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Abstract. Motivated by a MFG model where the trajectories of the agents are piecewise constants and agents
pay for the number of jumps, we study a variational problem for curves of measures where the cost includes
the length of the curve measures with the L! distance, as well as other, non-autonomous, cost terms arising
from congestion effects. We prove several regularity results (first in time, then in space) on the solution,
based on suitable approximation and maximum principle techniques. We then use modern algorithms in
non-smooth convex optimization in order to obtain a numerical method to simulate such solutions.

Résumé. Motivé par un modele de MEG dans lequel les trajectoires des agents sont constantes par morceaux
et ou les agents paient un cott dépendant du nombre de sauts, nous étudions un probléme variationnel
pour des courbes de mesures ot le cott inclut la longueur de la courbe mesurée en termes de la distance
L1, ainsi que d’autres termes non autonomes représentants des effets de congestion. Nous démontrons
plusieurs résultats de régularité (d’abord en temps, puis en espace) sur la solution, en utilisant des techniques
d’approximation et le principe du maximum. Ensuite, des algorithmes modernes d’optimisation convexe non
lisse nous permettent d’obtenir une méthode numérique pour simuler de telles solutions.
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Mots-clés. fonctions BV, calcul des varations non-autonome, régularité, optimisation non lisse.

Manuscript received 25 May 2023, revised 13 October 2023, accepted 19 October 2023.

1. Introduction

This work studies a class of variational problems which arises in a variant of one of the most clas-
sical Mean Field Game models. This variant could be used as a brick for describing the evolution
of the real estate market but the mathematical questions which appear are of independent inter-
est and the present paper only concentrates on the variational problem without addressing the
full model.
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The theory of Mean Field Games was introduced around 2006 at the same time by Lasry and
Lions, [11-14], and by Caines, Huang and Malhamé, [10], in order to describe the evolution
of a population of rational agents, each one choosing (or controlling) a path in a state space,
according to some preferences which are affected by the presence of other agents nearby in a
way physicists call mean-field effect. The evolution is described through a Nash equilibrium in a
game with a continuum of players.

In the simplest MFG models we look at a population of agents moving inside a domain Q and
we suppose that every agent chooses his own trajectory solving a minimization problem of the
form

T ! 2
n/ (@.‘.h(t,ppx(t)) dr+W¥(x(T)),
0

with given initial point x(0). The mean-field effect will be modeled through the fact that the
running cost h explicitly depends on the density p; of the agents at time ¢.

The initial density of the players pg is given. The goal in MFG is to find an evolution ¢ — p, such
that, when agents consider the above optimization problem for such a given p, the trajectories
they choose globally reconstruct the same density p. This is a non-trivial fixed point condition
which can be described via a system of PDEs (we refer to [8], for instance). In some cases, and
in particular when h(t,p, x) = V (£, x) + g(p(x)) for an increasing function g : R, — R (where, by
abuse of notation, p also denotes the density of the measure p, which has to be found absolutely
continuous), fixed point can be found by an overall minimization problem. The function g
models in this case the cost for congestion (i.e. agents have a higher cost when passing through
congested regions, where the density is larger).

The corresponding variational formulation is the following: we consider all the possible
population evolutions, i.e. curves t — p; € 2(Q) and we minimize the following energy

T
1
/ (§|P|%/V2(t)+gv,(pt))dt+/\Pde,
0 Q

where Fv (p) := f V(x)p(x) + f(p(x))dx, where f is the anti-derivative of g, i.e. f'(s) = g(s) for
s € Ry with f(0) = 0. We fix by convention f(s) = +oo for p < 0. The functional &y is set to +ocoif p
is not absolutely continuous. Here, at each instant of time, we use the functional associated with
the time-dependent potential V; := V(¢,-). The minimization problem above is a variant of the
well-known dynamic formulation of optimal transport (see [5]) which includes congestion effects
(as in [7]). Note in particular that f is convex, as its derivative is the increasing function g, and
so is #y. The notation |plw, (£) stands for the metric derivative (see [2]) of the curve ¢ — p; in the
space of probability measures, endowed with the Wasserstein distance W, (a distance induced by
optimal transport, see [19, 21]). The reason for this distance to appear is related to the presence
of the quadratic term |x'(¢) |2 in the minimization problem solved by each agent. If this term was
replaced by |x'(#)|P we would have |p|€v (1) instead of Ipl%/vz (1).

We are now interested in a different individual cost, and more precisely we replace the term
fOT Mdt, defined on curves x € H'([0, T]) with the cost S(x), defined for x € BV ([0, T]) in the
following way: if x is piecewise constant S(x) equals the number of its jumps, while S(x) = +oco
if x is not piecewise constant. We then face discontinuous trajectories, and the individual
optimization problem can be considered as an impulse control problem (for which we refer, for
instance, to the classical book [6]). The variational formulation of such a new Mean Field Game
is based on the observation (see, for instance, [21]) that the Wasserstein distance associated with

a transport cost
1 ifx#
c(x,y) = { Y

0 ifx=y
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is equal to the total variation distance between the two measures times a factor 1/2. Indeed, when
transporting with this cost a measure p onto a measure v with the same mass, the mass which
needs to move is equal to the part of the mass of p which is not in common with v, which means
half of the mass ||z — v||. When p, v are absolutely continuous, this gives % lp—=vip.

This motivates to study a problem where the term fOT %Ipl%,v2 ()dt is replaced by the length of
the curve t — p, computed according to the L' distance (we can restrict to absolutely continuous
measures p; because of the functional ¢y). Hence, formally, we obtain

dt+/ \Pde
Q

The term fOT lloll;1dt should be intended as the length of the curve p (its total variation) w.r.t. the
L' distance.

Because of the BV behavior of the curves, the Dirichlet condition p(0) = po, as well as the
final penalization on pr, have to be suitably interpreted. Indeed, it is always possible to jump
exactly at time ¢ = 0 or ¢t = T, so that the Dirichlet condition at £ = 0 can be replaced by
a penalization %II (%) — pol;1 and for the final penalization, we can replace fﬂ Ydpr with
Elfuggb(g) le—prll + f\I’du. This last quantity can be computed and equals f\I’de, where
¥ = min{¥,inf¥ + 1}. This is perfectly coherent with the individual optimization problem: if
agents are allowed to jump at a cost 1, the final cost ¥ is automatically replaced by ¥ as there is
no point in paying ¥ (x) whenever ¥ (x) > ¥ (x') +1 for some point x’. Up to subtracting a constant
to the final penalization, we can thus suppose that we have |¥| < 1/2.

More generally, we will study in this note the variational problem

TN
min/ (_”p”Ll"‘gV,(Pt)
o \2

T
min/ /(/llp|+f(pt)+tht)dt+/‘Pde
o Ja Q

with a final cost V¥ satisfying |¥| < A and an initial condition p(0) = po which can also be replaced
by a penalization A||p(0%)—pgll ;1. A variant will be the infinite-horizon case with a discount factor
r >0, i.e. the variational problem

min/ /e_”()llp|+f(pt)+tht)dt
0 Q

under the same initial condition.

For simplicity, we will only consider the case where the function f is uniformly convex (think
at f(p) := %pz). We still establish regularity results in both time and space for the optimal solution
(which is unique because of strict convexity). This result, besides its mathematical interest, has
also atleast two applications in the MFG theory which motivates the problem. First, it proves that,
despite individual trajectories being discontinuous, the global behavior of the density of agents
p(t, x) is smooth, coherently with the experience about the evolution of residential areas. Second,
it provides the necessary mathematical properties on the individual running cost g(p) + V so as
to rigorously prove that minimizers of the variational problem are indeed equilibria of the game.
This requires, as we will briefly explain at the end of Section 5, the continuity (in space) of the
running cost, or at least its boundedness; we refer to [20]) for more details.

Then, we will also provide a numerical method to approximate the solutions using convex
optimization tools, able to deal with the non-smooth penalization given by the L! term.

Since proving regularity in a problem set on BV curves could be challenging, in order to
develop the relevant techniques (which will be based on a suitable use of the maximum principle)
we will first start from a simpler, yet not-so-standard, case, where curves, instead of being valued
in the functional space L', will be simply valued in the euclidean space R?. This will be object
of Section 2, where we will prove Lipschitz behavior in the open interval (0, 7). Some explicit
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examples will also be analyzed, in particular for d = 1, in order to have some cases which could
be used as a test for the numerical methods of Section 6.

The analysis of the infinite-dimensional case, valued in L', will be the object of Section 3,
and will be performed by means of many approximations. Some of them are common with the
Euclidean case, but there is an extra approximation which comes from discretization: the infinite-
dimensional problem is indeed approximated by a sequence of finite-dimensional ones, where
the domain Q is divided into small cells and only piecewise constant densities are considered.
Note that in this Eulerian discretization (different from a Lagrangian one where one should follow
the jumping trajectories of the particles) the problem becomes very similar to the one studied
in Section 2 with the only exception that the norm used on the finite-dimensional space is not
the Euclidean one (i.e. £2) but the ¢! norm. This makes things slightly more involved, but,
surprisingly, the final Lipschitz regularity result will be expressed anyway in the L? norm.

Section 4 contains the modifications of the strategy proof which are needed to handle the
infinite-horizon case, both in the finite and infinite dimensional case. Then, Section 5 addresses
the problem of space regularity. We will prove that the solution p(z, x) shares the same modulus
of continuity in x (uniformly in #) of the Dirichlet data and of the time-dependent potential
V (¢, x), and in this proof, differently from what is done in Sections 2, 3 and 4, the Dirichlet data
will be attacked by approximation but without replacing them with penalizations (the L' cost
will be approximated by other superlinear costs on the velocity, as it was already done in the
other sections as well). Indeed, for the previous results, it was crucial to use the transversality
conditions coming from a suitable approximation of these penalizations, while here, on the
contrary, the transversality conditions are harder to consider. This is why the first regularity
result is presented in the case where the problem is endowed with Dirichlet conditions at both
t=0and ¢t = T, which is not the natural framework we will be interested in. In order to consider
some instances of the problem which are more interesting for applications, we will consider the
infinite time horizon with Dirichlet data at ¢ = 0 (in this case we do not have penalization at the
end), where the whole analysis can be performed, as well as the finite-horizon case when the final
penalization v is piecewise constant: in this last case we can prove continuity of p on each piece
where v is constant, which is enough, for instance, to obtain p € L.

Finally, Section 6 uses proximal methods from non-smooth convex optimization to attack in a
numerical way all these problems, and some examples will be considered. A periodic and explicit
case presented at the end of Section 2 will be solved numerically as an example in order to validate
the method.

