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Introduction

In the seminal paper [43], Yau studied the Monge-Ampeére equation
(+dd°p)" =p (MA)

on a compact n-dimensional Kdhler manifold (X,w), where p is a smooth, strictly positive
measure on X of mass [w", and ¢ a smooth function on X such that the (1,1)-form w + dd®¢
is positive. Yau proved that there exists a smooth solution ¢, unique up to a constant. If w is a
rational class, say w = ¢ (L) for an ample line bundle L, then ¢ can be viewed as a positive metric
on L, and (w + dd®g)" its the curvature measure.

As observed by Kontsevich, Soibelman, and Tschinkel [31, 32], when studying degenerating
1-parameter families of Kdhler manifolds, it can be fruitful to use non-Archimedean geometry in
the sense of Berkovich over the field C((®@)) of complex Laurent series. In this context, a Monge—
Ampeére operator was introduced by Chambert-Loir [19], and a version of (MA) was solved by
the authors and Favre [11]; see below. Uniqueness of solutions was proved earlier by Yuan and
Zhang [44].

Now, the method in [11] is variational in nature, inspired by [4] in the complex case. It has the
advantage of being able to deal with more general measures y, but the drawback of providing less
regularity information on the solution. In fact, [11] only gives a continuous solution, and is thus
closer in spirit to the work of Kotodziej [30] than to [43].

It is therefore interesting to ask whether we can say more about the regularity of ¢ in (MA), at
least for special measures p. In the non-Archimedean setting, there are many possible regularity
notions; to describe the one we are focusing on, we first need to make the non-Archimedean
version of (MA) more precise, following [10, 11].

Let X be a smooth projective variety over K = C((®)) of dimension n. Consider a simple normal
crossing (snc) model & of X, over the valuation ring K° = C[[@]]. The dual complex Ay embeds
in the Berkovich analytification X?", and there is a continuous retraction pg : X*" — Ag.

A semipositive closed (1,1)-form on X?" in the sense of loc. cit. is represented by a nef relative
numerical class w € N' (% / Spec K°) for some snc model 2. We assume that the image [w] of
in N!(X) is ample. In this case, there is a natural space CPSH (w) = CPSH(X, w) of continuous -
plurisubharmonic (psh) functions, and a Monge-Ampeére operator taking a function ¢ € CPSH(w)
to a positive Radon measure ¢ — (w+dd )" on X" of mass [w]"; see also [20] for a local theory.
When [w] is rational, so that [w] = ¢; (L) for an ample (Q-)line bundle L on X, we can view any
¢ € CPSH(w) as a semipositive continuous metric on L?", with curvature measure (w + dd®¢p)".

Asin [11], let us normalize the Monge-Ampeére operator and write

MAy, () := g (@ +dd @)".

The main result in [11] is that if y is a Radon probability measure on X2" supported in some
dual complex, then there exists ¢ € CPSH(w), unique up to an additive real constant, such that
MA,, (¢) = u. More precisely, this was proved assuming that X is defined over an algebraic
curve, an assumption that was later removed in [18]. Here we want to study whether for special
measures L, the solution is regular in some sense.

We first consider the class of piecewise linear (PL) functions. A function ¢ € CO(xamy is (@-)PL
if it is associated to a vertical Q-divisor on some snc model, and PL functions are also known as
model functions. The set PL(X) of PL functions is a dense Q-linear subspace of C°(X"), and it is
closed under taking finite maxima and minima.

If ¢ € PL(X) n CPSH(w), then the measure p = MA,,(¢) is a rational divisorial measure, i.e.
a rational convex combination of Dirac masses at divisorial valuations. For example, when
[w] = ¢1 (L) is rational, the space PL(X) N CPSH(w) can be identified with the space of semipositive
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model metrics on L2", represented by a nef model £ of L, and MA,, (¢) can be computed in terms
of intersection numbers of Z.

Assuming w rational, one may ask whether, conversely, the solution to MA,, (¢) = u, with g a
rational divisorial measure, is necessarily PL. Here we focus on the case when u = dy is a Dirac
measure, where x € X4V js a divisorial valuation. In this case, it was proved in [11] that the
solution ¢, € CPSH(w) to the Monge-Ampére equation

MA, (px) = Ox, Px(x)=0 (%)
is the Green’s function of x, given by ¢, = sup{y € CPSH(w) | w(x) < 0}.

Theorem A. Assume that w is a rational semipositive closed (1,1)-form with [w] ample, and that
x € XW is a divisorial valuation. Let @x € CPSH(w) be the Green's function satisfying (x) above.
Then:

(i) indimension 1, ¢ € PL(X);
(i) in dimension = 2, it may happen that ¢ ¢ PL(X).

Writing [w] = ¢;(L), Theorem A says that the metric on L?" corresponding to ¢, is a model
metric in dimension 1, but not necessarily in dimension 2 and higher. This answers a question
in [11], see Remark 8.8 in loc. cit.

Here (i) is well known, for example from the work of Thuillier [42]; see Section 8.5. As for (ii),
we present one example where X is an abelian surface, and another one where X = P3; see
Examples 99 and 100.

We will discuss the structure of these examples shortly, but mention here that they are both
R-PL, i.e. they belong to the smallest R-linear subspace RPL(X) of CO(xam containing PL(X)
and stable under max and min. The question then arises whether also in higher dimension, the
solution ¢ to (x) is R-PL for any divisorial valuation x. While we don’t have a counterexample to
this exact question (with w rational, but see Example 67), we prove that the situation can be quite
complicated in dimensions three and higher.

Namely, let us say that a function ¢ € C°(X®") is invariant under retraction if ¢ = ¢ o pg for
some (and hence any sufficiently high) snc model &'. For example, a function on X" is R-PL iff it
is invariant under retraction and its restriction to any dual complex Ag is R-PL in the sense that
it is affine on the cells of some subdivision of Ag- into real simplices.

If ¢ € CPSH(w) is invariant under retraction, say ¢ = ¢o pg, then the Monge-Ampeére measure
MA,, (¢) is supported in Ag . However, if i is supported in Ay, then the solution ¢ to MA, () = 1
may not satisfy ¢ = ¢ o pg, see [25, Appendix A]. Still, one may ask whether ¢ is invariant under
retraction, that is, ¢ = @ o pg for any sufficiently high snc model Z”, see Question 2 in loc. cit.. A
version of this question (see Remark 77) in the context of Calabi-Yau varieties plays a key role in
the recent work of Yang Li [36], see also [1, 28, 37]. Our next result provides a negative answer in
general.

Theorem B. Let X = [P’%, with K = C(®@)), and let w be the closed (1,1)-form associated to the
numerical class of ©(1) on P3.. Then there exists ¢ € CPSH(w) such thatMA,, (@) has finite support
in some dual complex, but ¢ is not invariant under retraction. In particular, ¢ ¢ RPL(X).

Let us now say more about the examples underlying Theorem B and Theorem A (ii). They all
arise in the isotrivial case, when the variety X over K is the base change of a smooth projective
variety Y over C, and the (1,1)-form w is defined by the pullback of an ample numerical class
0 € NY(Y) to the trivial (snc) model Yxo of X = Y. In this case, we can draw on the global
pluripotential theory over a trivially valued field developed in [13], a theory which interacts
well with algebro-geometric notions such as diminished base loci and Zariski decompositions
of pseudoeffective classes.



8 Sébastien Boucksom and Mattias Jonsson

Specifically, given a smooth projective complex variety Y, and an ample numerical class
0 € N1(Y), we have a convex set CPSH(0) = CPSH(Y, 0) c C°(Y?) of continuous 0-psh functions,
where Y?" now denotes the Berkovich analytification of Y with respect to the trivial absolute
value on C. A divisorial valuation on Y is of the form v = tordg, where t € Qsg and Ec Y’ is
a prime divisor on a smooth projective variety Y’ with a proper birational morphism Y’ — Y.
When instead ¢ € R, we say that v is a real divisorial valuation. If £ c Y?" is a finite set of real
divisorial valuations, then we consider the Green’s function of Z, defined as

s :=sup{p € CPSH(Y,0) | ¢|5 < 0}.

By [13], @5 € CPSH(Y, 0), and the Monge-Ampeére measure of ¢y is supported in Z.

The base change X = Y¢() — Y induces a surjective map 7: X?" — Y3", and this map admits
a canonical section o: Y — X" called Gauss extension, and whose image consists of all C*-
invariant points in X2". For any ¢ € CPSH(Y,0) we have n*¢ € CPSH(X, w), and

MA,, (T* ) = 0, MAg ().

In particular, if v € Y4V then ¥ @y is the Green's function for x := o (v) € X4 Agboth 7* and
o* preserve the classes of Q-PL and R-PL functions, we see that in order to prove Theorem A (ii),
it suffices to find a surface Y and v € Y, such that ¢, := ¢, is not Q-PL.

Further, to prove Theorem B, it suffices to find a finite set X of real divisorial valuations on
Y = IP% such that * @y fails to be invariant under retraction. Indeed, the Gauss extension map
o takes real divisorial valuations to Abhyankar valuations, and these are exactly the ones that
lie in a dual complex. We then use the following criterion. Define the center of any function
¢ € PSH(Y,0) by

Zy () := cy{yp <supy},

where cy: Y2" — Y is the center map, see Section 3. We show that if 7% ¢ is invariant under
retraction, then Zy (¢) c Y is a strict Zariski closed subset, see Corollary 97. It therefore suffices
to find a Green’s function ¢z whose center is Zariski dense.

Our analysis of the Green’s functions ¢y is based on a relation between 6-psh functions and
families of b-divisors. Namely, we can pick a proper birational morphism p: Y’ — Y, with Y’
smooth, prime divisors E; < Y, and ¢; € Rxg, such that ¥ = {C;I ordg;}. If weset D:=}; cl.’lE,-,
then we can express @s in terms of the b-divisorial Zariski decomposition of the numerical
class p*6 — A[D], for A € (—oo, Apsetl, where Apser € R is the largest A such that this class is
pseudoeffective (psef), see Theorem 57. The analysis of the Zariski decomposition of a psef class
0 in terms of 8-psh functions is of independent interest.

Let us first consider the case of dimension two. The Zariski decomposition of p*0 — AD is then
an R-PL function of A, and this implies that the Green’s function ¢s is R-PL. On the other hand,
¢x need not be Q-PL. In fact, we prove in Theorem 60 that ¢s is Q-PL iff the pseudoeffective
threshold /lpsef is a rational number. To prove Theorem A(ii), it therefore suffices to find a
divisorial valuation v on a surface Y such that Apsef is irrational, and such examples can be found
with Y an abelian surface, and v = ordg for a prime divisor E on Y.

Using a geometric construction by Cutkosky [21], we also give an example of a divisorial
valuation v on Y = P3 such that ¢, is R-PL but not Q-PL for § = ¢ (©(1)), see Example 65. Being R-
PL, this example is invariant under retraction. As explained above, in order to prove Theorem B,
it suffices to find X such that the center cy (¢x) is a Zariski dense subset of Y. Using the notation
above, we show that the center contains the image on Y of the diminished base locus of the
pseudoeffective class p*0 — Apset[ D] on Y’. We can then use a construction of Lesieutre [35], who
showed thatif Y =P3,0 = ¢; (@ (1)), and p: Y' — Y is the blowup at nine very general points, then
there exists an effective R-divisor D on Y’ supported on the exceptional locus on p, such that the
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diminished base locus of p*6 — D is Zariski dense. If we write D = Z?:l ¢;E;, then we can take
2 ={c;'ordg,}.

Structure of the paper

The article is organized as follows. In Section 1 we recall some facts from birational geometry
and pluripotential theory over a trivially valued field. This is used in Section 2 to relate 8-psh
functions and suitable families of b-divisors, after which we study the center of a 8-psh function
in Section 3. In Section 4 we define the extremal function Vy € PSH(6) associated to a psef class:
by evaluating this function at divisorial valuations we recover the minimal vanishing order of
0 along a valuation. The extremal function is also closely related to various notions of Zariski
decomposition of a psef class, as explored in Section 5. After all this, we are finally ready to study
Green’s functions in Section 6 and Section 7. Finally, in Section 8 and Section 9 we turn to the
discretely valued case and prove Theorems A and B.

Notation and conventions

A variety over a field F is a geometrically integral F-scheme of finite type. We use the abbrevia-
tions usc for “upper semicontinuous”, Isc for “lower semicontinuous”, and iff for “if and only if”.

Acknowledgement

The authors would like to thank José Burgos Gil, Antoine Ducros, Gerard Freixas, Walter Gubler,
John Lesieutre and Milan Perera for useful exchanges related to this work. This article is dedicated
to the memory of Jean-Pierre Demailly, whose extraordinary contributions to complex analytic
and algebraic geometry have had a tremendous influence on our own research.

1. Preliminaries

Throughout the paper (except in Section 8) X denotes a smooth projective variety over an
algebraically closed field k of characteristic 0.

1.1. Positivity of numerical classes and base loci

We denote by N'(X) the (finite dimensional) vector space of numerical equivalence classes
0 = [D] of R-divisors D on X. It contains the following convex cones, corresponding to various
positivity notions for numerical classes:
o the pseudoeffective cone Psef(X), defined as the closed cone generated by all classes of
effective divisors;
« the big cone Big(X), the interior of Psef(X);
« the nefconeNef(X), equal to the closed convex cone generated by all classes of basepoint
free line bundles;
o the ample cone Amp(X), the interior of Nef(X);
o the movable cone Mov(X), the closed convex cone generated by all classes of line bundles
with base locus of codimension at least 2.

These cones satisfy

Nef(X) c Mov(X) c Psef(X),
where the first (resp. second) inclusion is an equality when dim X < 2 (resp. dim X < 1), butis in
general strict for dim X > 2 (resp. dim X > 1). We will make use of the following simple property:
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Lemmal. If0 e N'(X) is movable, then 0|y € N\ (E) is pseudoeffective for any prime divisor E c X.

