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1. Introduction

Let (X,w) be a Fano Kéhler-Einstein manifold, i.e. X is a projective manifold with —Kx ample
and admitting a Kadhler metric w solving Ricw = w. It follows from the (easy direction of the)
Kobayashi-Hitchin correspondence that the tangent bundle of X splits as a direct sum of parallel
subbundles

Tx =@F; 1)

iel
such that F; is stable with respect to —Kx. Since X is simply connected, de Rham’s splitting
theorem asserts that one can integrate the foliations arising in decomposition (1) and obtain an
isometric splitting
X, 0) = [[(X;,0;)
iel

into Kédhler-Einstein Fano manifolds which is compatible with (1).

Over the last few decades, a lot of attention has been drawn to projective varieties with mild
singularities, in relation to the progress of the Minimal Model Program (MMP). In that context,
the notion of )-Fano variety (cf. Definition 1) has emerged and played a central role in birational
geometry.

On the analytic side, singular Kdhler-Einstein metrics have been introduced and constructed
in various settings (see e.g. [2, 4, 18] and Definition 2). They induce genuine Kéhler-Einstein
metrics on the regular part of the variety but are in general incomplete, preventing the use of most
useful results in differential geometry (like the de Rham splitting theorem mentionned above) to
analyze their behavior. However, these objects are well-suited to study (poly)-stability properties
of the tangent sheaf as it was observed by [25], relying on earlier results by [17].

In the Ricci-flat case, the holonomy of the singular metrics was computed in [20]. Moreover,
[15] provided an algebraic integrability result for foliations as well as a splitting result in that
setting. Building upon those results, Horing and Peternell [26] could eventually prove the singular
version of the Beauville-Bogomolov decomposition theorem.

In the positive curvature case, some simplifications appear (for instance, the algebraic integra-
bility of foliations can be related to stability properties by [5]) but new difficulties also arise: the
singularities are klt rather than canonical and Gorenstein, and one cannot regularize the singular
Kédhler-Einstein metrics with an equally good control on the Ricci curvature. In this paper, our
main contribution is to single out and overcome those difficulties in order to prove the following
structure theorem for Q-Fano varieties that admit a Kdhler—Einstein metric.

Theorem A. Let X be a Q-Fano variety admitting a Kéihler-Einstein metric w. Then Tx is
polystable with respect to c1(X). Moreover, there exists a quasi-étale cover f: Y — X such that
(Y, f*w) decomposes isometrically as a product
Y, ffw) =[] (Vi,w)),
iel
where Y; is a Q-Fano variety with stable tangent sheaf with respect to ¢, (Y;) and w; is a Kdhler-
Einstein metric on Y;.

Below are a few remarks about the result above.

* Theorem A shows that for all “practical aspects” the tangent sheaf of a Q-Fano variety
admitting a Kdhler-Einstein metric can always be assumed to be stable. Moreover, it can
be expressed in a purely algebraic way using the notion of K-stability, cf. Remark 4 (this
is the case for Theorem B below as well).

+ The quasi-étale cover above is needed to split X even when Ty is already split, as we see
by takinge.g. X = (P! x P1)/( x 1) where ¢ : P! — P! is the involution t([u: v]) = [u: —v).
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o Itwas proved very recently by Braun [6, Thm. 2] that the fundamental group of the regular
locus of a Q-Fano variety is finite. Relying on that result, one can refine Theorem A and
obtain that the varieties Y; satisfy the additional property: m; (Yl.reg) ={1}.

» Semistability of Tx for a Kdhler-Einstein )-Fano variety X was proved by Chi Li in [35,
Prop. 3.7] in the case where X admits a resolution where all exceptional divisors have
non-positive discrepancy, e.g. a crepant resolution.

Our second main result is the following generalisation of a theorem of Tian [37, Thm. 0.1],
which is a way to express some “strong” polystability of Tx.

Theorem B. Let X be a Q-Fano variety admitting a Kéihler-Einstein metric. Then the canonical
extension of Tx by O is polystable with respect to ¢, (X).

We refer to Section 3.1 for the construction of the canonical extension. As we explain further
below, at the end of the introduction (see paragraph on the strategy of proof of Theorem B), the
generalization from the smooth to the singular case requires some non-trivial new input on top
of the analytic techniques already developed for the proof of the semistability/polystability of the
tangent sheaf Ty, i.e. Theorem 6.

In another direction, the semistability of the canonical extension has been proved in [35,
Thm. 1.4] for K-semistable log smooth log Fano pairs. It is very likely that the proof of the above
theorem will carry over mutatis mutandis to the more general setting of log Fano pairs, but we
will not pursue this direction in this paper.

Our last main result is a very general splitting theorem for algebraicallly integrable foliations,
which plays a key role in the proof of Theorem A, but is certainly of independent interest.

Theorem C. Let X be a normal projective variety, and let
Tx = @9,
iel
be a decomposition of Tx into involutive subsheaves with algebraic leaves. Suppose that there
exists a Q-divisor A such that (X, A) is kit. Then there exists a quasi-étale cover f: Y — X as well as
a decomposition
Y=[]v

iel
of Y into a product of normal projective varieties such that the decomposition Tx = @;¢; F; lifts
to the canonical decomposition

Myervi = @pr;‘ Ty,.
iel
Theorem C can be seen as the generalization of the splitting result in [15] where additional

assumptions are made, both on the singularities of X and the positivity of Kg,. More precisely,
in [15] X is assumed to have canonical singularities, and the Kg; are assumed to be Q-linearly
trivial. We also refer to [16, Thm. 1.5] for a somewhat related result. In comparison to [15,
Prop. 4.10], the range of applications of Theorem C is significantly broader.

Strategy of proof of the main results

Theorem A. The first step is the object of Theorem 6 where one proves that T is the direct sum
of stable subsheaves that are parallel with respect to the Kéhler-Einstein metric @ on Xieg. This
is achieved by computing slopes of subsheaves using the metric induced by the Kihler-Einstein
metric and using Griffiths’ well-known formula for the curvature of a subbundle. However, the
presence of singularities (for X and w) makes it hard to carry out the analysis directly on X.
One has to work on a resolution using approximate Kéhler-Einstein metrics as in [25]. Yet an
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additional error term appears in the Fano case, requiring to introduce some new ideas to deal
with it as explained on page 99, cf “term (I)”.

Once Theorem 6 is at hand, one can appeal to Theorem C where the foliations are induced
by the K&hler-Einstein metric as showed in the first step. Note that the algebraic integrability of
these foliations follows from the deep results of [5]. An easy induction allows one to split X as
a product of Q-Fano varieties with stable tangent sheaf. The isometric splitting follows from a
suitable characterization of singular Kdhler-Einstein metrics, cf. Claim 28.

Theorem B. The proof of Theorem B takes up most of Section 3. It relies largely on the compu-
tations carried out in Section 2 to prove the polystability of Tx, but on top of those, several new
ideas are needed to overcome the presence of singularities.

First, one needs to reduce the statement to one on a resolution in order to use analytic
methods. Then we use again the technique of working with approximate Kahler-Einstein metrics,
but in the current context this has the effect of modifying the canonical extension as well.
As a result, we cannot evaluate directly the slope of a subsheaf of the canonical extension
corresponding to the initial Kdhler-Einstein metric. Dealing with this difficulty is our main
contribution in this framework. The rest of the proof uses a combination of the original idea
of Tian and the computations of Section 2.

Theorem C. The starting point is the observation that since each foliation &; admits a comple-
ment inside Ty, &; is automatically weakly regular. It turns out that weakly regular foliations
have many nice properties. The important fact which is established here is that an algebraically
integrable, weakly regular foliation on a Q-factorial projective variety with kit singularities is in-
duced by a surjective, equidimensional morphism X — Y, cf. Theorem 17. When combined with
suitable generalisations of other techniques and results in [16], this leads to the proof of Theo-
rem C.

