

During the last several decades, the p-adic analysis has attracted extensive attention due to its
important applications in mathematical physics, science and technology, for instance, p-adic
harmonic analysis, p-adic pseudo-differential equations, p-adic wavelet theory, etc. (see [2,19,26,
29]). Moreover, the theory of variable exponent function spaces has been intensely investigated
in the past twenty years since some elementary properties were established by Kovacik and
Rékosnik in [21].

Itis worthwhile to note that the fractional maximal operator plays an important role in real and
harmonic analysis and applications, such as potential theory and partial differential equations
(PDEs), since it is intimately related to the Riesz potential operator, which is a powerful tool in
the study of the smooth function spaces (see [4,6,13]).
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On the other hand, there are two major reasons why the study of the commutators has got
widespread attention. The first one is that the boundedness of commutators can produce some
characterizations of function spaces [18, 24]. The other one is that the theory of commutators is
intimately related to the regularity properties of the solutions of certain PDEs [5,9, 12, 25].

Let T be the classical singular integral operator. The Coifman-Rochberg-Weiss type commu-
tator [b, T] generated by T and a suitable function b is defined by

[b, T\ f = bT(f) - T(bf). )

A well-known result shows that [b, T] is bounded on L’(R") for 1 < s < oo if and only if b €
BMO(R™) (the space of bounded mean oscillation functions). The sufficiency was provided
by [10] and the necessity was obtained by [18]. Furthermore, [18] also established some char-
acterizations of the Lipschitz space A B (R™) via commutator (1) and proved that [b, T] is bounded
from LS(R™) to L1(R") for l<s<n/fand 1/s—1/qg=p/nwith0< f<1ifand onlyif b e Aﬁ([@")
(see also [24]).

Denote by N, Z, @ and R the sets of positive integers, integers, rational numbers and real
numbers, respectively. For y € Z and a prime number p, let @}, be a vector space over the p-
adic field Q), By(x) denote a p-adic ball with center x € Q}; and radius p” (for the notations and
notions, see Section 2 below).

Let 0 < a < n, for alocally integrable function f, the p-adic fractional maximal function of f is
defined by

1
AP (F)(x) = su —f If(Idy,
! yeIZ) By ()]}~ JBy ) fondy

xe@p
where the supremum is taken over all p-adic balls By (x) c G;DZ and |E|,, represents the Haar

measure of a measurable set E c @Z. When a = 0, we simply write 4" instead of .4 P which
is the p-adic Hardy-Littlewood maximal function defined as

1
AP (f)(x) = sup f If(Idy.
yez |By( X)|n By (x)

xe@”

The reader can refer to Stein [27] for the definition on the Euclidean case.
Similar to (1), we can define two different kinds of commutator of the fractional maximal
function as follows.

Definition 1. Ler0 < a < n and b be a locally integrable function on Qp,.

(1) The maximal commutator of 4. with b is given by

1
Py N0 =sup —— [ b= bl
D = o L o= Ji, o VIFOIdy
xe@"
where the supremum is taken over all p-adic balls By (x) c @g.
(2) The nonlinear commutator [b, 4] generated by .4(f and b is defined by

b, 1) (x) = b)) L () () — L D) ().

When a = 0, we simply denote by [b, #"] = [b, le] and le ./%p

We call [b,.#]] the nonlinear commutator because it is not even a sublinear operator, al-
though the commutator [b, T] is a linear one. It is worth noting that the nonlinear commuta-
tor [b, ./ﬂ ] and the maximal commutator M p essentlally differ from each other. For example,
Jl p 1s positive and sublinear, but [b, 4, Plis nelther positive nor sublinear

Denote by M and M, the classical Hardy-Littlewood maximal function and the fractional
maximal function in R” respectively. In fact, the nonlinear commutator [b, M] and [b, M,] have
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been studied by many authors in the Euclidean spaces, for instance, [1, 3, 14,23, 32,33,35-38] etc.
When the symbol b belongs to BMO(R"), [3] studied the necessary and sufficient conditions for
the boundedness of [b, M] in L9(R") for 1 < g < co. Zhang and Wu obtained similar results for
the fractional maximal function in [35] and extended the mentioned results to variable exponent
Lebesgue spaces in [36,37]. When the symbol b belongs to Lipschitz spaces, [34, 38] gave the
necessary and sufficient conditions for the boundedness of [b, M| on Orlicz spaces and variable
Lebesgue spaces respectively. And recently, [31] considered some new characterizations of a
variable version of Lipschitz spaces in terms of the boundedness of commutators of fractional
maximal functions or fractional maximal commutators in the context of the variable Lebesgue
spaces.

On the other hand, [15] gave the characterization of p-adic Lipschitz spaces in terms of the
boundedness of commutators of maximal function .#" in the context of the p-adic Lebesgue
spaces and Morrey spaces when the symbols b belong to p-adic Lipschitz spaces Ag (@g). And [8]
proved the boundedness of the fractional maximal and the fractional integral operator in the p-
adic variable exponent Lebesgue spaces.

