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Abstract. Let A = (a1, . . . , a1︸ ︷︷ ︸
r1

, a2, . . . , a2︸ ︷︷ ︸
r2

, . . . , ak , . . . , ak︸ ︷︷ ︸
rk

) be a finite sequence of integers with a1 < a2 < ·· · < ak

and ri ≥ 1 (1 ≤ i ≤ k). The sum of all terms of a subsequence B of A is called a subsequence sum of A and we
denote it by σ(B). For 0 ≤α≤∑k

i=1 ri , let Σα(A) = {σ(B)|B is a subsequence of A of length ≥α}. In this paper,
we completely settle the two problems posed by Bhanja and Pandey about finding the optimal lower bound
of |Σα(A)| and determining the structure of the sequence A for which the lower bound of |Σα(A)| is optimal.

Résumé. Soit A = (a1, . . . , a1︸ ︷︷ ︸
r1

, a2, . . . , a2︸ ︷︷ ︸
r2

, . . . , ak , . . . , ak︸ ︷︷ ︸
rk

)) une suite finie d’entiers avec a1 < a2 < ·· · < ak et ri ≥

1 (1 ≤ i ≤ k). La somme de tous les termes d’une sous-suite B de A est appelée somme de sous-suite de A et
nous la désignons par σ(B). Pour 0 ≤α≤∑k

i=1 ri , soit Σα(A) = {σ(B)|B une sous-suite de A de longueur ≥α}.
Dans cet article, nous résolvons complètement les deux problèmes posés par Bhanja et Pandey concernant
la recherche de la borne inférieure de |Σα(A)| et la détermination de la structure de la suite A pour laquelle la
borne inférieure de |Σα(A)| est atteinte.
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1. Introduction

Let k ≥ 1 and r = (r1,r2, . . . ,rk ) with ri ≥ 1 (1 ≤ i ≤ k). And let

A = (a1, . . . , a1︸ ︷︷ ︸
r1

, a2, . . . , a2︸ ︷︷ ︸
r2

, . . . , ak , . . . , ak︸ ︷︷ ︸
rk

)

be a finite sequence of integers, where a1 < a2 < ·· · < ak and ai repeats ri times. For convenience,
we denote this sequence by A = (a1, a2, . . . , ak )r . For a given subsequence B of A, the sum σ(B) :=∑

b∈B b is called a subsequence sum of A. Here, we assume that σ(;) = 0. For 0 ≤α≤ ∑k
i=1 ri , let

Σα(A) be the set of all subsequence sums corresponding to the subsequences of A that are of the
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size at least α and Σα(A) be the set of all subsequence sums corresponding to the subsequences
of A that are of the size at most

∑k
i=1 ri −α, that is,

Σα(A) = {
σ(B)

∣∣B is a subsequence of A of length ≥α
}

,

Σα(A) =
{
σ(B)

∣∣∣∣∣B is a subsequence of A of length ≤
k∑

i=1
ri −α

}
.

Briefly, we writeΣ1(A) asΣ(A). Obviously, |Σα(A)| = |Σα(A)| and 0 ∈Σα(A). When ri = 1 (1 ≤ i ≤ k),
A is a set of integers, and now we call the subsequence sums as subset sums. The subset and
subsequence sums are fundamental objects in additive number which is very useful in some
other combinatorial problems such as the zero-sum problems. The direct problem for the
subsequence sums Σα(A) is to find the optimal lower bound of |Σα(A)| and the inverse problem
for Σα(A) is to determine the structure of A for which |Σα(A)| is minimal.

In 1995, Nathanson [8] firstly studied the direct and inverse problems for Σ(A) for sets A
of integers. In 2015, Mistri, Pandey and Prakash [7] generalized Nathanson’s results to the
subsequence sums Σ(A) for sequences A which contains either only nonnegative integers or
only nonpositive integers. Later, the present author and Li [5] settled the remaining case, i.e.,
the sequence A contains positive integers, negative integers, and/or zero. In 2020, Bhanja and
Pandey [2] considered the direct and inverse problems for subsequence sums Σα(A) when the
sequence A contains nonnegative or nonpositive integers. Some conclusions are as follows.