Acknowledgements

It is our pleasure to thank Daniel Greb, Stefan Kebekus and Thomas Peternell for sharing their
results [23] and encouraging us to prove Theorem B. H. G. thanks Sébastien Boucksom for useful
discussions about Remark 4.

Finally, we thank the referee for the helpful and detailed report.

2. Polystability of the tangent sheaf
2.1. Set-up

2.1.1. Notation

Definition 1. Let X be a projective variety of dimension n. We say that X is a Q-Fano variety if X
has kit singularities and — Kx is an ample Q-line bundle.

We also recall the definition of (twisted) singular Kdhler-Einstein metric, cf. [2].

Definition 2. Let X be a Q-Fano variety, let 9 € ¢, (X) be a smooth representative and lety € [0, 1).
A twisted Kéhler-Einstein metric relatively to the couple (9,7) is a closed, positive current WKE,y €
c1(X) with bounded potentials, which is smooth on Xieg and satisfies

Ricwggy = (1 - y)wkg,y + 70

on that open set. Wheny = 0, we write wxg, := wxg,0 and we call it a Kéhler—Einstein metric.
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Remark 3. By [2, Prop. 3.8], a smooth Kdhler metric w € ¢1(Xreg) On Xieg satisfying Ricw = w
extends to a Kdhler-Einstein metric in the sense of Definition 2 if and only if f Xreg " = (X)".
In particular, if f: ¥ — X is a (finite) quasi-étale cover between Q-Fano varieties and wgg is a
Kidhler-Einstein metric on X, then f*wgg is a Kdhler-Einstein metric on Y.

Let wx € ¢1(X) be a fixed Kdhler metric on X. We will systematically make either one of the
following assumptions:

AssumptionA. Foranyy € (0,1) small enough, there exists a twisted Kihler-Einstein metric wxg,y
on X relatively to (wx,y).

Assumption B. There exists a Kdhler—Einstein metric wxg on X.

Remark 4. One can rephrase the Assumptions A-B using the algebraic notion of K-stability. It
follows from [36] (building upon results of [8-10], [38], [34], [3] in the smooth case) that
o X satisfies Assumption A if and only if X is K-semistable.
o X satisfies Assumption B if X is uniformly K-stable, and the converse holds provided
Aut®(X) = {1}.

Notation 5. Let 7 : X — X be a resolution of singularities of X with exceptional divisor E =
Y ke1 Ex and discrepancies a; > —1 given by

Ky =m*Kx+)_ agEx.

There exist numbers ¢} € Q; such that the cohomology class 7*c;(X) — Y €xc1 (Ey) contains a
Kéhler metric w 3. We fix them for the rest of the paper. Next, we pick sections s € H 0(X O3 (Ex))
such that Ej = (s = 0), smooth he£mitian metrics hy on Og(Ey) with Chern curvature 9y :=
i®y, (Ex) and a volume form dV on X such that RicdV = 7" wx — ¥ ey ardx. We set
he:=[] he @)
kel
which defines a smooth metric on O (E).

2.1.2. The twisted Kdhler-Einstein metric and its regularizations

In this section, we assume that either Assumption A or Assumption B is fulfilled so that there
exists a (twisted) Kéhler-Einstein metric wkg y
o eitherforanyy€[0,1) suchthat0<y «1
e orfory=0.
For the time being, the parameter ¥y is fixed.
We denote by 7* wxg,y = 7" wx + dd¢ the singular metric solving

(m*wx +ddp) = e 1P fav

where f = [T;e;15:1?% € LP(dV) for some p > 1. It is known that ¢ is bounded (even continuous)
on X and smooth outside E, cf. [2]. Note that ¢ depends on v, but as notation will get quite heavy
later, we choose not to highlight that dependence.
Next, we choose a family . € € (X) of quasi-psh functions on X such that:

+ Onehas y; — ¢ in L'(X) and in 62 (X \ E).

e There exists C > 0 such that IIWSIILOO(;Q <C.

o There exists a continuous function « : [0, 1] — R, with x(0) = 0 such that 7*wx + dd‘y, =

-k (&wg.

This is a standard application of Demailly’s regularization results ([11]). The smooth convergence
outside E claimed in the first item follows from the explicit expression of the function v, see
e.g. [13, (3.3)].
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For ¢, t = 0, one introduces the unique function ¢, . € L®°(X) NPSH(X, m*wx + fwy) solving
{(n wx +twg+dd°@se)" = fre” A=N¥ep=Ciqy

supz @re =0

where

o fer=e®II0si* +€2)%,

* a. is a normalizing constant such that [ fye”!""¥edV = ¢;(X)"; it converges to 1 when

e—0.

» cyisdefined by {(m*wx + twg}" = e - c1 (X)".
The existence and uniqueness of ¢; . follows from Yau’s theorem [39] when ¢, € > 0 (in which case
@1, is actually smooth) while the general case is treated in [18]. It follows from ibid. that there
exists a constant C > 0 such that

lprellLexy =C 3)

for any ¢, € [0,1]. Moreover, any weak limit ¢ of a sequence (¢, ¢,) is bounded and is a smooth
limit outside E. Therefore, it solves the equation

(T*wx +dd’p)t =e 1P Fav
on X. By the uniqueness result [18, Thm. A], we have § = ¢. That is

Pre t: @ in L'(X) and in Croe (X\E). (4)
One sets
Wi =T wx+twg+dd¢; . (5)
which solves the equation
Ricw; e =" wx + (1 —y)dd°w, — O, (6)
where
O =O(E,hy) =) _a;Di, 7
is the curvature of
=[Tdsi?+&* " h 8)
1

and 9; . = 9; + dd®log(]s;|*> + £€2) converges to the current of integration along E; when & — 0.

2.2. Stability of Tx.

Setup and notation as in Section 2.1.

Let & < Ty be a subsheaf of positive rank . We can assume that % is saturated in Ty, ie.
Ty /.7 is torsion-free. This is because saturating a subsheaf increases its slope.

From now on, we choose small numbers t,& > 0 which we will later let go to zero. The
Kéhler metric w; ¢ defined in (5) induces an hermitian metric h;¢ on Tg which in turn induces a
hermitian metric hr on F := % |y, where W < X is the maximal locus where Z is a subbundle of
Tx. Then, itis classical (see e.g. [29, Rem. 8.5]) that one can compute the slope of # by integrating
the trace of the first Chern form of (F, hg) over W, i.e.

fw cl(Ehp) Aoyt = ol (F) 1wl ©)
On W, we have the following standard identity (cf. e.g. [12, Thm. 14.5])

iO(F hp) = pry (i0(Tx, hee)lF) + Bre ABres

where € 65 (W,Hom(T%, F)) (i.e. §is a smooth (0,1)-form on W with values in Hom(T%, F))
and B* isits ad]01nt with respect to i, and hr. Therefore, we get

c1(Fhp) Aol = trpna (pry (i0(Tg, hee) IF)) AW + ttpnd (Bre A Bre A0 (10)
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By (9), the integral of the left-hand side over W, yields r times the slope of .% with respect to
{m*wx + twyg}. As for the right-hand side, one can simplify the first term using the formula

n-i0(Tg, hye) Awl;' = (fRicw, ) of,. 11

Here we denote by fRicw, . the endomorphism of Ty induced by the Ricci curvature of w ..
The equation (6) is equivalent to

Ricwse =(1-Ywie +yn wx — twg +(1—y)dd° (We — @) — Op. (12)

Using the formula above, one gets

1 —
Mo (F) = A=Y o, (Tx) + n—ry LtrEnd pre(dd (e — @)l F ol

=0

Y 1
+_j;trEnder(ﬁ”*wX)le?,g__ﬁtrEnder(ﬂ®£)|ngg
nrlx nrJz

=:(ID =:(IIm)

+_f trEnd(ﬁ[E/\ﬁtsAwts

s

::(IV)
We therefore have four terms to deal with. To deal with (II)-(IV), we will use the same
computations as in [25], cf. explanations below. The main new term is (I), which we treat first.