Inspired by the above literature, we focus on the case of p-adic fields Qp, in some sense it
can also be pointed out that our work was motivated by the standard harmonic analysis on the
Euclidean space, the purpose of this paper is to study the boundedness of the p-adic fractional
maximal commutator .4 (’Z , Or the nonlinear commutator [b, (Y] generated by p-adic fractional
maximal function .4/ over p-adic variable exponent Lebesgue spaces, where the symbols b
belong to the p-adic Lipschitz spaces, by which some new characterizations of the p-adic version
of Lipschitz spaces are given.

Let a = 0, for a fixed p-adic ball B,, the fractional maximal function with respect to B, of a
locally integrable function f is given by

p _ 1
M DW= sy et [y

By (0B,

where the supremum is taken over all the p-adic ball By (x) with By (x) < B, for a fixed p-adic ball
B.. When a = 0, we simply write ./%g* instead of M&B*.

Our main results can be stated as follows, which are to study the boundedness of .# U’Z , and
[b, .4} in the context of p-adic variable exponent Lebesgue spaces when the symbol belongs to a
p-adic version of Lipschitz spaces A 8 (QZ) (see Section 2 below). And some new characterizations
of the Lipschitz spaces via such commutators are given.

Theorem2. Let0<f<1,0<a<a+p<nandb bealocally integrable function on Q. Then the
following assertions are equivalent:

(A1) beAg(@}) and b= 0.

(A.2) The commutator [b,#L) is bounded from L”')(@Z) to Lq(’)(@Z) for all r(-),q(-) €
%log(@z) withr(-) € @(@z), ry<gzandl/q(-)=1/r(-)-(a+p)/n.

(A.3) The commutator [b, 4[] is bounded from L’(')(@Z) to Lq(')(@g) for some r(-),q(-) €
C8QN) withr(-) € P@}), 1+ < g and1/q() =1/r()~(a+p)/n.

(A.4) There exists somer(-),q(-) € %log(@g) withr(-) € Z(Q)), r+ < a—fﬁ and1/q(-)=1/r(-) -
(a+ B)/n, such that

1 ” (b_|BY{X)|ZM"“”£BY(X1(b))XBr(x) LIO(@QN)

S B P X p.o 0@ <o @

xyeQ; | y(x)lh By (x) @Qp)
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(A.5) Forallr(-),q(: )e‘gl"g(@”) withr(-) € Z@Qp), r+ < a+ﬁ andl/q(-)=1/r(-)—(a+p)/n,
such that (2) holds.

For the case of r(-) and g(-) being constants, we have the following result from Theorem 2,
which is new even for this case.

Corollary 3. Let0<pf<1,0<a<a+f<nandb bealocally integrable function on Qy,. Then
the following statements are equivalent:

(C.1) be Aﬁ(@p) andb=0.

(C.2) The commutator [b,.4}] is bounded from L" @p) to Lq(@p forallr,q with1 <r < %2
andl/qg=1/r—(a+p)/n.

(C.3) The commutator [b, 4L is bounded from L’(Qp) to L9 (@p) forsomer,qwithl<r< -5

ﬁ

ﬁ
andl/q=1/r—(a+ p)/n.
(C.4) There exists somer,q with1 <r < a—fﬁ and1/q=1/r—(a+ P)/n, such that
sup ! ( ! f b(y) - B, ()% " P (b)( )|,,d )1/q<oo (3)
vez By (0P \IBy(0ln Js, 0 P N '
x€Qj

(C.5) Forallr,qwithl<r< Mﬁ andl/q=1/r — (a+ B)/n, such that (3) holds.

Remark 4.

(i) For the case a =0, the partial results of Corollary 3 were given in [15, Theorem 4].

(ii) Moreover, it was proved in [15, Theorem 4], see also Lemma 22 below, that b € Aﬁ(Q)Z)

and b = 0 if and only if
1 ( 1 f

sup
vez By (0[P \IBy(0ln JB,
xeQ?

p

1/q
by - tf) )| dy) <oo. @)

Compared with (4), (3) gives a new characterization for nonnegative Lipschitz functions.

In particular, when a = 0, the results are also true come from Theorem 2 and Corollary 3. Now
we only give the case in the context of the p-adic version of variable exponent Lebesgue spaces,
and it is new.

Corollary 5. Let 0 < ff <1 and b be a locally integrable function on Q. Then the following
statements are equivalent:
(C.1) beAg(@Q™) andb=0.
(C.2) The commutator [b,.4P] is bounded from L") (@}) to L)(Q}p) for all r(-),q(-) €
C8(QN) withr(-) € P@}), 1+ < Fand1/q(-)=1/r(-)~p/n.
(C.3) The commutator [b,.#"] is bounded from L' (@}) to L1)@}}) for some r(-),q(-) €
€V8(QN) withr(-) € 2@}), 1y < Fand1/q(-)=1/r(:)~p/n.
(C4) There exists some r(-),q(-) € €"°8(Q%) with r(-) € Z(Qp), ry <
B/n, such that

% and1/q(-)=1/r(-) -

p
1 H(b ‘/% (x)(b))XBy(x) La) @n
sup Bin < 00. (5)
<2, By () 1% By 0 a0 @)
p

(C.5) Forallr(-),q(-) € %log(@z) withr(-) € 3”(@;), ry < % and1/q(-)=1/r(-)-pB/n, such that
(5) holds.
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Theorem6. Let0<f<1,0<a<a+p<nandb bealocally integrable function on Q). Then the
following assertions are equivalent:

(B.1) be Ag(QP).

