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Abstract. The essential dimension edy(Sy) of the symmetric group S, is the minimal integer d such that
the general polynomial x" + a;x*~! + .-+ a, can be reduced to a d-parameter form by a Tschirnhaus
transformation. Finding this number is a long-standing open problem, originating in the work of Felix
Klein, long before essential dimension of a finite group was formally defined. We now know that ed (S;)
lies between |n/2] and n — 3 for each n = 5 and any field k of characteristic different from 2. Moreover,
if char(k) = 0, then ed;(Sy) = [(n+1)/2] for any n = 7. The value of ed;(Sy) is not known for any n = 8
and any field k, though it is widely believed that ed;(Sy;) should be n —3 for every n = 5, at least in
characteristic 0. In this paper we show that for every prime p there are infinitely many positive integers n
such that ed[Fp Sp)<n-4.

Résumé. La dimension essentielle ed (S;) du groupe symétrique Sy, est le plus petit entier d permettant
de réduire le polynome général x" + a;x" "1 + ... + g, 2 une forme comportant d parametres par une
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1. Introduction

The essential dimension ed (S;) of the symmetric group S, is the smallest integer d such that the
general polynomial x” + a; x"~! +---+ a, can be reduced to a d-parameter form by a Tschirnhaus
transformation. The geometric definition of essential dimension and some background material
can be found in Section 2; for a comprehensive overview, see [10, 12].

Finding ed(S;) is a long-standing open problem, which goes back to E Klein [8]; cf. also
N. Chebotarev [14]. Essential dimension of a finite group was formally defined by J. Buhler and
the second author in [5], where the inequalities

edy(S,) = |n/2] and edi(S,)<sn-3 (n=5) (@))]

were proved. The field k was assumed to be of characteristic 0 in [5], but the proof of the first
inequality in (1) given there goes through for any field k of characteristic different from 2. The
second inequality is valid over an arbitrary field k. A. Duncan [6] subsequently showed that in
characteristic 0, edi(S,,) = [(n+1)/2] for any n = 7. The exact value of ed(S,) is open for each
n = 8 and any field k, though it is widely believed that ed(S,) should be n — 3 for every n = 5, at
least in characteristic 0.

The purpose of this paper is to show that ed(S,) can be < n—4 in prime characteristic. Our
main result is as follows.

Theorem 1. Let k be a field of characteristic p > 0 and let n be a positive integer whose binary
presentation is n = 2" +2™2 4 ... 42" where my > mp > --- > m, = 0. Assume that one of the
following conditions holds:

(@) pisodd, p divides n and r = 4. Ifr = 4, assume further that k containsF 2, a field of p?
elements.
(b) p=2,4dividesn,andr =2.

Thenedy(S,) <n-4.

Remark 2.

(@) If k < k' is a field extension, then edi(S,) = edp (S,). In particular, Theorem 1(a) is
equivalent to ed[Fp Sp)<n-4ifr =5 and ed[sz (Sp) s n—41if r = 4 (assuming p|n).
Theorem 1(b) is equivalent to edr, (S,) < n—4 when n is divisible by 4 and r = 2.

(b) It may be possible to weaken the assumptions on p and 7 in the statement of Theorem 1.
Note, however, that these assumptions cannot be dropped entirely. Indeed, edy(Ss) = 2
and edy(Sg) = 3 for any field k of characteristic # 2; see (1). If char(k) = 2, we still have
edy(Ss) = 2. Here the inequality ed(Ss) < 2 follows from (1), and the opposite inequality
from [9, Proposition 7]. We do not know whether ed(Sg) is 2 or 3 in characteristic 2.

(c) Suppose [ is a field of characteristic 0 and k is a field of characteristic p > 0 containing an
algebraic closure of F,. Then ed;(S,) = ed(Sy) for any n = 5; see [4, Corollary 3.4 (b)].

(d) The smallest n covered by Theorem 1 (a) is n = 23 +22 + 2! +2° = 15 (here p = 3 or 5).
The smallest n covered by Theorem 1(b) is n = 23 +22 = 12. For a fixed p, the density of
integers n = 1 to which Theorem 1 applies is positive (1/p if p is odd, and 1/4 if p = 2).