The term (I). It arises from the fact that, say when y = 1, we can not necessarily solve the
perturbed equation Ricw; e = w ¢ — fwy — O, unlike in the case where K is ample or trivial. If all
the discrepancies a; were negative, one could likely still solve that equation using e.g. properness
of Ding functional but we will not expand on that.

In order to deal with (I), one makes the following observations:

« Given 6 > 0, there exist 7 = (5) > 0 and an open neighborhood Uy of E c X such that

Ve t=n, fU (Wy, + 1) /\a);lgl <96, (13)
5

where wy, = 1*wx + twg + dd°y.. This inequality is a consequence of the Chern-Levine-
Nirenberg inequality along with the bound of the potentials below

3C>0,VE, t, ”(pt,(:”LOO()?) + ”wEHLOO()?) =C (14)

that we infer from (3). Indeed, as explained in [25], one proceeds as follows. Let (_5) 550 be a
family of functions defined on Ry, such that Z5(x) = 0if x <6 ' and Z5(x) = 1if x = 1+5 L.

Moreover we can assume that the derivative of =5 is bounded by a constant independent of 6.
Then we evaluate the quantity

fA_g(loglogl W )(w%+wt6)/\(u[61 (15)

and the proof of the classical Chern-Levine-Nirenberg (see e.g. [12, II1.3 (3.3)]) inequality shows
that the integral in (13) is smaller than
w} (16)
ng E

up to a constant which is independent of ¢, . In (16) we denote by wg a metric with Poincaré sin-
gularities along the divisor E, and by Uy the support of the truncation function Zs(loglog @)
Here the main point is that the norm of the Hessian of the truncation function is uniformly
bounded when measured with respect to wg. The conclusion follows.
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The hermitian endormorphism §dd®(y . —¢; ) is dominated (in absolute value) by the positive
endomorphism
Hwy, + )
whose endomorphism trace is nothing but trwtﬁ (wy, +w¢e). By (13), we are done with (I) on Us.
» The second observation is that given K € X \ E, there exists n = 1(K) > 0 such that

VE,tSn, ||w5—(pt,£||<gz(K)S5. (].7)

This is a consequence of the fact that (¢;,) and (y,) converge uniformly (in ¢, #) to ¢ on K by
stability of the Monge—-Ampere operator, cf. e.g. [24, Thm. C], and have uniformly bounded €’” (K)
norm for any p thanks to (14), Tsuji’s trick and Evans-Krylov plus Schauder estimates.

Therefore, one has +fdd®(ye — @) < w hence (I) is controlled on K by § [ w3 Aw?, < C8.
Conclusion. Let Fy ¢ := trppg prrdd®(we — @)l wze. One fixes § > 0. We get a neighborhood
Us of E and a number n' = 1'(8) > 0 such that f;; F;, <6 forany ¢, < n'. Applying the second
observation to K = X \ Us, we find " =" (6) such that Jx\u, Fre = Co forany e, t <n". Choosing
n:=min{n’,n"}, we find that

Ve t<m, ﬁFm <C'6.
X

In short, the term (I) converges to zero when ¢, t — 0.
The term (II). As 7" wx =0, one has

trEnd PrE (7" 0X) P07 < trpng (" 0 x) 07,
= try,, (T*wx) = nr*wx Aol

Integrating over X, one finds

D <yr @ a0 o™
and the right-hand side converges to g 1(Tg) when ¢ — 0, where the slope is taken with respect
to ¥ ¢1 (X).

The term (III). As said above, the arguments to treat this term are borrowed from [25]. For the
convenience of the reader, we will recall the important steps. To lighten notation, we will drop

- . : _ 4D's)? e o _E . ~
the index i. One can write ©, = Eree Y e 0. Let us set g := ST .Up to rescaling wy,
one can assume that —~wy <9 < wy so that O, + g.wy = 0. Then one sees easily that

trEnd PIr(HO¢) |F W} ¢ < trgng (ﬂge + ﬁ(gawx)) WY,
=0, A + gewg AT
and one obtains that the term (III) converges to zero when ¢, t — 0 since
o [xOcnw]t = ci(B)-{m*wx + twz}" ! and E is exceptional,
o [x8wg A w?;l — 0 when ¢, f — 0 thanks to the smooth convergence to 0 outside E and
the Chern-Levine-Nirenberg inequality combined with the bound (3) on the potentials,
cf. first item in Part (I).

The term (IV). Note that the term i, A §7 . is pointwise negative in the sense of Griffiths on W.
In particular, the term (IV) is non-positive. Since (I) and (III) converge to zero, this shows that

WF) < (1+)/(§ ~1))- u(Ty), (18)

where the slope is taken with respect to 7" ¢; (X).

Working under Assumption A, one obtains the inequality (18) above for any y > 0 small
enough. In particular, this shows that under Assumption A, Ty is semistable with respect to
n*c1(X).



Stéphane Druel, Henri Guenancia and Mihai Paun 101

From now on, we assume that the stronger Assumption B holds; i.e. one can choose y = 0.
Assume additionally that there exists a subsheaf .7 c T with the same slope as T and let .75
be its saturation in T'; it is a subbundle in codlmenswn one. As the slope has not increased by
saturatlon, ZF = Z%tin codimension one on X \ E. Therefore, if we set W° := W n (X \ E), then
W° c X \ E has codimension at least two and by the above computation, one has

Ji[rilof (ﬁ,EAﬁtg/\th )=0.
We know by (4) that §;, — Boo locally smoothly on W*° when ¢, t — 0 where S, is the second
fundamental form induced by the hermitian metric hxg induced by n*wkg on Tg|w- and on
Z|we by restriction. By Fatou lemma, we have f, = 0 on W°, that is, we have a holomorphic
decomposition Tg|we = F|w & F IW, where the orthogonal is taken with respect to hgg.

We are now ready to prove

Theorem 6. Let X be a Q-Fano variety.

(i) IfAssumption A is satisfied, then Tx is semistable with respect to ¢ (X).
(i) If Assumption B is satisfied, then Tx is polystable with respect to c1(X). More precisely, we
have:
o Any saturated subsheaf % < Tx with u(F) = u(Tx) is a direct summand of Tx and
F | Xeeg © Txyq 15 @ parallel subbundle with respect 1o wxg.
o There exists a decomposition
Tx =P F;
iel
such that 7; is stable with respect 10 ¢1(X), Filx,,, © T, is a parallel subbundle
with respect to wxg, and the decomposition Txyeq = ®ic 1% Xreg is orthogonal with
respect t0 WKE.

Proof. Let .7 c Tx be asubsheafandlet a := ¢ (X). The sheaf % induces a subsheaf 4° c T |3\ g
and we denote by ¢ c T the saturation of 4° in Tg. By the arguments above (cf. inequality (18)
and the comments below it), one has ;¢ (¥) < pz+o(Tg) = c1(X)"/n = ua(Tx). Moreover, one
has clearly p;+4(¥4) = uq (%). This shows that Ty is semistable with respect to ¢ (X).

Now, assume that there exists a Kihler-Einstein metric wgg. If % < Ty satisfies pq (%) =0,
then ;o (%) = 0 and we have shown above that 7* wkg induces a splitting Tz |lw = 4w & (4] w)t
over a Zariski open subset W c X\ E whose complement in X\ E has codimension at least two. Set

:=71(W) € Xieg so that Z |y is a subbundle of Tx and we have a splitting Tx|y = F |y & (& )t
induced by wkg and codimy (X \ V) = 2.

