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We will consider deformation theory over non-commutative (NC) base algebras. Such a
theory is interesting because there are more deformations than the usual deformations over
commutative bases. The deformations over commutative base can possibly be regarded as the
“first order” approximation of more general “higher order” deformations. The formal theories of
deformations over commutative and non-commutative bases are parallel and the extension to
the non-commutative case is simple, but some new phenomena and invariants appear.

We make some remarks on NC deformations. The first remark is that the deformations over
NC base is natural. This is because the differential graded algebras (DGA) which govern the de-
formations of sheaves are naturally non-commutative. Hence it is natural to consider deforma-
tions parametrized by NC base algebras. We will also consider the problem of convergence of for-
mal NC deformations and the moduli space. The second remark is that we obtain “higher order
invariants” because there are more NC deformations than commutative ones by slightly gener-
alizing results of [12] and [4]. The last remark is that a description of the base algebra using the
tangent space T' and the obstruction space T? is possible.

We use the abbreviation NC for “not necessarily commutative”. In Section 1, we recall
the definition of NC deformations, and explain how the base algebra of semi-universal NC
deformations is described by a minimal A*°-algebra arising from DGA in the case of deformations
of coherent sheaves. In Section 2, we consider the problem of convergence and the existence of
moduli space by taking an example of deformations of linear subspaces in a linear space. In
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160 Yujiro Kawamata

Section 3, we consider another example of flopping contractions of 3-dimensional manifolds,
and show how invariants appear beyond those obtained by commutative deformations. We will
give a description of the base algebra of the semi-universal NC deformation by using the tangent
space and the obstruction space in Section 4.
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1. Multi-pointed non-commutative deformations

We recall the non-commutative deformation theory developed by [9] (see also [3], [6]). We
use NC as “not necessarily commutative”. This is a generalization of the formal commutative
deformation theory of [10] to the case where the base algebras are allowed to be NC.

Let k" be the direct product ring of a field k, and let (Art,) be the category of augmented
associative k"-algebras R which are finite dimensional as k-modules and such that the two-
sided ideal M = Ker(R — k") is nilpotent. We assume that the composition of the structure
homomorphisms k" — R — k" is the identity. (Art,) is the category of the base spaces for r-
pointed NC deformations.

Let k; = k be the i-th direct factor of the product ring k" for 1 < i < r. k; is generated by
e; =(0,...,1,...,0) € k", where 1 is placed at the i-th entry. A left k"-module F has a direct
sum decomposition F = GB::l F; as k-modules by F; = e;F, and k"-bimodule has a further
decomposition F = EB;].:l F;j by F;j = e;Fe;.

R € (Art,) is an NC Artin semi-local algebra with maximal two-sided ideals M; = Ker(R — k;).
NC deformation is multi-pointed because an NC semi-local algebra is not necessarily a direct
product of local algebras unlike the case of a commutative algebra.

The model case is a deformation of a direct sum of coherent sheaves F = @;:1 F; (r-pointed
sheaf). The sheaves F; interact each other and there are more NC deformations of F than those
of the individual sheaves F;.

Let F be something defined over k" which will be deformed over R € (Art,). An NC deformation
of F over R is a pair (F,¢) where F is “flat” over R and ¢ : F — R/M ®p F is an isomorphism.
The definition depends on the cases what kind of F we are considering. The set of isomorphism
classes of deformations of F over R gives an NC deformation functor ® = Deff : (Art,) — (Set).

More concretely, an r-pointed NC deformation functor @ : (Art;) — (Set) in this paper is a
covariant functor which satisfies the conditions (Hp), (Hy), (He), (H) stated below following [10]
(see also [11, Chapter 2]).

We define an object R, € (Art,) as a generalization of the ring of dual numbers k[e]/(€?).
Let R, be the trivial extension k" @ End(k”), where End(k") is a square zero two-sided ideal,
and the multiplication of k" and End(k") is induced from the embedding to diagonal matrices
k" — End(k"). As a k-module,

;
Re=k"® @ ke,-j.
i,j=1
The multiplication is defined by e;ej\ = 5ij ejk eijer = 5jk€ij and e;jeg; = 0 for all i, j, k, I. The
augmentation R, — k" is given by e;; — 0.
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Now we state the conditions (Hp), (H f),(He),(fD. For ring homomorphisms R’ — R and
R" — Rin (Art;), let a : ®(R' xg R") — ®(R') xp(r) P(R") be the map naturally defined by ®.