The remainder of this paper will be devoted to proving Theorem 1. In Section 2 we collect
the background material on essential dimension that is needed for the proof. In Section 3
we introduce the S,-invariant subvariety X;, of A”. In Section 4 we show that under the
assumptions of Theorem 1, the S,-action on X;, has maximal possible essential dimension:
edy(Xj2;Sy) = edg(S,). Finally, in Section 5 we complete the proof of Theorem 1 by showing
that edy (X1 ,2,S,) s n—4.
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2. Preliminaries on essential dimension

Throughout this paper k denotes an arbitrary base field, k denotes an algebraic closure of k, and
G denotes an abstract finite group. Unless otherwise specified, algebraic varieties, morphisms,
rational maps, group actions, etc., are assumed to be defined over k. We refer to a variety X with
an action of G as a G-variety. We say that the G-action on X (or equivalently, the G-variety X) is

o faithful, if the induced group homomorphism G — Aut(X) is injective,

* primitive, if G transitively permutes the irreducible components of Xz,

« generically free, if there exists a dense open subset U c X such that for every k-point
u € U, the stabilizer Stabg(u) of u in G is trivial.

A generically free action is clearly faithful. The converse holds if X is irreducible, but not in
general. For example, the natural permutation action of S,, on the set of n points is primitive and
faithful but not generically free. Note also that the term “primitive” is sometimes used in other
ways in related contexts, in particular, in finite group theory (see, e.g., [15, §1.8]) and in algebraic
dynamics (see, e.g., [16]). In this paper we will only use it in the sense defined above.

Let X be a generically free primitive G-variety. We will refer to a G-equivariant dominant
rational map X --» Y as a G-compression, if the G-action on Y is also generically free. The
minimal dimension of Y, taken over all G-compressions X --+ Y is called the essential dimension
of X and is denoted by edy (X; G). The largest value of edy(X; G), as X ranges over all generically
free primitive G-varieties defined over £k, is called the essential dimension of G over k and is
denoted by edi(G).

We now recall two results about essential dimension that will be needed in the proof of
Theorem 1. Note that Proposition 3 shows, in particular, that ed;(G) < co for any G and k.

Proposition 3. Let G — GL(V) be a faithful finite-dimensional representation of G. Denote the
underlying affine space by A(V). Then edi(G) = ed; (A(V); G).

For a proof, see [5, Theorem 3.1] or [1, Proposition 4.11] or [10, Propositions 3.1 and 3.11].

Following [4], we will say that a finite group G is weakly tame over a field k of characteristic
p = 0if G has no normal p-subgroups, other than the trivial subgroup {1¢}. If p =0 (or if p does
not divide |G|), then G is always weakly tame over k.

Proposition 4. Suppose that a finite group G is weakly tame over a field k. Let X and Y be
generically free primitive G-varieties over k. Assume that there exists a (not necessarily dominant)
G-equivariant rational map f: Y --+ X5, where X™ denotes the smooth locus of X. Then
edp(X) = ed;(Y).

Note that a rational map Y --+ X5™ is the same thing as a rational map Y --» X, with the
additional assumption that no component of Y maps to the singular locus of X. For a proof of
Proposition 4 we refer the reader to [13, Theorem 1.6].

3. Preliminaries on the affine quadric X;

Let X; » be the closed S;,-invariant subvariety of A” given by
S](x],.--,Xn) = 82(x1)---rxn) = Oy

where s; is the ith elementary symmetric polynomial and S, acts on A" by permuting the
variables in the natural way. If char(k) # 2, then equivalently,

X1,2::{(xl,...,xn)eA"|x1+~--+xn:xf+~--+xfl:O}. 2)
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Let A be the discriminant locus in A", i.e., the union of the hyperplanes x; = x; taken over all
pairs (i, j), where 1 < i < j < n. Note that the symmetric group S, acts freely (i.e., with trivial
stabilizers) on A™ \ A.