Theorem A ([2, Theorem 3.1]). Let k ≥ 1 be an integer and A = (a1, a2, . . . , ak )r be a finite sequence
of integers, where 0 < a1 < a2 < ·· · < ak and r = (r1,r2, . . . ,rk ) with ri > 0 for 1 ≤ i ≤ k. Let
0 ≤α<∑k

i=1 ri . Then there exists an integer m ∈ [1,k] such that
∑m−1

i=1 ri ≤α<∑m
i=1 ri and

|Σα(A)| ≥
k∑

i=1
i ri −

m∑
i=1

i ri +m

(
m∑

i=1
ri −α

)
+1.

Theorem B ([2, Theorem 3.2 and Remark 3.1]). Let k ≥ 1 and r = (r1,r2, . . . ,rk ) with ri > 0 for
1 ≤ i ≤ k. For 0 ≤ α ≤ ∑k

i=1 ri −2, let m ∈ [1,k] be the integer such that
∑m−1

i=1 ri ≤ α < ∑m
i=1 ri . If

A = (a1, a2, . . . , ak )r is a finite sequence of integers with 0 < a1 < a2 < ·· · < ak and

|Σα(A)| =
k∑

i=1
i ri −

m∑
i=1

i ri +m

(
m∑

i=1
ri −α

)
+1,

then

A = (a1,2a1, . . . ,ka1)r ,

except that A = (a1, a2)r with r = (1,r2) and A = (a1, a2, a1+a2)r with r = (1,1,r3), where a1, a2 are
two arbitrary positive integers.

Recently, Bhanja and Pandey [3] posed the following open problems.

Problem 1 ([3, Problem (1)]). It is important to find the optimal lower bound of |Σα(A)| for
arbitrary finite sequence of integers.

Problem 2 ([3, Problem (2)]). It is also an important problem to study the structure of the
sequence A for which the lower bound for |Σα(A)| is optimal.

They [3] settled Problem 1 for the special case ri = r for all 1 ≤ i ≤ k. For more related results,
one may refer to [1, 4, 6, 9–11]. Problem 1 is the direct problem of the subsequence sums and
Problem 2 is the inverse problem of the subsequence sums. In this paper, we solve completely
the above two problems. In Section 2, Theorem 1 and Corollary 2 give the answer to Problem 1.
In section 3, Theorem 3 and Corollary 4 give the answer to Problem 2.
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Next, we give some definition and notations. Define
∑v

i=u f (i ) = 0 if u > v . For any sequences
A and B , we denote by A ∪B the sequence obtained by merging the sequences A and B and
reordering the terms in nondecreasing order. For an integer a, a + A and a ∗ A are defined
respectively to be the sequences as follows:

a + A = (a +a1, a +a2, . . . , a +ak )r , a ∗ A = (a ∗a1, a ∗a2, . . . , a ∗ak )r .

For integers l < k, we write (l , l +1, . . . ,k)r as [l ,k]r briefly.

2. Direct problem

Firstly, we consider the direct problem of the sequence A does not contain zero terms.

Theorem 1. Let l ,k ≥ 1 be two integers and A = (a−l , a−l+1, . . . , a−1)r ∪ (a1, a2, . . . , ak )r ′ be a
finite sequence of integers, where a−l < a−l+1 < ·· · < a−1 < 0 < a1 < a2 < ·· · < ak and r =
(r−l ,r−l+1, . . . ,r−1), r ′ = (r1,r2, . . . ,rk ) with ri > 0 for i ∈ [−l ,k]\{0}. For 0 ≤α<∑l

