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Abstract. Given a holomorphic Lagrangian fibration of a compact hyperkédhler manifold, we use the differ-
ential geometry of the special Kdhler metric that exists on the base away from the discriminant locus, and
show that the pullback of the tangent bundle of the base to the total space of a family of minimal rational
curves admits a parallel splitting. The splitting is nontrivial when the base is not half-dimensional projective
space. Combining this with results of Voisin, Hwang and Bakker-Schnell, we deduce that the base must be
projective space, a result first proved by Hwang.

Résumé. Ftant donné une fibration lagrangienne holomorphe d’'une variété hyperkihlérienne compacte,
nous utilisons la géométrie différentielle de la métrique kdhlérienne spéciale qui existe sur la base au dehors
dulieu discriminant, et montrons que I'image réciproque du fibré tangent de la base par le morphisme d’éva-
luation d’une famille de courbes rationnelles minimales admet une décomposition parallele. La décompo-
sition n’est pas triviale lorsque la base n’est pas un espace projectif demi-dimensionnel. En combinant cela
avec des résultats de Voisin, Hwang et Bakker-Schnell, nous en déduisons que la base doit étre un espace
projectif, résultat prouvé pour la premiere fois par Hwang.
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1. Introduction

Let X2" be a hyperkihler manifold, so X is a simply connected compact Kihler manifold with a
holomorphic symplectic 2-form Q such that H>°(X) = CQ. By Yau’s Theorem every Kéhler class
on X contains a unique Ricci-flat Kdhler metric. It was later realized by Beauville [5] that these
metrics are hyperkdhler, which means that they have holonomy equal to Sp(n).

Suppose that B is an irreducible normal complex analytic space with 0 < dimB < 2n, and
f : X — B is a holomorphic surjective map with connected fibers. Then work of Matsushita [38]
shows that necessarily dim B = n, that all irreducible components of the fibers of f are Lagrangian
with respect to , and the smooth fibers are tori. We call such f a holomorphic Lagrangian
fibration. The following basic conjecture is widely expected to hold:

Conjecture 1. If X is a hyperkdhler manifold and f : X — B is a holomorphic Lagrangian
fibration, then B = P".

This conjecture is clearly true when n = 1. The most striking result about this Conjecture is
due to Hwang [28]:

Theorem 2 (Hwang [28]). Conjecture 1 holds if X is projective and B is smooth.

Theorem 2 was later extended to X Kédhler and B smooth by Greb-Lehn [17]. Assuming X
projective and n = 2, it was proved by Ou [49] that either B is smooth (hence P?) or else it has
just one very specific singular point. This case was later ruled out independently by Bogomolov—
Kurnosov [6] and Huybrechts—Xu [26], so the conjecture is known in this case. It is also known for
some families of hyperkéhler manifolds [4, 10, 37, 42, 63], but it remains open in general.

There are also a number of partial results towards Conjecture 1 in general, see [25] for an
excellent recent overview. It is known that B must be a Kdhler space (see e.g. [17, Proposition 2.2])
and Moishezon [39, Section 2.3], and that B is Q-factorial and has at worst kit singularities (by [39,
Theorem 2.1]). It follows that B has at worst rational singularities, and hence it is projective
by [47, Corollary 1.7]. Again thanks to [39, Theorem 2.1] we see that B is a Fano variety with
Picard number one, and in particular it is uniruled [43] and simply connected [55]. The rational
cohomology of B is isomorphic to the one of P” [51]. It is also known that the map f is locally
projective [9], so the smooth fibers are abelian varieties, and if B is smooth then the discriminant
locus D c B of f has pure codimension 1 by [30, Proposition 3.1].