2. Lipschitz regularity in the Euclidean setting
As a starting point for our analysis, we consider here the following easier problem

1
min{TV(y; [0,1])+/ F(t,y(0)dt +yo(y(0) +y1(y(1) :yeBV([O,l];[Rd)}. €8]
0

Here TV (y;[0,1]) denotes the total variation of y on [0, 1], i.e.
N-1
TV (y;10,1]):= SUP{ Y () =y ) :0=to < <---< Iy = 1},
k=0

a value which also coincides with the total mass of the vector measure y'.

The functions v,y : RY — [0, +oo] are just supposed to be Ls.c. and bounded from below,
and among possible choices we mention those which impose Dirichlet boundary conditions, i.e.
0 if x = x4,

+oo ifnot.

t=0,1 wt(x)z{
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We stress the fact that functions in BV spaces are not continuous and can have jumps ; even if
we consider that BV functions of one variable are defined pointwisely, it is possible to change very
easily their value at a point. In particular, Dirichlet boundary conditions have a very particular
meaning: a curve which takes the value x; at £ = 0 but immediately jumps at another point
at t = 0% is considered to satisfy the condition y(0) = xo. In particular, it is possible to freely
choose a curve y on (0,1) and then add a jump to xp or x; at the boundary in order to satisfy the
corresponding Dirichlet boundary condition, of course adding a price |y(0*) — xo| or |y(17) — x1|
to the total variation. In this way, we could decide to identify the values of y at =0 or ¢ = 1 with
their right or left limits at these points, respectively, and replace Dirichlet boundary conditions
with a boundary penalization. This could also be done for more general penalizations v, ¥, for
which it is useful to define the relaxed functions

Yi(x):= irylfly— x|+ ().

It is important to observe that the functions ; are automatically 1-Lipschitz continuous, as an
inf of Lip, functions of the variable x, indexed with the parameter y.
In this way the problem (1) becomes

1
min{TV(Y; [0,1])+/ F(t,y(0)dt+ 3oy (0M) + 91 (y(17)) :Y€BV([0,1];|Rd)}
0

or, equivalently, we can replace ¥ (y(0%)) + 1 (y(17)) with ¢ (y(0)) + 91 (y(1)) and impose conti-
nuityofyat£=0,1.

Lemma 1. Let L:R? — R be a smooth and uniformly convex function which is supposed to be
radial: L(v) := €(|v]) for a convex and increasing function ¢ : Ry — R. Let F:[0,1] x R? — R
be a C? time-dependent potential satisfying D, F(t,x) = cl for a certain constant cy > 0 and
[0:VF(t,x)| < Cy, and W,y : R¢ — R two Lipschitz continuous functions. Consider a solution

y of )
min{/ (LY (£) + F(t,y () dt +wo(y(0) + 1 (y(1) : y € H' ([0, 11)}.
0

Then'y is Lipschitz continuous and satisfies |y'| < C where C is defined by
C s s
C:= maX{ C—O () Lipyo), (¢ 1(Llpwl)} .
0
Proof. Let us start from the Euler-Lagrange system of the above optimization problem. We have

(VL)' () = Vi F(2,y(0)
VL(y'(0)) = Vo (y(0)
VLYY (D) = =Vy 1 (y(1).

First we observe that y € C° and F € C! imply that the right-hand side in the first equation is a
continuous function, so that we have VL(y') € ct. Inverting the injective function VL we obtain
y € C? and, since F € C?, we obtain y € C3.

Then, the transversality conditions show |[VL(y'(#))| < Lipy, for t =0, 1. Using |[VL(v)| = ¢'(|v])
we see |y ()| < Cforr=0,1.

Let us now consider the maximal value of |y’(#)|. This maximum exists on [0,1] since y € C!
and if it is attained on the boundary ¢ = 0,1 the desired Lipschitz bound |y’| < C is satisfied.
We can now suppose that it is attained in (0,1). Since ¢’ is increasing and non-negative, the
maximal points of |y'| and of [VL(y’ )|2 are the same. We can then write the optimality condition
differentiating once and twice in ¢: we do have

VLY (0)- (VL) () =0; VLG (1) - (VLN (1) + (VL) ()]* < 0.
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In the last condition we can ignore the positive term |[(VL(y"))’ (1)|> and observe that, since
VL(y'(t)) and y'(¢) are vectors with the same orientation (we do have VL(y'(t)) = [’l()lf}',(,;)tl) l)y’ (1),
we have /() - (VL(y"))" () <0.

We now differentiate in time the Euler-Lagrange equation and take the scalar product times
Y', and obtain

0=y (0)- (VLY (1) = (VxF(t,y(0)) -y (£) = 0,V F(t,y(0) -y (£) +Y' (1) - DixF(t,Y(t))Y'(t)-
We deduce

colY' (P = Y (D110, V< E (8, y (D)),
which implies |y/(£)| < S—(‘)’ < C and concludes the proof. OJ

We now use the above result on an approximation of the original problem in BV.

Proposition 2. Consider
1
min{TV(y; [0,1])+/ F(t,y(0)dt+yo(y(0) + w1 (y(17)) :)/EBV([O,l];IRd)} )
0

where F: [0,1] x RY — R is a C? time-dependent potential satisfying D%, F(t,x) = col for a certain
constant cy >0 and |0;VF(t, x)| < Cp, and o,y € Lip; (R?) are two penalization functions.

Then a minimizery for the above problem exists, is unique, and is actually Lipschitz continuous
with |y'| < f—g

Note that we directly state the problem using Lip; penalizations instead of first fixing ¥ and
w1 and then passing to 9 and /1, but we have already explained why we can restrict to this case.
Yet, an important remark is needed:

Remark 3. The solutions with penalizations y; and ; (¢ = 0,1) coincide in (0,1), but the
solution with the original (non-Lip,) penalizations could jump at ¢t = 0 or ¢ = 1, and this jump
is intrinsically considered in the definition of i/;.

Proof. Given € > 0, we define ¢, : R, — R, via £.(s) := V&2 +s2 + eh(s), where h: Ry — R, is a
smooth, convex, and increasing function, with liminfs_., 4" (s) > 0. We then define L, : RY — R
via L (v) = €. (|v]), so that L is smooth, uniformly convex, and radial®.

We also choose some numbers a, < 1in such a way thatlim,_¢ a, = 1 and lim,_¢ ﬁ =0 (for

instance a, = v1-¢).

We consider y, the solution of the variational problem

1
min{/ (Le(y' () + F(£,y(0))dt + ae (wo(y(0) +w1(y(1) : y € Hl([Oyl])}-
0

Since L, is convex, a solution exists by the direct method of the calculus of variations, and it is
unique because of the strict convexity of the function F.

We want to apply Lemma 1 to this approximated optimization problem. We first compute
l,(s) = # +el(s) = ﬁ and observe that we have (¢,)!(r) = —2&. Since Lip(a.y;) =

. +52 . + 1-r2°
a:Lip(y;) < a, we obtain from Lemma 1

Co acE
! €
Vel < max{ —

o’ 2 [

\V31-ag
and we observe that our choice of a, implies that the second term in the max above tends to 0 as
€ — 0. This means that the Lipschitz constant of y, is at most g—(‘)’ if € is small enough.

INote that the easiest choice for h is h(s) = %sz, but other choices are possible and reasonable, and the only role of
h is to guarantee a lower bound on the Hessian of L, (and in particular, to provide a quadratic behavior to ¢, so that the
problem is well-posed in H1). Later one we will see the interest for other choices of h.
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By comparing y, with the constant curve y = 0 we obtain

1

1
/F(t,yg(t))dt+aE(q/o(yE(O))+1//(yg(1)))s/ F(1,0)dt + a.(yo(0) + 1 (0) = C.
0 0

This estimate includes an I? estimate on Ye and, because of the uniform Lipschitz condition on
Ye, it also implies that the curves y, are equibounded. We can then apply Arzela-Ascoli’s theorem
to obtain a limit curve y, — yo. This curve vy is of course S—S-Lipschitz continuous, and we can
prove that it solves Problem (2).

Indeed, the optimality of y,, together with the inequality L.(v) = |v| (which allows to bound
the total variation from above with the integral of L), shows that we have

1
TV(ye[0,1]) +/ F(t,ye(0)dt + ag(@olye(0)) +y1(ye (1))
0

1 1
S/ Le(Y’(l‘))dt+/ F(t,y(0)dt + ae(yo(y(0)) +y1(y (1))
0 0

for every y € H'. If we let £ tend to 0 and use the lower semicontinuity of TV for the uniform
convergence, we obtain

1
TV(yo;[0,1]) +/ E(t,y0(0)dt +wo(yo(0)) + w1 (yo(1)
0

1 1
S/ IY’(I)Idt+/ F(t,y(@)dr+yo(y(0) +y1(y(1),
0 0

where we used the dominated convergence L. (y") — |y'| as € — 0, and a¢ — 1.

This shows the optimality of yo compared to any H' curve. It is now enough to approxi-
mate any BV curve with H! curves. We take Y € BV(]0,1]), we define it as equal to y(0*) on
[-1,0] and to y(17) on [1,2] and we convolve it with a smooth compactly supported kernel ns
tending to the identity so as to smooth it, thus obtaining a sequence of curves y * s such that
TV(y=ns[-1,2]) = f_zl I(y *ns)' (£)|dt < TV (y, (0,1)); moreover, y 15 is uniformly bounded and
converges to y at all continuity points of y, which means that the convergence holds a.e. and at
the boundary point. This proves

1 1
limsup/ |(y*n5)’(t)|dt+/ F(t,y *ns(£)dt + oy *ns(0)) + w1 (y *ns(1))
6—0 0 0

1
= TV(Y,(O,l))+/ F(t,y(0)dt +yo(y(0)) +y1(y(1)
0

and concludes the proof of the optimality of y.
What we proved implies the existence of an optimal curve for (2), and its uniqueness comes,
again, from the strict convexity of the term with F. g

In the case where the space of curves is BV([0,1];R%) with d = 1, we can obtain a very
interesting behavior.

Proposition 4. When d =1, i.e. the target space of the curves in Problem (2) is one-dimensional,
the minimizery satisfies |y'(D)||IVxF(t,y(1))| = 0 a.e., i.e. at each instant of time either y does not
move or it is already located at the optimal point for F(t,-).