Let us denote by j : V — X the open immersion. As .% c T is saturated, it is reflexive, hence
j«(Zly) =.Z. Moreover, (Z|y)* extends to a reflexive sheaf .7+ := j,((Z|y)') on X satisfying
Tx = .7 ®.Z " on the whole X. In particular, .% is a direct summand of Tx and as such, it is
subbundle of Tx over Xeg. By iterating this process and starting with % with minimal rank,
one can decompose Tx = @;c;-Z; into reflexive sheaves which, over Xieg, are parallel (pairwise
orthogonal) subbundles with respect to wgg. g

3. Polystability of the canonical extension

In this section, we keep using the setup and notation of Section 2.1.

3.1. The canonical extension

Let & be a coherent sheaf on X sitting in the exact sequence below
0— QY —&— ox—o. 19)
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The sheaf & is automatically torsion-free and it is locally free on Xyeg.

Remark 7. Let U c X be a non-empty Zariski open subset. As an extension of Ox by Q[)y,

&y is uniquely determined by the image of 1 € H(U, Oy) in H! (U, Q[;]) under the connecting
morphism in the long exact sequence arising from H°(U, -).

From now on, one assumes that the extension class of & is the image of ¢;(X) in H lx, Qﬁ()
under the canonical map

Pic(X)® Q= H'(X,0%) ® Q — H'(X,Q}) — H'(X,Q}{).
This is legitimate since Ky is Q-Cartier.

Definition 8. The dual &* of the sheaf & sitting in the exact sequence (19) with extension class
¢1(X) is called the canonical extension of Tx by Ox.

The exact sequence (19) is locally splittable since for any affine U c X, one has hl(U, QB]) =0.
In particular, when one dualizes (19), one see that the canonical extension of Tx by O sits in the
short exact sequence below
0—Ox — & — Tx — 0. (20)
The goal of this section is to prove the following, cf. Theorem B.

Theorem 9. Let X be a Q-Fano variety. If Assumption A (resp. Assumption B) is satisfied, then the
canonical extension &* of Tx by Ox is semistable (resp. polystable) with respect to c1 (X).

The proof of Theorem 9 above is divided into three main steps corresponding to the next three
sub-sections. First one can reduce the semistability statement above to a semistability property
on the resolution X thanks to Lemma 10, then we prove the said statement, cf. Theorem 11 and,
finally, we prove polystability assuming the existence of a Kéhler-Einstein metric.

3.2. Reduction to a statement on the resolution

Let & be the vector bundle on X sitting in the exact sequence below

0—Qf —&— 05 —0 1)
such that its extension class is 7* ¢; (X) € H (X, Q}(). Its dual sits in the exact sequence

0— 03 — & — Ty — 0, 22)

Lemma 10. If the vector bundle &* is semistable with respect to ¥ ¢, (X), then the torsion-free
sheaf & is semistable with respect to ¢ (X).

Although slope stability is usually defined with respect to an ample polarization, the same
definition actually makes sense with respect to an arbitrary nef class like 7*¢; (X), cfe.g. [22].

Proof. Set a := ¢ (X). Let X° € Xi¢; be an open set with complement of codimension at least 2
in X such that the restriction 7 3. of 7 to X° := 7n~1(X°) induces an isomorphism X° =~ X°. By
Remark 7 we have

(" &) 30 = E ke 23)

Let .Z < &* be a subsheaf and let .Z < &* be the saturated subsheaf of £* whose restriction to
X°is (1*.%) iz~ By the projection formula together with the fact that X'\ X° has codimension at
least 2 in X, we have

o) = i a(F) and  pa(E*) = pigea(E).

The lemma follows easily. d
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3.3. Statement on the resolution

In this section, we prove that the vector bundle &* from Section 3.2 is semistable with respect
to m*c1(X), cf. Theorem 11 below. In order to streamline the notation, we set ¥ := &* and in
the following we will not distinguish between the locally free sheaf ¥" and the associated vector
bundle. Recall that 7 fits into the exact sequence of locally free sheaves

0— O3 — ¥ — Tz —0. 24)

We denote by e H' (X, T§ ) the second fundamental form.
Our result in this section is a singular version of Theorem 0.1 in [37].

Theorem 11. Let X be a Q-Fano variety satisfying Assumption A. Let ¥ be the vector bundle on X
appearing in (24), whose extension class f coincides with the inverse image of the first Chern class
of X by the resolutionn: X — X. Then ¥ is semistable with respect to n* ¢ (X).

Proof. The strategy of proof is as follows. We would like to compute the slope of .% using an
hermitian metric on ¥ induced by the (twisted) Kdhler-Einstein metric, using an approximation
process as in Section 2.2. As the natural metric in the extension class of ¥ is singular, we
introduce an algebraic 1-parameter family (77),ec that can be endowed with natural smooth
hermitian metrics for suitable z € R close to zero and such that we have sheaf injections ¥ —
¥: ® O3 (E). We then proceed to compute slopes following the strategy of Section 2.2.

Step 1. Deformations of . We pick an arbitrary subsheaf % < ¥ of the vector bundle ¥ sitting
in the exact sequence below
00—V —-Tz—0
and corresponding to the extension class
a=(a;j) € Ext'(Tg, O3) = H' (X, # om(Ty, 03)

relatively to a covering by open subsets (U;). The bundle ¥ can be obtained as follows: on Uj, it
is the trivial extension, |y, = 0 R, @ Tyﬂ U and the transition functions are given by

(Idﬁ;( lu;;  aij '
0 IdT}? |Uij
The subsheaf .7 is given by two morphisms of sheaves p;: F\y, — Og;; and gi: Fjy, — Ty,
satisfying
pilu;; = pjluy; + aijeo(qjlu;;),
qilu;; = djluy;-
Recall that we have a reduced divisor E = E; +--- + E,. Up to refining the covering (U;), one

can assume that Ej is given by the equation fi; = 0 on U;. The transition functions of O’ (Ey) are

f.
gk,ij=%-

Now, given complex numbers z;,..., z; € C, one considers the extension 77, . of Ty by O
whose class is

a+z;

r

dgi,ij ] dgrij
+ e +

81,ij 8rij

Set 7z,,...z, (B) :== V... 2z, ® O3 (E). Then, there is an injection of sheaves

=a+)_zrcr(Ep).
3

y < Z1yeeZs (E)

extending . < ¥ < ¥ (E) for (z;) in a Zariski open neighborhood of 0 € C".
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Indeed, consider the morphism .Zy, — 7%, .-, (E)|y, given by p; + X i Zk Tt f ki

factor and g; on the second. Those morphisms can be glued since one has
dfe;  d8kij . dfj
fei  &nij  fij
for any index k. The induced map .% — 7,
neighborhood of 0 C".
Now, recall that @ = 7% ¢; (X) and that the Kéhler metric w lives in the class @ — " €. c; (Ey) for
some & > 0, so that the approximate Kéhler-Einstein metric w;, belongs to (1 + f)a;, where

o g; on the first

2, (E) is obviously injective for (zx) in a Zariski open

,,,,,

t
a;:=a———) €rc1(Eg).
r 1+t;k1(k)

For any r € R, we set
V1:=Vz,.2, and V(E):=7;8 O%(E)

where zy := -1 H -g for 1 = k < r. This vector bundle 7; is the extension of Ty by 03 with
extension class a; and 7#;(E) comes equipped with a sheaf injection

F < 1 (E). (25)

Moreover, it is clear from the definition of ¥, . thatwe have

a((E) =a () +al(B) (26)

forany reR.

Step 2. Metric properties of 7 (E). First of all, we pick one number y > 0 as in Assumption A. Tt
will be fixed until the very end of the argument.

We seek to endow ¥;(E) with a suitable smooth hermitian metric, at least when ¢ > 0 is small
enough. Given that 7;(E) = ¥; ® U'¢ (E) and that we have already fixed a smooth hermitian metric
hgon & 3 (E) in (2), it is enough to construct a hermitian metric on ;.