Lemma5. Assumen=5. Then

(@) the singular locus of X1 is X1, N D, where D is the small diagonal in A" given by
X1 == X

(b) X is absolutely irreducible. In particular, the S, -action on X, » is primitive.

(c) Xi12\A isadenseopen subset of X1 2. In particular, the S, -action on X » is generically free.

Proof. By definition X ; is the affine cone over the projective variety P(X; ») < P""! given by
$1(x1,..05 Xp) = S2(X1,..., Xp) = 0. 3)

Thus it suffices to show that (a) the singular locus of P(X ) is P(A), (b) P(X;,2) is absolutely
irreducible, and (c) (X 2) is not contained in P(A). If char(k) # 2, then Xj » is cut out by (2),
and these assertions are proved in [3, Lemma 2.1(b), (c) and (f), respectively].

In fact, the arguments [3, Lemma 2.1] work in any characteristic. The Jacobian matrix of the
system (3) is

1 1 1
S1—X1 S1—X2 ... S1—Xp)’
This matrix has rank < 1 if and only if x; = --- = x;,. This proves (a). Parts (b) and (c) are deduced
from (a) in the same way as in the proof of [3, Lemma 2.1]. U

4. Reduction to X »

The purpose of this section is to prove the following.

Proposition 6. Assume k and n are as in the statement of Theorem 1. Then
edr(X1,2;Sn) = edg(Sy).

The essential dimension ed(Xj 2;S,) is well defined because the S, -action on X » is primitive
and generically free by Lemma 5. Note that Lemma 5 applies here because our assumptions on
n force it to be at least 12; see Remark 2 (d).

Our proof of Proposition 6 will be based on the following.

Lemma 7. Assume k and n are as in the statement of Theorem 1. Let F be a field containing
k and E/F be an n-dimensional étale algebra. Then there exists an element a € E\ F such that
si(a) = s2(a) = 0. Here (—1)isi(a) denotes the coefficient of/l”‘i in the characteristic polynomial
NE/F(/l' 1p— a) ofa.

Recall that an étale algebra E over F is a direct product E; x --- x Es, where each E; is a
finite separable field extension of F. The norm function Ng,r: E — F is defined as the product
Ngir(a) = Ngyr(a1) - Ngyr(@) -...- Nggyrlas) for any a = (ay,...,a5) € E. For background
material on étale algebras, see [2, §6].

Proof of Lemma 7. Let E° be the kernel of the trace map s;: E— F. Itis an (n — 1)-dimensional
F-vector subspace of E. Since n is divisible by p = char(k) = char(F), F is contained in E°.
Consider the quadratic form s, : E® — F. Substituting a + ¢-1 in place of a into the characteristic
polynomial Ng,r(A-1fr — @), we obtain

Ss(a+t-1p)=s(a@)+(n-1)ts1(a) + (:)tz.
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For any a € E° we have s;(a) = 0. Moreover, the assumptions on n and p = char(k) imply that
(;‘) =0 in £k, in either part (a) or part (b). We conclude that sy(a + t-1f) = s2(a) for any «a € E°
and 7 € F. In other words, the quadratic form s, descends from E° to a quadratic form §; on the
(n— 2)-dimensional quotient space E0 = E°/(F-1).

Elements «a € E such that s1 (a) = s»(a) = 0 are precisely the isotropic vectors of s, in E°. We are
looking for an element a € E° \ F whose image in E° is an isotropic vector for §,. In other words,
the lemma is equivalent to the assertion that the quadratic form §;: E® — F is isotropic.