Proof. We consider the same approximation as in Proposition 2, using the function h(s) =
(s— M)? for a very large M. The uniform Lipschitz bound proven in Lemma 1 and Proposition 2
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makes it irrelevant the choice of ¢, (s) for large values of s, so that we can write the Euler-Lagrange
equation for the minimizer y, in the form

2
€ "n_ e N
WYE = (Le(rp)) = ViF(t,7e),
where we explicitly (:omputed2 the second derivative of L, ignoring the term in A.
We write this as e2y” = (2 + |yL1>)>2VF(t,y.). First, note that this implies a uniform bound
£2|y”] < C. Then, we dlfferentlate itin time, thus obtaining

XYV =3 + 1YL 2yl YUV E(t,ye) + (€% + 1YL (Vi F(t,ye)

Re-using the Euler-Lagrange equation we have

efye =362 + Iy T o vy + €+ 1y (VeF ()
We observe that the last term (¢2 + Iy’g |2)3/ 2 (V «F(t, }/5))' is bounded thanks to the Lipschitz bound
on v, and the regularity of F. We multiply by y,, and obtain

2/// !

le>yY -yl —3e* (e + YLDyl - yhPl < C. 3)

We then compute

/ lylde = —¢? / Yo yide+ [e2yLyl]y < C.

the last inequality is justified by (3), by the sign of the term &2(e? + |yLI?) " (y. - y 2, and by the
bound on the boundary term, which is the product of two bounded quantities: y, and £2y?.
Coming back to the equality £2y” = (€2 +|y.[>)%'?V F(t,ye) we take the L? norms of both sides,

thus obtaining

1 1
/ lYLI8IV F(t,ye)|*de < / & + 1YL IV F(t, ye)l2dt = / e*lyl)?de < Ce®.
0 0 0

We deduce fol Iy’EIGIVxF (t,yg)|2dt — 0 and, at the limit, by lower semicontinuity, we have the
claim. O

We will now analyze in details a simple example, both for future use and for better understand-
ing the properties of the minimizers.
We consider the periodic problem

min{](y) = ATV(y;ShH +/ %Iy(t) —w(dt: ye BV(§1;[R€)}, (4)
sl

where 1 >0 and w:S' — R is a fixed curve. We suppose that w is a Lipschitz continuous function
such that there exists a finite decomposition of s!into essentially disjoint intervals I = [ay., byl
(k=1,...,4N for N = 1) such that ay,; = by and byy = a; and satisfying for each n =0,..., N-1,
the following conditions

e wisnon-decreasing on Ij+1;
e W(asni2) = 0 (Dapy2) := Cany2 and @ = C4p 42 ON Iypy0;
¢ @ isnon-increasing on Iy;43;
e w(A4n+a) = O(Dap+a) := Canvsa and © < Capvq 0N Igpig;

¢ Sy @ = Cans2= 14 Canea— 0 =24,

2Note that this computation is based on a 1D cancellation effect, since in higher dimension we have

€ +vPIi-vev

D’Le(v) =
€ (€2 +|v[2)3/2

and the matrices |v|21 and v ® v do not cancel out.
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We then define a curve y and a function z via

on Iy, Y=w and z=A,
t

on Iypy2 Y=Ciny2 and z(®) =21 —/ (W — C4n+2),

A4qn+2
on Iy;.3 Y=w and z=-1,

t

on Iyp4 Y=Cinsa and z(r) = —/1—/ (W — Cc4n+2).
a.

An+2
We can check that y and z are Lipschitz continuous functions, that we have z’ = w —y as well as
|zl < A, z=+A when ¥’ # 0 and z and y’ have the same sign. Hence, z(t) € d(A|-)(y'(¢)). This
means that we have, for any curve ¥, the inequality

ATV(F;Sh zATV(y;§1)+/1(7/_y/).Z_ 5)
S

We claim that y is a solution of Problem (4). Indeed, for any other competitor ¥, we have
- ~ I _ - ~
J) = ATV(FHSY +/1 ST -0l 2]()/)+/l(y’—y’)-z+(y—7)-(}f—w) =J),
S S

where the last equality is obtained by integrating by parts and using z’' = w —y. The previous
inequality comes from the use of (5) and from expanding the square.

This explicit example confirms the behavior predicted in Proposition 4: the optimizer in the
scalar case either coincides with the minimal point of F(t,-) (here such a point is equal to w(?))
or it does not move. By using the numerical method described in Section 6, the solution to the
problem (4) is displayed in Figure 1 when w: S! — Ris a curve such that w(#) = sin(27¢) +3sin(3-
2nt). The periodic function w verifies the hypothesis listed above and we can see that the solution
v either follows w or it is constant on each interval I. This numerical simulation confirms the
solution and at the same time it validates the numerical method which will be presented more
precisely in Section 6.

3. Lipschitz regularity in the L' setting

In this section, we prove the regularity in time of the density p which solves the following
problem:

T
rgleig / /(Ip(t,x)l+V(t,x)p(t,x)+f(p(t,x)))dxdt+1//o(p(0))+wf(p(T))::F(p),
0 Q

0=0
v1€[0,T], fop(t,x)dx=1

where E := BV([0, T]; L' () n L?([0, T] x Q) (for one-variable BV functions valued in a Banach
space such as L! we refer, for instance, to [15, 16]). The function f will be supposed to be
uniformly convex (i.e. f” = ¢y > 0), and the time-dependent potential V will be supposed to
belong to Lip([0, T1; L*(2)). The domain Q is a finite measure set in R, and we assume for
simplicity that it has unit volume.

A few words on the penalizations o and vt

We aim to apply the results when v is of the following form

wr: LNQ) —R

p— / pr(x)px)dx,
Q
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Figure 1. The simulation of the solution y to the 1D periodic case (4) with w(t) = sin(2xt) +
3sin(3-2mt). The parameters are displayed in Table 1 except from S =1 and A = 0.04. The
blue solid line corresponds to the solution vy, while the red dashed line is the profile of w.
Each interval I} is delimited by the vertical dotted gray lines.

where @71 :Q — Ris L™ and |l¢ 7l < 1. In this case, 1 is I1-Lipschitz for the norm || - || 1), and
it is also weakly continuous in L' () (and hence in L?(Q)).
When it comes to ¥, we aim to consider the following case:

wo: L'(Q) — R
p—llp—molipq),
where mg € L' (Q). In this case as well, Yo is 1-Lipschitz for the norm || - || ;1. It is also weakly

lower-semicontinuous in L' () and L?(Q).
More generally, our results apply when the penalizations ¢ and y; are of the following form:

v:(p) :=/ as(x, p(x))dx,
Q

for two functions a; which are 1-Lipschitz continuous and convex in the second variable. In this
way the functionals v, are both continuous for the strong L! convergence (actually, Lip;) and
lower semicontinuous for the weak L' convergence. This general framework includes the two
examples above.

Finally, if o and y 1 are defined as previously, we will define y¢ o := ayo and Y14 := ayr.

Approximations

As in the previous section, the absolute value |p| will be approximated by a smoother function

L which will be specified later. The mass constraint [ p, = 1 will be imposed via a penalization
12

method, adding J p2 51) . The penalizations on the boundary on [0, T], ¥¢ and v, will also be

approximated by multiplying them by a < 1. Finally, the positivity constraint will be handled by
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approximating f with a sequence f, : R — R obtained via f,,(p) := f(p) + n(p-)? so that negative
values are penalized but the uniform convexity of f is preserved since we have f! = ¢, for the
same cy > 0.

Taking together these approximations, we obtain the following problem:

(f ot, )dy—1)*
26

+0,a(p(0) + Y 1,a(p(T)) := Fu(p).

dz

T
min/ (/ Le(0(8, ) + fulp(t, X)) + V (£, x)p(f, x)dx +
PEE Jo \Ja

Note that the approximated functional is written as F,,, meaning that we have fixed a suitable
sequence of values (¢,0, a) such thate;; — 0,6, — 0and a, — 1.

In order not to have difficulties with the infinite-dimensional space LY (Q), we will also use a
finite-dimensional discretization. This consists in imposing that the functions p(t) belong to a
finite-dimensional subspace. More precisely, we divide the space Q into 7 small areas of volume
% called A;’ (we need their diameter to tend to 0) and we take p,(#): Q — R such thatitis constant
on each area. This means that p,(#) takes at most n different values and its mass is constant
equal to p;(#) on each region A} (and its density equals np;()). The problem can be considered
as a restriction of the previous one to the subset of E composed of densities which are piecewise
constant functions (constant on each A?) for every ¢, or it can be rewritten as follows:

Tl Yipj-1)°
+Y0,a(0(0) + ¥ r,a(p(T)),

where the functionals v o, and ¥, can also be written in terms of values p;(0) and p;(7): they
are of the form

V0.a(p(0) :=a}_ ai(pi(0) and Y14 (p(0):=a} air(pi(T))

for some Lip, functions alff » which are precisely given by
n 1
a; (W) :=—1 a;(x,nu)dx.
' n.Jar

In the set E, we say that p,, converges to p in E in the sense of (6), if
ACs.t. lpn(D)llf2q) < C for every n and every ¢ and p,(#) — p(#) uniformly in ¢ (6)

where the uniform L? bound allows to metrize the weak L?> convergence and the uniform
convergence is defined accordingly.

We observe that the convergence in the sense of (6) implies the weak convergence p, — p
weakly in L%([0, T] x Q).

Lemma 5. Let (p,);, be a sequence converging to p € E in the sense of (6) such that F,(py) is
bounded. Then, we have p =0, for a.e. t € [0, T we have fQ o(t,x)dx =1, and moreover

F(p) = lin}liann(pn).

Proof. First, we have

T T
/ /Ipn(t,x)ldxdtS/ /Le(pn(t,x))dxdtan(pn)sC,
0 Q 0 Q
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so that || 0,1l 110, 71xq) is bounded. By embedding LY([0, T] x Q) into M([0, T] x ), the space of
Radon measures, there exists a subsequence of (9,,), which converges weakly in M([0, T] x Q) to-
wards a measure which can only be p. The semicontinuity of the mass for the weak convergence
provides

T T
/ / |0(8, x)|dxdt < liminf||onll 110 1yxq) < / / Le (0 (8, x))dxdt
0o Ja n—oo 0 Ja
(where, actually, the first integral is to be intended as a mass in the sense of measures, or as the

2
total variation of the curve ¢ — p(z) in L' (Q2)). Then, using again p,, N p, we obtain

T T
/ /V(t,x)p(t,x)dxdtz lim/ /V(t,x)pn(t,x)dxdt.
0o Ja =0 Jo Ja

Using f < f,, and the convexity of f, which implies the weak lower semicontinuity of p —
[ flp(z,x)dxdt, we have

T T
/ /f(p(t,x))dxdtsliminf/ /fn(pn(t,x))dxdt.
0 Ja n—oo Jo Ja

Moreover, by the definition of f;;, we also obtain

T T
/ /(p_)z(t,x)dxdtsliminf/ /((pn)—)z(t,x)dxdtzo
0 JQ n 0 JQ

since [ [((pn)-)?(t, x)dxdr < % This shows p = 0.