Now, we can endow the bundles 03 and Ty with the trivial metric and the hermitian metric
h; ¢ induced by w; ¢, respectively. Now, we set

m:1+t

which we view as an element of <€°° (X TA) Relatively to a fixed € splitting of 7%, the direct
sum metric hy, induced on #; has a Chern connection Dy, which has the following expression

Wre €Ay

d —ﬁt)
Dw=(*
t ﬁt DT)?
or equivalently
Dy, (s1,82) = (dsl_ﬁt'SZ,ﬁ;‘sl +DT252) 27

where Dr, is the Chern connections induced by £, on Tj. Of course, it depends strongly on
the parameters ¢, . We denote by ﬁ* € <€°° (X, Ty) the adjomt of B, € <€ (X TA) Moreover, the
Chern curvature of Dy, is given by

—B: A B* D,
@(%,h%):( Bt A B} Txﬁt )

0By O(Tg, hie)—Pi AP
where D’ . is the (1,0)-part of the Chern connection of (TA hi .

We anaﬁyze next several quantities which are playing a role in the evaluation of the curvature
of 7;.
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e The factor B;. The form f; is given by

_ 1
1+t

a *
ﬁt prq(a) ®dZﬁ, (28)

where w,g are the coefficients of w, with respect to the coordinates (z;);=1,. . Its adjoint is
computed by the formula
(Br-v,w)+ (v, By - w) =0, (29)

where the first bracket is the standard hermitian product in C and the second one is the one
induced by (T, hy,¢). We have

1 0
F=-—) —edz. 30
ﬁt 1+t 0z; “ (30)
We have the following formulas
Di:pe=0,  0p7=0. @31)

The first equality holds since w¢ is a Kdhler metric while the second one is obvious from (30).
Moreover, we have
1
A+D% B ABF AT = =0T, 32)
) nt
as well as
L+ 0% Bf APr=wse01dr, . (33)
e The curvature of ¥;. If we replace B; by (1+ £),/fi8; for some positive number , this does not

affect the complex structure of the bundles at stake but only the metrics. Moreover, we see from
the identities (31)-(32)-(33) that the curvature becomes

H n
O hy) A = [1€ne o .
t ’ 0 O(Tg, hie) Nwp,” — pwy, ®ldr,

Now we choose p so that % =1-p,ie p:=-15. Recalling (11) and the expression of the Ricci
curvature of w; . given in (12), we get that

1
-1
G)(T)’Z, h[yg) N (,U?‘E - [J(,U?‘E ®IdT}? = m&)?ye ®IdTX +At,5yyw;‘y£,

where
Apey = —yldr, [y 0x — tog + (1 -y)dd° We — @re) — O] (34)
is such that the number .
Qtey = ; LtrEnd er(At,s,y) |F¢U?,5
satisfies

limsuplimsuplimsup aey =0 (35)
v—0 t—0 e—0

thanks to the computations of Section 2.2.

o The curvature of ¥;(E). Finally, we endow 7} (E) with the metric hy, ) := hy, ® hg. It satisfies
O (E), hy, ) Awf,' = ﬁw;‘,e ®ldy, +Arey0f, + (Op A0} @1dy, g . (36)

where Ay .y is defined in (34) and satisfies (35).

Step 3. The slope inequality. Now, one wants to follow the strategy in Section 2.2 and compute
the slope of .% using the induced metric hr, from (¥;(E), hy, ) under the sheaf injection (25).
The metric hp, is well-defined only on the locus W c X where F; := .# |y is a subbundle. As .#
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may not be saturated in #;(E), the complement of W may have codimension one. However, we
have the formula

1
Mo (F) = ;fw c1(F, hr,) /\wl’;l —c1(D) {7

1 —
< —f c1(Fy, th)/\‘“?,el
rJw
< toy, (%:(E) + Aty +C1(E)- {wt,g}”—l

where D is an effective divisor such that O'x (D) = det((¥;(E)/ % )tor). Since E is m-exceptional, the
conclusion follows from the curvature formula (36) along with (35) and the two easy facts below
* o, (F) = g(F) when t —0,
* o, (V1(E)) — ua(¥) when t,e — 0 since E is exceptional, cf. (26).
Theorem 11 is now proved. O

3.4. Polystability

In this paragraph, we work under the Assumption B and we aim to prove the second part of
Theorem 9, i.e. that £* is polystable with respect to c; (X).

By a standard inductive argument, it is enough to prove that if % < &* is any saturated
subsheaf with ¢, (x) (%) = e, x) (&), then it is holomorphically complemented; i.e. there exists
Y cé&* suchthat &* =7 o 9.

Let .Z be such a subsheaf and let .Z c ¥ the induced sheaf on X , cf. Lemma 10; it satisfies
Ha () = U (&*). The same arguments as in the end of Section 2.2 show the orthogonal
complement G of FZ < ¥,(E) with Tespect to the well-defined hermitian metric hy; g on X\E
is holomorphic. Note th'iit Yo(E) = &* on X\ E, hence 7. (N (B)lg\g) = & by (23).

Now, define ¢ := 7.9 on Xe; this is a coherent subsheaf of £ Xireg by the observation above.
We can extend it to a coherent saturated subsheaf ¥ c £* across Xiing; in particular, ¢ is reflexive.
The injection .# @ ¥ — & isomorphic over Xez, hence everywhere by reflexivity of the sheaves
involved. This concludes the proof of Theorem 9.

4. A splitting theorem
4.1. Foliations

In this section, we recollect some results about foliations that we will use later on for the reader’s
convenience. We refer to [16, §3 and 4] and the references therein for notions around foliations
on normal varieties and their singularities.

Here we only recall the notion of weakly regular foliation. Let .% be a foliation of positive rank
r on a normal variety X. The r-th wedge product of the inclusion .# < Tx gives a map

Ox(-Kz)— (A"Tx)*".
We will refer to the dual map
Qf - ox(Kz)
as the Pfaff field associated to .7 . The foliation .% is called weakly regular if the induced map
Q% ® Ox(-Kz)™ — Ox
is surjective (see [16, §5.1]).

Examples of weakly regular foliations are provided by the following result (see [16, Lem. 5.8]).
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Lemma 12. Let X be a normal variety, and let F be a foliation on X. Suppose that there exists a
distributiond on X such that Tx = .% ©¥. Then ¥ is weakly regular.

The following lemma says that a weakly regular foliation has mild singularities if its canonical
divisor is Cartier and the ambient space has kit singularities (see [16, Lem. 5.9]).

Lemmal3. Let X beanormal variety with klt singularities, and let F be a foliation on X. Suppose
that K g is Cartier. If & is weakly regular, then it has canonical singularities.

Next, we recall the behaviour of weakly regular foliations with respect to finite covers (see [16,
Prop. 5.13)).

Lemma 14. Let X be a normal variety, let % be a foliation on X, and let f : X; — X be a finite cover.
Suppose that each codimension 1 irreducible component of the branch locus of f is % -invariant.
Then .F is weakly regular if and only if f~.% is weakly regular.

Finally, we recall the behaviour of foliations with canonical singularities with respect to finite
covers and birational maps (see [16, Lem. 4.3]).

Lemma 15. Let f: X; — X be a finite cover of normal varieties, and let 7 be a foliation on X
with K¢ Q-Cartier. Suppose that each codimension 1 component of the branch locus of f is % -
invariant. If # has canonical singularities, then f~1.F has canonical singularities as well.

Recall that Q-divisors D; and D are said to be Q-linearly equivalent if there exists an integer
m > 0 such that mD; and mD; are linearly equivalent. We write Dy ~¢ D;.

Lemma 16. Let q: Z — X be a birational quasi-projective morphism of normal varieties, and
let F be a foliation on X. Suppose that K & is Q-Cartier and that K7z ~0 4" Kz. If  has
canonical singularities, then q~'.% has canonical singularities as well.