i=1 r−i +∑k
i=1 ri , let

Lα =



∑l
i=1 i r−i +∑k

i=1 i ri +1, if α≤ min
{∑l

i=1 r−i ,
∑k

i=1 ri

}
;∑l

i=1 i r−i +∑k
i=1 i ri −∑m

i=1 i ri

+m
(∑l

i=1 r−i +∑m
i=1 ri −α

)+1, if
∑l

i=1 r−i <α≤∑k
i=1 ri ;∑l

i=1 i r−i +∑k
i=1 i ri −∑m′

i=1 i r−i

+m′
(∑k

i=1 ri +∑m′
i=1 r−i −α

)
+1, if

∑k
i=1 ri <α≤∑l

i=1 r−i ;∑l
i=1 i r−i +∑k

i=1 i ri −∑m
i=1 i ri +m

(∑l
i=1 r−i +∑m

i=1 ri −α
)

−∑m′
i=1 i r−i +m′

(∑k
i=1 ri +∑m′

i=1 r−i −α
)
+1, if α> max

{∑l
i=1 r−i ,

∑k
i=1 ri

}
,

where m, m′ are integers which satisfy
∑m−1

i=1 ri ≤ α−∑l
i=1 r−i < ∑m

i=1 ri and
∑m′−1

i=1 r−i ≤ α−∑k
i=1 ri <∑m′

i=1 r−i , respectively. Then

|Σα(A)| ≥ Lα.

Moreover, the lower bound is optimal.

Proof of Theorem 1. Let

I =
l∑

i=1
r−i a−i , J =

k∑
i=1

ri ai

and

A1 = (a−l , a−l+1, . . . , a−1)r , A2 = (a1, a2, . . . , ak )r ′ .

Clearly, −Σβ(A1) =Σβ(−A1) for any nonnegative integer β, and the terms in Σβ(−A1) are positive.
Let

A0 = [−l ,−1]r ∪ [1,k]r ′ .

If α≤ min
{∑l

i=1 r−i ,
∑k

i=1 ri

}
, then I + J −Σ(A1), I + J −Σ(A2) and {I + J } are included in Σα(A)

and it is clear that they are pairwise disjoint. Thus,

|Σα(A)| ≥ |I + J −Σ(A1)|+ |I + J −Σ(A2)|+ |{I + J }|
= |Σ(−A1)|+ |Σ(A2)|+1

≥
l∑

i=1
i r−i +

k∑
i=1

i ri +1 = Lα, (1)
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where the third inequality comes from Theorem A. Moreover,

Σα(A0) ⊆
[

l∑
i=1

(−i )r−i ,
k∑

i=1
i ri

]
.

Then |Σα(A0)| ≤ Lα. Thus, |Σα(A0)| = Lα. Therefore, at this point, Lα is optimal.
If

∑l
i=1 r−i < α ≤ ∑k

i=1 ri , then
∑m−1

i=1 ri ≤ α−∑l
i=1 r−i := α1 < ∑m

i=1 ri . At this point, it is clear
that I +Σα1 (A2) and I + J −Σ(A1) are included in Σα(A). Since

max
{

I +Σα1 (A2)
}= I + J < min

{
I + J −Σ(A1)

}= I + J −a−1,

these two sets are disjoint. Thus,

|Σα(A)| ≥ |I +Σα1 (A2)|+ |I + J −Σ(A1)|
= |Σα1 (A2)|+ |Σ(−A1)|

≥
k∑

i=1
i ri −

m∑
i=1

i ri +m

(
m∑

i=1
ri −α1

)
+1+

l∑
i=1

i r−i = Lα, (2)

where the third inequality comes from Theorem A. Moreover,

Σα(A0) ⊆
[

l∑
i=1

(−i )r−i +
m∑

i=1
i ri −m

(
m∑

i=1
ri −α1

)
,

k∑
i=1

i ri

]
.