Since for all ¢ € [0, T], p,(t) — p(f) weakly in I%(Q), we have in particular p,(0) — p(0) and
pn(T) — p(T) weakly in L?(Q) and consequently weakly in L' (Q), so by the lower semi-continuity
of y¢ and v, we have

Yo(p(0) =liminfyo(pn(0)) and yr(p() <liminfyr(on(T)).
Since ([0 (0)ll 12(q))n and (0 ()l ;2(qy) n are bounded we also have L! bounds and hence
lima,yo(pn(0)) =limyo(pn(0)) and lima,y (0, (1)) =limy (0 (T)).
Finally, we use the positivity of the term

/T (fpn(t,y)dy—l)zdt
0

20
to obtain
F(p) = lin}liann (Pn),
and its boundedness to obtain [ p(#) =lim [ p,(#) =1 fora.e. t. O

Lemma 6. Suppose that my is such thatff(mo) < +oo (in particular my € L2(Q)). For all peE
there exists a sequence (p,), in D = H L([0, T1; L2(QY)) which converges to p strongly in L%'x and
which satisfies

pn(0) =my
100l Lo, 71x) = ION L o, T1x ) T+ lp(0") - moll 1) )
= 1ol 1o, 71x + Yo (p(07))
T T
limsup/ /f(pn(t,x))dxdts/ /f(p(t,x))dxdt €]
n o Ja o Ja
T T
lim/ /pn(t,x)V(t,x)dxdt:/ /p(t,x)V(t,x)dxdt 9)
= Jo Ja 0o Ja
li;lHU/T(Pn(T)) =yr(p(T) (10)

In addition, if forall t € 0, T}, [, p(t,x)dx =1, then forallneN, [, p,(t,x)dx=1.
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Proof. Let p € E. We denote by 1, a sequence of mollifiers in the ¢ variable (i.e. n, is a sequence
of smooth probability measures on R such that n,, — §), and we suppose sptn, < [0, %].

The function p is only defined on the time interval [0, 7], but we can extend p to a function
p:[-1,T]xQ— Rsetting p(t) = myq for all £ < 0. The total variation in L! of this extension is equal
to the sum of that of p and the L! distance between mg and p(0").

We then define p, as the convolution of p with the mollifiers 1, in time:

Palt,x):= /nn(t—S)ﬁ(s,x)ds

With the assumption on the support of 7, this convolution is well-defined on [0, T'] even if p has
not been extended on ] 7, +o0o[. Moreover, we have p,(0) = my.
Note that we have

t
<Cn) o(s,x)ds
t—1/n

\Pn(t,x)| = ’/n;(t—s)ﬁ(s,x)ds
so that we have
t
lon(Oll2q) < C(ﬂ)/ [lp(s) ||L2(Q)ds <C(n)
t—1/n

(we use here the assumption m € L?(Q)). This proves p, € H' ([0, T1; L>(Q)).
The convexity of the total variation easily implies (7). Again by convexity, for any convex
function g we have

T T T
/ /g(pn(t,x))dxdts/ /g(ﬁ(t,x))dxdt—»/ /g(p(t,x))dxdt,
0 Ja ~-1/nJQ 0o Ja

where the last limit is valid whenever fQ g(mg) < +oo. Applying this to g(p) = p? proves
that p, strongly convergence in Lf,x to p (it provides an L? bound, hence a weak limit up to
subsequences; this weak limit can be identified as p by testing against continuous functions;
the limit is actually strong because the L? norm converges to that of the limit). This implies, in
particular, (9). As for (8), itis enough touse g = f.

To prove (10), we use the property of bounded variation functions: p admits a left limit at T in
LY ie. for every € > 0 there exists 6 > 0 such that [|p(?) — p(T7)|l1 < eforevery t € [T -6, T|[. By
convexity this implies, as soon as % <0, lpn(T) — p(T7)Il < € and shows p,(T) — p(T~) strongly
in L. This implies (10).

If we suppose in addition that for all ¢ € [0, T, fQ p(t, x)dx =1 the same will be true for p, by
convexity, which concludes the proof of the statement. g

Theorem 7. Suppose that yo: L' (Q) — R and yr: L' (Q) — R are 1-Lipschitz and weakly lower
semicontinuous on LY(Q) and that V: [0,T] x Q — R belongs to Lip([0, T1; L2(Q)). Suppose also
that f: R— R is co-convex, i.e. f” = ¢y onR.

Then, there exists a unique minimizer p to the problem

min F(p). an
pEE
V1€[0,T], [op(t,x)dx=1

This solution belongs to Lip([0, T1; L*(Q)) and it satisfies

sup /Ip(t,x)lzdst, (12)
€[0,T1JQ

2

S 2 2
where C = C—g with C§ = sup,cio 7y 1V (1,4l

L2(Q)°
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Proof. To obtain the regularity (12), we will approximate the problem (11) as already described
at the beginning of this section; i.e. solving

(s 0 —1)2
min/ ((Z l(Le(npi(t))+fn(ﬂpi(t)))+npi(t)/ V(t,X)dx)+M)dt
v 4 26

pEER
+¥0,a(p(0) +¥1a(p(1)), (13)

where we denote by E;, the set of piecewise constant (in space) functions p € E such that
n
Viel0,TL,YxeQ, p(t,x) =) npi(0)Tn(x),
i=1 !
where p;: [0, T] — R is a real-valued function. With the definition, the mass of p on each A;?

equals p; (1).
In particular, if we consider the curves p; (), for each i the curve p; solves

(Zjpj0-1)°
——|dt
20
+ aa{fo(pi(o)) +aa;r(p;(T) (14)

T
min / (Le(npi(t))+fn(npi(t))+npi(t)V,-"(t)+
p;€HY([0,TI;R) Jo

where V(1) := ﬁ S V(t,x)dx = n [, V(t,x)dx. The function V"(z) defined to be equal to
Vl.”(t) in A;? satisfies l

[ Vn(t)”LZ(Q) = V() ”LZ(Q)y ||Vn||L2([0,T]xQ) = ||V||L2([0,T]><Q)y ||6[Vn(t) ||L2(Q) = ||0tV(t)”L2(Q)'

all these inequalities being a consequence of Jensen’s inequality.
The proof is divided in several steps.

Step 1. The minimizers of (13), which is a finite-dimensional variational problem in H 1 exist by
the direct method.

Step 2. Let p, be a minimizer of F;, for all n. In this step, we bound |0, ()]l 2(q) independently
of n so that we will be able to pass to the limit # — co. We remind that p,, is piecewise constant in
space: p,(t,x) := ;‘:1 npn,i(t)ﬂA? (x). In the following, we fix n and write p;(?) instead of p,; (£)
to enlighten the notation.

The Euler-Lagrange equation of (14) is

(Xjpj(0-1)

(LL(npi (1)) = V(D) + fh(npi(1) + : (15)

nd
Differentiating the equation (15) yields
2ipj®)
(Le(np: ()" = (V' () + npi (D f) (npi (£) + %.
Multiplying by p; () and summing over i gives
. 2
n n Z i (1)
Pi(DLe(npi )" =Y (V) (0pi() + n(pi(0)* f) (np; (1) + %
i=1 i=1

Since the term (¥ P j(t))2 is positive, using f;/ = ¢y as well, we obtain the inequality

n n
Y pi(0) (Li(npi(0))" 2 Y (VY (0)6i (1) + con(pi (). (16)
i=1

i=1
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Now, we need to estimate the left-hand side of (16). By expanding the second derivative, we
have

n
sz(t) (Le(npi(2))” Zpl(t) (npi() LY (npi (1)’

i=1 ; (17)
= Z (0 ((npi (0L (npi (D) +n (LY (npi(1)).
Let us define the function #: R — R such that h(s) = sL(s) — L¢(s). Then, h verifies
h'(s)=sL!(s) and h"(s)=L!(s)+sL! (s).
We now consider
jnax 3 Z h(np;(1)). (18)
Two cases will be distinguished:
e the maximum is reached on (0, T),
o the maximum is reached on {0, T}.
(i) Suppose there exists fg € (0, T) such that Y7, h(np; (%)) = max.ejo,7) L}, h(np; ().
In particular, we have
n n
Z npi(to) W' (np;(ty)) = Z nzﬁi(to)Pi(to)L'E'(nPi(to)) =0
i=1 i=1
n
and Z np;(t)h'(np;i(t)) + (nﬁi(l‘o))zh"(npi(to)) =0,
i=1
n
Le. Y n®p;(t)pilto) L (np; (1)) + (np;i(to)* (L. (np; (1)) + npi(to) LY (np;(fp))) <
i=1
Inserting (16) and (17) in f, the last inequality becomes
n n
Y (VY (k) pi(to) + conpi(t)?) < = Y (i (10))* LY (npi(tp)) < 0. (19)
i=1 i=1
Let us precise the expression of h:
h(s) = sLi(s) — Le(s)
= s +2652—\/32+62—652—ﬂ+652
Viie Viiter
=- e tes? <es.
Vs2+e?

Since t; is a maximizer onT‘: h(np;), for all t € [0, T], we obtain

hnpi(0) =Y ————— venpi ()2 < Y. hinpi(t) <e Y. (npi(te)?.  (20)
Z ; V(D)2 + € ; ° ; °

€2

In particular, we have
————+(np; (1) < ) _(np;(£))".
o1 \/(n;ol(t))2+e2 l g
: €
Since —\/m <1,forallt€[0,T],

n n
Y npi(* <1+ npi(te)?. 1)

i=1 i=1
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Besides, thanks to Cauchy-Schwarz inequality, the inequality (19) becomes

n n
co Y npi(to)* ==Y (VI (to)pi(to) (22)
i=1 i=1
n 1 n
<0/ X = (VY (10)% ] Y npite)?
=11 i=1
n n
<.| sup Y [ (VM'(02dxy| ) npi(ty)?
t€[0,T) j=1 A} i=1
n
< sup (VM (t,) 2| 2 noi(t0)?
t€(0,T] i=1
n
< sup | V,(tr')“LZ(Q) Z npi(to)z-
t€[0,T) i=1
Finally, (22) gives
n
c6 3 npit)? < sup V'(1,)1%, - 23)
i=1 1€[0, T}
By gathering the inequalities (21) and (23), there exists a constant
C2:= sup |V'(t,)1%,,, =0
0 1€[0, T} @)
independent from 7 such that for all ¢ € [0, T,
- 2 < 2 Cg
Y npi*<1+) npi(t)*<1+—. (24)
iz i=1 Co
Yet, for all ¢ € [0, T, the L2-norm of p,(¢) is
2 L 2_ v 2
16n(ON72 ) = Z/n(npi(t)) =_ani(t) ,
i=1J A] i=1
so, for all n € N, a minimizer of (14) verifies
2
(25)

. 2 0
sup [10x (D72, =1+ — .
te[0,T] e Cg

(ii) Suppose that the maximum of (18) is reached at 0, i.e.
n n
i=21 h(np;(0) = [nax I=Z1 h(np; ().
The transversality condition yields
Le(np;(0) = (aa;fo)'(pi(o)),
and we know that ““Zo is Lip,. Using L(s) = \/82;? + 2es, we get

np;(0)
V (np;(0))? +€?