(Hp) @(k") consists of one element.

(Hf) ©(Re)is finite dimensional as a k-module.

(H) The natural map « is bijective if R= k" and R” = R,..
(H) The natural map a is surjective if R” — R is surjective.

The tangent space T' of the functor @ is defined by T! = ®(R,). The k" -bimodule structure of
the ideal End(k") c R, induces a k”-bimodule structure on T, so we can write T! = ;,j:l Tl.lj.
We have Tl.lj = (k" ® ke;;). Indeed Tl.lj =e;T'ej = D(ejReej) = (k" & ke ).

An element ¢ € ®(R) for R € (Art,) is called an r-pointed NC deformation over R of the unique
element of ®(k").

Let Tr = (M/M?)* be the Zariski tangent space of R. It is a k" -bimodule. The Kodaira-Spencer
map KSg : Tp — T! associated to the deformation ¢ is defined as follows. A tangent vector
ve(Tp)ij = (M/MZ);‘]. induces a ring homomorphism v, : R — k" ® ke;, hence ®(v.) : ®(R) —
Ok" o ke;ij) = Tl.lj. Then we define KS¢(v) = ®(v.)(S).

Let R := [iLnR,- € (Kr\t,) be a pro-object of (Art,), and let E:: [ianf,- e dR) = liI_n(I)(R,-) be an
element of a projective limit. Then & is called a formal r-pointed NC deformation over R. The
Kodaira-Spencer map KS e Tp— T! is similarly defined.

A formal deformation E‘E ®(R) is called a versal NC dgformation if the foll(lwingAholds: for any
NC deformation ¢’ € ®(R'), there exists a morphism & : R — R’ such that ¢’ = ®(h)(£).

In this case, the Kodaira-Spencer map K Sg:Tp =T is surjective. Indeed, let v/ € Tl.l. =

®(k" @ ke; j) be any element. Then there is a morphism £ : R—k'eo ke;; such that v =d(h) (5).
Letv: (1/\/1\/3/1\2),']' — ke;j be the homomorphism induced from h. Then v, = h and KSé(v) =v.

A versal NC deformation is said to be semi-universal if the Kodaira—Spencer map is bijective.
In this case, we have MIM? = (TYH*. We note that it is called “versal” in some literatures. The
existence of the semi-universal NC deformation is proved in a similar way to [10] from the
conditions (Hp), (Hy), (He), (H).

In the case r = 1, if we take the abelianization Rab = Ry [ﬁ, ﬁ] of the base ring of the semi-
universal deformation, then we obtain a usual semi-universal commutative deformation éA'“b over
R given by £%? = ®(¢) (&), where g : R — R is the quotient map.

We recall a description of the semi-universal NC deformation in the case of deformations of
a coherent sheaf using an A*-algebra formalism ([8]). Let X be an algebraic variety over k and
let F = @!_, F; be a coherent sheaf with proper support. Then the infinitesimal deformations of
F are controlled by a differential graded algebra (DGA) RHomy (F, F). The tangent space and the
obstruction space are given by k" -bimodules Ti = Extg( (E F) fori=1,2 (cf. Section 4).

It is also controlled by an A*-algebra structure {mg}; =2 of the cohomology group A =
Dp=0 Ap := Dp=o ExtP (F F) = @, j ExtP (F;, F));

Mg TS A= A®pr - ®pr A— A2~ d)

are the higher multiplications of degree 2 — d, where the left hand side is a tensor product with d
factors over k" and the right hand side has degree shift 2 — d. In particular, we have

mg: T]?rAl =A Qpr -+ ®pr A — A

ford = 2.