Then |Σα(A0)| ≤ Lα. Thus, |Σα(A0)| = Lα. Therefore, at this point, Lα is optimal.
If

∑k
i=1 ri <α≤∑l

i=1 r−i , then by |Σα(A)| = |Σα(−A)| and similar to the above argument for −A,
we can obtain that

|Σα(A)| = |Σα(−A)| ≥
l∑

i=1
i r−i +

k∑
i=1

i ri −
m′∑
i=1

i r−i +m′
(

k∑
i=1

ri +
m′∑
i=1

r−i −α

)
+1 = Lα.

Moreover, we can get that |Σα(A0)| = Lα and so at this point, Lα is optimal.
If α> max

{∑l
i=1 r−i ,

∑k
i=1 ri

}
, then there exist integers m,m′ such that

m−1∑
i=1

ri ≤α−
l∑

i=1
r−i :=α1 <

m∑
i=1

ri ,
m′−1∑
i=1

r−i ≤α−
k∑

i=1
ri :=α2 <

m′∑
i=1

r−i .

At this point, I +Σα1 (A2) and I + J −Σα2 (A1) are included in Σα(A). It follows from

max
{

I +Σα1 (A2)
}= I + J = min

{
I + J −Σα2 (A1)

}
that

|Σα(A)| ≥ |I +Σα1 (A2)|+ |I + J −Σα2 (A1)|− |{I + J }|
= |Σα1 (A2)|+ |Σα2 (−A1)|−1

≥
k∑

i=1
i ri −

m∑
i=1

i ri +m

(
m∑

i=1
ri −α1

)
+

l∑
i=1

i r−i −
m′∑
i=1

i r−i +m′
(

m′∑
i=1

r−i −α2

)
+1

= Lα, (3)

where the third inequality comes from Theorem A. Moreover,

Σα(A0) ⊆
[

l∑
i=1

(−i )r−i +
m∑

i=1
i ri −m

(
m∑

i=1
ri −α1

)
,

k∑
i=1

i ri +
m′∑
i=1

(−i )r−i − (−m′)

(
m′∑
i=1

r−i −α2

)]
.

Then |Σα(A0)| ≤ Lα. Thus, |Σα(A0)| = Lα. Therefore, at this point, Lα is optimal.
Thus, we complete the proof of Theorem 1. □
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If zero is a term in A, one could easily get the following result.

Corollary 2. Let l ,k ≥ 1 be two integers and A = (a−l , a−l+1, . . . , ak )r be a finite sequence of integers,
where a−l < a−l+1 < ·· · < a−1 < 0 = a0 < a1 < a2 < ·· · < ak and r = (r−l ,r−l+1, . . . ,rk ) with ri > 0 for
i ∈ [−l ,k]. Let 0 ≤α<∑k

i=−l ri and

L′
α=



∑l
i=1ir−i +∑k

i=1iri +1, if α≤min
{∑l

i=0 r−i ,
∑k

i=0 ri

}
;∑l

i=1ir−i +∑k
i=1iri −∑m

i=1iri +m
(∑l

i=0 r−i +∑m
i=1 ri −α

)+1, if
∑l

i=0 r−i <α≤∑k
i=0 ri ;∑l

i=1ir−i +∑k
i=1iri −∑m′

i=1ir−i +m′
(∑k

i=0 ri +∑m′
i=1 r−i −α

)
+1, if

∑k
i=0 ri <α≤∑l

i=0 r−i ;∑l
i=1ir−i +∑k

i=1iri −∑m
i=1iri +m

(∑l
i=0 r−i +∑m

i=1 ri −α
)

−∑m′
i=1ir−i +m′

(∑k
i=0 ri +∑m′

i=1 r−i −α
)
+1, if α> max

{∑l
i=0 r−i ,

∑k
i=0 ri

}
,

where m, m′ are integers which satisfy
∑m−1

i=1 ri ≤ α−∑l
i=0 r−i < ∑m

i=1 ri and
∑m′−1

i=1 r−i ≤ α−∑k
i=0 ri <∑m′

i=1 r−i , respectively. Then

|Σα(A)| ≥ L′
α.

Moreover, the lower bound is optimal.