The asymptotic base locusB(D) c X of a Q-divisor D is defined as the base locus of O'x (m D) for
any m € Zsg sufficiently divisible. The diminished (or restricted) base locus and the augmented
base locus of an R-divisor D are respectively defined as

B_(D):=JB(D+A) and B,(D):=[\BD-A4),
A A

where A ranges over all ample R-divisors such that D — A (resp. D + A) is a Q-divisor. Since
ampleness is a numerical property, these loci only depend on the numerical class 8 = [D] € NL(X),
and will be denoted by B_(0) c B, (9).

The augmented base locus B, (f) is Zariski closed, and satisfies

0eBig(X) = B,(@)#X and 60ecAmp(X) <= B, (0)=¢.
The diminished base locus satisfies

B-0)= |J B+0O+ew) @
€€Qxo
for any w € Amp(X). It is thus an at most countable union of subvarieties, which is not Zariski
closed in general, and can even be Zariski dense (see [35]). We further have

0 € Psef(X) <= B_(0) # X;
0 € Nef(X) < B_(0) = @;
0 € Mov(X) < codimB_(0) = 2.

1.2. The Berkovich space

We use [13, §1] as a reference. The Berkovich space X" is defined as the Berkovich analytification
of X with respect to the trivial absolute value on k [3]. We view it as a compact (Hausdorff)
topological space, whose points are semivaluations, i.e. valuations v: k(Y)* — R for some
subvariety Y < X. We denote by vy yiy € X" the trivial valuation on k(Y), and set vyiy := VX, triv-
These trivial semivaluations are precisely the fixed points of the scaling action Ry x X#* — X"
given by (¢, v) — tv.

We denote X4V ¢ X2 the (dense) subset of divisorial valuations, of the form v = tordg with
t € Q0 and E a prime divisor on a birational model n: Y — X (the case ¢ = 0 corresponding
to U = Vyiv, by convention). In the present work, where R-divisors arise naturally, it will be
convenient to allow ¢ to be real, in which case we will say that v = tordg is a real divisorial
valuation. We denote by

X[giv — R>0Xdiv

the set of real divisorial valuations. It is contained in the space X" c X" of valuations of linear
growth (see [17] and [13, §1.5]).

1.3. Rational and real piecewise linear functions

In [13], various classes of Q-PL functions on X?" were introduced, and the purpose of what
follows is to discuss their R-PL counterparts.
First, any ideal b c @x defines a homogeneous function

log|b]: X* — [—00,0]
such that log|b|(v) := —v(b) for v € X*".
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Second, any flag ideal a, i.e. a coherent fractional ideal sheaf on X x A! invariant under the
Gm-action on A! and trivial on X x G,,;, defines a continuous function

Qa: X" —R

given by @, (v) = —o(v)(a), where : X3 — (X x A1) is the Gauss extension, defined as follows.
If v is a valuation on k(Y) for some subvariety Y < X, then o(v) is the unique valuation on
k(Y x A = k(Y)(®@) with the following property: if f = ijj(Df € k(Y)[®@], then o(v)(f) =
min;{v(f;) + j}.

Concretely, any flag ideal can be written a = ¥ 7 ay@~* for a decreasing sequence of ideals
aj c Ox such thatay =0y for A <« 0 and ay =0 for A > 0, and then ¢4 = max, (logla; |+ ).

We denote by:

. PLgom(X ) the set of Q. -linear combinations of functions of the form log|b| with bc Ox a
nonzero ideal;

o PL*(X) the set of functions ¢ € C°(X®") of the form ¢ = max;{y; + A;} for a finite family
Vi€ PL}tom(X) and A; € Q; equivalently, functions of the form ¢ = %(pu for a flagideal a
and me€ Z-y;

e PL(X) the set of differences of functions in PL*(X), called rational piecewise linear
functions (Q-PL functions for short).

The sets PLgom(X) are stable under addition and max, while PL(X) is a Q-vector space, stable
under max, and is dense in CO(X?").

As in [13, §3.1], we denote by PL(X)r the R-vector space generated by PL(X). It is not stable
under max anymore; to remedy this, we further introduce:

o the set PL*(X)g of R, -linear combinations of functions in PL* (X);

¢ the set RPL*(X) of finite maxima of functions in PL* (X)g;

« the set RPL(X) of differences of functions in RPL* (X); we call its elements real piecewise
linear functions (R-PL functions for short).

As one immediately sees, the sets PL* (X)g and RPL* (X) are convex cones in C°(X2"), and RPL(X)
is thus an R-vector space. Further, RPL*(X), and hence RPL(X), are clearly stable under max.
Thus RPL(X) is the smallest R-linear subspace of C°(X?") that is stable under max and contains
PL(X).

Finally, introduce the convex cone PLﬂom(X)[R of R, -linear combinations of functions in

PL (X) (this is again not stable under max anymore). We then have:

Lemma 2. A function ¢ € C°(X®) lies in RPL*(X) iff ¢ = max;{y; + A;} for a finite family
yi €PL (X)g and A; € R.

Proof. Since any function in RPL*(X) is a finite max of functions ¢ € PL*(X)g, it suffices to
show that ¢ is of the desired form. Write ¢ = Z;zl t;p; with #; € Rsg and ¢; € PL*¥(X), i.e.
@i =max;{y;;+A;j} withy;; e PL' (X)and A;; € Q. Then

hom

.
o= max ) ti(yiji+Aij).

.....

Since each }; t;y;, lies in PLﬁom(X )r, this shows that ¢ is of the desired form.

Conversely, assume ¢ = max;{y; + 1;} for a finite family y; € PLﬁom(X)R and A; € R. For each
i, write w; = Y t;jy;j with y;; € PL;;om(X) < 0. Pick v € X® and i such that ¢(v) = y;(v) + A;.
Since ¢ is bounded, we can find ¢ € Q such that y;;(v) = c for all j. This shows that ¢ = max; ¢;
with ¢; := ¥ t;jmax{y;;,c} + A;. For all i, j, max{y,;, ¢} lies in PL* (X), thus ¢; € PL*(X)g, and
hence ¢ € RPL* (X). O
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1.4. Homogeneous functions vs. b-divisors

We use [7, §1] and [13, §6.4] as references for what follows. Recall that

e a (real) b-divisor over X is a collection B = (By) of R-divisors on all (smooth) birational
models Y — X, compatible under push-forward as cycles, i.e. an element of the R-vector
space

7, (g :=limZ" (V)g;
Y

e a b-divisor B = (By) is effective if By is effective for all Y; if B, B’ are b-divisors, then we
write B < B’ iff B’ — B is effective;

e a b-divisor B € Ztl) (X)r is said to be R-Cartier if there exists a model Y, called a determi-
nation of B, such that By is the pullback of By for all higher birational models Y’; thus
the space of R-Cartier b-divisors is given by

Cary(X)g := limZ' (Y)g.
Y
Example 3. Any R-divisor D on amodel Y — X determines an R-Cartier b-divisor D € Cary, (X)g,
obtained by pulling back D to all higher models, and any R-Cartier b-divisor is of this form.

For any B € 2115 (X)r and v € X9V, we define v(B) € R as follows: pick a prime divisor E on a
birational model Y — X and t € Q¢ such that v = frordg, and set

v(B) := tordg(By).
This is independent of the choices made, and the function @ : X4V — R defined by
() :=v(B)

is homogeneous (with respect to the scaling action of Q).

Definition 4. We say that a homogeneous functiony: X — R is of divisorial type if v (ordg) = 0
for all but finitely many prime divisors E c X.

The next result is straightforward:

Lemma5. The map B — g sets up a vector space isomorphism between lej (X)r and the space of
homogeneous functions of divisorial type on X4. Moreover, B € Zkl) (X)r is effective iff yp = 0.

We endow lej(X)[R with the topology of pointwise convergence on X9V, If Q is a topological
space, thenamap f: Q — Ztl)(X)R is thus continuous iff vo f: Q — R is continuous for all v € X4V,
We will also say that f: Q — Zé (X) islsc (resp. usc) iff vo f: Q — Rislsc (resp. usc) forall v € X9V,

If Q is a convex subset of a real vector space, then we say that f: Q — Ztl) (X)r is convexif vo f
is convex for all v € X4V, This amounts to f=0Dxp+1tx)) < Q-1 f(x) + tf(x) for x9,x; € Q,
0 <t <1. Wesay that f is concave if — f is convex.

Finally, if Q c R is an interval, then f: Q — le) (X)r is increasing (resp. decreasing) if vo f is
increasing (resp. decreasing) for each v € X4V,

Next we will generalize [13, Theorem 6.32] to real coefficients.

Definition 6. We denote by Car (X)r the convex cone of divisors B € Cary,(X)g that are antieffec-
tive and relatively semiample over X. We also set Carg (X)g :=Carp(X)g N Carg X)r.

Proposition 7. The map B — wp induces an isomorphism between Cary(X)r and the R-vector
space generated by (the restrictions to X4 of) all functions log|b| with b ¢ @x a nonzero ideal.
This isomorphism restricts to a bijection

Car} (X)p — PL; . (X)g.
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Proof. The first point is a consequence of [13, Theorem 6.32], which also yields
Cary (X)g — PLy . (X).

Since the right-hand side generates the convex cone PL; (X)g, it suffices to show that the
convex cone of antieffective and relatively semiample divisors in Cary,(X)g is generated by
antieffective and semiample divisors in Car,(X)g. By definition of a relatively semiample R-
Cartier b-divisor, we have B = }; 1; B; with t; > 0 and B; € Car(X)g relatively semiample. By
the Negativity Lemma (see [7, Proposition 2.12]), B} := B; — B; x is antieffective, and still relatively
semiample. Denoting by Bx = —Y_, cq E, the irreducible decomposition of the antieffective R-
divisor By, we infer

B= Z tiB; +an(_E_ar)
i o

where —Iz € Carp (X)g is antieffective and relatively semiample. The result follows. O

1.5. Numerical b-divisor classes

The space of numerical b-divisor classes is defined as

N} (X) :=limN'(Y),
Y
equipped with the inverse limit topology (each finite dimensional R-vector space N!(Y) being
endowed with its canonical topology).
Any b-divisor defines a numerical b-divisor class. This yields a natural quotient map

Z (X)r — Nj(X) B— [BI.
One should be wary of the fact this map is not continuous with respect to the topology of

pointwise convergence of Ztl) (X)r. However, we observe:

Lemma 8. For any finite set & of prime divisors on X, the quotient map B — [B] is continuous on
the subspace Ztl) (X)r e of b-divisors B such that By is supported by &.

Proof. For any model Y — X, each By with B € Ztl) (X)r,e lives in the finite dimensional vector
space generated by the strict transforms of the elements of & and the n-exceptional prime
divisors. Thus B — [By] € N}(Y) is continuous on Zé(X )r.&, and the result follows. O
The set of numerical classes of R-Cartier b-divisors can be identified with the direct limit
HmN'(Y) e N} (X).
Y

In particular, any numerical class 8 € N!(X) defines a numerical b-divisor class 6 = @y)y €
N} (X), where Oy is the pullback of 0 to Y.

Definition 9. The cone of nef b-divisor classes
Nefy (X) < N} (X)
is defined as the closed convex cone generated by all classes of nef R-Cartier b-divisors.

Here an R-Cartier b-divisor B is said to be nef if By is nef for some (hence any) determination
Y of B.
The following characterization is essentially formal (see [7, Lemma 2.10]).

Lemma 10. A b-divisor B € Ztl) (X)r is nef iff By is movable for all birational models Y — X. In
other words, Nef, (X) =1im  Mov(Y).

We finally record the following version of the Negativity Lemma (see [7, Proposition 2.12]).
Lemmall. IfBe le)(X)R is nef, then B < By for any birational model Y — X.
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1.6. Plurisubharmonic functions

We use [13, §4] as areference. Given a Q-line bundle L € Pic(X)g and a numerical class 0 € NLY(X),
we denote by

o« FR(L) = %g (L) the set of generically finite Fubini-Study functions for L, i.e. functions
@: X* — RU{-oc} of the form

@ =m~" max{log|s;|+ A},
1

where m € Z, is sufficiently divisible, (s;) is a (nonempty) finite set of nonzero sections
of mL, and A; € Q;

o Fhom(L) < P8 (1) the set of homogeneous Fubini-Study functions, for which the A; can
be chosen to be 0;

e PSH(O) the set of O-psh functions ¢: X* — RU {—o0o}, ¢ # —oo, obtained as limits of
decreasing nets (¢;) of generically finite Fubini-Study functions ¢; for Q-line bundles
L; such that ¢; (L;) — 6 in N1 (X). We also write PSH(L) := PSH(c; (L));

e CPSH(0) c PSH(0) the subset of continuous 8-psh functions;

e PSHpom(6) < PSH(O) the subset of homogeneous 0-psh functions, that is, functions
¢ € PSH(0) such that ¢(tv) = te(v) for ve X" and £ € R.

All functions in PSH(#) are finite valued on the set X4V « X" of divisorial valuations, and we
endow PSH(6) with the topology of pointwise convergence on X4, For all ¢,y € PSH(0), we
further have

p<yonXW e p<yon X
In particular, the topology of PSH(0) is Hausdorff. The set of 8-psh functions is preserved by the
action of R given by (,¢) — t- ¢, where (¢-¢)(v) := to(t 1 v).
Lemma 12. Forany0 e NY(X) we have:

(1) PSH(O) # @ = 0 € Psef(X);
(i) 0 e PSH(O) < 0 € Nef(X);
(iii) 6 €Big(X)=PSH(O) # @.