(B.2) The commumtorﬂp is boundedﬁom L )(@") to L9C )(Q”)for allr(-),q(- )E%l‘)g(@”
withr(-) € 2(@Qy), r+ < Mﬁ and1/q(-)=1/r(- )—(a+ﬁ)/n

(B.3) The commutator JZP is bounded from L’(')(@”) to Lq(')(@z for some r(-),q(-) €
¢V8(Q)) with r(- )e@(@p), re < ghg and1/q(:) =1/r(- )—(a+ﬁ)/n

(B.4) There exists somer(-),q(: )e%log(@") withr(-) € @(@p), ry < and1/q(-)=1/r(-)—

a+/3
(a+ B)/n, such that

1 ” (b - bBy(X))XBY(x) Lq(')(@g)
sup Bin <oo. (6)
yez By ()} X 5,0 290 @)

(B.5) Forallr(-),q(-) € €'°8(Q}) withr(-) € 2@Q}), 1y <

+/3 and1/q(:)=1/r(-)—(a+ B)/n,
such that (6) holds.

a

When r(-) and g(-) are constants, we get the following result from Theorem 6.

Corollary 7. Let0<f<1,0<a<a+f <nandb be alocally integrable function on Qy,. Then
the following statements are equivalent:

(C.1) beAp@p).

(C.2) The commutatorﬂp is bounded from L" (Q})) to L"(Q”) forallr,qwithl1<r< Tﬁ and
1/q = 1/r—(a+ﬁ)/n

(C.3) The commutator le is bounded from Lr(@p) to L9 (@p) for somer,q withl <r <

ﬁ
andl/q-l/r—(a+,3)/n
(C.4) There exists somer, q wzth1<r<a—%andl/qzl/r—((xhﬁ)/n, such that
! ( ! f b(y)-b "d)llq @)
sup - bg < 00.
e 1By ()" \UBy (Ol By 0 i
X€

p

(C.5) Forallr,q withl<r< a—fﬂ and1/q=1/r - (a+ P)/n, such that (7) holds.

Remark 8.

(i) For the case a =0, Corollary 7 is also holds, and the equivalence of (C.1), (C.2) and (C.3)
was proved in [15, Theorem 1].
(ii) Moreover, the equivalence of (C.1), (C.4) and (C.5) is contained in Lemma 21 below.

Finally, we give the follows result, which is valid and new, from Theorem 6 with a = 0.

Corollary 9. Let 0 < ff <1 and b be a locally integrable function on Q,,. Then the following
statements are equivalent:

(C.1) be Ap(@P).

(C.2) The commutator J%If’ is bounded from L”')(@Z) to L10@}) for all r(-),q(-) € %IOg(QZ)
withr(-) € 32(@2), ry < % and1/q(-)=1/r(-)- B/n.

(C.3) Thecommutatorj[p is boundedfrom Lr(')(@ ) to L"(')(@Z)forsome r(+),q(+) E%IOg(@Z)
withr(- )Eﬁ(@p), r+ andl/q( D=1/r(- )—ﬁ/n
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(C.4) There exists some r(-),q(-) € %log(QZ) withr(-) € Z@}), r+ < % and1/q(-)=1/r(-) -
B/n, such that

1 ” (b= bs,0) X g, 0 i@
sup P < oo0. (8)

yez |By(x)|£’” X5, coll oo @py
xeQy

(C.5) Forallr(-),q(-) € %log(@;) withr(-) € Z@Qp), r+ < % and1/q(-)=1/r(-)—B/n, such that
(8) holds.

Throughout this paper, the letter C always stands for a constant independent of the main
parameters involved and whose value may differ from line to line. In addition, we give some
notations. Here and hereafter | E|;, will always denote the Haar measure of a measurable set E on
@Z and by X i denotes the characteristic function of a measurable set E ¢ @g.

2. Preliminaries and lemmas

To prove the main results of this paper, we first recall some necessary notions and remarks.

2.1. p-adic field Q,

Firstly, we introduce some basic and necessary notations for the p-adic field.

Let p = 2 be a fixed prime number in Z and G, = {0,1,..., p — 1}. For every non-zero rational
number x, by the unique factorization theorem, there is a unique y = y(x) € Z, such that x = p¥ %,
where m, n € Z are not divisible by p (i.e. p is coprime to m, n). Define the mapping|-|,:Q — R*
as follows:

Vo ifx#0,
xlp =47
0 ifx=0.
The p-adic absolute value | - |, is endowed with many properties of the usual real norm |- | with
an additional non-Archimedean property (i.e., {|ml,, m € Z} is bounded)
|x+ ylp < max{|x|p, | ylp}.

In addition, |- [, also satisfies the following properties:

(1) (positive definiteness) |x|, = 0. Specially, |x|, =0 <= x =0.

(2) (multiplicativity) |xyl, = |x]p|ylp.