Proof. The proof is clear. Here, we only give the outline of the proof. Let

A′ = (a−l , a−l+1, . . . , a−1)r ′ ∪ (a1, a2, . . . , ak )r ′′ ,

where r ′ = (r−l ,r−l+1, . . . ,r−1) and r ′′ = (r1,r2, . . . ,rk ). Since 0 repeats r0 times, it is easy to see that
when 0 ≤ α < r0, we have |Σα(A)| ≥ |Σ1(A′)|; when α ≥ r0, we have |Σα(A)| ≥ |Σα−r0 (A′)|. When
0 ≤α< r0, by Theorem 1 we have

|Σα(A)| ≥ |Σ1(A′)| ≥
l∑

i=1
i r−i +

k∑
i=1

i ri +1.

When α≥ r0, by Theorem 1 for |Σα−r0 (A′)| we can easily get the desired conclusion. □

3. Inverse problem

Corresponding to Theorem 1, we firstly deal with the case in which the sequence A does not
contain zero terms.

Theorem 3. Let A be a sequence which is the same as A defined in Theorem 1. Let 0 ≤ α ≤∑l
i=1 r−i +∑k

i=1 ri −2 and Lα, m, m′ be the integers defined in Theorem 1. If |Σα(A)| = Lα, then

A = a1 ∗ ([−l ,−1]r ∪ [1,k]r ′ ).

Proof. Let A1 and A2 be the sequences defined in the proof of Theorem 1. Since |Σα(A)| = Lα, all
inequalities of (1), (2) and (3) become equalities. By Theorem B for sequences −A1 and A2, we
have

A1 =−a−1 ∗ [−l ,−1]r

except that A1 = (a−2, a−1)r with r = (r−2,1) and A1 = (a−2 +a−1, a−2, a−1)r with r = (r−3,1,1);

A2 = a1 ∗ [1,k]r ′

except that A2 = (a1, a2)r ′ with r ′ = (1,r2) and A2 = (a1, a2, a1 +a2)r ′ with r ′ = (1,1,r3).
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Next, it only suffices to prove that a−1 =−a1, a−2 =−2a1 for l ≥ 2 and a2 = 2a1 for k ≥ 2. Since
all inequalities of (1), (2) and (3) become equalities, we know that there is exactly one term I + J
in Σα(A) between I + J −a1 and I + J −a−1. Noting that I + J −a1 −a−1 ∈Σα(A) and

I + J −a1 < I + J −a1 −a−1 < I + J −a−1,

we have I+J = I+J−a1−a−1, and so a−1 =−a1. If l ≥ 2, then one could get similarly that I+J−a−1

is the only one term in Σα(A) with

I + J < I + J −a−1 < I + J −a−2.

However, in view of a−1 =−a1 > a−2, we have I + J −a1 −a−2 ∈Σα(A) and

I + J < I + J −a1 −a−2 < I + J −a−2,

which shows that I + J − a1 − a−2 = I + J − a−1, that is a−2 = −a1 + a−1 = −2a1. If k ≥ 2, then by
similar argument, one could obtain that a2 = 2a1. Therefore,

A = a1 ∗ ([−l ,−1]r ∪ [1,k]r ′ ).

This completes the proof. □

If zero is a term in A, by Theorem 3, one could get easily the following result.

Corollary 4. Let A be a sequence which is the same as A defined in Corollary 2. Let 0 ≤ α ≤∑k
i=−l ri −2 and L′

α, m, m′ be the integers defined in Corollary 2. If |Σα(A)| = L′
α, then

A = a1 ∗ [−l ,k]r .

Remark 5. It is not difficult to see that for any sequence A = (a1, a2, . . . , ak )r of integers with
a1 < a2 < ·· · < ak and r = (r1,r2, . . . ,rk ), where ri ≥ 1 (1 ≤ i ≤ k), |Σα(A)| = 1 for α = ∑k

i=1 ri and
|Σα(A)| = k +1 for α=∑k

i=1 ri −1.
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