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Abstract. In this short note, we provide a partial extension of Riviére’s convervation law in higher dimensions
under certain Lorentz integrability condition for the connection matrix. As an application, we obtain a
conservation law for weakly harmonic mappings around regular points in supercritical dimensions.

Résumé. Dans cette courte note, nous fournissons une extension partielle de la loi de conservation obtenue
par Riviére’s en dimensions supérieures, sous certaines conditions d’intégrabilité de Lorentz pour la matrice
de connexion. Comme application, nous obtenons une loi de conservation pour les applications faiblement
harmoniques autour de points réguliers en dimensions supercritiques.
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1. Introduction and main result

Let B” c R" (n = 2) be the unit open ball centered at the origin and N* a closed k-dimensional
C?-Riemannian manifold which is isometrically embedded into R™. A weakly harmonic mapping
from B” into N is defined as a mapping u € WL2(B" N), which is a critical point of the Dirichlet
energy [gn |Vul? with respect to the outer variation. Its Euler-Lagrange equation can be written
as

—Au=Au)(Vu,Vu), 1)
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where A is the second foundamental form of N — R™. A basic problem on the theory of weakly
harmonic mappings is to find the optimal regularity.

In the case when N = $"! =« R™ is the standard Euclidean sphere, several authors [2, 8, 9]
have independently discovered that the following system (consisting of divergence-free vector
fields)

div(uiVuj—ujVui):O, forall 1<i,j<m, 2
are indeed equivalent with (1). Since this system has a nice interpretation by Noether’s conserva-
tion law, equation (2) is called the conservation law of (sphere-valued) harmonic mappings. This
conservation law is very useful in investigating the regularity and compactness theory of (sphere-
valued) harmonic mappings; see e.g. Hélein [4] and the references therein fore more information.

In view of the above discovery and applications, Riviere asked, in his seminar work [6, p. 4],
the following fundamental question: how to write the harmonic mapping equations (1) into
divergence form for all dimensions n = 2 and for all closed manifolds N? He succeeded to do
this in [6] when n = 2. The idea is to write (1) in a more general form

-Au=Q-Vu (3)
for some Q € L?(B",so,, ® R"). Indeed, suppose u is a smooth harmonic mapping from B"

into N, and let {v; = (v}, ey v}”)}?’;lk (I=1,---, m— k) be an orthonormal frame of 71N in a
neighborhood of u(x). Then

A(Vu,Vu) == (0att,Vo,uV1)Vi=—) (0alt,0a(vVi(u))V].
1 1

Note that (0, u,v;(u)) =0forall 1 < @ < nand I < m - k. Thus, in coordinates, there holds
~Au' = - ;Iaaul (ajvll(u)éauj) Vi) = Qb Vw-vul, 1<is<m,
Jils
where )
Ql(u,Vu) = IZ (viaaviw - viwaiviw) va!
N
is antisymmetric with respect to (i, j) and grows as O(|Vu|). Hence Q € L2(B", s0,, ® R").
Working with equation (3), Riviere [6] proposed the following theorem concerning conserva-
tion law.

Theorem 1 ([6, Theorem 1.3]). Fix meN andQ = (Q;)lsi’]sm € [2(B", 50, ® AIR™). If there are
A€ L®(B", M,,,(R)) nW'? and B € W2 (B", M,,(R) ® A’R") satisfying

doA:=dA- AQ=—d*B, @)
then every solution to (3) on B" satisfies the following conservation law
d(*Adu+(-1)""'(*B)Adu) =0. (5)
In coordiantes, (4) means dA; - ZZ’ZI A;.CQ;? = —d*B]‘: foralli,je{l,..., m} and (5) reads as

N YL (-1n"'Bi oul _
0xg \" 7/ 0xg jap 0xp a
where the Einstein summation convention is used.
Thus according to Theorem 1, in order to find the conservation law for harmonic mappings,
it suffices to prove the existence of A, B for a given Q € L?>(B",50,, ® R"). In the case n = 2,
Riviere [6, Theorem 1.4] succeeded to prove the existence of A, B under a smallness assumption
on Q[ ;2. However, as noticed in [7], his proof does not work in higher dimensions under the
natural Morrey integrability assumption Q € M?"~2 due to the lack of Wente’s lemma (see [3, 7]
for more detailed dicussions).

O;
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Motivated by this challenging problem, in this short note, we provide a partial solution in
the case n = 3. More precisely, we obtain the following result, which can be viewed as a higher
dimensional extension of Riviere [6, Theorem 1.4].

Theorem 2. For any n,m = 2, there exist constants € = ¢(m,n),C = C(m,n) > 0 satisfying the
following property. Suppose Q € L (B", s0,, ® AN'R"™) with
QM n2(gny <e€.
Then there exist A€ L° n W™ (B", Gl,,) and B € W2 (B", M, ® A*R") such that
dA-AQ=-d*B. (6)
Moreover, we have
Idist(A, SOm) | oo ny + | A All pn1 (gny + 1 ABll 2 gny < CIQ pn2 gy

In the above theorem, L”9 and W'P49 denote Lorentz spaces and Lorentz-Sobolev spaces
respectively, see e.g. [1, 5]. We would like to point out that the L’»?-integrability condition on Q
is somehow strong, as L™? C L* C L™ C M>"~2 when n = 3. On the other hand, it seems to be
very difficult to refine Riviere’s technique further so that we may relax L2, for example, to L'».