(3) (non-Archimedean triangle inequality) |x + y|, < max{|x|p,|yl|p}. The equality holds if

and only if |x[, # |¥] .
Denote by Q, the p-adic field which is defined as the completion of the field of rational numbers
Q with respect to the p-adic absolute value | - |.
From the standard p-adic analysis, any non-zero element x € Q, can be uniquely represented
as a canonical series form
(S .
x=pYlag+ap+ap*+--)=p’ Y ajp’,
j=0
where a;j € Gp and ap # 0, and y = y(x) € Z is called as the p-adic valuation of x. The series
converges in the p-adic absolute value since the inequality |a;p/|, < p~/ holds for all j € N.
Moreover, the n-dimensional p-adic vector space @Z =Qpx -+ xQp (n=1), consists of all

points x = (x1,...,X,), where x; € Q, (i = 1,..., n), equipped with the following absolute value

|x], = max |xil,.
P isjsn 1P
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ForyeZand a=(ay, ay,...,ay,) € Q}}, we denote by
By(a)={xe€ Q)Z Hlx—al, < p"}
the closed ball with the center at a and radius p? and by
Syla)=1{xe @Z !lx—al,=p"t =By(a)\ By_1(a)
the corresponding sphere. For a = 0, we write By(0) = By, and S,(0) = Sy. Note that By(a) =
Uk<y Sk(a) and @z \{0} = Uyez Sy- It is easy to see that the equalities
ay + By = By(ap) and ag + Sy = Sy (ag) = By (ap) \ By-1(ao)
hold for all ag € @z andyeZ.

It follows from non-Archimedean triangle inequality that two balls By (x) and By/ (y) either do
not intersect or one of them is contained in the other, which differ from those of the Euclidean
case. And note that in the second case under conditions y =y’ these balls are equal. The above
properties can also be found in [20, Lemma 3.1].

Lemmal0. Lety,y' €Z, x,y¢€ Qp- The p-adic balls have the following properties:
(1) If y <Y/, then either By(x) N By (y) = @ or By(x) € By:().
(2) By(x)=By(y) ifand only if y € By (x).

Since @Z is a locally compact commutative group with respect to addition, there exists a
unique Haar measure dx on QZ (up to positive constant multiple) which is translation invariant
(i.e., d(x + a) = dx), such that

dx=|Bolp =1,
By
where |E|, denotes the Haar measure of measurable subset E of Q). Furthermore, from this
integral theory, it is easy to obtain that

f dx = By(@)l, = p"" 9)
By(a)
and
f dx =[S, (@15 = p"T (1= p™) = By (@)l — 1By (@l

Sy(@

holdforallae Qpandy € Z.
For more information about the p-adic field, we refer readers to [28, 30].

2.2. p-adic function spaces

In what follows, we say that a real-valued measurable function f defined on @Z isin L9 (@Z),
1 < g < oo, if it satisfies

1/q
||f||m(@g)=(f@n|f(x)|"dx) <00, 1=sg<oo (10)
p

and denote by L (Q}) the set of all measurable real-valued functions f on Q}, satisfying

£ 11200 () = esssup| f(x)] < oo.
xe@g

Here, the integral in equation (10) is defined as follows:
|f(x)]9dx = lim f |f(x)]9dx = lim |f(x)]9dx,
f@z y=eoJBy (0 ymee —oo;ksy Sk(0)
if the limit exists.
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Some often used computational principles are worth noting. In particular, if f € L (@Q}), then

fodx= Z fodx
Jo s

and

f f(tx)dxzinf fodx,
Q; |ty Joy

where t € Qp \ {0}, tx = (£x1,..., tx,) and d(¢x) = ItIde.
We now introduce the notion of p-adic variable exponent Lebesgue spaces and give some
properties needed in the sequel (see [7] for the respective proofs).
We say that a measurable function g(-) is a variable exponent if g(-) : @), — (0,00).
Definition 11. Given a measurable function q(-) defined on QZ, we denote by
q- :=essinfq(x), g, :=esssupq(x).
xeQj xeQy
(1) q_ =essinfyeqp q'(x) = I, ¢! = esssup cqn 4'(x) = ﬁ.
(2) Denote by 90(@,,) the set of all measurable functions q(-) : @Z — (0,00) such that

0<q-<q(x)<q<oo, XEQ).

(3) Denote by 21(Q p) the set of all measurable functions q(-) : Q)” [1,00) such that
1=sg-=q(x)< g+ <oo, xe@p.

(4) Denote by @(@g) the set of all measurable functions q(-) : Q; — (1,00) such that
1<g-<qx) < g+ <oo, x€Qy.

(5) Theset #(Qy,) consists of all measurable functions q(-) € & (Q}) satisfying that the Hardy-

Littlewood maximal operator 4P is bounded on L1 (Q}}).

Definition 12 (p-adic variable exponent Lebesgue spaces). Letq(-) € @(Q}Z). Define the p-adic
variable exponent Lebesgue spaces L9"") (@Z) as follows

LIY(@}) = {f is measurable function: F,(f ) < oo for some constantn >0},

where F4(f) = f@; |f0)199dx. The Lebesgue space L1 (Q}) is a Banach function space with
respect to the Luxemburg norm

q(x)
||f||Lq(.)(QZ) :inf{n>0:gq(f/n):f®n(WTx)l) dxsl}.

