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Abstract. We prove existence of finite energy solutions for a linear Dirichlet problem with a drift and a
convection term of the form AE(x)Vu + div(uE(x)), with A >0 and E in (L (Q))N . The result is obtained
using a nonlinear function of u as test function, in order to “cancel” this term.

Résumé. Nous prouvons 'existence de solutions d’énergie finie pour un probléeme de Dirichlet linéaire avec
un terme de la forme AE(x)Vu + div(z E(x)), ot A > 0 et E est dans (Lr(Q))N. Le résultat est obtenu en
utilisant une fonction non linéaire de u comme fonction test, afin d’“annuler” ce terme.

Keywords. Singular drift, Dirichlet problems, nonlinear test functions.

Manuscript received 4 August 2023, revised 4 September 2023, accepted 6 September 2023.

1. Introduction

In [8] and [9] is studied the Dirichlet problem
ue W2 (Q): —Au+Ex)-Vu+divwEx) = f(x),
where
Q is a bounded domain of RY , and the drift E belongs to (LZ(Q))N R
and
Fx) € LN (Q).
Remark that if u belongs to WOI’2 (Q), then the terms E(x) - Vu and div(u E(x)) just belong to L' (Q)
and Wh ¥ Q) (or W™LP(Q), V p <2 if N = 2) respectively. The key point for the existence of
finite energy solutions is that the map

P:u— E(x)-Vu+div(u E(x))
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is skew-symmetric and thus, it satisfies the “cancellation” property
(Pu,u) =0, (1

in the sense of distributions, if # is smooth enough.
The present paper deals with a more general framework, given by

ue Wol‘q(Q): —div(M(x)Vu) + AE(x) - Vu+div(u E(x)) = f(x), (2)
with
A>0, 3)
M :Q — RN a measurable matrix such that there exist a, B >0, satisfying
allP<Mx)E-E,  IMx)|<p, aeinQ, VEeRY, (4)
r=2 ifA=1,
o - _ _N@A+D)
Ee(L'(Q)": r—m lfO<A<].,NZ?), (5)
2<r<l+% if0<A<1,N=2
and N(A+1)
fel™Q), m>1ifN=2, m=——— if N=3. (6)
N+2A

Note that r = 2, so that v’ <2; and also r’ > 1.

We are going to prove the existence of a distributional solution u of (2) in the Sobolev space
Wol’r’ (Q), with r' = rTrl’ the Holder conjugate exponent of r. In particular, u is in Wol’2 Qif A=1.

The proof of the result is based on the use of a nonlinear function of u as test function in (2),
in such way that a cancellation property similar to (1) still holds.

We complete this introduction with some references about the existence of solutions for linear
elliptic equations with a first order term whose coefficients have poor summability.

For a measurable matrix function M : Q — RY 2, which satisfies (4),

. {(LN(Q))N if N> 2, ] {Lg(Q) ifN>2,

7
LP@)N, p>2 ifN=2, L1Q), g>1 ifN=2, @

such that
—div(E(x)) +a(x) =0 in Q, (8)
it has been proved in [11, 12] that the weak maximum principle holds for the equation
ZLu=finQ,
with
$u:—diV(M(x)Vu—uE(x))+F(x)-Vu+a(x) u. 9)

Thus, the corresponding Dirichlet problem has at most one solution in WOI’Z(Q), for every f €
W~12(Q). By the Fredholm theory, for every f € W~12(Q) there exists a unique solution u for
problems
ue W,*(Q), Lw=finQ, ueW,*(Q), £L*w=finQ, 10)
where
L) = —diV(M(x)tVu +uF(x))—Ex)-Vu+a(x)u,
is the adjoint operator of £. We emphasize that these problems are not coercive.

If E or F do not satisfy (7), the operators u — —div(u E(x)) or u — F(x)-Vu do not apply WOI'Z(Q)
into W~12(Q), but some existence results have still been proved.