The same computations as in Section 2 lead to

+2enp;(0)| < a.

ae
9;(0)] < —.
InpiO) = T—
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Thanks to this inequality, we can conclude similarly to (24) that

n n
Y npi?<1+Y npi (02,

i=1 i=1

14 n‘a’e? . a?e?
T r2(1-a®» 0 1-a?
S0, i
sup ||pn(r)||Lz(Q)— sup anl(t) 2. (26)
tel0, T 0,T1i=

Remark 8. The upper boundsin (25) and (26) can be improved to quantities which are abritrarily
close to C3/c5 and 0, respectively.

For the first one, it suffices to define a slightly different approximation of |-|. If one take
Le a(s) = Vs?+e2 + Aes? instead of L, the calculus remains the same, except for (20), which
becomes

Z h(np;(1) = Z - +Ae(npi(1)* < Y h(npi(t)) < Ae Y (np;(19))°.

o1 V(i ()% +€? i=1 i=1

and yields the inequality

€2

Aanl(l‘)2< 1+A2np,(to) :

i=1 i=1

ie. an,(t) < Z+an’(t0)

i=1

Since the constant A can be chosen as large as we want, the bound can be Cg/ cg.
2.2
For the second estimate, it is enough to choose @ — 1 such that f‘fz — 0 which allows to
replace the second term in (26) by almost 0 (and the first one can be taken small as well, as we

have just explained).

The same computations lead to the same conclusion if the maximum were reached on 7.
To conclude, by (25), (26) and Remark 8, we have shown that

ECR
V n, sup IIp,l(t)IILZ(Q) < max —2,0 === C.
te[0,T] Co Co

Step 3. In this step, we prove that there exists a subsequence of (p,), which converges to a
function p € € ([0, T], L?(2)).

The sequence (p, (1)), is equi-Lipschitz in L%(Q) but the norm L%’x is also bounded, which
provides a uniform bound [|p, ()| ;2(q) < C. Bounded sets in L%(Q) are not compact for the strong
convergence, but they are compact, by Banach-Alaoglu’s theorem, for the weak convergence. The
equicontinuity that we have is in the strong sense, so it also holds in the weak sense, and we can
then apply the Arzela-Ascoli’s theorem to extract a subsequence of (p,), which converges to p in
the sense of (6).

Additionally, we obtain by the lower-semicontinuity property of the L?>-norm that the limit
curve p is also Lipschitz in time for the strong L? norm:

Y (1,) €10, 12, lp(8) = p(s)l 2 < Clt = sl.

Step 4. The goal of this step is to prove that the limit p found previously is actually a minimizer
of (11). Comparing to a suitable competitor (for instance a discretization of m, constant in time),
we can see that there exists C > 0 such that F;(p,) < C for all n.

First, let us notice that fQ po(t,x)dx=1,forall £ € [0, T].
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Indeed, we have

T 2 T 2
/ (/ p(t,x)dx—l) dtsliminf/ (/ pn(t,x)dx—l) dt=0,
0 Q n 0 Q

Second, by Lemma 5, we have that F(p) < liminf, F,,(p,).

Third, let m € D = H'((0, T]; L*(Q2)) be such that [, m(t,y)dy = 1. In what follows, we prove
that there exists a sequence (m,), such that limsup,, F,(m;) < F(m).

We define the sequence (m;,), by choosing piecewise constant functions such that

Vtel0,T], VxeAl, mn(t,x):n/ m(t, y)dy 27
A}

which verifies fQ my(t,y)dy = me(t, y)dy = 1. This lets the term penalizing the mass of
m,, disappear in F,(m,) and, using m = 0 and m, = 0, the penalization of the negative part
disappears as well:

T
F,,(my) =/ / Le(my(t, X)) +f(mn(trx)) + mn(t»x)vn(t;x)dxdt+1//0,a(mn(0)) + Y r,a(my(T)).
0 Q

We observe that, by Jensen’s inequality, exactly as it happens for V", the sequence m,, is
bounded in L? (the norm is bounded by that of m) and clearly weakly converges to m (it is enough
to test against continuous test functions). So, it strongly converges to m in L2. This is true both in
Lf,x and in L2 for every ¢. In particular, the boundary terms and the linear term [ m, V" converge
to the corresponding terms with m. As for the term [ f(m,,), it can be bounded (again thanks to
Jensen’s inequality) by [ f(m). We are left to bound the term involving the time-derivative.

Using again the Jensen inequality we have [ L, (rit,) < [ L¢ (1) and using m € D (i.e. i € Li 5)
the quantity in the right-hand side tends to || 772l 11 (0, 1<) -

Summing up, we have proved that for all m € D such that fQ m(t,x)dx = 1, there exists a
sequence (m,), which converges to m strongly in L?([0, T] x Q) and which verifies

lim:upFn(mn) < F(m). (28)
Now, we can prove that p minimizes F. Let m € D be a competitor such that fQ m(t,x)dx =1
and (m,,), the sequence defined in (27). Since for all n € N, p,, minimizes F,,, we have
VneN, Fylpn) < Fu(my).
By Lemma 5 and the property (28), we obtain
VmeD, F(p)<F(m). (29)

The inequality is true for all m € D, there remains to show that it is true for all m € E.

Let m € E be such that fQ m(t, x)dx = 1. By Lemma 6, there exists a sequence (m,), < D which
converges to m strongly in L%, . and such that [y m, (¢, x)dx =1 for all n € N. This sequence may
be different from (27). By Inequality (29), we have

VneN, F(p)<F(my).
By using the properties (7), (8) and (9) and the fact that m is supported in [0, T] x Q, we obtain
VmeE, F(p)<F(m),

which shows that the limit p is a minimizer of F.
To conclude, the function p is a solution to the problem (11) and verifies the property (12).
Moreover, the solution p is unique by the strict convexity of F, given by f. d
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4. Infinite horizons problems
Similar results can be proven in the infinite horizon case, with an exponential discount factor:

o0
pr?gg; /0 e‘”/Q(|p(t,x)| +V (5, x)p(t,x) + f(p(t, %)) dxd + o (p(0)) := Faolp)
VieR,, [ p(tx)dx=1
where Eo := BV, (R ; L1 () nL?oc (R, xQ). This kind of infinite horizon problem is very classical
in economical models and we will not discuss any more its economical motivations. From the
mathematical point of view, it is interesting as we get rid of some difficulties (which will appear
in the next section) related to the transversality condition at ¢t = T but the computations which
provide the time regularity can be re-done up to minor modifications.
The proof is similar to Theorem 7. We will need to use the following approximated functional

T
FT(p):=/ e*”/ (lp(, 01+ V (£, x)p(t, x) + f(p(t, X)) dxdt + o (p(0))
0 Q
and its approximation

(Z;pi(0-1)°

T n o1
F}‘(p)::/0 e_”(z;(Le(npi(t))+fn(ﬂpi(t))+ 25

)+np,~(t) V(t,x)dx)dt
i=1 Al’.’
+o,(0(0)),

where L¢ and the partition Q = U’ | A are the same as in the proof of Theorem 7.

Theorem 9. Suppose that yo: L'(Q) — R is 1-Lipschitz and weakly lower semicontinuous on
LY Q) and that V: R, x Q — R belongs to Lip(R.; L2(Q). Suppose also that f: R — R is cy-convex,
ie f"=c.
Then, there exists a unique solution p to the problem
min Fy(p),

PEEoo;
VieRy, [op(t,x)dx=1

and it satisfies
sup/ Ip(t,x)lzdxs Coo) (30)
teRy JQ

2

720 and on cy.

2
where Coo = % > 0 only depends on V with Cg =sup,ep, IIV'(£,-)l
0

Proof. The proofwill be very similar to the case discussed in Section 3, and we will only highlight
the differences. First, there is an extra approximation due to the infinite horizon: we fix T (and,
later, we will consider T'— oco) and we solve

inF! (p). 1
min £, (p) 31
We adapt the proof of Theorem 7 and we mention here the main differences.

Step 1. Using the fact that e™"T < e”"/, we can conclude similarly to Step 1 in Theorem 7 that
there exists a solution to problem (31).

Step 2. Let p, (denoted p in this step for simplicity) be a minimizer of F,,. We exploit the Euler—
Lagrange equation for each component p;(#) in order to obtain bounds. The equation is slightly
different now, due to the coefficient e™"!. We have

-1
(e_”Lé(pi)), = e—rt Vl-n(t, xi) +f,;(npi) + Z]ij

Yipj-1
én

(32)

e —rLy(pi)+ Le(p)) = V' (6, x) + fr(np;) +
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Similarly to the proof of Theorem 7, we differentiate Eq. (32), multiply it by p; and sum over i:

. \2
T L{ (i) + piLe(Pi))") = Y (i (V] (8, x0) + np? £ (np ) + _(ZSZJ '
i :

1

Compared to Section 3, there is an extra term equal to _; (-7 §; 0; L] (0;). We now take again h
the function such that

h(s) = SL.(s) — L(s)

and look at maxye(o,7) X1, h(np;(1).
The extra term in the Euler-Lagrange equation appears in considering the maximum in (0, T),
but in this case we also have
n
Y K (npi()pi(1)=0.
i=1
Using h'(s) = sL]/(s) we see that this lets the extra term vanish, and the computations are then
unchanged.

As for the case where the maximum is reached at ¢ = 0, the transversality condition is exactly
the same as in Section 3 because of e™"! = 1. When the maximum is reached at ¢t = T, the
transversality condition now gives e ™" L (np;(T)) = 0 for every i. This allows to obtain p;(T) =0
and the maximum cannot be reached at ¢t = T.

This allows to bzound Y n/f),'(t)2 by a constant Cy, := Cg/ c(z) which only depends on ¢y and

sup ejo, 7 1V (£, )13z < SUPem, 1V (1,)17, ¢, = G-

Step 3. Now, we pass to the limit in 7 for fixed T. This follows the very same procedure based on
the Arzela—Ascoli’s theorem, as in Section 3. In this way, we obtain a family (p7) r of equilipschitz
functions in ¢ valued in L?(Q), satisfying the very same uniform bound on the time derivative,
and each pr minimizes Fr by proceeding the same way as in Step 4 of Theorem 7.