14
Definition 13 (log-Hélder continuity [7]). Let measurable function q(-) € 2 (Q}).

(1) Denote by ‘Kéog(QZ) the set of all q(-) which satisfies
¥(q-(By(x)) — g+ (By(x))) < C
forally € Z and any x € Q}, where C denotes a universal positive constant.
(2) The set %;gg(@,’}) consists of all q(-) which satisfies
C
log,, (p +min{lx[p, |ylp})
forany x,y € Qp,, where C is a positive constant.

(3) Denote by ¢'°8(Q}}) = %&Og(@g) N %;gg(@g) the set of all global log-Holder continuous
functions q(-).

lg(x)—q(y)| =
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In what follows, we denote ¢ (Q}) N & (Qy) by @log(@Z). And for a function b defined on QJ,
we denote

_ . 0, if b(x)=0
b~ (x) := —min{b,0} = .
{Ib(x)l, if b(x) <0

and b* (x) = |b(x)| — b~ (x). Obviously, b(x) = b* (x) — b~ (x).

Definition 14 (p-adic Lipschitz space).

(1) Assume that0 < f < 1. The p-adic version of homogeneous Lipschitz spaces Ap(Qy,) is the
set of all measurable functions f on Q, with the finite norm

lfx) =yl
I Fllagp = sup “—————.
xyeQy  |x—ylp
X£y

(2) Forl =g <ooand0 < 3 <1, the p-adic version of Lipschitz spaces Lipg(@z) (or Cam-
panato spaces) is the set of all measurable functions f on Qj, such that

X X 1/q
1f 9 gny = SUP ( f F0) = foyol®dy| - <oo,
Lipg (@) xeQp |By(x)|£/n |By (0)1n IBy(x) "
yez

where fp, (x) denotes the average of f over By(x), i.e., fp,(y = IBy(x)Izlfgy(x)f(y)dy. In
particular, when q = 1, we use Lip4(Q},) as Lipk @p).

Remark 15 (see [22]).

(1) When0<f<1, Ag (@”;) is just the homogeneous Besov-Lipschitz space.
(2) Since Ag(R") and BMO(R") are Campanato space when 0 < § <1 and f§ = 0, respectively.
Thus, in this sense, the space BMO(@;) can be seen as a limit case of Ag (@Z) as f—0.

2.3. Auxiliary propositions and lemmas

The first part of Lemma 16 may be found in [7, Theorem 5.2]. By elementary calculations, the
second of Lemma 16 can be obtained as well.

Lemmal6. Letq(-) € Z(Q}).

1) Ifq(-) € 6'°8@}), then q(-) € BQp).
(2) The following conditions are equivalent:
M q() e B@p),
(i) 4'(-) e BQ)),
(i) g(-)/qo€ ﬂ?@;}) forsomel<qy<q-,
(iv) (q(-)/qo) € %(@g)forsomel <qgo<qg-,

where r' stand for the conjugate exponent of r, viz., 1 = % + ﬁ

Remark 17. If g(-) € %’(@Z) and s > 1, then sq(-) € 93(@,’;) (for the Euclidean case see [11,
Remark 2.13] for more details).

We now present the following results related to the Holder’s inequality. The part (1) is known
as the Holder’s inequality on Lebesgue spaces over p-adic vector space Q)Z. And similar to the
Euclidean case, the part (2) can be deduced by simple calculations (or see [7, Lemma 3.8]).
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Lemma 18 (Generalized Holder’s inequality on Q). Let Q) be an n-dimensional p-adic vector

space.
(1) Suppose that 1 < q < oo with %7 + % = 1, and measurable functions f € Lq(@Z) and
ge L7 (Qp). Then there exists a positive constant C such that

f@ NFg0Idx < Clflagp gl o g
p

(2) Suppose that q1(-),qa(-),7(-) € P(@}) and r(-) satisfy % = ﬁ + qzl(,) almost every-

where. Then there exists a positive constant C such that the inequality
||fg||Lr(~)(Qg) = C”f”LWl(')(@Z) IIgIIqu(~>(@g)

holds for all f € L") (Q}) and g € L% (@}).
(3) Whenr(-) =1 in(2) as mentioned above, we have q(-), q2(-) € @(@Z) and ﬁ + ﬁ =
almost everywhere. Then there exists a positive constant C such that the inequality

1

f@n If()g(0ldx = Cllf I o) g 18l L0200 @y
p

holds for all f € L")(Qp) and g € L% (Qp).

The following results for the characteristic function Y By (x) AT€ required as well. By elementary
calculations, the first part may be obtain from the p-adic integral theory (or refer to (9)). The
second part may be founded in [8, Lemma 7], and the part (4) follows from Lemma 18 (2).
Moreover, according to Lemma 16 and Lemma 19 (2), the third part can also be deduced by simple
calculations. So, we omit the proofs.

Lemma 19 (Norms of characteristic functions). LetQ Z be an n-dimensional p-adic vector space.
(1) If 1 = g <oo. Then there exist a constant C > 0 such that
— g _ /
”XBY(X) ”LQ(@Z) = |By(x)|h = PnY q-

2) Ifq(-) € 6"°8(@Q}). Then

1q(x,y)
"XBY(JC) ||Lq(4](@g) = CpnY qx,y. ,
where
qx) ify<o0,

(x,7) =
7oy {q(oo) ify=0.