As we shall see in Proposition 27, (i) is in fact an equivalence, rendering (iii) redundant.

Proof. For (i) and (ii) see [13, (4.1), (4.3)]. If 8 is big, we find a big Q-line bundle L such that
6 — c1 (L) is nef. Then PSH(@) > PSH(L) > .#%'(L) # @, which proves (iii). O

Example 13. For any effective R-divisor D, wp := ¥y (see Lemma 5) satisfies —yp €
PSHhom([D])-

Our assumption that X is smooth and k is of characteristic zero implies that the envelope
property holds for any class 8 € N!(X), see [16, Theorem A]. This means that if (@) is any family
in PSH() that is uniformly bounded above, and ¢ := sup, ¢, then the usc regularization ¢*,
given by ¢* (x) =limsup,,_. , ¢(y), is 0-psh.

The envelope property has many favorable consequences, as discussed in [13, §5]. For
example, for any birational model 7: ¥ — X and any 0 € NL(X) we have

PSH(7*0) = n* PSH(6), )

see [13, Lemma 5.13].
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1.7. The homogeneous decomposition of a psh function

We refer to [13, §6.3] for details on what follows. Fix § € N!(X). For any ¢ € PSH() and A < sup ¢,
setting

" =infir- g 1A} 3)

defines a homogeneous 6-psh function @A € PSHpom(@). The family (@A) Assupg is further
concave, decreasing, and continuous for the topology of PSHy,,, (0) (i.e. pointwise convergence
on X4Y), and it gives rise to the homogeneous decomposition
@= sup {p*+A} 4)
Assup ¢
For A = sup ¢ = @(vyiv), the function §™@* := pS'P¥ computes the directional derivatives of ¢ at
Vtriv, 1.€.
tv) — (Vi
(:ﬁmax(l)) - lim (V) — (Vi) 5)
t—0,4 r
for v € X", The limit exists as the function ¢ — ¢(¢v) on (0,00) is convex and decreasing, see [13,
Proposition 4.12].

Example 14. Assume ¢ = ¢4 for aflagideala =3 )7 ay®* on X x Al. Then p™ = loglaz,,..|
where Amax := max{A € Z | ay # 0} (see [13, Example 6.28]).

2. Psh functions and families of b-divisors

We work with a fixed numerical class 6 € N1 (X).

2.1. Homogeneous psh functions and b-divisors

Recall that a function v € PSHy,om (0) is uniquely determined by its values on X9V, We say that
 is of divisorial type if its restriction to X9V is of divisorial type, that is, ¥ (ordg) = 0 for all but
finitely many prime divisors E < X.

Slightly generalizing [13, Theorem 6.40], we show:

Proposition 15. The map B — g in Section 1.4 sets up a 1-1 correspondence between:

(i) the set of b-divisors B € Z (X)g such that B <0 and 6+[B] e N{ (X) is nef;
(i) the set of 6-psh homogeneous functions v € PSHy o, (0) of divisorial type.

Proof. Pick B as in (i). On the one hand, Vg € PSHpom (—Byx), see Example 13. On the other

hand, since 6 + [B] = (0 + [Bx]) + (IB] — [Bx]) is nef, it follows from [13, Theorem 6.40] that
IVB_1§ =yYpR-— WE lies in PSH}op, (6 + Bx). Thus

wp € PSH(O + Bx) + PSH(-Bx) < PSH(9).

Conversely, pick ¥ as in (ii), so that ¢ = wp with0= B € Z%)(X)R. By [13, Corollary 6.17], we can
write ¥ as the pointwise limit of a decreasing net (i;) such that y; € #4,om(L;) with L; € Pic(X)g
and lim; ¢;(L;) = 0. Then y; = yp, for a unique Cartier b-divisor 0 = B; € Cary(X)g such that
L_,-+ B; is semiample (see [13, Lemma 6.34]), and hence cl(_Li)+ [B;] € Nllj (X) is nef. Further,
B; \\Bin lej (X)r, and hence [B;] — [B] in Ntl) (X) (see Lemma 8). Since c;(L;) + [B;] is nef for all i,
we conclude, as desired, that 0+ [B] is nef. O
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2.2. Rees valuations

In order to formulate a version of Proposition 15 for general 0-psh functions, the following notion
will be useful.

Definition 16. Given any effective R-divisor D on X with irreducible decomposition D =, ¢ Eq
on X, we denote by I'p X[g“’ the set of Rees valuations of D, defined as the real divisorial
valuations vy = c, 1 ordg, .

Note that v, (D) = 1 for all . We can now state a variant of [13, Theorem 6.21]:
Proposition 17. Picky € PSHyom, (0), and an effective R-divisor D on X. Then

n%axw < -1<=y+vwpePSHyon (0 - D).
D

Recall that 0 = —y p € PSHy o, ([D]).

Proof. If ¢ +yp € PSHyon (0 — D), then v < —yp, and hence maxry < —1, since yp =1 on I'p.
Conversely, assume maxr, ¥ < —1. Consider first the case where 9 = ¢1(L) for a Q-line bundle
and ¥ € SGyom (L). For any m sufficiently divisible we thus have ¢ = —- max, log|s;| for a finite set
of nonzero section s; € H’(X, mL). Using the notation of Definition 16 we get for all i and all «

c(; ordg, (s;) = —logls;|(ve) = m,
and hence ordg, (s;) = [mc,]. This implies s; = s}sp,, for some s’ € HO(X, m(L - D,,)), where

Dy, :=m ' [mD] = Zm [mcg]Eq

and sp,, € H°(X, D,,) is the canonical section. Since ¥p,, = —loglsp,,|, we infer

Y +Yp,, =+ maxlog|s;| € #hom(L— D) € PSHhom (L~ Dpp).
1

When m — oo, wp,, decreases to ¥p, and [D,,] — [D] in N'(X), and we infer ¢ + wp €
PSHpom (L — D).
In the general case, 1 can be written as the pointwise limit of a decreasing net v; € #,om (L;),

where L; € Plc(X)@ satisfies that c;(L;) — 0 is nef and tends to 0 (see [13, Corollary 6.17]). Pick
t€(0,1). For all i large enough and all a, we then have ¢, 1//1 (ordg,) = —t, and hence

Wi+ tWp € Fhom(Li — tD) € PSHyom (L; — tD)

by the previous step of the proof. Since y; + typ decreases to v + tywp and L; — tD — 6 — tD
in N!(X), we infer v + twp € PSHpom (0 — tD) (see [13, Theorem 4.5]). Pick any w € Amp(X).
Then y + twp € PSHypom (0 — D +w) for all £ € (0,1) close to 1, so by the envelope property (see [13,
Theorem 5.11]), we get w+ v p € PSHpom (0 — D+w). As this is true for all w € Amp(X), we conclude
W +¥p € PSHpom (0 — D) (again see [13, Theorem 4.5]). g

2.3. Psh functions and families of b-divisors

We now extend Proposition 15 to general -psh functions. We say that ¢ € PSH(6) is of divisorial
type if the homogeneous psh function $™®* € PSHy o, (0) is of divisorial type, see Section 1.7.
By (5), this is equivalent to ¢ (ordg) = sup ¢ for all but finitely many prime divisors E c X.

Theorem 18. There is a 1-1 correspondence between:
(i) the set of 0-psh functions ¢ € PSH(0) of divisorial type;
(ii) the set of continuous, concave, decreasing families (By)j<a,., of b-divisors, for some
Amax € R, such that By <0 and 0 + [Byl € Ntl)(X) is nefforall A < Apax.
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The correspondence is given by
@= sup {yp +A, wg, =M (6)
A<Amax

In particular, we have Amax = sup ¢ and 9" =yp, .

Proof. Pick a family (Bj)a<a,,,, as in (ii). By Proposition 15, setting ¥ := ¥ g, defines a contin-
uous, concave and decreasing family (1) 1<, in PSHhom (6). Since 6 has the envelope prop-
erty, the usc upper envelope ¢ := sup;tS P (wy + A) lies in PSH(@). On X9V, ¢ coincides with
SUP <t (W2 +A) (see [13, Theorem 5.6]). By Legendre duality, we further have v, = " for
A < Amax (see [13, Theorem 6.24]), and hence also for 1 = Anhax, by continuity of both sides on
(00, Amax]-

Conversely, pick ¢ as in (i), so that p™* € PSHyqp, (0) is of divisorial type. For each A < sup ¢
we then have 0 = $* = ™, which shows that $* € PSHyom (6) is also of divisorial type. By
Proposition 15, we thus have §* = ¥, for a b-divisor By < 0 such that 6 + [B,] is nef, and the
family (Bj)<sup¢ is concave, decreasing and continuous, since so is @Y A<supg- O

Remark 19. Not every 0-psh function is of divisorial type. For example, assume dimX = 1,
and pick a sequence (p;)jen of closed points on X, with corresponding ideals m; < @, and
a sequence ¢; in R such that Zj €; < degf. Then ¢ := Zj gjlogim;| € PSH(0), and —¢; =
(p(ordpj) <sup¢g =0forall j (see [13, Example 4.13]).

3. The center of a §-psh function

In this section we introduce the notion of the center of a 0-psh function. This is a subset of X
defined in terms of the locus on X?" where ¢ is smaller than its maximum.

3.1. The center map

For any v € X?", we denote by cx(v) € X its center, and by

Zx(v):={cx(}c X
the corresponding subvariety. The center map cx: X*" — X is surjective and anticontinuous,
i.e. the preimage of a closed subset is open. In particular, any subvariety Z c X is of the form

Z = Zx(v) for some v; we can simply take v = ord ;.
More generally, for any subset S c X?" we set

Zx(8):= Zx ). @)

veS
This is smallest subset of X that contains cx(S) and is closed under specialization.

3.2. The center of a 8-psh function

We can now introduce
Definition 20. We define the center on X of any 0-psh function ¢ € PSH(0) as
Zx(p) = Zx({p <supep}) c X.

Example 21. For any nonzero ideal b c Oy, the function y = log|b| is 8-psh if 0 is sufficiently
ample, and then Zx(¢) = V(b). More generally, if ¢ =Y ; t;1og|b;| with ¢; € R.g and b; c Ox a
nonzero ideal, then Zx (¢) =U; V(b;).
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Recall that to any 8-psh function ¢ € PSH(8) we can associate a homogeneous 8-psh function
@™ € PSHy o1, (0), see Section 1.7.

Lemma 22. For any ¢ € PSH(0) we have {¢p < sup ¢} = {p™* < 0}. As a consequence, Zx(p) =
Zx (™). Moreover, the following conditions are equivalent:
() ¢ is of divisorial type;
(i) @™ is of divisorial type;
(iil) Zx(p) = Zx (™) contains at most finitely many prime divisors E c X.

Proof. Pick any v € X?". By (5) and the fact that t — ¢(tv) is decreasing and convey, it follows
that ¢(v) < sup ¢ iff p™*(v) < 0. Thus Zx (@) = Zx (™) since sup p™* = 0.

Now the equivalence (i) < (ii) is definitional, and (ii) < (iii) is clear since a prime divisor E ¢ X
belongs to Zx (™) iff p™** (ordg) < 0. O

Together with Example 14, Lemma 22 implies

Corollary 23. If = ¢, foraflagideala=Y jc7a,@ * on X x AL, then Zx (¢q) = V(a2 Where
Amax :=max{l € Z | ay # 0}.

Theorem 24. Forany € PSH(0), the center Zx () is a strict subset of X, and an at most countable
union of (strict) subvarieties. Moreover, we have c;(1 (Zx (@) ={p <sup}.

Proof. Note that Zx(¢) does not contain the generic point of X, so Zx(¢) # X. Also note that by
Lemma 22 we may assume that ¢ is homogeneous.

If ¢ € om(L) for a Q-line bundle L, so that ¢ = % max;log|s;| for a finite set of nonzero
sections s; € HY(X,mL), then Zx () = N;(s; = 0), which is Zariski closed. In general, ¢ can
be written as the limit of a decreasing sequence ¢, € Fhom (L) with Ly, € Pic(X)g such that
c1(Ly) — 6 (see [13, Remark 6.18]). For any v € X4V we then have

cx (V) € Zx () <= @(v) <0 <= @, (v) <0 for some m,

i.e. Zx(p) =Um Zx(@m), an at most countable union of strict subvarieties.

Next pick v € X", and set Z = Zx(v). By [13, Proposition 4.12], ¢(tv) = t¢@(v) converges to
@(Vz,iv) = SUP zan @ as t — 400, and hence ¢(v) < 0 & ¢ = —oo on Z?". By definition of the
center, if cx(v) lies in Zx (), then we can find w € X2" such that ¢(w) < 0 and cx(v) € Zx(w),
iie. Z < Zx(w). Then ¢ = —co on Zx(w)®" > Z2", which yields ¢(v) < 0. Conversely, assume
¢(v) <0, and hence ¢ = —oo on Z*. We can find w € X9V such that Z = Zx(w). Since ¢ = —co
on Z%" = Zx(w)*", we get ¢(w) < 0, and hence cx(v) € Zx(w) < Zx (). O

For later use we record

Lemma 25. Ifg; € PSH(O;),i=1,2, then Zx (@1 + @2) = Zx (1) U Zx(g2).

3.3. Centers of PL functions

The following result will play a crucial role in what follows.

Lemma 26. If @ € PSH(O) lies in RPL* (X) (resp. RPL(X)), then Zx () is Zariski closed (resp. not
Zariski dense) in X.