Step 4. We pass to the limit T — oo. The previous step provides a family (p ) ren of equilipschitz
minimizers of Fr. By choosing a density m such that [ f(m) < +oo and comparing pr to the
constant curve equal to m, using the integrability of the exponential discount coefficient e,
we obtain a uniform bound Fr(pr) < C (independent of T). Let us fix Ty < co. Since pr is
a minimizer of Fr, we have Fr (pr) < Fr(pr) < C. Thus we have a bound (depending on T,
because of the coefficient e™"?)
sup llprOlzq) < Crp-
t€[0, Tp]

This allows to apply Arzela-Ascoli’s theorem for the convergence in the sense of (6), and ex-
tracting a diagonal subsequence we obtain a subsequence of (p7)r which converges towards
pPECR,, L2(Q)) in the sense of (6), on each interval [0, Ty].

Step 5. In this step, we show that p defined previously is a minimizer of F. Let us denote by
(o) K, the subsequence which converges to p. Let m € E, be a competitor and T a fixed value.
For all Ty = T, we have

Fr(p7,) < Fr(m) < Foo(M).

By the lower semi-continuity of Fr we obtain Fr(p) < Fo(m) and, taking the limit T — oo, we see
This shows that p is a minimizer of F. Additionally, it verifies

\4 t,S€ [R+, ”p(t) —p(S)”LZ(Q) = C00|t_sl!
hence (30). O
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5. Regularity in space

While the regularity shown in the previous sections is in time, we can show regularity in space
under additional conditions on V and on the boundary conditions. We will start from the
problem with Dirichlet boundary conditions:

T
min //(|p(t,x)|+V(t,x)p(t,x)+f(p(t,x)))dxdt:=F(p), (33)
o Ja

PEE
p(0,-)=mo,p(T,-)=mr
v1€[0,T], [ p(t,x)dx=1

where we remind that E := BV([0, T]; L' (Q)) n L?([0, T] x Q). Similarly to Section 3 and 4, we
approximate the problem (33) by

T((n 1 Y 0:(0)-1)
min /((Z Le(npl(t))+np,(t)/ V(t,x)dx+;f(np,-(t)))+M)dt::ﬂ(p),
0 A"

p€EE, o 20
p(O,-):mgjl,
p(T,-)=m7p

(34)
with the usual choices for L.(s) = V's2 + €2 + ¢s® and E,,, the set of piecewise constant functions
p € E such that

n
Yrel0,T),VxeQ, pt,x)=) npi(t)lsm(x),
i=1 '
where p;: [0, T] — R is a real-valued function. Note that here we prefer not replace the Dirichlet
boundary conditions with L! penalizations, so that we need to discretize the initial and final data
as well. We then deﬁne m} to be piecewise constant approximations of m; (for t =0, T), taking
in particular m} IA"I fAn m;(x)dx. We also set, as usual, V" (1) := IA”\ fAn V(z, x)dx.

We will con31der the problem solved by p;(¢) foralli e {1,...,n}:

T pi(-1)°
min / (Le(n,()i(t))+f(npi(t))+npl~(t)Vi"+M dr (35)
np;@=ml, Jo 26
npi(T):m;f[
The Euler-Lagrange system of (35) is
(Lé(ﬂf)i(t))), =V/(t,x;) + f'(np; (1)) + c(1),
np;(0) =my,, (36)

npi(T) = mjy,

)= fp(ty)dy 1

where c(t 5

Lemma 10. Ifp is a minimizer of (34), then for every i, j we have the following inequality:

n sup p;(t)—p;(t) <max| sup Vj"(t)—Vi"(t),m{fo—m;"o,mﬁT—m;”T,
£€(0,T] £€(0,T)

Proof. We consider

max pi()=p;(0).

We distinguish three cases:
¢ the maximum is reached on (0, T),

e the maximum is reached at 0
¢ the maximum is reached at T.
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(i) If the maximum is attained at f, € (0, T'), we have p; (%) = p(fo) as well as f; (fp) < f j (Zo).
This implies p; (o)L, (np;i(to)) < p;(t)L{(np;(ty)). By using (36) and substracting the
equation for 7 and that for j, we have

1
np;(tp) —np;(t) < C—(f,',(flpi(to) — fn(np;(1))
0

=pi(to) LY (np;(t)) — ,b'j(to)Lg(nPj(to)) + an(to) - V(1)
= Vj”(to) - V,-"(to) < sup Vj”(t) - V,-"(t),
t€[0,T]
Consequently, n(p;(f) — p(fo)) is bounded by sup (o 1 V]” (1) - Vl.”(t).
(ii) If the maximum is reached at t = 0 we have
npi(t)—np;(t) < naj - a;?
using the Dirichlet condition.
(iii) If the maximum is reached at t = T we have

npi(1) —np;(t) < nb; - b}

using the other Dirichlet condition.

The claim follows by putting together the three cases. U

Theorem 11. Let p be a minimizer of (33) and w a function such that
1
—(V(t,%) = V(t,x7), ms(x) = ms(x) < w(x - x)
Co

forall t,x,x" with s =0, T. Suppose either that w is a constant or thatlim,_ow(z) =0 (i.e, w isa
modulus of continuity).
Then we have for a.e. t, x, x'

p(t,x)—p(t,x") < w(x-x).

Proof. We first consider the curves p, minimizing (34). We write the estimate from Lemma 10 in
terms of the densities p,(t, x) = np;(t). We obtain

on(t,x)—pn(t,x) s w(x-x") +e&,.

Indeed, if the function w is a constant M, then the oscillations of %, a and b are bounded by M
and so np; — np; < M as well. Otherwise, if w is a modulus of continuity, then the functions %, a
and b are continuous and their averages on small pieces A}’ can be replaced by the values at the
center of these pieces up to a small error £, (which also takes into account that x and x’ can differ
from the centers of the corresponding pieces).

The family (p,), is bounded in L2([0, T] x Q). Differently from the case of Section 3, we do not
have Lipschitz estimates in time (note that this is not the same approximation as in Section 3,
since we impose the Dirichlet boundary conditions instead of penalizing them), but luckily we
will not need them. Indeed, the equicontinuity in time was essential to obtain uniform and
pointwise bounds and deal with the boundary terms. Here we just use weak convegence in
L2([-1, T +1] x Q) after extending p,, to a on [-1,0] and to b on [T, T + 1]. It is easy to see that p,,
admits a weakly converging subsequence and that the limit solves (33). Note that the extension
before ¢ = 0 and after ¢ = T is needed to include the possible jump at those instants of time in the
total variation and hence play the role of the Dirichlet boundary condition.

The conclusion comes from the following Lemma 12. d
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Lemma 12. Let p,, be a sequence weakly converging to p in L*([0, T] x Q) and suppose that there
exists a function w such that
VneN* Vte[0, T, Vx,x'€Q, pult,x)—pn(t,x)<wx-x")+e,

for a sequencee, — 0.
Then we have
p(t,x)—p(t,x") <w(x—x")
whenever (t, x) and (t, x") are Lebesgue points of p.

Proof. Let us take (f, xo) and (%, yo) in [0, T] x Q, two Lebesgue points of p. Let r > 0 be such
that ]ty —r, to + r[< [0, T1, B(xp, ) < Q and B(yo, ) < Q, we have in particular

to+r to+r
][ pn(t,x)dxdt — ][ p(t, x)dxdt, (37
to—r J B(xo,r) =% Jto-r JB(x,r)
~lo+r to+r
and ][ ][ pn(t, x)dxdt — ][ ][ p(t, x)dxdt. (38)
to—r J B(y,1) =% Jw-r JByo,n

By assumption we have the inequality

o+r
][ (][ pn(t,x)dx—][ pn(t,x')dx')dt
to—r B(xo,r) B(yo,7)

to+r
= 7[ 7[ (Pn(t,x) = pult,x—x0+ yo)) dxdr
J 1 J B(xg,1)

-r
<w(xo—yo) +€n

By taking the limit #n — oo and applying (37) and (38) to the left-hand side of the inequality, we get

to+r
][ (][ p(t,x)dx—][ p(t,x’)dx’)dtsw(xo—yo).
to—r B(xo,1) B(yo,1)

Since (f, xo) and (fp, yo) are Lebesgue points, we can pass to the limit r — 0 and obtain
p (%o, x0) — p (o, ¥o) < w(xo — Yo). 0

The case where the Dirichlet conditions are replaced by penalizations are harder to deal with.
The only case that is easy to consider requires that the transversality condition is the same for
pi and p ;. We can obtain the following results for which we just sketch the modifications to the
previous proofs.

Theorem 13. Let p be a minimizer of

T
min / /(|p(t,x)|+V(t,x)p(t,x)+f(p(t,x)))dxdt+/\I’Tp(T,x).
pEE 0 Ja

p(0,)=mo,
V€[, T], [ p(t,x)dx=1
Let Ac Q be a set where ¥ T is constant. Suppose that o is a function (either constant or a modulus
of continuity) such that %(V(t, X)=V(t,x), my(x)—mo(x") <w(x—x) forallt, x,x'. Then we have
forae x,x'€ A
p(t,x)—p(t,x") < w(x-x).

Proof. The approximation will be the same as before, but the Dirichlet boundary condition at
t = T is replaced by a transversality condition. Choosing a decomposition into pieces Al such
that x, x’ belong to two pieces contained in A, this transversality condition will be the same for
the two curves p;(¢) and p;(#) that we need to consider to estimate p(t, x) — p(t, x'). In particular,
we will have p;(T) = ¢ ;(T). Hence, when considering max; p; () — p(t), the maximum could be
attained on fy = T but in this case the first-order optimality condition will be satisfied, and this
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allows to obtain the second-order one, which is the main tool to estimate p;(#) — pj(fo). The rest
of the analysis goes as in the rest of the Section. g

Theorem 14. Let p be a minimizer of

min / e_”/ (Ip(, )|+ V(£,x)p(t, %) + f(p(¢,x))) dxdt := F(p).
p€Eoo 0 Q

p(0,")=my,
V1eRy, [ p(t,x)dx=1

Suppose that w is a function (either constant or a modulus of continuity) such that %(V(t, X) —
V(t,x")), mo(x) — my(x") <w(x—x') forall t,x,x'. Then we have for a.e. x, x'

p(t,x)—p(t,x) <w(x-x).

Proof. We first replace F with Fr as in Section 4. Then, the claim is the same as in Theorem 13
with ¥ = 0 (hence we can take A = Q) with the only difference that have an extra coefficiente™"?.
This lets an extra term —r L, (np;) appear in the Euler-Lagrangian equation, but this term cancels
when taking the difference between i and j because of the first-order optimality condition for
tp. The rest of the analysis goes as in Theorem 13 and in the rest of the Section. This provides a
uniform estimate on pr, independent of T, and we can then take the limit T — oco. U

We conclude summarizing the result that we can obtain in terms of spatial regularity:

o For the problem with two Dirichlet boundary conditions, if V, mg, and mr are continu-
ous, then the solution p shares the same modulus of continuity of C—‘g, mg, and mr. Com-
bining this with the L? Lipschitz regularity in time obtained in Section 3 this gives a uni-
form continuity result in (, x).