3) Ifq(-)e %log(@”ﬁ) and q(-) € 3”(@2). Then there exist a constant C > 0 such that
1
|By(—x)|h ”XBY(x) ||La(~>(@g) ”XBY(x) ||L’7'(')(Q]';)
holds for all p-adic ball By (x) < Q}).
(4) LetO<a<n.Ifq(-),r(-)e 3”(@”;) withry < g andl/q(-) =1/r(-)—a/n, then there exists
a constant C > 0 such that

<C

X5, collrorop = CIBY(x)|Z/"||XBy(x) Lo @ny
holds for all p-adic balls By (x) < Q).
Lemma 20 ([17]). Suppose f € Ag(Qp) and0 < f <1, then for any x, y € Qy,, one has
)= FOI = 1x= Yol Fllagap-

The following are some properties of p-adic Lipschitz spaces (see [15] for more details).



Jianglong Wu and Yunpeng Chang 187

Lemma2l. Let0O<f<1andl<q<oo. IffeLipZ(@Z).

(1) Then the norm IIfIILipZ(@Z) is equivalent to the norm ||f||Lipﬁ(@;).

(2) Then the homogeneous Lipschitz space Ag (@z) coincides with the space Lipg (@Z).

From the proof of [15, Theorem 4], we can obtain the following characterization of nonnega-
tive Lipschitz functions.

Lemma 22. Let 0 < f <1 and b be a locally integrable function on Qy,. Then the following
assertions are equivalent:

(1) be Aﬁ(@Z) andb=0.
(2) Foralll < s < oo, there exists a positive constant C such that

1/s
bUO—uAQ;uﬁbMyﬂsdy) <C. an

1 1
yez IBY(x)|£/" |By (0)p JB,(x0)
xe@";

(3) (11) holds for some1 < s < co.

Proof. Since the implication (2) = (3) follows readily, and the implication (3) = (1) was proved
in [15, Theorem 4], we only need to prove (1) = (2).
Ifbe Aﬁ(@g) and b = 0, then it follows from [15, Theorem 4] that (11) holds for all s with
n/(n—p) < s < oco. Applying Holder’s inequality, we see that (11) holds for 1 < s < n/(n—f) as well.
Hence, the implication (1) = (2) is proven. O

Now we recall the Hardy-Littlewood-Sobolev inequality for the fractional maximal function
le on p-adic vector space. The first part of Lemma 23 can be founded in [15, Lemma 8], and the
second comes from [8, Theorem 4].

Lemma23. LetO<a<nand Q,’} be an n-dimensional p-adic vector space.

(1) If1<r<n/asuchthatl/q=1/r —aln, then 4L is bounded from Lr(@Z) to L"(@Z).
) Ifr(-),q() e %log((p’;) withr(-) € 2@Q}), r+ <nla and1/q(-) = 1/r(-) — aln, then /44
is bounded from L' (@}}) to L7)(Q1).

By Lemma 23(1), if 0 <a < n, 1 <r < n/a and f € L"(Q}), then AP (F)(x) < co almost
everywhere. A similar result is also valid in variable Lebesgue spaces. And the method of proof
can refer to [34, Lemma 2.6], so we omit its proof.

Lemma24. LetO<a<n,r(-)e P@Qp)andl<r_<r.<nla.Iff €L @), then 4} (f)(x) <
oo for almost everywhere x € Q.

Now, we give the following pointwise estimate for [b,.#}] when b € A,g(@Z).

Lemma25. LetO<a<n 0<f<1,0<a+f<nandf bealocally integrable function on Q)Z. If
be Ap(Q}) and b =0, then, for any x € Q}; such that ([ (f)(x) < oo, we have

|6, 1)) < 1Bl gty 5 () ().
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Proof. For any fixed x € Q) such that MY (f)(x) <o0,ifbe Ap(Qp) and b = 0, then
|(b, (1) 0)| = | b4 (F)x) — ] (b ) ()|

1
=|sup ————— b(x)|f(y)ldy - su —f byIf(id
"o |By(x)|};“’"fo(x DIy = s i Jy iy "V I
xeQy xeQy
T
<sup ————— b(x)-b|If(yId
yez By (x)[}=*"" JB, ) | NIFedy
xe@"
1
= C||b||Aﬁ(@") Sup —Mf IfIdy
7 )
xe@n |B (x)lh
< ClIbllag@m Mﬁ(f)(x) O

Finally, we also need the following results. Similar to the proof of [35, Lemma 2.3], and referring
to the course of the proof of [16, Theorem 1.4], using Lemma 10 and the properties of p-adic
ball, through elementary calculations and derivations, the following assertions can be obtained.
Hence, we omit the proofs.

Lemma26. Letb bealocally integrable function andQj, be an n-dimensional p-adic vector space.
For any fixed p-adic ball By (x) < Qy,.

(1) If 0< a <n, then forall y € By(x), we have
Mg (Y () V) = My (1 (D)D)
and
Mg X, V) = My 0 X By 0 (V) = By ()I};'".
(2) Then for any y € By (x), we have
1D, 0ol < 1By (O, ) (D)),

() LetE={y€eBy(x):b(y) = bBT(x)} and F = By (x)\E={y € By(x): b(y) > bBy(x)}. Then the
following equality is trivially true

J 1651~ oldy= [ 1009 bayoldy:

3. Proofs of the main results

Now we give the proofs of the Theorem 2 and Theorem 6.