In general, for a k"-bimodule E, we have E = @ E;;j with E;; = e;Ee;. We define a

.
® i,j=1
completed tensor algebra Ty E = [1450 T{ E by

TEE=E® E®pr - ®r E
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where there are d-times E on the right hand side. We apply this construction to E = (T1)*. If
{xl?j}s is a basis of E; j, then we have

TkrE = kr((xfj))/(e,-xf,j, x?jej’yx;?rj/x;?nj” |i# i/;j # jlyj/ # i/’)-
Thus the set of monomials

S1 $2 Sd
igi1 it T Vig_1ia
with i = ip and j = iy is a k-basis of (T E);;.

Let
m* =Y m}:Ext®*(F F)* — Tyr (Bxt' (EF)*)
d=2
be the formal sum of dual maps of m,. Then the base algebra R of the semi-universal NC
deformation F is determined as an augmented k”-algebra to be

R =T (Ext' (X, X)*)/ (m* Ext*(X, X)*))

([8]). Thus the Taylor coefficients of the equations of the formal NC moduli space are determined
by A*°-multiplications.

There is another way of describing a semi-universal r-pointed NC deformation of a direct sum
of coherent sheaves with proper support F = @/ _, F;. The semi-universal NC deformation Fof F
is given by a tower {F"""} of universal extensions (cf. [6]):

0 — Ext!(F", F)* @ F— F*D L FW __ ¢

with F© = F and F = lim F". We have direct sum decompositions F" = EBL‘F;")» and we can
write
0— @PExt' (F", Fp* e F; — @OF"Y — PF" —o.
i,j i i

If End(F) = k', i.e., if End(F;) = k and Hom(F;, Fj) 20 for i # j, then F is called a simple
collection ([6]). The deformation theory of a simple collection is particularly nice. In this case,
F™ is flat over R™ = End(F"), and the parameter algebra R of the semi-universal deformation
Fis given by R =1lim R™ ([6, Theorem 4.8)).

Remarks 1.

(1) We do not consider deformation theory of varieties over non-commutative base in this
paper, because such a theory seems to be difficult by the following reason. Suppose
that there is an infinitesimal deformation X of a variety X over an NC ring R. Then
the structure sheaf Gx, should be NC too. When we consider a base change over a ring
homomorphism R — R’, it seems necessary that the base rings should be commutative in
order for the tensor product Ox, ®g R’ to have a ring structure. Indeed the DGLie algebra
which controls the deformations of X is NC but its non-commutativity is restricted.

But when X is a subvariety of an ambient variety Y, then we can consider a deforma-
tion of X inside Y over an NC base as a deformation of the structure sheaf @x as a sheaf
on Y (see Section 2).

(2) The deformation functor is pro-representable when there is a universal deformation. But

a universal deformation does not exist in general (see [6, Remark 4.10]).

2. Convergence and moduli

The above described semi-universal NC deformation is a formal deformation, and the question
on the convergence is important. We will make some remarks on the convergence of the formal
NC deformations and the relationship with the moduli space of commutative deformations. We
consider only 1-pointed NC deformations, and we take an example of the moduli space of linear
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subspaces in a fixed linear space. We consider NC deformations of the structure sheaves of linear
subspaces.

We would like to say that the formal semi-universal NC deformation is convergent if the
corresponding semi-universal commutative deformation is convergent. This is because the
numbers of commutative monomials and non-commutative ones on n variables of degree d grow
similarly to n?. Maybe we should require that the growth of the Taylor coefficients of the non-
commutative power series are bounded in a similar way as the commutative power series.

Any k-algebra homomorphism R — k for any associative k-algebra R factors through the
abelianization R — R%’. Therefore we can think that the set of closed points of the moduli spaces
are the same for commutative and NC deformation problems. In other words, when we observe
points, then the moduli space of NC deformations is reduced to the usual moduli space. We can
say that the NC deformations give an additional infinitesimal or formal structure at each point
of the commutative moduli space. And the formal structure is usually convergent. However, a
compactification is another problem, and it seems that it does not exists.

As an example, we consider NC deformations of linear subspaces in a finite dimensional vector
space. As explained in Remark 1.1, we consider the NC deformations of the structure sheaf of
the subspace instead of the subspace as a variety. The following is a slight generalization of [8,
Example 7.8]. The commutative deformations are unobstructed and yield a compact moduli
space, a Grassmann variety. But we will see that NC deformations are obstructed.

