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Abstract. In this note we provide two special counterexamples to the strong real Jacobian Conjecture; the first
one is surjective, the second one has non-dense image.

Résumé. Dans cette note, nous fournissons deux contre-exemples spéciaux a la forte conjecture jacobienne
réelle; le premier est surjectif, le second a une image non dense.
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1. Introduction

The Jacobian conjecture is a famous unsolved problem concerning polynomials in several vari-
ables. It states that if the Jacobian of a polynomial function from an n—dimensional space to it-
self is a non-zero constant, then the function has a polynomial inverse (we recall that the Jaco-
bian J(F) of a holomorphic (or smooth) map F:C" — C" (F :R" — R") is the determinant of the
Jacobian matrix of F). It was first conjectured in 1939 by Ott-Heinrich Keller [6] and widely pub-
licized by Shreeram Abhyankar, as an example of a difficult question in algebraic geometry that
can be understood using little beyond a knowledge of calculus (see for example [1,4]). Here we
consider it in the following form:

Conjecture 1 (Jacobian Conjecture). Let F : C> — C? be a polynomial mapping with a constant
non-zero Jacobian. Then F is a bijection.

There is also a real version of this conjecture (see [8]):

Conjecture 2 (Strong Real Jacobian Conjecture.). LetF : R?> — R? be a polynomial mapping with
a non-vanishing Jacobian. Then F is a bijection.
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However, over twenty years ago Pinchuk found an example of locally injective polynomial
endomorphism of R2, which is not injective (see [7] for details of his construction). Pinchuk’s
example has topological degree two and it is not a surjective mapping, in fact it omits two points.
Ronen Peretz asked (unpublished, about 2000) whether the Strong Real Jacobian Conjecture is
true whenever F is surjective. A similar question was formulated quite recently by Tiep Dinh (see
the end of this paper). We may also ask whether there exists a counterexample F to this conjecture
such that the image F(R?) is not dense in R?. The aim of this note is to answer both questions.

2. Construction of the examples

The main idea is to modify an existing non-injective polynomial map with non-vanishing Jaco-
bian by composing with special mappings. Here we use the version of Pinchuk map presented
in [2], because it seems to be the simplest known so far, in the sense that its components have
the lowest degree (however this construction still can be adapted to any of the known examples,
see [5,7]). Letting

p=4x6y3+ 12x5y2+ 12x4y+4x3y2+4x3+5x2y+x+y,
g=-(4x"y*+8x°y+4x* +2xy+1) 1)
(4x®y +12x°y  + 125ty + 43y + AP + TPy +3x+ ),
we obtain the following:

Theorem 3. Let p and q be as in (1) and let F : R> — R? be defined by F = (p,q). Then F is a
non-injective polynomial map with non-vanishing Jacobian and (+1,0) are the only points with
no inverse image.

Proof. See [2, Theorem 3.3 and Corollary 4.6]. O
In the following theorem we present a surjective example.

Theorem 4. LetF beasin Theorem3and ¢ : C — z3—3z € C, where we treatC asR?. Then f = ¢poF
is a non-injective but surjective polynomial map with non-vanishing Jacobian.

Proof. The only critical points of the map ¢ are z = +1. Since (+1,0) ¢ Im(F), f has non-
vanishing Jacobian. As ¢ is surjective, f can a priori omit only the points ¢(+£1) = ¥2. However
¢(+2) = £2, therefore f is surjective. O

We present now an example with non-dense image.
Theorem 5. Let

y=((x) +x+y) (=), ey + D>+ x%). @

and F = (p+1,q), where p and q are asin(1). Then f = woF is a non-injective polynomial map
with non-vanishing Jacobian such that f(R?) c R x R*.

Proof. Denote by D(y) the Jacobian matrix of . We have
det(DW)) = (2y +2xy* +x)* + 22 (232 +3)°,

thus (0,0) is the only critical point of y. From Theorem 3 we have (0,0) ¢ Im(F). Hence the
Jacobian of f is non-vanishing. Also (xy + 1% + x? > 0 for every (x,y) € R?. Therefore Im(y) c
R x R*. Consequently also Im(f) =R x R*. O

We finish this note answering negatively the following question of professor Tiep Dinh (per-
sonal comunication, February 2023):
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Question. 6. Let f:R" — R" be a semi-algebraic smooth mapping which is surjective and has a
constant non-zero Jacobian. Is then f a diffeomorphism?

Example 7 (Compare with [3]). Let F be as in Theorem 4. Then G(x, y, z) = (F(x, y), 2/ J(F(x, y)))
is a regular non-injective and surjective local diffeomorphism of R3 with constant non-zero
Jacobian.

Proof. G is well defined for all (x, y, z) € R, since J(F) > 0. As for J(G), we have
J(G) :](F, %) =JEVJIE)+J(E=)/JF)=](E2!J(F)=1.

Note that G is surjective. Indeed take any (a, b, ¢) € R® and consider the equation
G(x,y,2) =(a,b,c).

Hence F(x,y) = (a, b) and this equation has a solution (xy, ) by Theorem 4. Now it is enough
to put zg = cJ(F(x, yo)) to get the point (xo, yo, 29) such that G(xy, y9, z0) = (a, b, ¢). Moreover for
generic (a, b) there is another pair (x1, 1) such that F(x1, y1) = (a, b). This means that (xy, yo, 20) #
(x1, y1,21) but G(xy, 0, z0) = G(x1, ¥1,21) = (a, b, ¢). Hence G is not a diffeomorphism. O

Remark 8. In fact our example is not only semi-algebraic but regular (in the sense of algebraic
geometry, which means that every component f; of F is locally a quotient of two polynomials
P/Q, where Q does not vanish). Moreover in the same way we can show that there exists a regular
mapping F : R3® — R3 with constant non-zero Jacobian such that F(R3) c R? x R,. Indeed, let
F be as in Theorem 5. Then G(x, y, z) = (z/ J(F(x,y)), F(x, y)) is a regular non-injective map with
Jacobian equal to one, such that G(R3) c R? xR, . This shows that regular mappings with Jacobian
1 can have non-dense image.
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