Proof. Assume first ¢ € RPL*(X), and write ¢ = max;{wy; + A;} for a finite set w; € PLﬁom(X)[Re and
Ai € R. As in Example 14, we then have max; 1; = supg, and §™ = maxy,-supo ¥i. This shows
that

Zx(@)=Zx@™™ = [ ZxWy)
Ai=sup ¢
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is Zariski closed (see Example 21). Assume next ¢ € RPL(X) and write ¢ = ¢1 — @2 with 1,2 €
RPL* (X). After replacing 6 with a sufficiently ample class, we may assume that ¢, ¢, are 6-psh.
By (5) we have ¢ = p"* — ¢7'®*, and hence

Zx(p) = Zx (@) < Zx (@) U Zx (§3™) = Zx (1) U Zx (92),

which cannot be Zariski dense, since Zx (¢;) and Zx (¢;) are both Zariski closed strict subsets by
the first part of the proof. g

4. Extremal functions and minimal vanishing orders

Next we define a trivially valued analogue of an important construction in the complex analytic
case.

4.1. Extremal functions

For any 6 € N' (X), we define the extremal function Vy: X® — [—00,0] as the pointwise envelope
Vp :=sup{p e PSH(O) | ¢ <0}. €)
Proposition 27. Foranyf € NY(X) we have
0 € Psef(X) = Vy € PSHyom (0);
0 ¢ Psef(X) = Vp = —o0;
0 € Nef(X) <= Vp =0.
In particular, PSH(0) is nonempty iff 0 is pseudoeffective. For any w € Amp(X), we further have
Vorew \ Vg ase ™\ 0. 9)

Proof. Since the action (z,¢) — - ¢ of R, preserves the set of candidate functions ¢ in (8), Vy
is necessarily fixed by the action, and hence homogeneous. If § is not psef, then PSH(0) is empty
(see Lemma 12), and hence Vp = —oco. By Lemma 12, we also have Vj = 0 iff 8 is nef.

Next, assume 6 € Big(X). Then PSH(0) is non-empty (see Lemma 12), and the envelope
property implies that VB* is 8-psh and nonpositive. It is thus a candidate in (8), and hence
V¢ < Vg, which shows that V;* = Vp is 0-psh.

Assume now 0 € Psef(X), and pick w € Amp(X). For each € > 0, the previous step yields
Ve := Vosew € PSHpom (0 + ew). For 0 < € < 6 we further have PSH(6) c PSH(6 + ew) < PSH(6 + 6 w),
and hence V5 = V; = V. Set V :=1lim, V,. For any 6 > 0 fixed, we have V, € PSHy o1, (0 + dw) for
e<d,and V; \\ V as € = 0. Thus V € PSHy,o, (6 + dw) for all 6§ > 0, and hence V € PSHy,om, (6).
Since V is a candidate in (8), we get V < Vj, and hence Vyp = V = lim, V;. This proves that Vj is
0-psh, as well as (9). O

4.2. Minimal vanishing orders

For 6 € Psef(X), the function Vy € PSHy, (0) is uniquely determined by its restriction to xdiv,
where it is furthermore finite valued. For any v € X4V we set

v(0) :=—-Vy(v) =inf{—-¢@(v) | ¢ € PSH(B), ¢ < 0} € R>. (10)
Note that
v(0) =supv(@ + cw) (11)
>0

for any w € Amp(X), by (9). As we next show, these invariants coincide with the mini-
mal/asymptotic vanishing orders studied in [6, 22, 40].
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Proposition 28. Pick ve X, Then:

(i) the function 8 — v(0) is homogeneous, convex and Isc on Psef(X); in particular, it is
continuous on Big(X);
(i) for any@ € Psef(X) we have

v(0) <inf{v(D) | D = 0 effective R-divisor}, (12)
and equality holds when 0 is big.

Note that equality in (12) fails in general for 8 is not big, as there might not even exist any
effective R-divisor D in the class of .

Proof. Using PSH(0) + PSH(0') < PSH(O + 6') and PSH(#6) = t PSH(0) for 6,0’ € Psef(X) and ¢ > 0,
it is straightforward to see that 8 — v(8) is convex and homogeneous on Psef(X). Being also finite
valued, it is automatically continuous on the interior Big(X). For any w € Amp(X) and € > 0,
6 — v(0 + ew) is thus continuous on Psef(X), and (11) thus shows that 8 — v(0) is Isc, which
proves (i).

Next pick 6 € Psef(X). For each effective R-divisor D = 6, the function —yp € PSHpom (6),
see Example 13, is a competitor in (8). Thus —v(D) = ¢vp(v) < Vy(v) = —v(0), which proves the
first half of (ii). Now assume 6 is big, and denote by v'(0) the right-hand side of (12). Both v(6)
and v'(0) are (finite valued) convex function of 6 € Big(X). They are therefore continuous, and
it is thus enough to prove the equality v(0) = v'(0) when 6 = ¢, (L) with L € Pic(X)q big. To this
end, pick an ample Q-line bundle A, and set w := ¢;(A). By [13, Theorem 4.15], for any € > 0
we can find ¢ € A% (L + A) such that ¢ > Vy and ¢(vuiy) = supg < €. By definition, we have
Q= m~! max; flogl|s;| + A;} with m sufficiently divisible and a finite family of nonzero sections
s; € H(X, m(L + A)) and constants A; € Q. Then max; A; = msupg < me, and m~'v(s;) = v(D;)
with D; := m~1div(s;) =0 + 0, and hence m~v(s;) = v/ (0 + w). Thus

-v@)=Ve(w) = (v) = m! max{v(s;) +A;} < V(O +w)+e.
1

This shows v'(0) = v(f) = v/ (0 + w), and hence v'(0) = v(@), since lim,—_¢ V(0 + w) = V'(0) by
continuity on the big cone. O

Remark 29. If L € Pic(X) is big, then [22, Corollary 2.7] (or, alternatively, a small variant of the
above argument) shows that v(c; (L)) is also equal to the asymptotic vanishing order
v(ILI := lim L min{v(s)|se H(X, mL)\ {0}}
m—oo
= inf{v(D) | D ~q L effective Q-divisor}.
Remark 30. Continuity of minimal vanishing orders beyond the big cone is a subtle issue. For
anyveX div the function 8 — v(8), being convex and Isc on Psef(X), is automatically continuous
on any polyhedral subcone (cf. [27]). When dim X = 2, it is in fact continuous on the whole

of Psef(X), but this fails in general when dim X = 3 (see respectively Proposition III.1.19 and
Example IV.2.8 in [40]).

4.3. The center of an extremal function

The following fact plays a key role in what follows.

Theorem 31. For any 6 € Psef(X), the function Vy € PSHyon (0) is of divisorial type (see Defini-
tion 4). Further, its center Zx(Vp) coincides with the diminished base locus B_(0) (see Section 1.1).

The proof relies on the next result, which corresponds to [40, Corollary III.1.11] (see also [6,
Theorem 3.12] in the analytic context).



Sébastien Boucksom and Mattias Jonsson 21

Lemma 32. Pick 0 € Psef(X), and assume E,,...,E, c X are distinct prime divisors such that
ordg; (0) > 0 for all i. Then [E:],...,E;] are linearly independent in NY(X). In particular, r <
p(X) = dimN(X).

Proof. We reproduce the simple argument of [8, Theorem 3.5(v)] for the convenience of the
reader. By (11), after adding to 8 a small enough ample class we assume that 0 is big. Suppose
Y. ¢i[E;] =0 with ¢; € R, so that G :=}_; ¢; E; is numerically equivalent to 0, and choose 0 < € < 1
such that ordg, (0) + ec; > 0 for all i. Pick any effective R-divisor D =6 and set D' := D + €G. Then
D' is effective, since

ordg, (D) = ordg, (D) + £¢; = ordg, (0) + £¢; > 0
for all i. Since G = 0, we also have D’ = 6, and (12) thus yields for each i

ordg, (0) < ordg, (D") = ordg, (D) + ¢;.

Taking the infimum over D we get ordg, (0) < ordg, (8) + £c; (see Proposition 28 (ii)), i.e. ¢; = 0 for
all i. Thus G =0, and hence G = 0, since G = 0. This proves c¢; = 0 for all i which shows, as desired,
that the [E;] are linearly independent. U

Proof of Theorem 31. By (10), the first assertion means that there are only finitely many prime
divisors E c X such that ordg(0) > 0, and is thus a direct consequence of Lemma 32. Pick v € X div,
The second point is equivalent to v(0) > 0 & cx(v) € B_(8). When @ is big, this is the content
of [22, Theorem B]. In the general case, pick ® € Amp(X). Then v(0) > 0 iff v(6 + ew) > 0 for
0 <& <1, by (11), while cx(v) € B_(0) iff cx(v) € B_(0 + ew) for 0 < € <« 1, by (1). The result
follows. O

For later use, we also note:

Lemma 33. For any polyhedral subcone C c Psef(X), we have:
(i) @~ v(8) is continuous on C for all ve X4;
(ii) the set of prime divisors E c X such that ordg(0) > 0 for some0 € C is finite.

Proof. As mentioned in Remark 30, any convex, Isc function on a polyhedral cone is continuous
(see [27]), and (i) follows. To see (ii), pick a finite set of generators (6;) of C. Each 8 € C can be
written as 0 = }_; t;0; with t; = 0. By convexity and homogeneity of minimal vanishing orders,
this implies ordg(0) < Y_; t;ordp(6;), so that ordg(0) > 0 implies ordg(6;) > 0 for some i. The
result now follows from Lemma 32. O

5. Zariski decompositions

Next we study the close relationship between the extremal function in Section 4, and the various
versions of the Zariski decomposition of a psef numerical class.

5.1. The b-divisorial Zariski decomposition

Pick e N}(X) a psef class. By Theorem 31, the function X35y p@) = —Vp(v) is of divisorial
type. We denote by
N(®) € Z; (X

the corresponding effective b-divisor, which thus satisfies
YN (V) = v(N@)) = v(0) = -Vy(v)
for all v e X4V,
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Theorem 34. For any0 € Psef(X), the b-divisor class
P(6):=60 - [N(0)] e N}, (X)
is nef, and N(0) is the smallest effective b-divisor with this property. Moreover,
N(@©) =N@)y 13)
for all birational models Y — X.

We call = P(6) + [N()] the b-divisorial Zariski decomposition of 6. At least when @ is big, this
construction is basically equivalent to [33, Theorem D], and to the case p =1 of [9, §2.2].
Note that the b-divisorial Zariski decomposition is birationally invariant:

Lemma 35. For any0 € Psef(X) and any birational modeln: Y — X, we have
N@#@*0)=N@©®) and Pn*6)=P@®)
inZ, (X)r = Z} (Y)g and Nj, (X)g = N} (Y)g, respectively.
Proof. Since PSH(z*0) = n* PSH(#), see (2), we have V;+g = 1* Vp, and the result follows. O

Proof of Theorem 34. Since y_y) = Vp is 0-psh, Proposition 15 shows that 6 — [N(0)] is nef,
which yields the last point, by the Negativity Lemma (see Lemma 11). Conversely, if E € lej (Xr
is effective with 6 — [E] nef, then —y g € PSHypom (0), again by Proposition 15. Thus —yg < Vpy =
—¥n), and hence E = N(0). O

As a consequence of Proposition 28, we get

Corollary 36. The map Psef(X)36— N(0) € le)(X ) is homogeneous, Isc, and convex.

5.2. The divisorial Zariski decomposition

For any 0 € Psef(X), we denote by Nx () := N(f) x the incarnation of N() € le)(X)R on X, which
thus satisfies

Nx(©6) = ) ordg(®)E (14)
EcX
with E ranging over all prime divisors of X, and ordg(0) = 0 for all but finitely many E.

For any effective R-divisor D on X with numerical class [D] € Psef(X), (12) yields
Nx (D) :=Nx([D]) = D. (15)
More generally, the following variational characterization holds.
Theorem 37. For any0 € Psef(X), the class
Px(0):=0 - [Nx(0)] eN'(X)

is movable, and Nx (0) is the smallest effective R-divisor on X with this property.

Following [6], we call the decomposition

0 =Px(0) + [Nx(0)]

the divisorial Zariski decomposition of 8. It coincides with the o -decomposition of [40].

Proof of Theorem 37. By definition, Px(0) is the incarnation on X of 6 - [N(9)]. By Theorem 34,
the latter class is nef, and Px (0) is thus movable, by Lemma 10.

To prove the converse, assume first that 6 is movable. We then need to show Nx(0) = 0, i.e.
ordg(0) = 0 for each E c X prime (see (14)). By (12), this is clear if 0 = ¢; (L) for a big line bundle
L with base locus of codimension at least 2. Since the movable cone Mov(X) is generated by the
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classes of such line bundles, the continuity of § — ordg(8) on the big cone yields the result when
0 is further big, and the case of an arbitrary movable class follows by (11).

Finally, consider any 0 € Psef(X) and any effective R-divisor D on X such that 8 — [D] is
movable. For any E c X prime we then have ordg(0 — [D]) = 0 by the previous step, and
ordg([D]) < ordg(D) by (15)). Thus

ordg(0) < ordg (0 — [D]) + ordg(D) = ordg (D).
This shows N (0) < D, which concludes the proof. U

Remark 38. Theorem 37 implies the following converse of Lemma 10: a class 8 € N'(X) is
movable iff 8 = a x for a nef b-divisor class a € Nef}, (X).

Corollary 39. Pick 0 € Psef(X) and a prime divisor E c X. Then (8 —ordg(0)E)|g € NYE) is
pseudoeffective.

Proof. We have 0 —ordg(0)[E] = Px(0) + X_p.pordr(0)[F], where F ranges over all prime divisors
of X distinct from E. Since Px(0) is movable, Px (0)|g is psef. On the other hand, [F]|g is psef for
any F # E, and the result follows. O

Lemma 40. For any 0 € Psef(X) and any birational modeln: Y — X, the incarnation of N(6) on
Y coincides with Ny (n*6). Further, the following are equivalent:

(i) the b-divisor N(0) is R-Cartier, and determined on Y;
(i) Py (n*0) is nef.