Let V = k" be an n-dimensional linear space with coordinate linear functions x,..., x,, and let
W be an m-dimensional linear subspace defined by an ideal I = (xy;+1,...,X;). The commutative
moduli space G(m, n) has an affine open subset Hom(W, V/W) = k™n=m) with coordinates a;
(1=i=m, m+1< j<n). Weconsider NC deformations of W as a linear subspace of V, i.e., the
NC deformations of the ideal sheaves generated by linear functions.

Proposition 2. Let V = k" with coordinate linear functions x,..., x,, and let W = k'™ be defined
by Xm+1 =+ = X, = 0. Then the formal semi-universal NC deformation of W as a linear subspace
of V has the parameter algebra R and the ideal T given as follows:

R=k{ajjll<sism<j=n)/]
J= (Clijl Clijz —dij2 Glijl, ai1j1 ai2j2 - ai2j2 ailjl + ailjza,-zjl _ai2j1 ailjZ
0<sisml<ii<iz<m<ji1<j2<n)

m
Xj+ Z aijXxi

i=1
Proof. This is almost the same as [8, Example 7.8]. Let Y = P(W*) c X = P(V") be the corre-
sponding projective spaces. We consider NC deformations of a coherent sheaf F = 0y on X. The
normal bundle of Y in X is given by Ny, x =0y (1)®" . Hence T' = Ext! (F, F) = H(Y, Ny,x) =
kemn=m) and T2 = Ext(F, F) = HO(Y, A? Ny, x) = k("2 (2",

Let I' = Ox(-Y) be the ideal sheaf of Y < X generated by the homogeneous coordinates

Xm+1,---,Xn. By [8, Lemma 7.6], the semi-universal NC deformation of F is given in the form

=

m+lsjsn).

F=lim(R, ®0x)/1T,,

where (R,, My,) € (Art;) such that M"*! = 0. By the flatness, the ideal sheaf I/, is generated by
linear forms x; +Z;7i1 a;jxiform+1< j<n,wherea;j € M.
Since the x; are commutative variables in R, ® Ox, we have x;x; = x;xj for m+1 < j,I < n.

Hence equalities
m m
Y GijAkXiXE= ) riGijXiX
ik=1 ik=1
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hold in F,, = (R, ® Ox)/I), for such j, I. It follows that
aijail—aila,-jzo (15i5m<j<lsn),
aijag; — agaij + agjai — ajag; =0 (1<si<ks=m<j<l<n)

inR = limR,. The above relations are non-commutative polynomials which are linearly inde-
pendent quadratic forms, and their number is equal to

L)

This is equal to the dimension of the obstruction space. Therefore there are no more independent
relations contained in J. O

The above deformation is “algebraizable”. There is an NC deformation of ideals T over a

parameter algebra R which is a quotient algebra of an NC polynomial algebra:
R=Kajjllsism<j=n/]
J= (“ijl Aijy = Aijy Aijys Aiyjr Bz jo — Aip j Biy jy T iy jo Aip 1 ~ Qi jy Ay o
l<isml<ii<ir<m<ji<jp<n)

I= m+lsjsn)

m
Xj + Z aijx;
i=1

The meaning of this formula is that it induces a semi-universal NC deformation at every closed
point of an affine open subset Spec(R“b) cG(m+1,n+1) with R = kla;jl0si=sm<j<n].
Indeed we have

(aij— a?j)(bkl — b)) — (b — by (aij — a?j) = aijby — briaij

for NC variables a; j, by and a?]., bY, € k.

Hilbert schemes and Quot schemes are constructed from Grassmann varieties. We wonder if
their NC deformations are also semi-globalizable.

Examples 3.