To show that §; is isotropic, we appeal to Springer’s theorem: If F'/ F is a field extension of odd
degree, then 53 is isotropic in E? if and only if it becomes isotropic over F’. Note that Springer’s
Theorem is valid in arbitrary characteristic; see [7, Corollary 18.5]. By [3, Proposition 5.1] we can
choose F'/F so that [F': F] is odd and E' = E®p F' is an étale algebra of degree n over F’ of the
form E' = E; x E x --- x E,, where E; is an étale algebra of degree 2™ over F' foreachi =1,...,r.
After replacing F by F’ and E by E’, we may assume without loss of generality that, in fact,

E=E xEyx---xEp,

where E; is an 2" -dimensional étale algebra over F for each i =1,...,r. Now observe that on the
r-dimensional F-subalgebra of E,

Fx---x F(rtimes) cE; x---xE, =E,

s1 and s; are quite transparent: sy(cy,...,¢) =2™ ¢y +---+2™ ¢, and

r 2m,- 9
$2(C1yeenc)) = Y, 2™ Micici+ ) , |€
i=1

1<i<js<r
foranycy, ..., cr € F. We would like to show that s, has an isotropic vector in V/F, where
V= {(Cl,...,Cr)EFX XF|51(C1,...,Cr) :0}

Equivalently, we would like to show that s, has an isotropic vector in V n H, where H is a F-
hyperplane in F x - -- x F (r times) which does not contain the unit element (1,...,1). For example,
we can take H to be the hyperplane c, = 0. Explicitly, we are looking for a non-trivial solution to
the system
{2m1c1+-~-+2mrlcr_1 =0 @
Yicicjer12™ Micici + zr;ll (Zrznl)cz2 =0

(a) Note that all the coefficients in the system (4) are integers; thus we may look for solutions
in the finite field F,,. By a theorem of Chevalley [11, Theorem 5.2.1], finite fields have
property C;. Consequently, the system (4) of two polynomials in the variables cy,...,c,—1
of degree 1 and 2, respectively, has a non-trivial solution over [, aslongas r —1>1+2.
This completes the proof of part (a) for r = 5.

If r = 4, then we may or may not be able to find a non-trivial solution of the system (4)
over [, but there is certainly one over some quadratic extension of F,. Since F, has a
unique quadratic extension, [ 2, and we are assuming that k contains a copy of F 2, the
system (4) has a non-trivial solution over k and hence, over F. This completes the proof
of part (a) for r = 4.

(b) Now suppose char(k) = 2. By our assumption, n is divisible by 4. Hence, m; > --- >
m,_1 > m; = 2, and all of the coefficients of the system (4) are 0. Consequently, the
system (4) has a non-trivial solution, e.g., (ci,...,¢,—1) = (1,0,...,0), whenever r —1 = 1,
ie,r=2. O

In the proof of Proposition 6 below, we will apply Lemma 7 to the general field extension L,/ K,
defined as follows: Kj, = k(ay,..., a,), where ay,...,a, are independent variables and L, is an
extension of K,, obtained by adjoining a root of the “general polynomial” f(x) = x"* + a; x*~! +
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.-+ + a, of degree n. Note that f(x) is irreducible over K,, by the Eisentstein criterion. Hence,
Ly = Ky[x]/(f (x)).

Remark 8. Lemma 7 may be viewed as a “bad characteristic variant” of [3, Corollary 10.1(c)].
When char(k) does not divide 7 (i.e., in “good characteristic”), Corollary 10.1(c) asserts that every
étale algebra E/F has an element «a satisfying Trg, (@) = Trg, r(a®) =0ifand only if

2Me e 4 2Mr e =2M e 4 4 21 2 = (),

for some (0,...,0) # (c1,...,¢r) € k. Here n. = 2" + 22 ... 4 2" g the binary presentation of n,
as in Theorem 1. When £k is algebraically closed, this system has a non-trivial solution if and only
if r = 3. Note that in good characteristic the condition that Trg, r(a) = 0 automatically implies that
a ¢ F. Thatis, E° N F = {0}. In bad characteristic F < E°. This complicates the proof of Lemma 7,
compared to the argument in [3], and necessitates the assumption that r = 4 in part (a).