Proof. The first point follows from Lemma 35. If (i) holds then the nef b-divisor class 0- N(0) is
R-Cartier and determined on Y. Thus (0 —N(8))y = %0 — Ny (#*0) = Py (n*0) is nef, and hence
() = (ii).

Conversely, assume (ii). Then N(8)y = Ny (7*0) is an effective b-divisor, and the b-divisor
class 0 — [IN@)y] =Py (n*0) is nef. By Theorem 34 this implies N(0) < N(0)y, while N(6) = N(@)y
always holds (see (13)). This proves (ii) = (i). O

Since any movable class on a surface is nef, we get:
Corollary 41. If dim X =2 then N(0) = Nx(0) for all 0 € Psef(X).

In contrast, see [40, Theorem IV.2.10] for an example of a big line bundle L on a 4-fold X such
that the b-divisor N(L) is not R-Cartier, i.e. Py (x* L) is not nef for any model z: ¥ — X.

5.3. Zariski exceptional divisors and faces

This section revisits [6, §3.3].

Definition 42. We say that:

(i) an effective R-divisor D on X is Zariski exceptional if Nx(D) = D, or equivalently,
Px([D))=0;
(i) afinite family (E;) of prime divisors E; c X is Zariski exceptional if every effective R-divisor
supported in the E;’s is Zariski exceptional.
We also define a Zariski exceptional face F of Psef(X) as an extremal subcone such thatPx |r =0.

Here a closed subcone C < Psef(X) is extremal iff a, § € Psef(X), a + § € C implies a, € C.
We first note:

Lemma 43. An effective R-divisor D on X is Zariski exceptional iff N(D) = D.
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Proof. Assume Nx (D) = D. Then N(D) < D, by Theorem 34, and N(D) = Nx (D) = D (see (13)).
The result follows. Il

The above notions are related as follows:

Theorem 44. The following properties hold:

(i) if E c X is a prime divisor, then E is either movable (in which case E|g is psef), or it is

Zariski exceptional;

(i) the set of Zariski exceptional families of prime divisors on X is at most countable;

(iii) for any 0 € Psef(X), the irreducible components of Nx(0) form a Zariski exceptional
family; in particular, Nx (0) is Zariski exceptional;

(iv) each Zariski exceptional family (E;) is linearly independent in N'(X), and generates a
Zariski exceptional face F := Y ; R>[E;] of Psef(X);

(v) conversely, each Zariski exceptional face F of Psef(X) arises as in (iv).

Proof. Assume E c X is a prime divisor. Then Nx (E) < E (see (15)), and hence Nx (E) = cE with
ce[0,1]. If c = 1, then E is Zariski exceptional. Otherwise,

E=(1-0 " (E-Nx(E)=(1-¢)"'Px(E)

is movable (and ¢ = 0). This proves (i).

To see (ii), note that a Zariski exceptional prime divisor satisfies E = Nx(E), and hence is
uniquely determined by its numerical class [E] € N'(X)g. As a consequence, the set of Zariski
exceptional primes is at most countable, and hence so is the set of Zariski exceptional families.

Pick 6 € Psef(X). We first claim that D := Nx () is Zariski exceptional. Since Px(0) = 6 —[D]
and Px (D) = [D — Nx(D)] are both movable, 8 — [Nx(D)] is movable as well. Theorem 37 thus
yields Nx (D) = Nx(0) = D, which proves the claim in view of (15). Denote by D = Z;:l ¢ E;
the irreducible decomposition of D, and set f;(x) := ordg; (Zj x;jE;) for 1 =i < r. This defines a
convex function f;: RL ) — Rxo which satisfies f;(x) < x; for all x, by (15). Since equality holds at
the interior point x = c € R;(y we necessarily have f;(x) = x; forall x € [Rgo, which proves (iii).

Next pick a Zariski exceptional family (E;). By Lemma 32, the [E;] are linearly independent
in N1(X). By definition, we have Px = 0 on F := }; R>¢[E;]. To see that F is an extremal face of
Psef(X), pick D := Y ; ¢c;E; with ¢; = 0, and assume [D] = a +  with a, § € Psef(X). We need to
show that both a and S lie in F. By Definition 42 we have D = Nx (D) < Nx(a) +Nx(B), and hence

INx(@)]+ [Nx(B)] = Px(a) + Px(B) + [Nx ()] + [Nx ()] = @+ f = [D] < [Nx(@)] +Nx(B)], (16)

with respect to the psef order on N!(X). Since Psef(X) is strict, we infer Px(a) = Px(B) =0and
[D] = [Nx(a)] + [Nx(B)]. Since Nx(a) + Nx(B) — D is effective, it follows that Nx(a) + Nx(8) = D.
This implies that Nx(a) and Nx(f) are supported in the E;’s, which proves, as desired, that
a =[Nx(a)] and B = [Nx(B)] both lie in F. Thus (iv) holds.

Conversely, assume that F c Psef(X) is a Zariski exceptional face, and pick a class 6 in its
relative interior F. By (iii), the components (E;) of Nx(0) form a Zariski exceptional family, which
thus generates a Zariski exceptional face F' := Y ; Rxo[E;]. Since F and F’ are both extremal faces
containing 6 in their relative interior, we conclude F = F’, which proves (v). O

As a result, Zariski exceptional families are in 1-1 correspondence with Zariski exceptional
faces, which are rational simplicial cones generated by Zariski exceptional primes.

For surfaces, the notions above admit the following interpretation: see e.g. Theorems 5.4
and 4.8 in [6]:
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Theorem 45. Assumedim X =2. Then:

(i) a finite family (E;) of prime divisors on X is Zariski exceptional iff the intersection matrix
(E; - E}) is negative definite;

(i) forany0 € Psef(X), 8 = Px(0)+[Nx(0)] coincides with the classical Zariski decomposition,
i.e. Px(0) is nef, Nx (0) is Zariski exceptional, and Px (0) -Nx(0) = 0.

5.4. Piecewise linear Zariski decompositions

We introduce the following terminology:

Definition 46. Given any convex subcone C c Psef(X), we say that the Zariski decomposition
is piecewise linear (PL for short) on C if the map N: C — le) (X)r extends to a PL map N'(X) —
Ztl’ (X)r, i.e. a map that is linear on each cone of some finite fan decomposition of N'(X). If the
fan and the linear maps on its cones can further be chosen rational, then we say that the Zariski
decomposition is Q-PL on C.

Lemma47. Let C c Psef(X) be a convex cone, and assume that C is written as the union of finitely
many convex subcones C;. Then the Zariski decomposition is PL (resp. Q-PL) on C iff it is PL
(resp. Q-PL) on each C;.

Proof. The “only if” part is clear. Conversely, assume the Zariski decomposition is PL (resp. Q-
PL) on each C;. After further subdividing each C; according to a fan decomposition of NL(X),
we may assume that there exists a linear (resp. rational linear) map L;: N!(X) — le) (X)gr that
coincides with N on C;. If C; has nonempty interior in C, then L;|vecic is uniquely determined
as the derivative of N at any interior point of C;, and we have N = L; on C by convexity of N, see
Corollary 36. Set F := max; L;, where the maximum is over all C; with nonempty interior in C.
Then F: N1(X) — lej (X)r is PL (resp. Q-PL), N = F on C, and equality holds outside the union A
of all C; with empty interior in C. Since A has zero measure, its complement is dense in C. Since
N —F is Isc, see Corollary 36, we infer N < F on C, which proves the “if” part. U

As a consequence of [22, Theorem 4.1] and its proof (especially Proposition 4.7) we have:

Example 48. If X is a Mori dream space (e.g. of log Fano type), then:

o for each 0 € Psef(X), the b-divisor N(0) is R-Cartier;
» Psef(X) is a rational polyhedral cone;
o the Zariski decomposition is Q-PL on Psef(X).

The next result is closely related to the theory of Zariski chambers studied in [2].

Proposition 49. Ifdim X = 2, then the Zariski decomposition is Q-PL on any convex cone C C
Psef(X) with the property that the set of prime divisors E c X with ordg(0) > 0 for some 0 € C is
finite.

By Lemma 33 (ii), the finiteness condition on C is satisfied as soon as C is polyhedral.

Proof. For each Zariski exceptional face F of Psef(X) with relative interior 1:", set Zp = N}l (1:").
Thus 0 € Psef(X) lies in Z iff the irreducible decomposition of Nx («) are precisely the generators
of F. By Theorem 45 (ii), Zr is a convex subcone of Psef(X) (whose intersection with Big(X) is a
Zariski chamber in the sense of [2]); further, Nx |z, : Zr — F is the restriction of the orthogonal
projection onto Vect F, which is a rational linear map. By Corollary 41, the Zariski decomposition
is thus Q-PL on Zg. Finally, the finiteness assumption guarantees that C meets only finitely many
Zr’s, and the result is thus a consequence of Lemma 47. O
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We conclude this section with a higher-dimensional situation in which Zariski decompositions
can be analyzed. Assuming again that dim X is arbitrary, consider next a 2-dimensional cone
C = N!(X) generated by two classes 0, a € N!(X) such that § € Nef(X) and a ¢ Psef(X). Set

Chet := CNNef(X) < Cpser:= CNPsef(X) < C,
and introduce the thresholds
Anef :=supil =016 + Aa € Nef(X)}, Apsef:=sup{A=0] 0 + Aa € Psef(X)},

50 that Cyef (resp. Cpsef) is generated by 0 and Oper := 0 + Apef@ (r€SP. Opse := 0 + Apgera).
The next result is basically contained in [41, §6.5].

Proposition 50. With the above notation, suppose that C contains the class of a prime divisor
S c X such that Nef(S) = Psef(S) and S|s is not nef. Then:
(i) Opser = t[S] with t>0;
(i) Aner=AS  :=sup{A=0](0+Aa)ls € Nef(S)};
(iii) the Zariski decomposition is PL on Cpset, With

N=00nCpef, N(abnet+ b(S]) = bS forall a,b=0.

Proof. The assumptions imply that S|g is not psef. By Theorem 44 (i), S is thus Zariski excep-
tional, and [S] generates an extremal ray of Psef(X). This ray is also extremal in Cpgef, which
proves (i).

Next, note that Apef < Aflef < Apsef, by (i). Pick a curve y = X. We need to show 0+ Aflefa) -y =0.
This is clear if y S (since (6 + A5 .a@)|s is nef), orif a-y = 0 (since §-y = 0 and A5 . = 0). Otherwise,
we have S-y=0and a-y <0, and we get again (0 + Agefa) -y =0 since

0+ A5 a0 = Opger + (A5 — Apse) @ = t[S] + (A5 o — Apsen)

with /lgef — Apsef = 0. This proves (ii).

For (iii), note that N = 0 on Nef(X) > C,f (see Theorem 34). Further, N([S]) = S (see Lemma 43),
and hence N(afpef + b[S]) < bSfora,b=0.In particular, ¢ := ords(afpet + b[S]) < b. On the other
hand, (13) yields

N(aBpet + bIS]) = N(abpet + bIS]) = ¢S,
and it thus remains to see ¢ = b. By Corollary 39, ((aOnet + b[S]) — c[S]) |s lies in Psef(S) = Nef(S).
By (ii), we infer afycs+ (b— ¢)[S] € Cpef, and hence b— ¢ = 0, since Cper = Rx08 + Rx(0yf intersects
R>0Onef + R0 [S] only along R>(Opef. O

6. Green’s functions and Zariski decompositions

In this section we fix an ample class w € Amp(X).

6.1. Green's functions and equilibrium measures

A subset X c X?" is pluripolar if £ c {¢p = —oc} for some ¢ € PSH(w). By [13, Theorem 4.5], X is
nonpluripolar iff

T(Z):= sup (supg—supe) € [0,+o0o]
ePSH(w) )

is finite. The invariant T(X), which plays an importantrole in [5, 14], is modeled on the Alexander—
Taylor capacity (which corresponds to e~ ') in complex analysis.

Definition 51. For any subset X < X" we set

Qs = @Pu,s :=sup{p € PSH(w) | |5 < 0}. 17)
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Note that @5 (Vyiv) = sup@s = T(Z), and hence
@> €PL(X) =T(E) Q. (18)

Theorem 52. For any compact subset X c X", the following holds:
(i) @ =supip € CPSH(w) | pls < 0}; in particular, s is Isc;

(ii) ifZ is pluripolar then ¢ = +oo;
(iii) if = is nonpluripolar, then @3 is w-psh and nonnegative; further, pus := MA(@3) is sup-
ported in Z, [@% us =0, and ys is characterized as the unique minimizer of the energy

|l over all Radon probability measures p with supportinX.

Since the energy of a Radon probability measure p only appears in this statement, we simply
recall here that it is defined as

lwll = sup (E(w)—fwu)€[0,+oo], (19)
pe&l(w)

and refer to [13, §9.1] for more details.

Definition 53. Assuming X is nonpluripolar, we call us its equilibrium measure, and @3 its
Green’s function.

The latter is characterized as the normalized potential of us (in the terminology of [15, §1.6]),
i.e. the unique ¢ € &' (w) such that MA(¢) = s and [ ¢ us = 0.

Proof of Theorem 52. Denote by ¢ the right-hand side in (i), which obviously satisfies ¢ < ¢s.
Pick ¢ € PSH(w) with ¢|s < 0, and write ¢ as the limit of a decreasing net (¢;) in CPSH(w). For
any £ > 0, a Dini type argument shows that ¢; < £ on X for i large enough. Thus ¢; < ¢ +¢, and
hence ¢ < ¢ +&. This shows ¢y < ¢§, which proves (i).