(1) n=3and m=1. We have G(1,3) = P2. Then R = k{a, b}/ (ab - ba) = kla, b].
(2) n=3and m = 2. We have G(2,3) = P2. Then R = k{a, b) is not Noetherian. Indeed a
two-sided ideal (ab¥a| k > 0) is not finitely generated.
R has a following quotient algebra, which corresponds to an NC deformation which is
not semi-universal:

R, =k{a,b)/(ab—ba—¢)

where € € k. For example, ife = 1, then Ry = k[t,d/dt].
(3) n=4and m = 2. We have G(2,4). Then we have

R=k{a,b,c,d)/(ab-ba, cd—dc, ad—da—bc+ cb).
R has a following quotient algebra:
Re e, = k{a,b,c,d)/(ab—ba, cd—dc, ad—da-1, bc—cb—-1, ac—ca—e€;, bd—db—e€3)

where €; € k. For example, if¢; =0, then R; = k[t,, £,0/0t,,0/01].
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3. Flopping contractions of 3-folds

As a typical example of multi-pointed NC deformations, we will consider NC deformations of
exceptional curves of a flopping contraction from a smooth 3-fold f: ¥ — X over k = C. [2]
observed that there are more NC deformations than commutative ones, and the base algebra of
NC deformations gives an important invariant of the flopping contraction called the contraction
algebra. Indeed Donovan and Wemyss conjectured that the contraction algebra, which is a finite
dimensional associative algebra, determines the complex analytic type of the singularity of X.
[12] and [4] proved that the dimension count of the contraction algebra yields Gopakumar-Vafa
invariants of rational curves defined in [5]. We will consider slight generalizations where there
are more than one exceptional curves.

Let f: Y — X = Spec(B) be a projective birational morphism defined over k = C from a
smooth 3-dimensional variety ¥ whose exceptional locus C is 1-dimensional. Let C = Uj_, C;
be a decomposition into irreducible components. We assume that f is crepant, i.e., (Ky,C;) =0
for all i. It is known that C; = P!, the dual graph of the C; is a tree, and X has only isolated
hypersurface singularities of multiplicity 2.

The contraction algebra R for f is defined to be the base algebra of the semi-universal r-
pointed NC deformation of the sheaf F = EB;zl Oc,(-1).

We consider commutative one parameter deformation of the contraction morphism f:Y —
X, and investigate the behavior of the contraction algebras under deformation. Let p: & — A be
a one parameter flat deformation of X over a disk A, and assume that there is a flat deformation
f: % — & of the flopping contraction f: ¥ — X. We assume that there are Cartier divisors
£,..., % on & such that (¥£;,C;) = 6; ;. This is always achieved when we replace X by its
complex analytic germ containing f(C) and A by a smaller disk.

LetC! = Ust C ! be the exceptional curves with decomposition to irreducible components for

the flopping contractlon fi:Y; — X, for t # 0, where Y; = (pf) () and X; = ‘1(t) It is not
necessarily connected even if C is connected. We may assume that s = s; is constant on ¢ # 0. We
define integers m;,; by the degeneration of 1-cycles Ct — ¥ m;;C; when t — 0. This means that
@Cz degenerates in a flat family to Oy, mjiCi- We have (%, C )=mj;.

If the deformation f is generic, then C! is a disjoint union of (-1,-1)-curves, i.e., smooth
rational curves whose normal bundles are isomorphic to Op: (- 1)®2, In this case, we denote

m; =ij,i, ng=#jlm;=d}.
i

The numbers n,; should be called the Gopakumar-Vafa invariants ([5] for the case r = 1). In the
case r = 1, [12] proved that n, is equal to the dimension of the abelianization of the contraction
algebra n; = dim R*?, while higher terms n, for d = 2 contribute to dim R (see Theorem 4 (3)).

We consider NC deformations of F = EB::l F; for F; = Oc;(-1) on Y and %. The set {F;} is
called a simple collection on Y and % in the terminology of [6] in the sense that Homy (F, F) £
Homgy (F F) = k™. The NC deformations of a simple collection behave particularly nice.

Let A Spec(k[]) be the completion of A at the origin. By the flat base change A — A, we
define 3{ X xaNand ¥ = ><A A. Let f % — Z and p p: Z — A be natural morphisms.

Let F = @ i and FO= F0 be the semi-universal NC deformations of F on % and Y,
respectively, and let Z and R be the base algebras of these semi-universal deformations. We note
that F is obtained by finite number of extensions of the F; while  may not. This is because C is
isolated in Y while C may move inside %'. Hence we have dim R < oo as k-modules. We will see
that dim 2 = oo (see Theorem 4 (1)).