As that of Riviere [6], an application of Theorem 2 together with the harmonic mapping
equation in the form (3) leads to

Corollary 3. Let ue W"%(B", N) be a weakly harmonic mapping. If u is smooth in B, (xy)  B"
for some r > 0 such that IVull 28, (xy)) < € then there exist A € C*°(B;(x9),Gl;»(R)) and B €
C® (B, (x0), My, (R) ® A2R™) such that u satisfies the conservation law (5) of Riviere in B, (xo).

We do not know how to extend Corollary 3 to neighborhoods around singular points of weakly
harmonic mappings in supercritical dimensions and refer to [3] for more discussions about the
conservation law.

2. Proof of Theorem 2

The proof of Theorem 2 follows closely that of Riviere [6, Theorem 1.4] with minor modifications.
Proof.

Step 1. here exist P € wb2(B" S0,,) and £ €e W2 (B", s0,, ® A°R"™) such that
P ldp+P'QP=d*¢ inB"
and
AP 2 ggny + I dEN 2 gny < CIQI n2gny < Ce. (7)

The proof for this is completely similar to that of [6, Lemma A.3] or [7, Lemma 3.1], whereas
the idea dates back to Uhlenbeck [10]. Thus we omit it here.

Step 2. o continue, we first extend Q, B¢ to the whole space R" with compact support in a
bounded way. By introducing A = AP, to find (A, B) in problem (6) is equivalent to find (A, B)
in the problem

dA=Ad*¢+d*BP. 8)
Here and hereafter, all the equations are considered in the whole space R”. This leads us to solve
the second order problem

{—AA“: d* (Ad*¢+d*BP) = (dANd (x&)+d (xB) AdP)

S ~ . 9
dd*B=d((dA-Ad*é)P~)=dAndP™' +d(Ad*EPY) ©
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where we omitted the precise constant coefficients before each term. Set A = A+id. Then we will
try to find (A, B) by solving the equations

~AA=x%(dAnd(*E)+d(xB)AdP),
~AB=dAAdP ' +xd* (Ad(x&) P71 +d(x)P7Y), (10)
dB=0.
Step 3. olve problem (10) by a fixed point argument.
Consider in R” the problem
—-AA==x(dand(xE+d(+b)AdP),
—AB=dandP ™' +xd* (ad(x)P~ 1 +d(x&P7Y), (11)
dB =0.
Introduce the Banach space
X={(a,b):ae L°nW""*(R",Gl,),be W™ (R", M,, ® A°R")}
with the norm
(@ D)lx = llale+ldalpnz + 1dbll pn.2.
For any (a, b) € X, there exists a unique (A4, B) € X satisfying (11). Set
T(a,b) = (A, B).

We prove in below that T is a contraction mapping on X; = {x € X: [ x|lx < 1}.
First note that by Holder’s inequality in Lorentz spaces, we have

dand*é&dandP tel??,
Hence from the first equation of (11) we derive A€ w2n/21([phy = C(R™) with estimate
| Alloo = Culld Al < ClldSl 2l dall pn2 + Clld Pl pn2lldbll pn2.
From the last two equations of (11), we derive
VBl n2 = ||dP—1 | n2 a@lloo + C (L + llalloo) 1€l 2.

Thus (7) implies that
(A, B)lIx = ClQliznz (I(a,b)lx +1).

Similarly, for any (a;, b;) € X, i = 1,2, we have
1T (a1, b1) — T(az, b2)lx < Cell(ay, br) — (az, b2) llx -

Thus, by choosing € < 1 such that C||Qlr2gn) < Ce < 1/2, we find that T is a contraction
mapping on X; = {x € X : [ x[lx < 1}. Consequently, by the standard fixed point theorem, there
exists a unique (A, B) € X such that
T(A,B)=(AB).
That is, (A, B) solves problem (10). Moreover,
(A4, B)||y = Ce(||(A B)|y +1) < 2Ce.
Step 4. ow let A=A+id. Then (A, B) solves problem (9) with

|A-id]o + 4]

L"'z + ”dB”Ln,Z = C”Q”Ln,Z.

We need to verify that (4, B) solves (8). By the first equation of (9) and the nonlinear Hodge theory,
there exists C € W1™2(B", M,, ® A°R"™) with dC = 0 such that

dA-(Ad*¢+d*BP)=d*C
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Then using the second equation of (9) we find that d(d*CP~!) = 0. This gives d*CP~! = dD for
some D € WH™2 with
ldDlln2 < ClIVClliznz < ClIVClign.

Hence

AC=dDAdP™,
from which it follows that

IVCliyn1 < CelldDllpnz.

Thus, combining the above two estimates together gives

IVCllpn1 = CellVCllgna.

By choosing e sufficiently small, we obtain C = 0. The proof of Theorem 2 is complete. 0
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