Next, (ii) and the first half of (iii) follow from [13, Lemma 13.15]. Since the negligible set
{ps < (pg} is pluripolar (see [13, Theorem 13.17]), it has zero measure for any measure p of finite
energy [13, Lemma 9.2]. If u has support in Z, this yields [¢3u = [¢zp = 0. By (19) we infer
[lgell = E((pg) = |lu=|l. This proves that yz minimizes the energy, while uniqueness follows from
the strict convexity of the energy [13, Proposition 10.10]. O

Further mimicking classical terminology in the complex analytic setting, we introduce:
Definition 54. We say that a compact subset . < X" isregular if ¢z € CPSH(w).
In particular, X is then nonpluripolar (see Theorem 52).

Lemma 55. For any compact subset ~ < X", the following hold:

() X isregulariffpi<0onZ;
(ii) the regularity of X is independent of w € Amp(X);
(iii) ifXc X0 then s is regular.

Proof. If X is regular, then ¢ = @5 vanishes on X. Conversely, assume ¢3 < 0 on X. By (ii) and
(iii) of Theorem 52, X is necessarily nonpluripolar, and (pg is w-psh. Itis thus a competitor in (17),
which implies that @5 = ¢3 is w-psh, and also continuous by Theorem 52 (i).

Assume ¥ is regular for w, and pick o’ € Amp(X). Then fw — ' is nef for ¢ > 1, and hence
PSH(w') < tPSH(w). This implies Y5 < L@, s, and hence (p:ﬂ,z < t@y,x. In particular, (P:)/_Z|z <
0, which proves that X is regular for w’, by (i).

Finally, assume X c x!in Since {ps < (pg } is pluripolar (see [13, Theorem 13.17]), it is disjoint
from X!, Asaresult, (pg € PSH(w) vanishes on X, and it again follows from (i) that X isregular.



28 Sébastien Boucksom and Mattias Jonsson

6.2. The Green'’s function of a real divisorial set

In what follows, we consider a real divisorial set, by which we mean a finite set X c Xu%i" of real
divisorial valuations. By Lemma 55 (iii), Z c xlin jg regular, i.e. ¢z € CPSH(w). When X = {v} for a
single v € X[g“’, we simply write @, := 5.

Example 56. Assume w = ¢;(L) with L € Pic(X)g ample and v € X9V Then v is dreamy (with
respect to L) in the sense of K.Fujita iff ¢, € A#°(L); see [14, §1.7, Appendix A].

If vyiv € 2, then @5 =0, and we henceforth assume vy, ¢ Z. Pick a smooth birational model
m: Y — X which extracts each v € X, i.e. v = t, ordg, for a prime divisor E, c Y and ¢, € R5¢. We
then introduce the effective R-divisor on Y

D:=) t;'E,,
a
whose set of Rees valuations I'p coincides with X (see Definition 16).

Theorem 57. With the above notation, the following holds:
(i) sup@s =T(Z) coincides with the pseudoeffective threshold

Apset:=max{A=0|7*w—AD € Psef(Y)};

(see

sef

(ii) ¢z € CPSH(w) is of divisorial type, and the associated family of b-divisors (Bx)y<y,
Theorem 18) is given by

B = N@*w—AD) +AD  for A € [0, Adpse]
o forA<o0.

Proof. Pick A € R. For any ¥ € PSH(w), we have ¢ + A < g5 © |z < —A, and hence
@3 = sup{y € PSHiom (@) |z < -1},

When A < 0 this yields @’21 = 0. Now assume A > 0. Using Proposition 17 and PSHyop, (1* w) =
7* PSHpom (0), we get

7*@% = sup{t € PSHpom (1* @ = AD)} = MWp = Vg p_ap — MWD (20)

Now the left-hand side is not identically —oo iff A < sup ¢, while for the right-hand side this holds
iff A < Apser, by Proposition 27. This proves (i), and also (ii), by Theorem 31. O

Corollary 58. The center of @y satisfies
Zx(pz) =7 (B_ (1" — ApsetD)) U Zx (2).
In particular, Zx (¢x) is Zariski dense in X iff B_(n* w — ApsetD) is Zariski dense in Y .
Proof. By Lemma 22, we have
Zx(px) = Zx (@3 ™) = n(Zy (" 3 )).

It follows from Theorem 57 and its proof that

* ~max _
T @y = Vn*w—lpsefD - ApsefWD-

Now Zy (Vix-2peeD) = B_ (7" w — ApserD) by Theorem 31, whereas we see from Example 21 that
Zy(—/lpsefll/p) = Zy (%), so we conclude using Lemma 25. O
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6.3. Dimension one and two

In this section we consider the case dim X < 2.

Proposition 59. Ifdim X = 1, then for any real divisorial set~ c Xugi", we have ¢s € RPL* (X). Ifw
is rational and £ < X%, then we further have ¢ € PL* (X).

Proof. We may assume vyijy ¢ Z, or else ¢y = 0. Thus assume X = {v;};¢;, where v; = t; 0rdy,,
t; € Rso, and p; € X is a closed point. We may assume p; # p; for i # j, or else ¢s = ¢y for
I’ = {vi}jer, where I' I is defined by i € I' iff for all j # i, either p; # p; or t; > t;. Under these
assumptions,

Ps = Amax{l +) t;lloglmpil,o},
i

where A > 0 satisfies AY ; tl.‘l = degw, see [13, Example 3.19]. Thus ¢z € RPL*(X). Further, if
> c X4 then t; € Qs for all i, so if w is rational, then A € Qs¢, and hence @y € PL* (X). O

Theorem 60. If dim X = 2, then for any real divisorial set = c X3V, we have @5 € RPL* (X). If w is
rational and = < X, then we further have

¢z € PL(X) < @5 € PL* (X) < T() € Q. (21)
We will see in Example 63 that T(Z) can be irrational.

Lemma 61. Assume dim X < 2, and pick B € Cary,(X)r. Then B is relatively nef iff it is relatively
semiample.

Proof. Assume B is relative nef, and pick a determination 7: ¥ — X of B. The relatively nef cone
of N'(Y/X) is dual to the cone generated by the (finite) set of 7-exceptional prime divisors, and
is thus a rational polyhedral cone. As a consequence, we can write By = }_; t; D; with ¢; > 0 and
D; € Div(Y)gq relatively nef. By [38, Theorem 12.1(ii)], each D; is relatively semiample, and the
result follows. U

Proof of Theorem 60. Use the notation of Theorem 57. By Proposition 49, the Zariski decompo-
sition is Q-PL on the cone
C = (R w+R.[-D]) NPsef(Y) = Ry ™ w + Ry (1% @ — Apgef[ D).
We can thus find 0= 1 <2 <-+- <Ay = Apser such that
A— By =—(N(n*w - A[D]) + AD)
is affine linear on [A;, 1;41] for 1 < i < N. Setting B; := B,,, it follows that

psz= sup {yp, +A}= max{yp +A;}
AE[Ov/‘lpsef] 1<i<N

Since w + [B;] is nef, the antieffective divisor B; is relatively nef, and hence relatively semiample

(see Lemma 61). By Proposition 7, we infer ¢, € PLﬁom(X)R, and hence @y € RPL" (X).

Now assume @ and T(Z) = Apf are both rational, and that £ < X4V, Then D is rational as well,
and C is thus a rational polyhedral cone. Since the Zariski decomposition on C is the restriction
of a Q-PL map on N!(Y), this implies that the A; above can be chosen rational. Using again that
the Zariski decomposition is Q-PL on C, we infer that B; is a Q-divisor, hence v, € PL;;om(X)’
which shows ¢y € PL* (X). The rest follows from (18). 0

7. Examples of Green’s functions

We now exhibit examples of Green’s functions with various types of behavior. These examples
serve as the underpinnings of Theorems A and B of the introduction.
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7.1. Divisors on abelian varieties

As a direct application of Theorem 57, we show:

Proposition 62. Assume Nef(X) = Psef(X). Consider a real divisorial set X = {vy} < XD%“" with
Vg = tqordg, for Eq c X primeand ty >0, and setD:= Y, t;lEa. Then

T(Z) = Apsef =sup{l=0|w—AD e Psef(X)}

and
¢z =T(Z)max{0,1-yp}.
In particular, ¢s € RPL* (X). If we further assume 2 c XV, then

@3 EPL(X) <= ¢s € PLY(X) = T(Z) € Q. (22)

Proof. Using the notation of Theorem 57, we have N(w — AD) = 0 for A < Apger = T(Z). Thus
(ﬁ’zl = —-Ayp, and hence
pz= sup {A—Ayp}=Apermax{0,1-yp}.
0=A=Apsef
Since —wp = Yo t;'10g|Gx (— Eg)| lies in PL* (X)g, it follows that ¢y € RPL*(X). If £ < X9, then
D is a Q-divisor, and hence —yp € P (X). If we further assume T(Z) € Q, we get s € PL* (X),

hom
and the remaining implication follows from (18). g

Example 63. Suppose X is an abelian surface, w = ¢;(L) with L € Pic(X)g ample, and v = ordg
with E ¢ X a prime divisor. Then Nef(X) = Psef(X), and T(v) = A is the smallest root of the
quadratic equation (L — AE)? = 0, see [34, Remark 1.5.6]. If X has Picard number p(X) = 2,
then Apsef is irrational for a typical choice of L and E, and hence ¢, ¢ PL(X). (Compare [34,
Example 2.3.8]). In particular, v is not dreamy (with respect to L) in the sense of Fujita, see
Example 56.

7.2. The Cutkosky example

Building on a construction of Cutkosky [21] and Proposition 50 (itself based on [41, §6.5]), we
provide an example of a divisorial valuation on P3 for which (21) fails. This relies on the following
general result.

Proposition 64. Consider a flag of smooth subvarieties Z < S ¢ X with codimS =1, codim Z = 2
and ideals bg c by c Ox, and assume that
(i) S=w;
(ii) Nef(S) = Psef(S);
(iii) wls—Z isnotnefons, i.e. /lﬁelc :=sup{l=0]|w|s—A[Z] € Nef(S)} < 1.

The Green'’s function of v:= ord; € X4V is then given by

@, =max{0, A .(log|bz| +1),log|bs| +1}.

nef
In particular, T(v) = 1, ¢, € RPL* (X), and
¢y €PL(X) = ¢, e PL*(X) = 13 ;€ Q.

Proof. Let 7: Y — X be the blowup along Z, with exceptional divisor E, and denote by S’ =
7*S — E the strict transform of S. Since Z has codimension 1 on S, 7 maps S’ isomorphically
onto S, and takes S'|¢ = 7*S|g — Elg to S|s — Z = w|s — [Z]. By (ii) and (iii), we thus have
Nef(S") = Psef(S'), and S'|¢ is not nef.
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Consider the cone C « N!(Y) generated by 0 := 7*w € Nef(Y) and a := —[FE] ¢ Psef(Y). Since C
contains the class of &', it follows from Proposition 50 that

1 = Apget := sup{A = 0| 7*w — A[E] € Psef(Y)}

and A — N(n*w—AE) vanishes on [0, )Llslef], and is affine linear on Mflef’ 1], with value S’ at A = 1. By
Theorem 57, the concave family (By)<; of b-divisors associated to ¢, is affine linear on (—o0, 0],
[0,A5 ;] and [AS 1], with value

ef] nef’

By=0, A E and S'+E=S
at A =0, /lflef and 1, respectively. By (6), the result follows, since “Yg = log|b~| and —Y5 =
log|bs]. O

Example 65. Assume k = C, and set (X,L) = (P3,0(4)). By [21], there exists a smooth quartic
surface S ¢ X without (-2)-curves, and hence such that Nef(S) = Psef(S), containing a smooth
curve Z such that /lflef is irrational and less than 1. By Proposition 64, we infer T(v) = 1 and
¢y € RPL* (X) \ PL(X) (in contrast with (21)).

7.3. The Lesieutre example

Based on an example by Lesieutre [35], we now exhibit a Green’s function that is not R-PL. This
forms the basis for Theorem B in the introduction.

Proposition 66. Suppose that X admits a class 0 € Psef(X) whose diminished base locus B_(0) is
Zariski dense. Then there exist w € Amp(X) and v € XW sych that Zx(Qw,v) is Zariski dense in X.
In particular, ¢,, ¢ RPL(X).

Proof. Note first that § cannot be big. Otherwise, there would exist an effective R-divisor D =6,
and hence B_(0) would be contained in supp D. Pick an ample prime divisor E on X, choose
¢ € Q¢ large enough such that w := 0 + c[E] is ample, and set v := clordg € X9V Since w
is ample and w - c[E] = 0 lies on the boundary of Psef(X), the threshold Apser = sup{d = 0 |
w — ALE] € Psef(X)} is equal to c. Thus B_ (w — Apses[E]) is Zariski dense, and hence so is Zx (¢, 1),
by Corollary 58. The last point follows from Lemma 26. 0

Example 67. By [35, Theorem 1.1], the assumptions in Proposition 66 are satisfied when k = C
and X is the blowup of P? at nine sufficiently general points.

If 6 in Proposition 66 is rational, then the proof shows that w can be taken rational as well, i.e.
o = ¢1(L) for an ample Q-line bundle. While no such rational example appears to be known at
present, we can nevertheless exploit the structure of Lesieutre’s example to get:

Proposition 68. Set (X,L) := (P3,0(1)). Then there exists a finitesetZ c X[gi" such that Zx (prs)
is Zariski dense in X, and hence @15 ¢ RPL(X).