3.1. Proofof Theorem 2

To prove Theorem 2, we first prove the following lemma.

Lemma27. Let0<a <n,0<pf<1andb bealocally integrable function on Q,,. If there exists a
positive constant C such that

/ p
1 ” (b— |By(x)|ha "M @,By (x) (b))XBy(X) Lat )(Q"
- <C (12)
ez 1By IX, 0ol @p)
p

forsome q(-) € %’(@p), thenbe Aﬁ(@z).
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Proof. Some ideas are taken from [3, 34, 35,37]. Reasoning as the proof of [37, (4.4)], see also the
proof of [34, Lemma 3.1], for any fixed p-adic ball By(x) c Q);",, we have (see Lemma 26 (2))

b5, ol < By (I, (D)), Yy € By(x).
Let E={y € By(x) : b(y) < bBy(x)} and F = By(x)\E = {y € By(x) : b(y) > bBY(x)}, then for any
y € E c By(x), we have b(y) < bBY(x) < IbBY(x)I < IBY(x)IZ“/”Msz(x)(b) (). Itis clear that

1b() = b ol < [b() = 1By O (D))

a,By(x

s VyeE.

Therefore, by using Lemma 26 (3), we get

1
[ 1b=ba,wldy =
Y

B (o [P b(y) - by )|d
By ()P fm| () = bp, )|y

/
By ()"
2

<——— | |b) - 1By "’ (b)(y)|dy
IBy(x)|£/n+1fE| P D)

2 f _/ )
S it [P T IBy LT A (D)(3)]dy.
1By (017" By V=B a0 J’| y

Using Lemma 18 (3) (generalized Holder’s inequality), (12) and Lemma 19 (3), we obtain

1 f 2 —ain ,p
_ |b(y) - b, )|y < —f b(y)—|By(x)|; *'" 4 (b)(y)|dy
|By(x)|Z/n+1 B,(x) y (X |By(x)|Z/n+1 B, () ) Y h @,By(x) ‘
c -aln 4P
S—|By<x)|ﬁ’"“ | (=18, o ), Lo
WX g, 00l a0 @py
C
= | By (X)11, ”XBY(X) “L"(')(@?) ”XBY(X) ”m’(-](@ﬁ
=C.
So, the proof is completed by applying Lemma 21. O

Figure 1. Proof structure of Theorem 2 where w;; denotes i = j

Proof of Theorem 2. Since the implications (A.2) = (A.3) and (A.5) = (A.4) follow readily, and
(A.2) = (A.5) is similar to (A.3) = (A.4), we only need to prove (A.1) = (A.2), (A.3) = (A.4) and
(A.4) = (A.1) (see Figure 1 for the proof structure).
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(A.1) = (A.2). Let b € Ag(Q)) and b = 0. We need to prove that (b,.#"] is bounded from
L"‘)(@Z) to L4<'J(@g) for all r(-),q(-) € %log(@;) with r(:) € 2(Qp), r+ < G5 and 1/q(-) =
1/r(-)—(a+pB)/n.Forsuch r(-) and any f € Lr(')(@Z), it follows from Lemma 24 thatﬂé’(f)(x) <
oo for almost everywhere x € Q. By Lemma 25, we have

|(B, 40 1)) < 1Dl gy, 5 () ().

Then, statement (A.2) follows from Lemma 23 (2).

(A.3) = (A.4). For any fixed p-adic ball B,(x) < @z and any y € By(x), it follows from
Lemma 26 (1) that

uﬂp(b)(B )W) = aB () () and uﬂp(}(B )W) = aB (x)()(By(x,)(y) IBy(x)la/n-
Then, for any y € By (x), we have

b(y) - By (), *' " ?

a,By(x

(D)) = 1By ()" (O By I =l () (D))
= 1By ()1, " (DA X ()W) =M (DY g () (1)
= |By ()1, " b, MV (X g (2) (D)

Thus, for any y € Q%, we get

(b = 1By (Ot o (DYD) X g, () = 1By GO, " b, MG ) (Y ) (D) X s, (D)

By using assertion (A.3) and Lemma 19 (4) (norms of characteristic functions), we have

| (= 1By ot o 0) g, <1By ()1}, 1, ) X s ) | oo

Lq(ﬂ@g)
—aln
=< CIBy 1" | X5, 00l oo

/
= CIBy @, " | X5, o0

which gives (2) since By (x) is arbitrary and C is independent of By (x).