Proof. By assumption, there exist a normal variety Z 2 Z and a projective birational morphism
g: Z — X whose restriction to Z is q. The same argument used in the proof of [16, Lem. 4.2]
shows that

a(E,Z,q %) = a(E, X,.F)
for any exceptional prime divisor E over Z with non-empty center in Z. The lemma follows
easily. O

4.2. Weakly regular foliations with algebraic leaves

This section contains a generalization of Theorem 6.1 in [16]. The following result is proved in [16]
under the additional assumption that .# has canonical singularities.

Theorem 17. Let X be a normal projective variety with Q-factorial klt singularities, and let F be
a weakly regular foliation on X with algebraic leaves.

(1) Then .Z is induced by a surjective equidimensional morphism p: X — Y onto a normal
projective variety Y .

(2) Moreover, there exists an open subset Y° with complement of codimension at least2 in Y
such that p~1(y) is irreducible for any y € Y°.

Before we give the proof of Theorem 17, we need to prove a number of auxiliary statements.
Throughout the present section, we will be working in the following setup.

Setup 18. Let X and Y be normal quasi-projective varieties, and let p’: X --» Y be a dominant
rational map with r := dim X —dim Y > 0. Let Z be the normalization of the graph of p’, and let
p: Z—Y and q: Z — X be the natural morphisms. Let .7 be the foliation induced by p'.
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Proposition 19. Let the setting and notation be as in 18, and assume that K & is Cartier.

(1) Then the Pfaff field QK] — Ox(Kg) associated to % induces a map
Q[Zr] —q"O0x(Kz)

which factors through the Pfaff field Q[Zr] — 07Ky ) associated to q~'.Z . In particular,
there exists an effective q-exceptional Weil divisor B on Z such that

Kq—lﬂ‘ +B~7 q*ng

(2) Moreover, if E is a q-exceptional prime divisor on Z such that p(E) =Y, then E < Supp B.

Proof. Let Zy € Y x X be the graph of p/, and denote by n: Z — Z; the normalization map.
Consider the foliation

& :=pry.Z cpry Ix cpry Ty @ pry Tx.

Let Q% — Ox(Kg) be the map induced by the Pfaff field Q[)p — Ox(Kz). By construction, Z; is
invariant under ¢, and hence, there is a factorization:

QY xlze — pryQlz, — (ry Ox(K#))lz

4 ||

Qy > Oyxx(Kg)l z,-

Notice that the foliation induced by ¥ on Z is g~'.%. By [1, Prop. 4.5], the map Q’ZO —
(pry Ox (K #))|z, extends to a map

Q) — n*(pry Ox(Kz)lz) = 4" Ox (K ),
which gives a morphism

QY — q" Ox(Kz).
This map factors through the Pfaff field

Vz. Q[Zr] nd ﬁz(quﬂ‘)

associated to g~'.% away from the closed set where v is not surjective, which has codimension
atleast 2 in Z. Hence, there exists an effective Weil divisor B on Z such that

Kq‘lé’_‘: +B~z (/]*Ky

Moreover, the morphism Q[Zr] — q* Ox(K ) identifies with the composition
QY — 07(K19)— q" Ox(K)

since q* Ox (K #) is torsion-free. Note that B is obviously g-exceptional, proving the first item.
The second item follows from [16, Lem. 4.19] by induction on the rank of .% as in the proof of

Proposition 4.17 in [16]. Notice that the assumption that the birational morphism is projective in

the statement of Lemma 4.19 in [16] is not necessary. U



Stéphane Druel, Henri Guenancia and Mihai Paun 109

Corollary 20. Setting and notation as in Setup 18. Suppose that X has kit singularities. Suppose
in addition that K & is Cartier and that % is weakly regular.

(1) Then the foliation g~ .7 is weakly regular and Kz ~29"Kg.
(2) Moreover, if E is a prime q-exceptional divisor on Z, then p(E) C Y.

Proof. By Proposition 19 (1), the Pfaff field
Q) — ox(Kz)

associated to .# induces a map
Q) — q"Ox(Kz)

which factors through the Pfaff field Q[Zr] % Z(Kq_kg;) associated to q’lf . On the other hand,
by [28, Thm. 1.3], there exists a morphism of sheaves

that agrees with the usual pull-back morphism of Kéhler differentials wherever this makes sense.
One then readily checks that we obtain a commutative diagram as follows:

g Q) —» q* Ox(Kz)

l H

Q) —— g Ox(Kp).

This implies that the map Q[Zr] — q* Ux (K g) is surjective. Consequently, this map identifies with
the Pfaff field associated to q_lﬂ , proving item (2).
Finally, item (2) is an immediate consequence of item 1 together with Proposition 19(2). [

As we will see, Theorem 17 is an easy consequence of Lemma 21 and Lemma 22 below.

Lemma 21. Sesting and notation as in 18. Suppose that X has klt singularities and that F is
weakly regular. Then there exists an open subset Y° with complement of codimension at least 2
in'Y such that, for any y € Y°, either p~'(y) is empty or any connected component of p~'(y) is
irreducible.

Proof. We argue by contradiction and assume that there exists a prime divisor D < Y such that,
for a general point y € D, p~!(y) is non-empty and some connected component of p~1(y) is
reducible. Let S € p~! (D) be a subvariety of maximal dimension and dominating D such that for
a general point z € S there is at least two irreducible components of p~! (p(z)) passing through z.
We will show in Step 2 that S has codimension 2 in Z.

Step 1. Construction. Shrinking Y if necessary, we may assume without loss of generality that p
is equidimensional. Replacing X by an open neighborhood of the generic point of g(S), we may
also assume that there exists a positive integer m such that

ﬁx(me) ~0x.

Let f: X; — X be the associated cyclic cover, which is quasi-étale (see [33, Def. 2.52]), and let Z;
be the normalization of the product Z x x X;. The induced morphism g: Z; — Z is then a finite
cover.

By [14, Lem. 4.2], there exists a finite cover Y, — Y with ¥, normal and connected such that
the following holds. If Z, denotes the normalization of the product Y, xy Z;, then the natural
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morphism p»: Z, — Y, has reduced fibers over codimension 1 points in Y,. We may also assume
that Y, — Y is a Galois cover. We obtain a commutative diagram as follows:

7tz 2 x
[ )

P2 n|l z—2 v x
p

Y — Y.

Notice that go g : Z» — Z is a finite Galois cover.

Step 2. Away from a closed subset of codimension at least 3, Z has quotient singularities and
the foliation induced by p on Z is weakly regular. Moreover, S has codimension 2 in Z. Notice
that X; has kit singularities by [30, Prop. 3.16], and that the foliation .Zx, := f~1.Z is weakly
regular by Lemma 14. Observe now that the foliation %7, := gy 1 Z, is given by p; and that Z;
identifies with the normalization of the graph of the rational map p; o q; L. Therefore, Zz, is
weakly regular and
Kz, ~z a1 Kzy

by Corollary 20 (1). On the other hand, .%x, has canonical singularities (see Lemma 13). Applying
Lemma 16, we conclude that .% has canonical singularities as well. This in turn implies that the
foliation .F z, := g 1z 7 has also canonical singularities (see Lemma 15). From [14, Lem. 5.4],
we conclude that Z, has canonical singularities over a big open set contained in Y», using the
fact that p, has reduced fibers over codimension 1 points by construction. In particular, Z, has
canonical singularities in codimension 2.

Since go g : Z» — Z is afinite Galois cover, there exists an effective -divisor A on Z such that

Kz, ~q (gog)" (Kz +A).

Moreover, away from a closed subset of codimension at least 3, Kz + A is Q-Cartier by [16,
Lem. 2.6]), and the pair (Z, A) is klt by [30, Prop. 3.16] so that it has Cohen-Macaulay singularities.
Then Harstshorne’s connectedness theorem implies that S has codimension 2 in Z.