In [3] and [4], are considered the cases F = 0 and E = 0 respectively, and a Stampacchia—
Caldéron-Zygmund theory for finite or infinite energy solutions (depending on the summability
of f(x)) is proved. For example, if E € (L>(Q))", F =0, f € L' (Q), it is proved the existence of a
solution for the problem

Lu=finQ, u=0 onodQ, an
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in a very weak sense: the solution u is such that log(1 + |u|) belongs to Wol’2 (Q) and is an “entropy
solution” of the equation (for the theory of entropy, or renormalized, solutions, see e.g. [1], [7],
[10]) in the sense that:

fQ[M(x)Vu-VTk(u—(p)—uE(x)-VTk(u—(p)] sff(x) Te(u— ),

for every ¢ in Wol’2 (Q) N L*°(Q), and for every k > 0. Here

-k ifs<-k,
Tr(s)=<xs if-k<s<k, (12)
k ifs>k,

is the usual truncation function at levels +k. In [6], adding a zero order term greater than
a positive constant, it has been proved that the above function u is also in L'(Q). A duality
argument then shows that problem (11) has a solution in WOLZ(Q) NL®(Q)if E=0, Fisin (L2(Q))N
and a is greater than a positive constant.

2. Proof of the main result

We devote this section to the proof of an existence result for problem (2). It will be based on the
introduction of an approximate problem and then the use of a nonlinear test function, which will
provide the estimates needed to pass to the limit.

Theorem 1. Assume that M: Q — RN" is a measurable matrix which satisfies (4), that A> 0, and
that E belongs to (L” (Q))N, with r defined by (5). Then, for every f € L™ (Q), with m given by (6),
there exists a distributional solution u of (2) in Wol’r (Q). Moreover, u satisfies

N(A+1)

L™ N2 (Q) ifN=3,
LP(Q), Vpell,oo) ifN=2.

41 1,2
lul = ue Wy (Q), ue (13)

Remark 2. We point out a regularizing effect of the problem: for A = 1, u belongs to WOI’Z(Q),
even if the term A E(x) - Vu only belongs to L (Q).

Remark 3. Defining for y,A > 0, E(x) = AE(x) and A = uA, we deduce from Theorem 1 the
existence of a distributional solution for problem

ue Wol’r’(Q): —div(M(x)Vu) + LE(x) - Vu + pdiv(u E(x)) = f(x).

Proof of Theorem 1. Let n in N: the starting point is the nonlinear Dirichlet problem: u, €

[UA(OF
fM(x)Vun-Vv—f o EI"(X) .
Q Q 1+z|un| 1+Z|Vun|
+Af 11 Eln(X) 'VunU:f fu@ v, VUEWOI'Z(Q), (14)
Q 1+z|un| 1+2|Vun| Q
where . ;
(x) (x)
E -, =\
) 1+ 1B fn () 1+ 11700

The existence of u, is a consequence of the use of the Schauder fixed point theorem (see also [2]),
since all the terms are bounded. Note that u,, is the solution of the Dirichlet problem

Up € Wy 2 (Q): ~diviM(x) Vi) = —div(G,(x)) + gn (%),
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where
Up Ey(x) Ey(x) Vuy,

) ) =fulx)-A
1+ Lyl 1+ 1V, gn(X) = fn

Gp(x)= . .
" 1+ 1w, 1+ 1,

Since

IGa)l<n®,  Iga0)]<n?,
from Lax-Milgram theorem and from a result by Stampacchia (see [12], Théoreme 4.1), it follows
that there exists C > 0 such that

2
u +|lu =Cn".
L e L L

Since every u,, is a bounded function, it is possible to use a nonlinear composition of u,, as test
function in (14).

In the following, we recall that the Sobolev exponent 2* is 2N/(N —2), if N > 2. For N =2, we
define 2* as a positive number bigger than 2 to be chosen later.