(A.4) = (A.1). By Lemma 22, it suffices to prove

: f
S J— ( ) (b)( ) dv < oo. (13)
YEZ |B (x)l“ﬁ/” By (x) y B (x) yay

For any fixed p-adic ball B (x) c @z, we have

1

! f -al/n 4P
NS Y7 b(y) - By (x)|; “'" U (b)(y)|d
|B (X)IHﬁ/” By(x) Y Y h By (x) DY) AY

1 ) ,
" Wfl?y(x) |By ()1, ”'/%aB D) - M B, (x)(b)(y) dy

= Il+12. (14)
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For I, by applying statement (A.4), Lemma 18(3) (generalized Hoélder’s inequality) and
Lemma 19 (3), we get

1
I = —f b(y) = 1By (h)()|dy
|B (x)|1+ﬁ/n B, (x) Y h ‘

a,By (x)
<% _Nw-1B,wima’, o
|By(x )Iﬁ/n+1 (b=1By (0t @By (o ))XBY(X) L0 (@) X5, 0l Lo @)
Y
In 4P
c “(b—lBy(x)Ih“ "My g (x)(b))XBy(x) La0 @1y
<
1By (0l IX5,0llLa02@p)

=C,

where the constant C is independent of By (x).
Now we consider . For all y € By (x), it follows from Lemma 26 that

A Y5, ) D) = By (I and Mg (DY g (o) () = My (D)D),
and

AP (X g, )W) = X0 V) = Land AP (bY p () () =M b D).

Then, for any y € By (x), we get

1By (I (DY) =t DY)

MLy DY) =By I | + 16 = A, (D))

ME DY ()~ DO L ) D)]

DI (Y (D) = P Y (D)

Bl AN g, ) 0| + |18 4P1 O, ) )] (15)

Since g(-) € #(Q}) follows at once from Lemma 16 and statement (A.4). Then statement
(A.4) along with Lemma 27 gives b € Aﬁ(@;), which implies |b| € Ag (@Z). Thus, we can apply
Lemma 25 to [Ibl,dﬂ,f] and [|b|, #P] due to |b| € Aﬁ(@z) and |b| = 0.

By using Lemma 25 and Lemma 26 (1), for any y € By (x), we have

<|By )"

<|By(x)[;*'"

<|By(x)[;,*"

[UB1, AN g ) D] = 1Bl a2 U, ) ) = B g By 1P

and

/
|UB1, A1 g () 9)] < 1Bl (X ()0 < ClBlLay il By I "

Hence, it follows from (15) that

1 , »
L= Wfl?y(x) |By (x)1,,""" M w.B, W) — M (x)(b)(y))dy
C bl a? d C . .
Wf )‘“ l, a](XBy(x))(J’) y+ mﬁym [1bl, ](XBy(x))(y) y
5C||b||/\ﬁ(@;;).

Putting the above estimates for I; and I, into (14), we obtain (13).
This completes the proof of Theorem 2. d
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3.2. Proof of Theorem 6

Proof of Theorem 6. Similar to prove Theorem 2, we only need to prove the implications
(B.1) = (B.2), (B.3) = (B.4) and (B.4) = (B.1) (the proof structure is also shown in Figure 1).

(B.1) = (B.2). If be Aﬁ(@g), then for any p-adic ball By (x) € Q};, using Lemma 20, we derive

1
AP (P = —f bx) — b f()Id
anlf ylég | By (x)]}, /™ By(x)l ( W idy

xe@ﬁ

1 B
< Ibllx o su —f =PI Fod
Ap@) Yelz) By a0 ViplfNidy

xe@ﬁ
1
= Clibllazp sup W[B . |f iy
xyea:p;; 1By, "

< Cllbllagap 24, 5 () ().

This, together with Lemma 23 (2), shows that J[apb is bounded from L") (QZ) to L90) (Q)Z).

(B.3) = (B.4). For any fixed p-adic ball By(x) < @z. By using Lemma 10, for all y € By (x), we
have

|b(y) = b, )] < |b(y) - b(2)|dz

i,
|By (X)|1 JB,(x)

= |By(—x)|hf37(x) |b(y) - b(Z)|XBY(x)(Z)dz

) W’”ap,b(XBy(x))(y).
h

Then, for all y € Q};, we get

|(b) = b5, 0) X g, 0 W] < 1By O], (X g, () ).

Since .4, is bounded from L") (Q}) to L9)(Q}), using Lemma 19 (4), we have

-al/n

” (b— bBy(x))XBy(x) ”Lq(.)(@z) < By (X1, ||'/%5,b(XBy(x)) nqu(Q’g)
< C|By(x)I;“/"||XBy(x)

Iro@p

In
< CIBy @1 "1 X g, ol a0

which implies (6) since By (x) is arbitrary and C is independent of By (x).
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(B.4) = (B.1). For any p-adic ball By (x) < Q}, by using Lemma 18(3) (generalized Holder’s
inequality), assertion (B.4) and Lemma 19 (3), we obtain

v
B P Jy i P T D) dy=—f b)) = b, )| X5, 1 W)y
1By ol " bio! s 1B, ()1, " oo )X g,
C
= |By(x)|;l+ﬁ/” ” (b_ bBy(x))XBy(X) “L“l“(@g) ”XBy(x) ”Lq/(d(@z)

c - bBy(x))XBy(x) ||th‘>(®;)

- /
|By(x)|£ n ”XBy(x) ”Lq(-)(@g)
1
* 1Byl A o0 @ 1 s, oo g

C ” (b - bBy(X))XBY(X) ”L‘”‘)(@Z)

<
By ()" IX 5,090 @p
<C.
This shows that b € Ag(Q}) by Lemma 21 and Definition 14 since the constant C is indepen-
dent of By (x).
The proof of Theorem 6 is finished. O
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