Remark 9. If F is an infinite field, one can always choose a in Lemma 7 so that it generates E
over F, i.e., Fla] = E. This follows from the fact that if an absolutely irreducible quadric Q defined
over K has a smooth K-point, then Q is rational over K (via stereographic projection) and hence,
K-points are dense in Q. Since we will not use this assertion, we leave the details of this proof as
an exercise for the reader. Note also that we will only use Lemma 7 in the special case, where E/F
is the general field extension L,/ K, defined above. Since there are no intermediate fields, strictly
between L, and K, in this case K, [@] = L, is automatic for any a € L, \ Kj,.

Proof of Proposition 6. Denote the roots of the general polynomial f(x) = x" + a; x* ' +---+ ay
by x1,...,x,. Then a; = (=1¥s;(x1,...,xp,), where s; denotes the ith symmetric polynomial. Since
ai,...,an are algebraically independent over k, so are xi,..., x,. Identify K, with k(x1,...,x,)5"
and L,, with K,,(x;) = k(x1,..., )51, where S,, naturally permutes xi,...,x, and S,_; is the
stabilizer of x; in S,,.

It is well known that elements of L, are in bijective correspondence with S;-equivariant
rational maps ¢: A" --»> A”. Indeed, write ¢(x1,...,Xn) = (P1(X1,..., Xn), .., Pr(X1,..., X)), A
priori the components ¢y,...,¢, of ¢ lie in k(xy,..., x,); however, since ¢ is S;,-equivariant, ¢,
actually lies in k(x;,..., x,)8%1 = L,,. The components ¢y, ...,¢, are then the S, -translates of ¢b;.
Conversely, given a € L,, we can define ¢: A" --» A" by

(P(x):(al(xl;---rxn)y---;an(xl»---;xn))» (5)

where a;,...,a, are the S,-translates of @ = @; € L,,. Note that there are exactly n distinct S,,-
translates if @ does notlie in K,,. If @ liesin K;, then a1 =--- = a,.

Now choose a € L, as in Lemma 7, and let ¢p: A" --» A" be the rational S,,-equivariant map
given by (5). The condition that s; (@) = s2(a) = 0 is equivalent to the image of ¢ being contained
in X; » c A", Since a ¢ K, the general point of A" maps to X; » \ D, where D is the small diagonal
in A" given by x; = -+ = x5, as in Lemma 5(c). In other words, we may think of ¢ as an S;,-
equivariant map A” --» X; 2\ D. Now recall that since A" is an affine space with a linear action
of S,

edk(la\n;sn) =edi(S,) = edk(Xl,Z;Sn); (6)
see Proposition 3. On the other hand, by Proposition 4,
edi(A";Sp) < edi(X1,2; Sn)- @

Proposition 4 applies here because X, is an irreducible generically free S,-variety, X; 2\ D is
smooth (see Lemma 5), and the symmetric group S, is weakly tame at any prime. (Once again,
here n = 12; see Remark 2 (d).)

Combining (6) and (7), we obtain the desired equality, ed(S,) = ed;(X1,2;S5). O
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5. Conclusion of the proof of Theorem 1

In this section we complete the proof of Theorem 1 by establishing the following.

Proposition 10. Let k be a base field of characteristic p > 0. Assume that n =5 and p divides n. If
p =2, assume further that 4 divides n. Then edy(X;,2;S,) < n—4.

Note that the assumptions of Theorem 1 that r > 4 and r = 2 in parts (a) and (b), respectively,
are not needed here.

Before proceeding with the proof of Proposition 10, we briefly outline our overall strategy.
Our goal is to show the existence of an S,-compression n: X;» --+ Y defined over k, where
dim(Y) < n—4. Key to our construction is the observation that Xj » admits an action of a certain
2-dimensional linear algebraic group B, which commutes with the S, -action. This B-action is a
characteristic p phenomenon, it only exists when char(k) divides both n and (g‘), see Remark 12.
The idea is then to define 7 as the quotient map for this action. The remainder of this section will
be devoted to working out the details of this construction.

We begin by introducing the 2-dimensional algebraic group B: it is the group of upper-
triangular matrices in PGLy, i.e., the group of matrices of the form (‘g [f ) Note that B is a Borel
subgroup of PGLy; this is why we chose the letter “B”. Consider the natural action of B on A" by
o

0 1) (X1, X)) = (@x + B, ... ax, + B).