Step 1. In this step, we assume A = 1 and we will prove the existence of finite energy solutions.
We use |u,|4 1 uy, as test function in (14), and we have
Up E;,(x)

1+ 3 lun] 1+ 4 V|

u E,(x) _ _
Af = Vit 1| 1=ffn(x)|un|/* Yu,.  (15)
Ql+z|un| 1+5|Vun| Q

Af M(x)Vu”-VunlunlA_l—Af Vg ug|A!
Q Q

Thus, after cancellation of equal terms, we have that

Af MOV ity - Vit ]! =f Fol0) 1t AVt
Q Q

which, by (4) and Sobolev’s inequality, implies that

I
flunlg(ml) f|un|Am, m
Q Q

If N > 3, the condition %(A+ 1) = Am' holds if m = % (which is our assumption); thus,
from (16) we obtain that

4Aa

(A+1)2 (16)

2
2
syAaf IVunPlun* T < LUfI
Q L™Q)

4Aa
2!l g =L 1 gy
If N =2, taking into account that 2* can be chosen arbitrarily large, we deduce that m can be
chosen any number bigger than one in order to have again (17).
Thus, we proved that

17

; 2 (A
the sequence {u,} is bounded in L 2 Q). (18)
Using this result in (16) yields that
the sequence {| unl% u;} is bounded in Wol’2 Q). 19)

We now use T (1) as test function in (14) and we have (thanks to Young’s inequality)
a[ IV T (un)
Q
Sf |un||E(x)||VTl(un)|+Af IE(X)IIVun|+f If (x)]
Q Q Q

2A -
s(A+1)f |E(x)||VT1(un)|+Af |E(x)||VT1(un)|+—f |E(x)||vuun|%un)|+f Fl
Q Q A+1Ja Q

sﬁf |VT1(un)|2+f |f(x)|+C(f |E(x)|2+f |V(|un|%un)|2)
2 Ja Q Q Q



Lucio Boccardo, Juan Casado-Diaz and Luigi Orsina 305

which proves that the sequence {T; (i5,)} is bounded in WOI'Z(Q). Combined with (19), we get that
the sequence {u,} is bounded in WOI’Z(Q). (20)

The reflexivity of Wol’2 (€2) and Rellich theorem then imply the existence of a subsequence {u;}
and a function u in Wol’z(Q), with |u| 4t uin WOI'Z(Q), such that

Un, — U in W, Q)
A-1 A1 . 12
ltn; |72 un;, —lul™2 u in Wy (Q), (21)
2*
U, — U inLP(Q), 1<p< - (A+1).

Note that the boundedness of {u;} in WOI'Z(Q) implies that || %Vun II(L2 @)V

(up to a subsequence) that %Vun (x) — 0 a.e. in Q. Thus we can pass to the limit in (14) to prove
that u is a weak solution of (2); that is u belongs to WO1 'Z(Q) and is such that

— 0 which implies

fM(x)Vu-Vv—f u[E(x)-Vv]+Af [E(x)-Vu]v:ffv, VUEC[%(Q). (22)
Q Q Q Q

Step 2. In this step, we assume 0 < A < 1 and we will prove the existence of infinite energy
solutions.

Since 0 < A < 1, we need to modify our test function, and use [(h + lun N = b4 sign(u,), with
h > 0. Then we have

Un En(x)

Af M(x)Vu,,-Vun(h+|un|)A‘1—Af Vi, (h+|uy) !
Q

1 1
Ql+ zlunl 1+ EIVunI

1 E;(x) .
Af : o -Vun[(h+|un|)A—hA1s1gn(un)s[ | F1C+ [ ™.
Q 1+ﬁ|un| 1+5|Vun| Q

Since
(h+ luy ) Asign(up) = (h+ lu, ) (hsign(uy,) + uy),

the above identity implies that

1 E
A[ MX)Vuy,-Vu, (h+u DA+ Af Vu, [(h+u ) h— b sign(uy)
Q

Q 1+3 upl 1+ Vuy|
5L|f(x)|(h+|un|)A.