By construction, any irreducible codimension 1 component of the ramification locus of g is
q1-exceptional, and hence invariant under .% 7 by Corollary 20 (2). It follows from Lemma 14
that % := g~ 1.7 is weakly regular in codimension 2.

Step 3. End of proof. Let z € Sbe a general point. Recall from [21, Prop. 9.3] that z has an analytic
neighborhood U < Z that is biholomorphic to an analytic neighborhood of the origin in a variety
of the form C4™Z/G, where G is a finite subgroup of GL(dim Z,C) that does not contain any
quasi-reflections. In particular, if W denotes the inverse image of U in the affine space CimZ,
then the quotient map

gu:W—-w/G=U

is étale outside of the singular set.
By Lemma 14 again, %, induces a regular foliation on W. Let F; and F, be irreducible
components of p~!(p(z)) passing through z with F; # F,. Note that

gy FinU)ngy' (FnU) # @.

By general choice of z, F; and F, are not contained in the singular locus of .% 7, and hence both
g{,l (FinU) and g{,l (F» N U) are a disjoint union of leaves. But then, any leaf passing through
some point of gg,l (Fi1nU)N g{]l (F, nU) is a connected component of both gl}l (F1nU) and



Stéphane Druel, Henri Guenancia and Mihai Paun 111

gl}l (F> nU). This in turn implies that F} = F», yielding a contradiction. This finishes the proof of
the lemma. g

Lemma 22. Setting and notation as in 18. Suppose that X has klt singularities and that % is
weakly regular. Let E be a prime q-exceptional divisor on Z such thatdimp (E) =dimY — 1.

(1) Thendimp (E) =dimY — 1. In particular, E is invariant under the foliation on Z induced
by p.

(2) Moreover, if z is a general point in E, then there exists a curve T € E passing through z with
dim p(T) = 1 such that q(Ep,)(t1)) = G(Ep(t,) (12)) for general points ty and t in T, where
Ep (1) (t) denotes the irreducible component of Ep(y < p L (p(1) passing throughte T c E.

Proof. For the reader’s convenience, the proofis subdivided into a number of steps.

Step 1. Reduction to the case where K  is Cartier and proof of (1). Replacing X by an open
neighborhood of the generic point of g(E), we may assume without loss of generality that there
exists a positive integer m such that

ﬁx(me) = ﬁx.

Let f: X; — X be the associated cyclic cover, which is quasi-étale (see [33, Def. 2.52]), and let Z;
be the normalization of the product Z x x X;. The induced morphism g: Z; — Z is then a finite
cover. We obtain a commutative diagram as follows:

VA LN Xi
)
q

Notice that X; has kit singularities by [30, Prop. 3.16], and that the foliation .y, := f~1.7 is
weakly regular by Lemma 14. Observe now that the foliation .7 7 := g7 1 Zx, is given by p; and
that Z; identifies with the normalization of the graph of the rational map p; o q; !, By item 1
in Corollary 20, .% is weakly regular. Let E; be a prime divisor on Z; such that g(E;) = E.
Notice that Ej is g;-exceptional and that dim p (E) = dim p;(E;). Thus, replacing X by X, we
may assume without loss of generality that

Kz ~z0.

Then, by Corollary 20 (2), we must have p(E) C Y. It follows that p(E) is a prime divisor on
Y since dimp (E) = dimY — 1 by assumption. In particular, E is invariant under the foliation
Fg= qflﬁi.
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Step 2. The foliation induced by .7 on g(E). Set B:= q(E), and let E° € EN Z¢g be a non-empty
open set. We obtain a commutative diagram as follows:

A

EFP—22 B

~

j| E—>» B

]

Z — X

p

Y.
Shrinking X, if necessary, we may assume without loss of generality that B is smooth. By [28,
Thm. 1.3 and Prop. 6.1], there is a factorization

di
r [r] r
Qyly — Oy — af.

This implies that the map Qg] |p — QJ is surjective.
Claim 23. The foliation %- on E° induced by % is projectable under a.
Proof of Claim 23. Let

vx: QY O0x(Kz) and vz: Q' — 02(Kz,)

be the Pfaff fields associated to .# and % respectively. Since E° is invariant by .%, there is a
factorization

V7| o
Qe — Qp —— 02(Kz)lp

[ |

Qf, ——— QL ——— 07Kl
Recall from the proof of Corollary 1 that there is a commutative diagram

g ol L% grox(K5)

dreﬂ qJ/ ZT\

v

Q) —=— 02(Kz,).
Finally, by [28, Prop. 6.1], the diagram

a* dreﬂi

(@* Q) e = a* (@) —220 s g qr

dren | E°J/ \L

Q| > Qr,

dreﬂj
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is commutative as well. Therefore, we have a commutative diagramm as follows:

a* dreﬂi

(q* Q) g = a* Q15 ———» a* Q)

!

(q*vx)lge QL

!

(" Ox(Kz)|p <——=—— Oz(Kz,)|p.

This in turn implies that there is a factorization

dreﬂ i

Qy'ls ———» 9}

Jvxla l

Ox(Kz)lp =——= Ox(Kgz)Ip

whose pull-back to E° gives the diagram above. It follows that the map
Qp — Ox(Kz)lp

is the Pfaff field associated to a weakly regular foliation .#p of rank r on B such that da(% ) =
Zp. This completes the proof of the claim. O

Then item (2) is an immediate consequence of Claim 23 above. O
We are now ready to prove Theorem 17.

Proof of Theorem 17. Let p: Z — Y be the family of leaves, and let g: Z — X be the natural
morphism. Since p has connected fibers by construction, Lemma 21 applied to po g~! implies
that p has irreducible fibers over a big open set contained in Y. Hence, to prove Theorem 17, it
suffices to show that Exc g is empty.

We argue by contradiction and assume that Excq # @. Let E be an irreducible component of
Excgq. Then E has codimension 1 since X is Q-factorial by assumption. Recall from Lemma 21
that p~!(y) is irreducible for a general point y in p(E). Therefore, by Lemma 22, we must have
E = p~'(p(E)). Moreover, if y is a general point in p(E), then there exists a curve T € p (E) passing
through y such that q(p‘l(tl)) = q(p‘l(tg)) for general points #; and £, in T. Now, there exists a
positive integer ¢ such that the cycle theoretic fiber pI="(y) is t[p~'(y)] for a general point y in
p(E). It follows that the restriction of the map ¥ — Chow(X) to p(E) has positive dimensional
fibers, yielding a contradiction. This finishes the proof of the theorem. d

Remark 24. In the setup of Theorem 17, let p: Z — Y be the family of leaves, and let g: Z — X
be the natural morphism. If X is only assumed to have klt singularities, then the same argument
used in the proof of the theorem shows that g is a small birational map. We have

Kziy —R(p) ~¢ 4" Kz,

where R(p) denotes the ramification divisor of p. In particular, if F denotes the normalization of
the closure of a general leaf of .%, then

Kz|r ~g KF.
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4.3. A splitting theorem

The following theorem, advertised in the introduction as Theorem C, is the main result of this
section.

Theorem 25. Let X be a normal projective variety, and let
Tx = @9\ i
iel
be a decomposition of Tx into involutive subsheaves with algebraic leaves. Suppose that there
exists a Q-divisor A such that (X, A) is kit. Then there exists a quasi-étale cover f: Y — X as well as
a decomposition
Y=[]v;

iel
of Y into a product of normal projective varieties such that the decomposition Tx = @®;c;-F; lifts
to the canonical decomposition
Myerv; = @pr;‘ Ty;.
iel
Proof. To prove the theorem, it is obviously enough to consider the case where I = {1,2}. Set
7(i)=3—iforeachie€{l1,2}.