Lemma 11. Assume p = char(k) divides n. If p = 2, assume further that 4 divides n. Then

(@) X1, < A" is invariant under the action of B defined above.
(b) The stabilizer in B of a point a = (ay,...,an) € X12 \ A is trivial.

Proof.

(@). For a = (m,...,a,) € A”(%), let s;(a) be the ith elementary symmetric polynomial in
ai,...,ap. By definition, a lies on Xj, if and only if s1(a) = s2(a) = 0. Thus we need to check
that s1(a) = s2(a) = 0 implies s1(g-a) = s2(g-a) =0, for any a = (ay,...,a,) € A" (k) and any
g= (‘(’)‘ lf) € B. Indeed, assume that s;(a) = s»(a) = 0. Under our assumptions on p = char(k)
and n,

silg-a)=s1(aa +B,...,aa,+p)=as;(@+nf=0+0=0 (8)

and
s2g-a)=s(aa +B,...,aa,+p) = a®sy(a) +af(n—1s(a)+ (Z)ﬁz =0+0+0=0, 9)

as desired.

(b). The stabilizer of any point a = (ay, ..., a,) € A" (k) is the group subscheme of B cut out by the
equations
aa; + B =a,
(10)
aa,+p=ap.
Here ay,...,a, € k are fixed, and « and B are coordinate functions on B. Rewriting this system in
matrix form, we obtain

a a ... “"):(() 0).

(“_l’ﬁ)'(l 1.1
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Ifag D c A, i.e., at least two of the elements a,...,a, of k are distinct, then the 2 x n matrix
(¢ % - %) has rank 2. Hence, the kernel of this matrix is trivial. We conclude that the (scheme-
theoretic) solution set to the system (10) consists of a single point, (a, ) = (1,0). In other words,

the stabilizer of a in B is trivial. O

Remark 12. For an arbitrary field k, formulas (8) and_(9) tell us that X  is invariant under the
action of B if and only if nf = (;)* = 0 for every f € k. This condition is satisfied if and only if
either p = char(k) is odd and p divides n or p = 2 and 4 divides n.

We now define the S, -equivariant morphism 7: (Xj 2\ A) — A= D0=2) by
Xr — Xs

ﬂ:a:(xl,...,xn)H( )
Xy — Xt /(1s,0)

where the subscript (7, s, f) ranges over the n(n — 1)(n — 2) ordered triples of distinct integers in
{1,2,...,n},and S, acts on these triples in the natural way. Clearly, each X jsa regular function
on X1 2\ A. Letting Y be the Zariski closure of the image of 77 in A"~ D62 , We may view 7 as an
S;-equivariant dominant rational map X;» --+ Y. The following lemma completes the proof of
Proposition 10.

Lemma 13. Assumen =5, p = char(k) divides n. If p = 2, assume further that 4 divides n. Then
(@) Sy, acts faithfullyon 'Y, and
(b) dim(Y)<n-

Proof.

(a). Assume the contrary. The kernel N of this action is a non-trivial normal subgroup of S,.
Since n =5, N is either the alternating group A;, or the full symmetric group S,,. In both cases A,
acts trivially on 7 (a) for every a = (ay, ..., a,) € Xj 2 \ A. In particular, the 3-cycle o = (2,4,5) € A,
preserves n(a). That s,

ay—az ay—az ay—dady
=0- = 11

ay —as ay —das al—a3'
This implies a, = a4, which contradicts our assumption that a ¢ A.

(b). Note that 7 sends every B-orbit to a point. By Lemma 11(b), a general orbit of B in X » is
2-dimensional. Hence, a general fiber of 7 is of dimension = 2. By the Fiber Dimension Theorem,
dim(Y) sdim(X32) -2=n-4. O

Remark 14. As we suggested at the beginning of this section, 7 is, in fact, a rational quotient for
the B-action on Xj 5. We do not need to know this though; the explicit formula in (11) suffices for
the purpose of proving Proposition 10.
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