Since 0 < A< 1, one has that
(h+up)*th < n4,

so that we can use Lebesgue theorem to pass to the limit as & tends to zero in the second term.
Using also the monotone convergence theorem in the first one and the Lebesgue theorem in the
third one, we get
Af Mx)Vikn Vi s/ F ). 23)
Q 7 A Q
Thus, the inequalities in (16) still hold. As above, this proves (18) and (19). For 1 < r’' < 2, Holder’s
inequality also gives

!

r r

g [ IVl s Vul? ) na-p\*"2

|V nl r(l ) ——luyl" 7 < 1A |unl 2-r .
| Q |up| Q
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rrz(l__r,A) = 27 (1+A), in the case N = 3, from (18) and (19), it follows that the sequence {u,}

is bounded in WO1 v (Q). The same result is true in the case N = 2 if we define 2* > 2 (recall that
1+ A<r'<2by (5)) by

Since

gy A=A
CTe-rma+ A
Thus it is possible to pass to the limit as in the first step to get that u is a solution of (2). U

We now prove that, under the assumption that f(x) = 0, the solution u is not only positive, but
cannot be zero in a set of positive measure.

Proposition 4. If f(x) =0, then u(x) = 0. Moreover, if f (x) is not identically zero, then u(x) can be
zero at most in a set of zero measure.

Proof. We give the proof in the case A = 1; the case 0 < A < 1 can be proved modifying the test
function, as in Step 2 of the proof of Theorem 1. Choosing v = |1, | A1 u,, as test function in (14)
we obtain identity (15) with u;, instead of u,,. Thus, one can cancel two equal terms to obtain
that

—Af M(x)lunlA’1Vu;-Vu;:Af M(x)|un|A*1Vun-Vu;=ffn(x)u,;|u,,|A*1.
Q Q Q

Since the right hand side is positive, and the left hand side is negative, one has that u;, =0, so that
up = 0. Recalling that u is the limit of the sequence {u,}, we have proved that u(x) = 0.
The second statement can be proved exactly as in [5, Theorem 3.1 and Theorem 4.1]. O

References

[1] P. Bénilan, L. Boccardo, T. Gallouét, R. Gariepy, M. Pierre, J. L. Vazquez, “An Ll—theory of existence and uniqueness
of solutions of nonlinear elliptic equations”, Ann. Sc. Norm. Super. Pisa, CI. Sci. 22 (1995), no. 2, p. 241-273.
[2] L.Boccardo, “Some developments on Dirichlet problems with discontinuous coefficients”, Boll. Unione Mat. Ital. (9)
2 (2009), no. 1, p. 285-297.
, “Dirichlet problems with singular convection terms and applications”, J. Differ. Equations 258 (2015), no. 7,
p. 2290-2314.
, “Stampacchia-Caldéron-Zygmund theory for linear elliptic equations with discontinuous coefficients and
singular drift”, ESAIM, Control Optim. Calc. Var. 25 (2019), article no. 47 (13 pages).
, “Weak maximum principle for Dirichlet problems with convection or drift terms”, Math. Eng. 3 (2021), no. 3,
article no. 026 (9 pages).
[6] ——, “The impact of the zero order term in the study of Dirichlet problems with convection or drift terms”, Rev.
Mat. Complut. 36 (2023), no. 2, p. 571-605.
[7] L. Boccardo, T. Gallouét, “Nonlinear elliptic and parabolic equations involving measure data”, J. Funct. Anal. 87
(1989), no. 1, p. 149-169.
[8] M. Briane, J. Casado-Diaz, “A class of second-order linear elliptic equations with drift: renormalized solutions,
uniqueness and homogenization”, Potential Anal. 43 (2015), no. 3, p. 399-413.
[9] M. Briane, P. Gérard, “A drift homogenization problem revisited”, Ann. Sc. Norm. Super. Pisa, Cl. Sci. 11 (2012), no. 1,
p.1-39.
[10] G.Dal Maso, E Murat, L. Orsina, A. Prignet, “Renormalized solutions of elliptic equations with general measure data”,
Ann. Sc. Norm. Super. Pisa, Cl. Sci. 28 (1999), no. 4, p. 741-808.
[11] D. Gilbarg, N. S. Trudinger, Elliptic partial differential equations of second order, Classics in Mathematics, Springer,
2001, reprint of the 1998 edition, xiv+517 pages.
[12] G. Stampacchia, “Le probleme de Dirichlet pour les équations elliptiques du second ordre a coefficients disconti-
nus”, Ann. Inst. Fourier 15 (1965), no. 1, p. 189-258.

3]

[4]

[5]




	1. Introduction
	2. Proof of the main result
	References