Z is also a semi-universal NC deformation of F on @. We will see that there is also a
“convergent version” & on %, and Fisits completion.
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By [6, Theorem 4.8], the base algebras coincide with the endomorphism algebras:
% =Endy(F), R=Endy(P).

Z and F° can be described explicitly in the following way ([2, 6, 7]). In particular, there exists
a sheaf & on % such that

F=F ®p, 04 o)

i.e., the semi-universal NC deformation & is convergent when we replace A by a smaller disk if
necessary.
By [13], we construct extensions of locally free sheaves on %

0— 0, — M; — % —0
with some integers s; such that le* M =0, where M is the dual sheaf. Let M = ®;_, M; and
M=M ®p, Oy. We also denote M=M ®0, 04 . We have an exact sequence
0— M* — M* — (M")* — 0.
Since the dimensions of fibers of f are at most 1, we obtain R! f, (M°)* = 0 from le* M; =0.

Then semi-universal NC deformations & = EB§ ; and F° are given as the kernels of natural
homomorphisms ([7, Theorem 1.2]):

0—ZF— f* fuM— M—0,
0—F'— f* f.M"— M° —o.
We define & by an exact sequence
0—F — f fuM— M—0
and let Z = Endg (&). By the flat base change, we obtain (1) and
R =R S, 0.

We denote F! = & ®p, Oy, and Ri=% ®g, k¢, where Y; = (pf)‘l(t) and k; is the residue field at
teA.
The following is a slight generalization of results in [4] and [12]:

Theorem 4.

(1) & isflat over A, and F° = F ®¢,, Oy.

(2) (4, Conjecture 4.3]). Z is a flat On-module, and R = % ®¢, k, where k is the residue field
of G atO.

(3) Assume in addition that C" is a disjoint union of (—1,—1)-curves C]”. fort #0. Then

F'=@0q (-1,
; J
J

R'=[[Mat(m; x mj),
i
dimR = Zm? = andz.
j d

Proof. (1). We have an exact sequence
0—M—M—M"—0
where the first arrow is the multiplication by ¢. Because le* M =0, there is an exact sequence

0— fuM— f M — f.M°—o0.
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Because Llf* f* MP® =0 by [1] Lemma 3.4, we obtain the first row of the following commutative
diagram
0 — f*fuM —— f*f.M [ fHM —— 0

| | l

0O——— M — M M® —— 0.
By snake lemma, we obtain

0—F —F—F —90

hence the flatness.

(2). Since t: & — & is injective, % has no t-torsion. Thus it is sufficient to prove that the natural
homomorphism Homgy (%, %) — Horny(F0 % is surjective. By the flat base change, it is also
sufficient to prove that Horn@,(ﬂ 9) — Homy(FO % is surjective, i.e., % — R is surjective.
Then the assertion follows from the fact that % and R are the base algebras of NC semi-universal
deformations of the same sheaf F with Y c .

(3). This is proved in [4] and [12] when r = 1. Let x]t. = f(C]‘.) € X, = p~'(t) for t #0. Since C]‘.
isa (-1,—-1)-curve, x]‘. is an ordinary double point on a 3-fold. We take a small complex analytic
neighborhood x{ € Uf < X;, and let V/ = L.

Let Lt be a Cartrer divisor on Vt such that (Lt C ) = 1. We know that (f,,C ) = mj; and
R! f « M / = 0. Since C‘ =P! and M, is relatively generated M;|y is a direct sum of line bundles
whose degrees are non negative but at most 1. Since the total dlegree is equal to m; ;, it follows

@ k(M;
that M;ly = (L yemii g 6‘/?&“( dmjs)

We will prove that Ker( f f *Lt — Lt )= 6Ct( 1). Indeed there is a commutative diagram

ty* @2 t
Frraah & FrrL 0
g S
ry* ®2 t
0 (L) oy L 0.

Hence Ker(h,) = Coker(h,). Since (L )* ®¢, : Icz for the ideal sheaf ICt of C’ c V"‘ is generated by
global sections, we have Coker(h;) = (L )* ®@Ct @’Cr( 1).