» In the same problem, if V,my, and mr are only bounded, then p is bounded, since its
oscillation is bounded by that of CK, my, and mr and its L% norm is also bounded.

e For the problem with a Dirichlet f)oundary condition at r = 0 and a penalization ¥ at
t =T, if Y1 is piecewise constant and V and my are continuous, then p is piecewise
continuous, and hence bounded. The solution p is also bounded if we only assume V
and my to be bounded, and ¥ 1 to be piecewise constant.

¢ In the infinite-horizon problem with Dirichlet boundary condition at ¢ = 0, the solution
shares the same modulus of continuity of CK and my and is uniformly continuous in (¢, x).
It is uniformly bounded if V and m are bounded.

¢ In the periodic case (which we briefly presented in Section 2 but did not develop here)
the solution p shares the same continuity or boundedness of C—‘g

All the above continuity results are crucial for applications to the theory of Mean Field Games,
since the variational problem we studied, with a congestion penalization in the form of f(p),
corresponds to a MFG where every agent minimizes a cost over trajectories y involving the
integral of a running cost of the form fo (V+f'(0)(t,y())dt. This cost is not even well-defined if
p(t,x) is not a continuous function of x! When p is not continuous but it is bounded, a clever
construction due to Ambrosio and Figalli ([1]) and re-used in the frameworks of MFG in [9]
allows to choose a particular representative of this running cost for which it is possible to prove
the desired equilibrium results. This explains our interest for the spatial regularity and/or the
boundedness of p.
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6. Numerical approximation

In this section, numerical simulations are carried out on the following problem

PEE
Y1€[0,T], [op(t,x)dx=1
p=0

2
min / / ()Llp(t |+ V(t,x)p(t,x)+ plt é %) dxdt+yo(p(0)+yr(p(T)) :=F(p)

(39)
and on some of its variants (Dirichlet conditions, periodic case...). We study a particular case
of F where f(p) = p?/2. The parameter A > 0 allows us to add more or less importance to the
L'-norm.

For these numerical examples, we take the domain Q := [0, S] to be one-dimensional with
S > 0. In this section, we study the following cases:

« periodic solutions in 1D (only the time variable, Section 6.2, Figure 2).

» periodic solutions in 2D (periodic in time, Section 6.3, Figures 3, 4).

» non-periodic solutions in 2D, with or without Dirichlet conditions or penalizations at the
time boundary (Section 6.4, Figures 5, 6, and 7).

6.1. The numerical method

Let {ty,...,tx} and {xp,...,xn} be the regular subdivisions of respectively [0, T] and [0,S]. To
approximate the integral in F, the left-rectangle method will be used, hence we will consider

solutions (p(¢;, x ]))o< i<x-1 in the vector space RXN_ with an abuse of notations, we also write
<] <N-1
V e REN the vector (V (1, x;)) 8<l<§ | In the following, the notations (-|-) and || -|| designate
<j<
respectively the scalar product and the euclidean norm in a vector space of finite dimension.

The problem that will be numerically solved can be written in the form

pIEIDlQiKI‘lN f(p)+g(stp),

where, of course, f and g have nothing to do with the functions introduced in the previous
sections. Here p € RKN, f)=h{V]|p)+ h@ is a proper, closed and h-strongly convex function
and g(po, p1,p2) = Alpolli + 8¢, (p1) +6¢, (p2) is a proper, closed and convex function. The
notation | - ||; refers to the /;-norm in a vector space of finite dimension and d¢; is the indicator
function defined by
5¢,(p) = {0’ PeCs,
+o00, p¢C;,

where Cy = (R;)XN and C; = {p e REN;v i€ {0,...,K -1}, ZNO p(t;,x;) -1 = 1} are the sets of
constraints. The linear transformation < is <f (p) = (Ap 0,0), where the matrix A will be detailed
for each case.

An algorithm to approximate the solution of this problem is already known and is called (Fast)
Dual Proximal Gradient Method which can be found in [3]. We will use its primal representation
which does not involve the dual representation of the problem.

Since g is a sum of separable functions, its proximal operator is

proxg (0o, p1,02) = (PFOX)LH-”1 (00), Proxs, (1), proxs. (Pz))-
We remind that for all x € R,
proxy,. (x) = [|x| - Alysgn(x) and proxs, (x) = Pc(x)

where P¢ is the projection on the set C.
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The algorithm is described below.

> ”'Q]{;HZ’ wO — yO € (RK'N)3’ fo= 1.
Step for k = 0:
o u* =argmax,{(u, o/ w k}—f(u)} = dTh‘“k .
h(AT”’o +wk+ wz)—

o yl=wk- 1Au + 1 prox; ., (Au* —Lwo)
o Yl =wk-1uk+1 proxmc (u* — Lwk)

. yé“” = wé‘ Luk+ Lproxmcl(u —sz)

. tk+1 _ k+l+a

. yk+1 _(yk+1 yk)

The role of the parameter ¢ is to accelerate the algorithm, in the spirit of Nesterov’s acceler-
ated gradient or (in the proximal case) of the FISTA algorithm (see [4, 17]). The constant a is a
constant greater or equal than 2 and its value is displayed in Table 1 and 2.

Note that our problem is essentially, up to minor modifications and the presence of extra
constraints (unit mass, positivity, Dirichlet conditions), a simplified version of some standard
problems in image denoising based on total variation (see, for instance, the classical paper [18]):
here,whether the problem is 1D or 2D or higher-dimensional, the main feature is that the total
variation is only computed in time.

The following sections describe different examples of solutions to (39) by using this algorithm.
For each case, the differences with the description above will be specified.

6.2. 1D-periodic

When we consider the periodic problem (in time, so that the interval [0, T] becomes a circle of
length T), and we assume S = T and V(t, x) = v(t — x) for an S-periodic function v, it is possible
to reduce the problem to the one dimensional case, namely a problem with one only variable
in [0, T] instead of [0, T] x [0,S]. One expects the solution p(t,x) = u(t — x) to be transported
according to time. The uniqueness of the solution and the symmetry with respect to translations
in both time and space (replacing (, x) with (¢ + 6, x + 6)) show that the solution should indeed
be of this form. Then, a change of variables y = t — x can be carried out in F as following:

F(p) = //(Alu(t X)|+vt—-x)u(t—x)+ (; il )dxdt
2
// (Mb’t(y)|+v(y)u(y)+ uy) )dydt

u(y)*
=T M|+ v uly) + > dy.
0

The problem reduces hence to the search of an S-periodic solution with one variable. By the
way, up to multiplicative and additive constants this problem is equivalent to minimizing

S 2
/ (A|u(y)|+—'”(y) Z”(y)' )dy,
0

which is exactly the problem described as an example at the end of Section 2, with w = —v, except
for the constraints fos u(y)dy=1land u=0.

In the following subsections, we will see that the solution obtained through numerical simu-
lations coincide with # computed as above.
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For the numerical simulation shown in Figure 2 we take v(y) = —ag cos(%” y) and the choice of

the parameters are shown in Table 1.

Let{yy,..., yx} be aregular subdivision of [0, S] and & := y; — y the step-size of the subdivision.
By the left-rectangle method, the problem is approximated by

K-1

Y (AMulyiv) — ulydl+ v(y)uly) h+

i=0

u(y)?
2

h +6c0(u) +5C1 (u).

0.200 4=

0.175 A x

0.150 ~ A

0.125 A

= 0.100 -

uly)

0.075
0.050 x
0.025 A

0.000 A

Figure 2. The simulation of the solution « to the 1D periodic case with v(y)

8 10

—ay cos(%”y).

The parameters are displayed in Table 1. The blue solid line corresponds to the solution u,
while the red dashed line is the profile of ¢ — v with ¢ =1/8.

Table 1. Parameters for the solution to the problem in Figure 2.

Parameter | Value
S 10
K 500
h 0.02
a 200
L 6/h
agp 0.1
A 0.1

We observe that with this choice of parameters the solution u is strictly positive and “follows”
the profile of c— v for a constant ¢ which appears as a Lagrange multiplier for the mass constraint
and allows to obtain unit mass. The function u is also a solution of the problem at the end of
Section 2 with w = c—v and its profile, shown in Figure 2, is consistent with the explicit description

of the solution which we gave.
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Remark 15. If v(y) =—ag cos(%” ¥), itis possible to compute the critical A at which the aspect of
the solution u switches from Figure 2 to the constant solution. The Euler-Lagrange equation of

S 2

. . u(y)

ueBV(I0.SIR); /o (Mu(y)HU(y)u(yH 2 b
fOS u(y)dy=1, u=0

is 2 = v+ u—c on [0,S] where z(y) € d(A|-)(u'(y)) and ¢ = 1/S is the constant due to the
mass constraint fOS u(y)dy = 1. Assuming that the solution becomes constant when € = % and
extending the solution periodically on [-S, 0], we integrate the equation z’ = v+ u— ¢ over [—¢,¢€l:

€ € €
—2/1=/ z’(y)dy:/ (v(y)+u(y)—0)dy:/ (v(y)—v(e)dy
—€ —€ —€

_/e( a COS(ZT[ )+a COS(Zne))d =—a SSin(2n€)+2€(l COS(Zne)
= TACOS Ty T o cos| Tgre AV = o S g 0C08 g€

By taking € = 3, we obtain that A = @
When A > “"S , the solution u is constant equal to c¢. While the condition A <
solution u as 1n Flgure 2. This explains the choice of parameter A.

“OS gives the

6.3. 2D periodic in time

We consider now the case where we keep two variables, but we assume the time domain to be
periodic. This case is slightly simpler to handle from the point of view of the discretization of the
time derivative.

By using the subdivisions described in Section 6.1, we approximate the integral F by the left-
rectangle method as following:

K-1N-1 At ’
p(ti, xj)

2 2 | Alettien, xp) = pltn x|+ Ve xpp (s xjhl+ ——=—hl|,

i=0 j=0

where h := ) — tp and [ := x; — xp are the step-sizes of each subdivision. We will consider that
p(f, xj) = p(tk, x;) forall j € {0, N - 1}.
With this discretization, we look for a solution in the space RX"N where p is viewed as a vector.
The discretized problem is

K-1N-1 P(ti,xj)z
min 2 X (Mot xp) = pltsxp|L+ Ve, xppts, xhl+ ——=—hl | +8c,(0) + 8¢, (p).
pE i=0 j=0
(40)

To avoid numerical errors due to small values, searching a minimizer of (40) is the same as
searching a minimizer to the problem divided by I:

K-1N-1

min ) ) (Alp(tm,x]) p(ti, x))| + V(t;, x))p(t;, xj) b+
PERKN i 50 Jj=0

p(ti, x;)?
4h) +8¢,(0) + 8¢, (p).
The function f: RX'N — R defined by

K-1N-1

fe=Y X

i=0 j=0

||,0||2

=VIp)+h— (41)

p(t;, xj)?
V(ti, xp)p(ts, x))h+ Tf

corresponds to the function f described in Section 6.1.
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The linear transformation < : RK'N — (RKN)3 s the same as in Section 6.1. The squared
matrix A is of order K- N and its coordinates are
-1 ifj=i,
Aij={1 ifj=i+N[K-N],
0 otherwise,

namely
—In In

-Iy Iy
In —-In
where I} is the identity matrix of order NV and blank space corresponds to zeros.
The function g: (RX"N)3 _, R is defined as in Section 6.1:
K-1N-1

g(po,p1,p2) = ), Y Alpo(ti, x| +8c,(p1) +8c, (p2)
i=0 j=0 (42)

=Alpolli +6¢,(p1) +6¢, (02).