Proof. Letn: Y — X be the blowup at nine sufficiently general points, and denote by Z?:l E; the
exceptional divisor. By [35, Remark 4.5, Lemma 5.2], we can pick D = Y_; ¢; E; with ¢; € R5o such
that the diminished base locus of 7* L — D is Zariski dense. As above, this implies that this class
lies on the boundary of the psef cone (it even generates an extremal ray, see [35, Lemma 5.1]), and
the psef threshold

Apset = SUp{A = 0| 7*L—AD € Psef(Y)}
is thus equal to 1. The result now follows from Corollary 58, with X~ = {ci’1 ordg, }1<i<9- O

It is natural to ask:

Question 69. Can an example as in Proposition 68 be found with > c X412
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8. The non-trivially valued case

In this section, we work over the non-Archimedean field K = k((®@)) of formal Laurent series, with
valuation ring K° := k[[@]]. We use [10] as our main reference.

Thus X now denotes a smooth projective variety of dimension n over K. (In Section 9, it will be
obtained as the base change of a smooth projective k-variety). Working “additively”, we view the
elements of the analytification X" as valuations x: K(Y)* — R for subvarieties Y c X, restricting
to the given valuation on K.

8.1. Models

We define a model of X to be a normal, flat, projective K°-scheme & together with the data of an
isomorphism &k =~ X. The special fiber of & is the projective k-scheme %y := & xgpec x Speck.
Each x € X?" can be viewed as a semivaluation on &', whose center is denoted by redg (x) € Zp.
This defines a reduction map redg : X* — %5, which is surjective and anticontinuous (i.e. the
preimage of an open set is closed). For each x € X" we also set

Zo (x) := {redg (x)} € X5.

The preimage under redy of the set of generic points of & is finite. We denote it by 'y ¢ X?7,
and call its elements the Shilov points of . As & is normal, each irreducible component E of
% defines a divisorial valuation xg € X" given by

xg := by ordg, bg := ordg(@);

it is the unique preimage under redg of the generic point of E, and the Shilov points of & are
exactly these valuations xg.

One says that another model &' dominates & if the canonical birational map &' --+ Z ex-
tends to a morphism (necessarily unique, by separatedness). In that case, redy is the composi-
tion of redg with the induced projective morphism %; — 2. The set of models forms a filtered
poset with respect to domination. The set

Xdiv — U Ty
xX

of all divisorial valuations is a dense subset of X?".

8.2. Piecewise linear functions

A Q-Cartier Q-divisor D on a model & of X is vertical if it is supported in %j; it then defines a
continuous function on X?" called a model function. The Q-vector space PL(X) of such functions
is stable under max, and dense in C°(X2").

Definition 70. We define the space RPL(X) of real piecewise linear functions on X" (R-PL
functions for short) as the smallest R-linear subspace of C°(X?") that is stable under max (and
hence also min) and contains PL(X).

Fixamodel . Anideal a c @4 is vertical if its zero locus V (a) is contained in &y. This defines
anonpositive function log|a| € PL(X), determined by minus the exceptional divisor of the blowup
of & along a, and such that

loglal(x) <0 < Zg (x) c V(a). (23)
Functions of the form log|a| for a vertical ideal a € G4 span the Q-vector space PL(X) (see [10,
Proposition 2.2]). As in Section 1.3, it follows that any function in RPL(X) can be written as a
difference of finite maxima of R, -linear combinations of functions of the form log|al.
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8.3. Dual complexes and retractions

We use [10, 39] as references.

An snc model is aregular model & such that the Cartier divisor 2 has simple normal crossing
support. Denote by &y = }_;c; b; E; its irreducible decomposition. A stratum of & is defined as a
non-empty irreducible component of E; := ey E; for some J  I. By resolution of singularities,
the set of snc models is cofinal in the poset of all models.

The dual complex Ag of an snc model & is defined as the dual intersection complex of Z5.
Its faces are in 1-1 correspondence with the strata of &y, and further come with a natural integral
affine structure. In particular, the vertices of Ag- are in 1-1 correspondence with the E;’s, and
admit a natural realization in X®" as the set I'q- of Shilov points x;.

This extends to a canonical embedding Ag — X?" onto the set of monomial points with
respect to }_; E;. The reduction redg (x) € Zp of a point x € Ag- < X?" is the generic point of the
stratum of % associated with the unique simplex of Ay containing x in its relative interior. In
particular, Zg (x) is a stratum of Zp. This embeddingis further compatible with the PL structures,
in the sense that the Q-vector space PL(Ag) of piecewise rational affine functions on Ag is
precisely the image of PL(X) under restriction.

If another snc model &’ dominates &, then Ag- is contained in Ag, and PL(Ag) restricts to
PL(Ag). Furthermore, the set

xam . UA% c xan
X

of quasimonomial valuations coincides with the set of Abhyankar points of X, see [10, Re-
mark 3.8] and [29, Proposition 3.7], while the subset of rational points g Ag (Q) coincides with
the set X4 of divisorial valuations. For later use, we also note:

Lemma?71. If% isan snc model, then theimageredg (Agr) € 2 of the dual complex of % under
the reduction map of any other model &' is finite.

Proof. Pick ansncmodel & that dominates both & and &’. Then Ay is contained in Ag-», and
redg(Ag) is thus contained in the image of red - (Ag-») under the induced morphism %6’ — 2.
After replacing both & and &' with &, we may thus assume without loss that & = Z”. For any
X € Ag, redg (x) is then the generic point of some stratum of %y, and redg (Ag ) is thus a finite
set. O

Dually, each snc model & comes with a canonical retraction pg : X*™ — Ag that takes x € X"
to the unique monomial valuation y = pg (x) such that

e Zg (y) is the minimal stratum containing Zg (x);
¢ x and y take the same values on the E;’s.

This induces a homeomorphism X" = lim o Do which is compatible with the PL structures
in the sense that

PL(X) =Jpy PL(Ag). (24)
x

This implies

RPL(X) = | p5- RPL(Ag), (25)
x

where RPL(Ag) is the space R-PL functions on Ag, i.e. functions that are real affine linear on a
sufficiently fine decomposition of each face into real simplices.
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8.4. Psh functions and Monge-Ampere measures

We use [10, 11, 26] as references.

A closed (1,1)-form @ € Z"(X) in the sense of [10, §4.2] is represented by a relative numerical
equivalence class on some model &, called a determination of 6. It induces a numerical class
[0] € N}(X). We say that 6 is semipositive, written > 0, if 6 is determined by a nef numerical
class on some model. In that case, [0] is nef as well.

To each tuple 61, ...,0, in Z1' (X) is associated a signed Radon measure 6, A--- A8, on X" of
total mass [01]-...- [0,], with finite support in X4V, More precisely, if all §; are determined by a
normal model &, then 0; A --- A0, has supportin 'y (see [11, §2.7]).

Each ¢ € PL(X) is determined by a vertical Q-Cartier divisor D on some model &, whose
numerical class defines a closed (1,1)-form dd¢p € Z"!(X). We say that ¢ is 6-psh for a given
e ZV(X)if0+dd°p =0.

From now on, we fix a semipositive form w € Z"!(X) such that [w] is ample. A function
@: X2 — RU {—oo} is w-plurisubharmonic (w-psh for short) if ¢ # —oo and ¢ can be written as
the pointwise limit of a decreasing net of w-psh PL functions. The space PSH(w) is closed under
max and under decreasing limits.

By Dini’s lemma, the space CPSH (w) of continuous w-psh functions coincides with the closure
in C°(X) (with respect to uniform convergence) of the space of w-psh PL functions.

Each ¢ € PSH(w) satisfies the “maximum principle”

Sup ¢ = max¢ (26)
X Ta

for any model & determining w (see [26, Proposition 4.22]). For snc models, [10, §7.1] more
precisely yields:

Lemma 72. Pick ¢ € PSH(w) and an snc model & on which w is determined. Then:

(i) therestriction of ¢ to any face of Ag is continuous and convex;
(ii) thenet (o pa ) is decreasing and converges pointwise to ¢.

Remark 73. The definition of PSH(w) given here differs from the one in [10], but Theorem 8.7
in loc. cit. implies that the two definitions are equivalent.

To each continuous w-psh function ¢ (or, more generally, any w-psh function of finite energy)

is associated its Monge-Ampere measure MA(p) = MA,, (¢), a Radon probability measure on X
uniquely determined by the following properties:

o if @ is PL, then MA(¢p) = V™ (w +dd®¢p)" with V := [w]";

e ¢ — MA(¢) is continuous along decreasing nets.
By the main result of [11], any Radon probability measure u with support in the dual complex Ag
of some snc model can be written as ¢ = MA(¢g) for some ¢ € CPSH(w), unique up to an additive
constant.

8.5. Green’s functions

As in the trivially valued case, we can consider the Green’s function associated to a nonpluripolar
set £ c X, Here we will only consider the following case. Suppose x € X4V is a divisorial point,
and define

Qx =@y x:=supip € PSH(w) | p(x) < 0}.
It follows from [11, §8.4] that ¢, € CPSH (w) satisfies MA(@,) = 6 and ¢ (x) = 0.

Proposition 74. If dim X =1 and [w] is a rational class, then ¢, € PL(X).
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Proof. This follows from Proposition 3.3.7 in [42], and can also be deduced from properties of
the intersection form on % for any snc model &, as in [23, Theorem 7.17]. O

This proves part (i) of Theorem A in the introduction. We will prove (ii) in Section 9.5.

8.6. Invariance under retraction

It will be convenient to introduce the following terminology:

Definition 75. We say that a function ¢ on X" is invariant under retraction if ¢ = @ o pg for
some (and hence any sufficiently high) snc model X of X.

Example 76. By (24) and (25), a function ¢ € C®(X®") lies in PL(X) (resp. RPL(X)) iff ¢ is invariant
under retraction and restricts to a Q-PL (resp. R-PL) function on the dual complex associated to
any (equivalently, any sufficiently high) snc model.

Remark 77. The condition ¢ = ¢ o pg in Definition 75 is stronger than the “comparison
property” of [36, Definition 3.11], which merely requires ¢ = ¢ o pg to hold on the preimage
under pg of the n-dimensional open faces of some dual complex Ag, i.e. the preimage of the
0-dimensional strata of &j under the reduction map.

Proposition 78. If ¢ € PSH(w) is invariant under retraction, then ¢ € CPSH(w), and MA(yp) is
supported in some dual complex.

The first point is a direct consequence of Lemma 72, while the second one is a special case of
the following more precise result. Recall first that the w-psh envelope of f € C°(X?") is defined as
P(f) =P, (f) :=sup{p e PSHw) | ¢ < f}.

By [10], it lies in CPSH(w).
Theorem 79. For any ¢ € CPSH(w) and any snc model & on which w is determined, the following
properties are equivalent:
(i) MA(y) is supportedin Ag:;
(i) ¢ =P(popax).
Proof. For any v € PSH(w), we have ¢ < o pg (see Lemma 72 (ii)), and hence
P(popg) =sup{y e PSH(w) |y < p on Ag}. 27

Assume (i). By the domination principle (see [11, Lemma 8.4]), any ¥ € PSH(w) such that ¢ < ¢
on supp MA(¢) c Ag satisfies ¢ < ¢ on X?™. In view of (27) this yields (ii). Conversely, assume (ii).
For any finite set of rational points £ c Ag (Q) ¢ X div consider the envelope

@s :=sup{y € PSH(w) | ¢ < ¢ on Z}.

Then @5 lies in CPSH(w), and MA(¢s) is supported in X (see [11, Lemma 8.5]). The net (¢5),
indexed by the filtered poset of finite subsets ~ < Ag (Q), is clearly decreasing, and bounded
below by ¢. Its limit v := limy @5 is thus w-psh, and we claim that it coincides with ¢. Indeed, we
have ¢ < ¢ on Uy X = Az (Q), and hence on Ag, where both ¢ and ¢ are continuous. By (27), this
yields ¢ < P(¢o pa) = ¢. By continuity of the Monge-Ampere operator along decreasing nets, we
infer MA(¢ps) — MA(¢p) weakly on X, which yields (i) since each MA(¢s) is supported in Ag. U

In view of Proposition 78 and Example 76, it is natural to conversely ask:

Question 80. If the Monge-Ampere measure MA,, (¢) of ¢ € CPSH(w) is supported in some dual
complex, is ¢ invariant under retraction?
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This question appears as [25, Question 2], and is equivalent to asking whether ¢ o pg is w-psh
for some high enough model &, by Theorem 79. In Example 99 below (see also Theorem A) we
show that the answer is negative. In this example, the support of MA,, (¢) is even a finite set. One
can nevertheless ask:

Question 81. Assume that ¢ € CPSH(w) is such that the support of the Monge-Ampeére measure
MAy, () is a finite set contained in some dual complex.

(i) is¢@ R-PL on each dual complex?
(i) ifw isrational, is ¢ Q-PL on each dual complex?

Example 99 below provides a negative answer to (ii). Indeed the function ¢ in this example
is R-PL but not Q-PL, and by (24), (25), this implies that ¢ fails to be Q-PL on some dual
complex Ag. The answer to (i) is also likely negative in general, as suggested by Nakayama’s
counterexample to the existence of Zariski decompositions on certain toric bundles over an
abelian suface [40, p. IV.2.10].

Question 82. Suppose X is a toric variety, and let ¢ € CPSH (w) be a torus invariant w-psh function
such that MA, () is supported on a compact subset of Ng < X®". Is @ invariant under retraction?

Question 83. If ¢ € CPSH(w) is invariant under retraction, is the same true for ¢|zan, if Z < X is
a smooth subvariety?

8.7. The center of a plurisubharmonic function

We end this section by a version of Theorem 24 in our present context. In analogy with (7), for
any subset S ¢ X" and any model & we set
Za(8):= | Zar (x).
x€S

This is thus the smallest subset of &y that is invariant under specialization and contains the
image redg (S) of S under the reduction map redg : X** — %5. For any higher model Z’, the
induced proper morphism Z; — Zp maps Zg(S) onto Zg (S).

We say that S ¢ X?" is invariant under retraction if pgg(S) = § for some (and hence any
sufficiently high) snc model Z'.