Therefore %; |Vt @’Cr( 1)®™mii, Hence ﬂlvt @’Cz( 1)®" and F' = ®; @’Ct( 1. Thus
Endy, (F Fty= I1; j Mat(m ] x m i), and the assertron is proved O

4. Abstract description using 7' and T

We will describe the base algebra of the semi-universal NC deformation of a deformation functor
® which has the tangent space T! and the obstruction space T2, which is defined below.

Let @ : (Artr) — (Set) be an NC deformatron functor which has a formal semi-universal
deformation & € ®(R). A k"-bimodule T? = A =1 T 2 is said to be the obstruction space if the
following condition is satisfied. Let ¢ € ®(R) be an NC deformation over (R, M) € (Art;), and let
(R, M) € (Art,) be an extension of R by a two-sided ideal J:

0—J—R —R—0

such that M'J =0, so that J is a left k" -module. Then there is an obstruction class o; € T? ®r J
such that ¢ extends to an NC deformation ¢’ € ®(R’) if and only if o; = 0.
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We assume that the obstruction class is functorial in the following sense. Let

0 J R’ R 0
8| 7| 7 @
0 I R, Ry 0

be a commutative diagram of such extensions. Let { € ®(R) be an NC deformation, and let
E1=D(f)() € D(Ry). Letog € T? ®rJand o¢, € T2 ®r J1 be the obstructions classes of extending
¢ and &) over R’ and Ry, respectively. Then o¢, = g(0¢).

Theorem 5. Let @ : (Art;) — (Set) be an NC deformation functor. Assume that the obstruction
space T? is finite dimensional. Then there is a k" -linear map m : (T?)* — T (TY)* such that
R= Tkr (TH* 1 (mU(TH*), a quotient algebra of the completed tensor algebra by a two-sided ideal
generated by the image of m.

Proof. Denote A= T (T")* = k" ® M. Then the base algebra of the semi-universal NC deforma-
tion Risa quotlent algebra A/T by some two-sided ideal T. Let {zl}N be a k-basis of T2.

Let Ri. = A/ (I + M**1). We define a sequence of two-sided ideals Ik c AIM** 1 by R = Al (I +
MK+, By definition of the semi-universal deformation, there is an NC deformation ¢y € ®(Ry).
We will prove | that I is generated by elements {s, l}N € A/M**1 such that Sk+1,1 — Sk,1 by the
natural map A/ M**2 — A/M**! inductively as follows

Wesset s, ; =0 forall /, because I} =0 and Ry = AIM?.

Let k be an arbitrary integer, and let R = Ry, R’ = A/(MI+ MM and J = (T+ MMY/(MT +
M**1). Then R = R'/J and M'J = 0 for M’ = M/(MI + M**!). We write the obstruction of
extending i to R as 0, =¥, 2, ® sg,; € T? ®r ], where si; € J.

We have a commutative diagram

0 —— J R’ R 0
l l -
0 —— J/(sk)) R'/(sk.,1) R 0

By the functoriality of the obstruction class, the obstruction class of the lower sequence vanishes,
and & is extendible to R'/(s,;). By the semi-universality, it follows that

T+ M = (sp. )+ MT+ M1,

By Nakayama’s lemma, we have T+ MK+ = (Sk,1) + M**1, Thus we can write I = (s¢, l)l pasa
two-sided ideal in A/M**1,

Here we use a following version of Nakayama’s lemma. Let (A, M) € (Art,) and I a two-sided
ideal. Assume that there are elements h; € I such that I = M1+ (h;). Then I = (h;). Indeed let

I=1/(hj)c A= Al(h;). Then I = MI. Since M is nilpotent, I = MI = ---= M"] = 0 for some m.
Now we have a commutative diagram
A/(MT + M*+?) AT+ M*+2)
A/(MT + M*+1) AT+ M*+1y

Then the obstruction for the extension on the first line og,,, = ¥ 2; ® Sk+1,1 for sg+1 € T+
M*+2) [ (MT + M*+2) is mapped to 0g, = ¥ 2; ® sy, Hence we have s, + M* = s )+ MFFL
Thus we can define s; € T such that s; + M**! = 5;; + M**! for all k. Then the s; generate I. O
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