0200 45 e T — pl(2.0) FaRN — p(4.0)
0175 { % /. ; N -—- 01V i AN -—- 01V
A s I AY I A
AY ! I A / \
0.150 \ ‘ R \ J ] \
\ ! U A} U A}
A I 1 \ ] A
0.125 4 4 4
0.100 1 1
0.075 4 7 T D) T 7 D
\ I \ ,-' l’ \‘
\Y
0.050 ‘ £ 1 \ 7 11/ L
\\ I’ \\ f’ ! K
0.025 — pl0.0) % y g \ . 1/ N
1y /| N, i Ay 4|
o000 ~77 OV AP St N
T
t=0.0 t=2.0 t=4.0
02001 __ 6.0 PN T — p(8.0) N T .
’ N\ ’ A \ !
01754 ——- 0.1V + S H==- 01V ’ Ay 1 A %
/ \ / 5 A /
/
0.150 r A 1 ; \ 1 L1 /
r 1 ’ \ 1 g
I \ ! \ \ ]
0.125 4 4 4
0.100 1 1
0.075 4 4
1 i
/ 1 Y ’ \ /
0.050 7 % g ' £ ] Y ;
i Y A / A 7
00254/ . 1 S T pe N
0.000 Mt | Ml -—- 0.1V s
T T T T T T T T T T T T f f T i T T
0 2 4 6 8 10 0 2 4 6 8 10 0 2 4 6 8 10
t=6.0 t=8.0 £=9.9

Figure 3. Profile of the solution to (39) with V(t,x) = —ag cos(%”(t —Xx)) at times t =0, 2,
4, 6, 8, 9.9. The blue solid line describes the solution p at each specified time and the red
dashed line is the profile of 0.1 — V at each time. The parameters are displayed in Table 2.

In Figure 3, we consider the same case as in Figure 2, but with a 2D approach. The profile
of the solution p at time 0 is the same as in Figure 2. In Figure 2 the problem is viewed on one
dimensional space and here we can see that the solution is transported according to time from
the left to the right.
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Table 2. Parameters for the numerical simulation of the solution to (39).

Parameter | Value
T 10
S 10
K 100
N 500
a 200
h 0.02
L 6/h
ap 0.1
A 0.1

The next case (see Figure 4) we show is different. Here we impose a Dirichlet boundary
condition at time 0 which corresponds here to mg being the constant density equal to 1/S. This
is the same as studying the non-periodic problem on [0, T] and imposing two Dirichlet boundary
conditions, which are (by chance) equal. In this case, keeping the periodic structure allows to use
a simpler form of the matrix A.

Let mg € RN a vector verifying the constraints, i.e,

N-1
mp € (Ry)N  and Z mo,jl=1.
Jj=0
Let us define the new set C, = {p € RKN. v J€10,...,N—1},0(0,x;) = mg,j} which encodes the
constraint p(0) = my.
The function f is the same as in (41). The linear transformation is now «/p = (Ap, p, p, p) and

the function g: (RENY: L Ris
K-1N-1
8(p0, p1,02,03) = Y, Y Alpo(ti, X)) +8¢,(p1) + ¢, (p2) +8c, (p3)
i=0 j=0 (43)

=Alpolli +6¢,(p1) +8¢, (p2) + O, (p3).

In Figure 4 we see that the Dirichlet condition is indeed verified at ¢ = 0 and then, immediately,
the solution jumps (coherently with Remark 3) from the constant state to £ = 0.1. One can notice
that the profile is different from Figure 3 in a way that on the subintervals where the solution does
not follow 0.1-V, itis not constant anymore. However, between times ¢ = 4 and ¢ = 6, the solution
comes back to the profile when there is no boundary condition, namely, it is constant when it
does not follow 0.1 — V. When ¢ = 6, the profile of the solution varies again on the subintervals
where it should be constant.

6.4. 2D, non periodic
Unlike Sections 6.2 and 6.3, we do not impose anymore a periodic time behavior, and the value

p(tx, x;j) of the solution p € RE*V"N may be different from p(fo, x;). The integral in F is now
approximated by:

N-1(K-1 K p(t,-,xj)2
2| X Alpttia, xj) = ple xpli+ 3|Vt xpp(t, x)hi+ ——=—hl]|. (44)
j=0 \i=0 i=0
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Figure 4. Simulation of the solution to (39) at times t =0, 0.1, 1, 2, 3,4,5,6,7,8,9,9.9
with V(t,x) = —ag cos(%”( t—x)) and mgy(x) = 1/S with parameters from Table 2 except for
parameter L where L = 7/h. The blue solid line is the profile of the solution p and the red
dashed line corresponds to 0.1 — V taken at each time .

Remark 16. The formula (44) is diszerent from (40) in the sense that there is the additional term
Zﬁ.vz_ol V(tk, xj)p(tx, xj) Al + wm that depends on fx which should not appear in the left-
rectangle method. However, with this choice of discretization, the function f is strongly convex

in p € REFV"N \which allows us to apply the algorithm and the formula (44) still converges towards
the integral fOT fos (/1|p| +Vp+ %) ash—0and[—0.

The new function f is

flp): REFDN (45)
2 N-1 t', 2
ol =y Z V(ti,xj)p(ti,xj)h+m

— h.
2 i=0 j=0

p— KVIip)+h

i=
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The function g is defined as in (42) and «f is the same as in Section 6.1 with a different matrix A
which is rectangle of dimension (K- N) x ((K + 1) - N) such that
-1 ifi=j,
Ajj=41 ifj=i+N,
0  otherwise,
namely
—In In
A=

=In In

1.00 A b T
— pl0.0) — pl02) — pl0.4)
0.75 1 T T
0.50 1 b 1

0.25 A b 1

0.00 A b 7

t=0.0 t=0.2 t=0.4

1.00 A b 1
— pl0.5) — pll.0) — pl1.5)
0.75 1 1 1
0.50 1 7 1

0.25 1 1

0.00 1 ] —
t=0.5 t=1.0 t=15

1.00 1 T T
— p(5.0) — p(8.3) — pl8.8)
0.75 1 T T
0.50 1 b 1

0.25 A b 1

0.00

T T
t=5.0 t=8.3 t=8.8

1.00 A b 1
— p(9.0) — pl9.5) — pl10.0)
0.75 1 1 1
0.50 1 7 T

0.25 1 1

0.00

Figure 5. The simulation of the solution to (39) at times £ =0, 0.2, 0.4, 0.5, 1, 1.5, 5, 8.3, 8.8,
9,9.5,10 with V (¢, x) = (t—x)? and parameters from Table 2. The blue solid line corresponds
to the solution p at different times.
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Figure 5 shows the simulation of the solution p to the problem (39) with a given V which is
not periodic anymore. No Dirichlet boundary conditions nor penalizations ¥, at ¢t = 0, T are
considered. The different times are chosen to show the most significant changes in the profile of
p. Since V (¢, x) is minimal at x = ¢, the general behavior is that the solution is transported from
the left to the right. Between times ¢ = 1.5 and ¢ = 8.3, the solution either follows ¢ — V (where c is
a constant to define) or it is constant. Close to the time boundaries, the behavior is different.

Remark 17. The constant ¢ such that p follows ¢ — V depends on A. The parameter A can be
studied as in remark 15. Different values of A can either imply that p follows ¢ — V or that it
follows ¢ — V and is constant in the middle.

The next case that we present (Figure 6) involves Dirichlet conditions in time. Let 1 € RN and
mr € RN be two vectors verifying the boundary conditions, i.e,

N-1
mp € (R+)N and Z mo,;l =1,
j=0
N-1
mr € ([R+)N and Z mr,;l=1.
j=0

Let us define the new set of constraints by C, = {p € RKN: vy j€10,...,N-1},0(0,x;) = my,;
and p(T,x;) = mT,j}. The function f is defined as in (45), «/p = (Ap, p, p, p) and the function

g: RENY L Ris
K-1N-1
800, p1,02,03) = Y, Y Alpo(ti, x| +8¢,(p1) + ¢, (p2) + 8¢, (p3)
i=0 j=0

= Alpolli + 8¢, (p1) +d¢, (p2) +6¢, (p3).

Remark 18. Instead of adding the constraint p(0) = my in the problem, one could have dis-
cretized the integral with the right-rectangle method in time and directly used that p(0) = my in
the algorithm.

The profile of Figure 6 is quite similar to Figure 5 and mainly differs around ¢ =0, T. Again, a
jump in time is observed.

The very last example we consider is non-periodic in time and involves both a Dirichlet
condition at t = 0 and penalization at ¢ = T. We consider the penalization

s
U/T(p(T))=/ Yr(x)p(T, x)dx.
0

The left-rectangle method applied to v gives

N-1
yr(e(M) =Y Yrx)p(T x))L.
j=0

We use the discretization from (44). The difference is in the definition of V. We shall take V such
that
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Figure 6. The simulation of the solution to (39) at times t =0, 0.1, 1, 1.7, 2.4, 5, 8.3, 8.8, 9.1,
9.5,9.9, 10 with V (¢, x) = (t — x)%, my(x) = my(x) = 1/S and parameters from Table 2 except
from L whichis L = 7/h. The blue solid line corresponds to the solution p at different times.

Again, the profile of Figure 7 is similar to Figures 5 and 6 except for the behavior close to the
time boundaries. In Figure 7, we have put penalization at times 0 and T such that it costs less
to be close to 0 in space, hence the concentration of the mass at time 0 in x = 0 and the jump at
time T.
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Figure 7. The simulation of the solution to (39) at times ¢ =0, 0.1, 0.3, 0.6, 1, 1.5, 5, 8.3,
9,9.4,9.9, 10 with V(¢,x) = (£ — x)?, mo(x) =1/, pr(x) = x2 and parameters from Table 2
except from L which is 7/h. The blue solid line corresponds to the solution p at different
times.
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