Lemma84. If Sc X?" isinvariant under retraction, then Zg (S) is Zariski closed for any model & .

Proof. Pick an snc model &' dominating & such that S = pggl, (S). Since Zg (S) is the image of
Zg(S) under the proper morphism 2 — %o, we may replace & with &' and assume without
loss that & = &'. The set Zo (S) obviously contains Zg (SN Ag), which is Zariski closed since
Zg (y) is a stratum of & for any y € Ag-. Conversely, pick x € S, and set y := pg (x) € Ag. Then
yE p;}(S) =S, and Zy (x) € Zg (y) since it follows from the definition of pg that redg (x) is a
specialization of redg (y). This shows, as desired, that Zg (S) = Zg (SN Ag) is Zariski closed. O

Definition 85. Given ¢ € PSH(w) and a model & , we define the center of ¢ on X as
Za (9) := Zgr ({p <sup}) = | J{Za (x) | x € X, ¢(x) <supg}.
Example 86. If ¢ =log]a| for a vertical ideal a c @9, then Zg (@) = V(a).

Theorem 87. For any ¢ € PSH(w) and any model % , the following holds:

() Za (@) is an at most countable union of subvarieties of %y;

(i) if is invariant under retraction, then Zg (¢) is Zariski closed;
(iii) Zz () =reda ({p <sup@});
(iv) Zo (@) is a strict subset of &y as soon as & determines w.
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Question 88. Is it true that {¢ < sup ¢} = red;{1 (Za (@) as in Theorem 24?

Proof. By [11, Proposition 4.7], ¢ can be written as the pointwise limit of a decreasing sequence
(@m) men of w-psh PL functions. Since each ¢, is in particular invariant under retraction (see
Example 76), Lemma 84 implies that Zg {(¢,; < sup¢}) is Zariski closed for each m. On the
other hand, since ¢, \ ¢ pointwise on X, we have {¢ < sup¢} = U;,{¢m < sup ¢}, and hence
Za () =Um Za ({om < sup ¢}). This proves (i), while (ii) is a direct consequence of Lemma 84.

Pick x € X2 such that ¢(x) < sup ¢. To prove (iii), we need to show that any & € Zg (x) lies in
redg ({¢ < sup ¢}). By Lemma 72, we can find a high enough snc model & such that x’ := pg-(x)
satisfies ¢(x') < sup¢. By properness of Z; — %y, Za- (x) is the image of Zg(x), which is itself
contained in Zg(x'). After replacing & with &' and x with x/, we may thus assume without
loss that & is snc and x lies in Ag-. Pick y € X?" with redg (y) = ¢ (which exists by surjectivity
of the reduction map, see [24, Lemma 4.12]). Set z := pa (), and denote by o the unique face
of Ay that contains z in its relative interior, the corresponding stratum of & being the smallest
one containing ¢. Since the latter point lies on the stratum Zg (x), it follows that o contains x
(possibly on its boundary). Since ¢ is convex and continuous on o (see Lemma 72), it can only
achieve its supremum at the interior point z if it is constant on g. As x € ¢ satisfies ¢(x) < sup ¢,
it follows that ¢(z) < sup ¢ as well. Since z = pg (¥), this implies ¢(y) < ¢(z) < sup¢ (again by
Lemma 72). Thus ¢ =redg (y) € redg ({p < sup ¢}), which proves (iii).

Finally, assume that & determines w. By (26), we can find an irreducible component E of %
whose corresponding Shilov point xg € I'g- satisfies ¢(xg) = sup¢. Since xg is the only point of
X3 whose reduction on % is the generic point of E, it follows that the latter does not belong to
Zg (), which is thus a strict subset of %. O

9. The isotrivial case

We now consider the isotrivial case, in which the variety over K = k((®)) is the base change Xy of
a smooth projective variety X over the (trivially valued) field k.

9.1. Ground field extension

We have a natural projection

e Xgt— X,
while Gauss extension provides a continuous section

o: XM — X

onto the set of k*-invariant points (see [12, Proposition 1.6]). By [12, Corollary 1.5], we further
have:

Lemma 89. If v € X*" is divisorial (resp real divisorial) then o(v) € X3" is divisorial (resp.
quasimonomial).

The base change of X to the valuation ring K° := k[[@]] defines the trivial model
Fiv 1= Xke

of Xx, whose special fiber Ziiv,0 will be identified with X. More generally, each test configuration
% — Al = Speck[®] for X induces via base change under k[@] — k[[@] = K° a k*-invariant
model of Xk, that shares the same vertical ideals and vertical divisors as &, and will simply be
denoted by &, for simplicity.
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9.2. Psh functions

For any 0 € N'(X), we denote by 7*0 € Z!(Xg) the induced closed (1,1)-form, determined
by the relative numerical class induced by 6 on the trivial model. If w € Amp(X), then [1*w] €
N!(Xx) coincides with the base change of w, and hence is ample.

Theorem 90. Pick w € Amp(X) and ¢ € PSH(w). Then:
(i) n*@ e PSH(n*w);
(i) if further lies in CPSH(w), then MA;x,(1* ) = 0 « MA, ().

Lemma91. Forany ¢ € PL(X) and 0 € N'(X), the following holds:
(i) m*¢ € PL(Xk);
(i) (T*0+dd°n*@)" =0,0+dd°p)";
(iii) @ isO-pshiff n* @ isn*0-psh.

Proof. The function ¢ is determined by a vertical Q-Cartier divisor D on a test configuration &,
that may be taken to dominate the trivial one (see [13, Theorem 2.7]). The induced vertical divisor
on the induced model of Xk then determines 7* . This proves (i), and also (ii), by comparing [11,
(2.2)] and [13, (3.6)]. Finally, denote by 84 the pullback of  to N' (% /A'). Then ¢ is 0-psh iff
(02 + [D])|;, is nef, which is also equivalent to 7* @ being 7* 0-psh. This proves (iii). O

Proof of Theorem 90. Write ¢ as the limit on X?" of a decreasing net of w-psh PL functions ¢;.
By Lemma 91, *¢; is PL and 7*w-psh. Since it decreases pointwise on X§" to 7* ¢, the latter is
7* w-psh, which proves (i). For each i, Lemma 91 (ii) further implies MA ;«, (7* ;) = 0« MA, (¢;).
If ¢ is continuous, then MA, (¢) and MA«,, (1 * @) are both defined, and are the limits of MA, (¢;)
and MA ;«, (7* @;), respectively. This proves (ii). O

9.3. PL structures

As a direct consequence of Lemma 91, the projection 7: X" — X*" is compatible with the PL
structures:

Corollary 92. We have n* PL(X) c PL(Xg) and n* RPL(X) c RPL(Xg).
As we next show, this is also the case for Gauss extension.
Theorem 93. We have 0 * PL(Xx) = PL(X) and o* RPL(Xx) = RPL(X).

Any vertical ideal a on %y, being trivial outside the central fiber, can be viewed as a vertical
ideal on X x A!, and @ := Gy, - a is then the smallest flag ideal containing a.

Lemma 94. With the above notation we have o * logla| = @g.

Proof. Pick an ample line bundle L on X, and denote by Zy;jy the trivial model of Lk, i.e. the
pullback of L to the trivial model %y = Xgo. After replacing L with a large enough multiple,
we may assume Zyiy ® a is generated by finitely many sections s; € H®(Ziv, Leriv). Then
loglal = max;logls;|, where |s;| denotes the pointwise length of s; in the model metric induced
by Zuiv- For each i write s; =3 )¢z SM(D’1 where s; 3 € HO(X, L), and denote by by c Ox the ideal
locally generated by (s;2);. Thend =Y ez b Aa)ﬂ. By definition of Gauss extension, we have for
any v e X"
logls;|(o(v)) = max{log|s; | + A}.
AeZ

Thus o*log|al = maxyez{yy — A} with y, := max;log|s; 2| = log|b,l, and hence o*loglal =
maxy {log|b,| — A} = 3. O
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Proof of Theorem 93. By Corollary 92 we have 7* PL(X) < PL(X). Since PL(Xk) is generated by
functions of the form log|a| for a vertical ideal a ¢ Og;,;,, Lemma 94 yields 0*PL(Xx) < PL(X),
and hence also 0* RPL(Xg) < RPL(X). This completes the proof, since o*n* = id. O

9.4. Centers

Next we study the relationships between the two center maps Zx: X*' — X and Zg,,,: X§" —
%riv,o =X.

Lemma 95. Forall x € X§"* and v € X*" we have
2y, (X) € Zx(m(x), ZxW) = Zg,,, (V).

Proof. Denote by b c Ox the ideal of the subvariety Zx ((x)). Then a := b + (@) is a vertical ideal
on Ziiv such that V(a) = V(b) = Zx (m(x)) under the identification ¥y, = X. Further,

loglal(x) = max{log|b| (7w (x)), -1} <0,

and hence Zg,, (x) € V(a) = Zx (n(x)), see (23).

Applying this to x = o (v) yields Zg,;, (0 (v)) € Zx (v). To prove the converse inclusion, denote
by a © O, the ideal of Zy. . (0(v)). Since o (v) is k*-invariant, a = ¥ yc7 a,@ " is (induced by) a
flag ideal. Further, ¢4(v) =loglal(o(v)) <0, and hence Zx(v) € Zx(¢,). By Example 14 we have
Zx(pq) = V(ag). The latter is also equal to the zero locus of ap + (@) on Zyiy, which is contained in
V(a) = Zg,,,, (0(v)) since a c ag + (@). Thus Zx (v) c Zg;,;, (0(v)), which concludes the proof. [

As a consequence we get:
Proposition 96. Ifw € Amp(X) and ¢ € PSH(w), then Zy,, (m*¢) = Zx (¢).

Proof. Pick v € X" such that ¢(v) < sup ¢, and set x:= o(v). Then 7*¢(x) = ¢(v) and sup* ¢ =
supg, so x lies in {n*¢ < supm*¢}, and hence Zx(v) = Zy,, (X) € Zg,,;, (1" ¢) by Lemma 95.
This implies Zx () © Zg;,;, (1" ¢). Conversely, assume x € X3" satisfies 7*¢(x) < supm*¢. Then
v := 7(x) lies in {¢ < sup¢}, and hence Zx(v) € Zx(¢p). In view of Lemma 95, this implies
Za,., (%) € Zx (), and hence Zg, , (n* @) < Zx (¢). O

Combining Proposition 96 and Theorem 87, we obtain

Corollary 97. Let ¢ € PSH(w), wherew € Amp(X), and suppose that t* ¢ € PSH(r* w) is invariant
under retraction. Then Zx (@) c X is a Zariski closed proper subset of X.

9.5. Examples

We are now ready to prove Theorems A and B in the introduction, and also provide additional
examples. As in the previous section, X denotes a smooth projective variety over k. Pick a
class w € Amp(X), a k*-invariant divisorial point x € Xl‘?", and denote as in Section 8.5 by
¢+ € CPSH(r*w) the Green’s function associated to x; this is the unique solution to the Monge-
Ampeére equation
MA+,(px) =0, and @x(x)=0.

By Lemma 89, we have x = o(v) with v := 7(x) € X%, If ¢, € CPSH(w) denotes the Green’s
function of {v}, see Section 6.1, then we have

Px = ”*(Pv-
Indeed, 7* ¢, (x) = ¢, (v) = 0, and by Theorem 90, we have MA;«, (T*@,) =046, = by.
Our goal is to investigate the regularity of ¢ .
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Corollary 98. Ifdim X =1, then ¢, € PL(Xk). Ifdim X =2, then ¢, € RPL(Xk).

Proof. The first statement follows from Proposition 74. Now suppose dim X = 2. By Theorem 60,
¢, € RPL(X), so that ¢, € RPL(Xk), see Corollary 92. O

However, even when w is rational, ¢, is in general not Q-PL:

Example 99. Example 63 gives an example of an abelian surface X, a rational class w € Amp(X),
and a divisorial valuation v € X% such that ¢, € RPL(X)\PL(X). If x = 0(v), then ¢, = 7% ¢, €
RPL(Xg) \ PL(Xk), by Theorem 93.

Example 100. Similarly, Example 65 gives an example of a divisorial valuation v € P>V such
that if we set w = ¢1(0(4)), then ¢, := @y, € RPL(X)\PL(X). If x = o(v), then ¢, = 7%¢, €
RPL(Xk) \ PL(Xk), by Theorem 93.

Examples 99 and 100 establish Theorem A (ii). They also provide a negative answer to Ques-
tion 81 (ii). Indeed, a function ¢ € CO(X;“) lies in RPL(Xk) (resp. PL(Xk)) iff ¢ is invariant under
retraction and restricts to an R-PL (resp. Q-PL) function on each dual complex, see Example 76.

As the next example shows, if dim X = 3, then ¢, need not be R-PL. In fact, it may not even be
invariant under retraction.

Example 101. Example 67 shows that we may have dim X = 3 and Zx(¢,) Zariski dense in X,
and it follows from Corollary 97 that ¢, cannot be invariant under retraction.

It could, however, a priori be the case that the restriction ¢, to any dual complex is R-PL, see
Question 81 (i).

In Example 101, based on Lesieutre’s work, the class w is irrational. We do not know of an
example for which the class w is rational. However, the following example provides a proof of
Theorem B in the introduction.

Example 102. Set X =P} and w := ¢;(©(1)) € N'(X). By Proposition 68, there exists ¢ € CPSH(w)
such that MA, (y) is supported in a finite subset = < X3V, and Zx(y) is Zariski dense in X.
Theorem 90 then shows that ¢ := 7%y lies in CPSH(r*w), MA;+,(¢) = 0« MA, () has finite
support in some dual complex (see Lemma 89), while Corollary 97 shows that ¢ cannot be
invariant under retraction.
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