Step 1. Reduction to the case where X is Q-factorial with kit singularities. Let 7: Z — X be a
Q-factorialization, whose existence is established in [31, Cor. 1.37]. Recall that 7 is a small
birational projective morphism and that Z is Q-factorial with kit singularities. Then we have
the decomposition
Ty=n'Zen'.%
into involutive subsheaves with algebraic leaves.
Suppose that there exist normal projective varieties W; and W, and a quasi-étale cover

g Wi xW,—Z
such that the decomposition Tz = 171, @ 171.%, lifts to the canonical decomposition
Tw, xw, = pri Tw, ® pry T,
The Stein factorization
f:Y—-Xx
of o g is then a quasi-étale cover, and the natural map
Wi xW, -Y

is a small birational morphism. Moreover, by [30, Prop. 3.16], Y has kit singularities. In particular,
it has rational singularities. Lemma 26 below applied to Y --» W; x W, then implies that X
satisfies the conclusion of Theorem 25.

Therefore, replacing X by Z, if necessary, we may assume without loss of generality that X is
Q-factorial with klt singularities.

Step 2. Covering construction. By Lemma 12, .%; is a weakly regular foliation. Therefore, by
Theorem 17, .%; is induced by a surjective equidimensional morphism p;: X — T; onto a normal
projective variety T;. Moreover, p; has irreducible fibers over a big open set contained in T;. Let
F; be a general fiber of p.(;.

Let M; denote the normalization of the product F; x1, X, and let M; — N; — X denote the
Stein factorization of the natural morphism M; — X. We will show that V; — X is a quasi-étale
cover. Notice that for any prime P on T;, p; P is well-defined (see [16, §2.7]) and has irreducible
support.
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Write p; P = mQ for some prime divisor Q on X and some integer m > 1. Set n := dim X, and
s:=dimT;. By general choice of F;, we may assume that F; \ X has codimension at least 2 in
F;. In particular, F; N QN Xreg # @. Let x € F; N Q N Xieg be a general point. Since F1 and %, are
regular foliations at x and Tx = .7 @ .%,, there exist local analytic coordinates centered at x and
pi(x) respectively such that p; is given by

(.X:l,xz,..-,Xn)'—’ (x{n)x2~--)xs)y
and such that F; is given by the equations
Xsp1=-=Xp=0.

A straightforward local computation then shows that N; — X is a quasi-étale cover over the
generic point of pl.’1 (P). This immediately implies that N; — X is a quasi-étale cover.

Let Y be the normalization of X in the compositum of the function fields C(V;), and let
f: Y — X be the natural morphism. Set %; := f~1.%;. By construction, f is a quasi-étale cover,
and ¥; is induced by a surjective equidimensional morphism ¢g;: ¥ — R; with reduced fibers

over a big open set contained in R;. Moreover, there exists a subvariety G; € f~1(F;) such that the
restriction G; — R; of g; to G; is a birational morphism.

Step 3. End of proof. Let R° denote the smooth locus of R;, and set Y° =q; 1(R ). Let Z° c Y°
be the open set where g;| ve is smooth. Notice that Z; has complement of codlmensmn at least 2
in Y7 since g; has reduced fibers over a big open set contalned in R;.

The restriction of the tangent map

TIJi|yi°3 Ty — (ql'|Yi°)*TR§

to % ylze < Tz then induces an isomorphism % |z = (gilze)" Tre. Since % lye and
1 1 1 1 1 1
(gilys)" Tge are both reflexive sheaves, we finally obtain an isomorphism
1 1

Grilyy = (ohlyl?)* Tgs.
A classical result of complex analysis says that complex flows of vector fields on analytic spaces

exist (see [27]). It follows that g;| ye isa locally trivial analytic fibration for the analytic topology.
The morphism ¢y x q2: Y — Rl x Ry then induces an isomorphism

f(Rl)n%_ (R3) =Ry x Ry

since G -Gz = 1 and g; is locally trivial over R;. In particular, g x g2 is a small birational
morphism. By [30, Prop. 3.16] again, Y has kit singularities. Hence, it has rational singularities.
Lemma 26 below applied to q; x g; then implies that X satisfies the conclusion of Theorem 25,
completing the proof of the theorem. 0

Lemma 26 ([32, Prop. 18]). Let X, Y and Y, be normal projective varieties, and let m: X --»
Y1 x Y» be a birational map that does not contract any divisor. Suppose in addition that X has
rational singularities. Then X decomposes as a product X = X; x X, and there exist birational
mapsm;: X; --» Y; such thatmw = 1 x 7o.

5. Proof of Theorem A

The present section is devoted to the proof of Theorem A.

Proof of Theorem A. We have seen in Theorem 6 that the tangent sheaf of X is polystable. By
definition it means that we have a decomposition

Tx =P Z:

iel
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where the .%; are stable with respect to ¢; (X) and have the same slope. Moreover, each subsheaf
%; defines on Xreg a parallel subbundle of TXreg with respect to the Kdhler-Einstein metric
e Xreg- This immediately implies that .%;| Xireg is involutive.

Claim 27. Each foliation .%; has algebraic leaves.

Proof. Let m be a positive integer such that —mKyx is very ample, and let C c X be a general
complete intersection curve of elements in | - mKx|. By general choice of C, we may assume that
C < Xeg and that .%; is locally free in a neighborhood of C. If m is large enough, then the vector
bundle .%;|¢ is semistable by [19, Thm. 1.2]). We conclude that it is ample since it has positive
slope. Then [5, Fact 2.1.1] says that .%; has algebraic leaves. Alternatively, one can apply [7,
Thm. 1.1] to the foliation .Z; on the resolution X (cf. Notation 5) induced by .%; by pullback over
Xreg and saturation inside T'. O

Let f: Y — X be the quasi-étale cover and Y = [];¢; ¥; be the splitting that are both provided
by Theorem 25. The decomposition

Ty =Ppr; Ty, 37)
iel
is a decomposition of Ty into summands of maximal slope. If there exists i € I such that
Ty, is not stable with respect to ¢;(Y;), then it means that the polystable decomposition of Ty
provided by Theorem 6 via f*wgg refines strictly the decomposition (37). By applying Theorem 25
again, we can find another quasi-étale cover Y’ — Y which splits according to the polystable
decomposition of Ty and one can then compare again the polystable decomposition of Ty- to the
one coming from Ty. After finitely many such steps, one can find a quasi-étale cover g: Z — X
such that
(i) There exists a splitting Z = [[xex Zx into a product of Q-Fano varieties.
(ii) Forany k € K, the tangent sheaf T, is stable with respect to ¢ (Zy).
(iii) The variety Z admits a Kdhler—Einstein metric given by g* wxg.

Theorem A is a consequence of the Claim below.

Claim 28. There exists a Kdhler-Einstein metric wy on each variety Z; such that g*w =
Y kek PI}. Ok.

Proof of Claim 28. We set ny := dim Z;. As the saturated subsheaf .% := pri. Tz < Ty is stable
with maximal slope with respect to c¢;(Z), it has to coincide with one of the factors in the
decomposition of T, provided by Theorem 6 (one can see that by looking at the projections on
each factor and use stability). In particular, the .#| Z.g are mutually orthogonal with respect
to g*wgg, which enables one to define a smooth hermitian metric wy on Z,zeg such that g* wkg =
Y kek prz W} 0N Zpeg. Since g* wyg is closed and d commutes with pr;;, it follows that wy. is a Kdhler
metric on Zeg.

Clearly, one has Ricwy = wy on Z;eg. In order to check that w;. defines a Kdhler—Einstein metric
on Z in the sense of Definition 2, it is sufficient to check that . e ka = ¢1(Z;)™ by Remark 3.

By [2, Prop. 3.8] we always have the inequality [ wzk < ¢1(Z)™ and therefore
k

n
a@)" :f gog =11 fregwkk <[] a@™.
Zreg keKYZ; keK

Since ¢1(2)" = [Tkex €1(Zk)"*, one must have [ s a)Z’C =c1(Z)" forall k€ K. O
k

Theorem A is now proved. O
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