Our main result forms part of a new proof of Hwang’s theorem, as well as Greb-Lehn’s
extension. In order to describe this, suppose B is not P”. Then from a result of Cho-Miyaoka—
Shepherd-Barron [10], which uses Mori theory, it follows that there is a rational curve in B (not
contained in D) with anticanonical degree at most n. We show that such a curve is free, and
together these imply that the Grothendieck decomposition of the pullback of T'B to this rational
curve has some degree zero factors. Taking such rational curves with minimal anticanonical
degree, we can consider the universal family % with evaluation map p : % — B, which we may
assume is a submersion over a Zariski open set B° ¢ B (which we may assume is equal to B\D
up to enlarging D), and the positive degree factors in the Grothendieck decomposition define a
nontrivial holomorphic subbundle 7 < u* TB°, whose rank is strictly less than n. At the same
time, classical work of Freed [13] shows that on B° there is a “special Kdhler metric” gsgx, whose
Kihler form ws is parallel with respect to a “special Kdhler connection” VX on T®B°, which is
torsion-free, flat, and dV « J =0 (where J is the complex structure of B). Our main result is then:

Theorem 3. In this setting, V' is preserved by the pullback of the Chern connection of gsk.

We also show that the corresponding real subbundle 7 < u* T®B° is also preserved by the
pullback of the special Kihler connection VS, This in turn can be interpreted as giving a
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nontrivial splitting of a real variation of Hodge structures (which naturally exists on B°) when
pulled back via p. As we will discuss below, by combining Theorem 3 with work of Voisin [60],
Hwang [27, 28] and Bakker—Schnell [2], one can deduce Hwang’s Theorem 2.

Let us first give some intuition for our approach. One of the key features of the rich geometry
of special Kiahler metrics is that they have nonnegative bisectional curvature. Recall here the
fundamental theorem of Mori [45] and Siu-Yau [53] which states that a compact Kéhler manifold
with positive bisectional curvature must be isomorphic to P". This was generalized by Mok [44]
to classify compact Kdhler manifolds with nonnegative bisectional curvature: their universal
cover splits as a product of a Euclidean factor, of projective space, and of compact Hermitian
symmetric spaces of rank > 2. A large part of our arguments are motivated by trying to extend
Mok’s techniques to our noncompact manifold B\ D with an incomplete metric with nonnegative
bisectional curvature, making essential use of the special features of special Kéhler metrics, which
are summarized in Section 2.

To prove Theorem 3, thanks to a recent result of Bakker [1] we need to consider two cases:
either f has maximal variation or f is isotrivial. In the first case, we prove in Section 4 a crucial
rigidity result (Theorem 16) which shows that the bisectional curvature of wsx vanishes when
evaluated on a vector in 7 and a vector in its orthogonal complement. For this, we use results of
Zhang and the second-named author [59] on the asymptotic behavior of wsk near D, as well as
a strictly positive lower bound for wsx near D obtained by Gross, Zhang and the second-named
author in [18, 19, 57]. These are explained in Section 3. In Section 5 we then supplement the
rigidity result by showing that the rough Laplacian of the bisectional curvature of wgk evaluated
on the same vectors vanishes as well. This result is analogous to a statement in Mok [44],
although our proof is quite different. Equipped with these rigidity results, in Section 6 we adapt
an argument of Mok [44] and conclude. In the isotrivial case the rigidity results are trivial because
wsk is flat, but this flatness can be effectively exploited to show again that 7 is preserved by the
Chern connection of gsx.

In Section 7 we sketch how Theorem 2 follows by combining Theorem 3 with a number of
recent results in the literature. As mentioned above, we first show that the real subbundle
¥ < p* TRB® which corresponds to 7 is preserved also by the pullback of the special Kihler
connection VX, This uses again our rigidity theorem. Then we invoke an important result of
Hwang [27, 28], which also has a recent proof by Bakker—Schnell [2] (Theorem 27 below), which
gives that the map p must have connected fibers. Thus, our splitting descends to a parallel
splitting of T® B°, from which we obtain a parallel real (1, 1)-form on B° which is not proportional
to wsk, which is contradiction to a result of Voisin [60].

Lastly, in Section 8 we make some comments on the obstacles that we faced when trying to
extend our approach to the case when B is singular.

Remark 4. In the first draft of our paper, our original argument in Section 7 to construct the
parallel form on B° turned out to be incomplete. After our first draft was posted to arXiv, Bakker
and Schnell sent us their paper [2] with a new proof of Hwang’s theorem. As mentioned above,
to deduce Theorem 2 from Theorem 3 we now rely on their paper. On the other hand, without
using [2], what our arguments show is that B must be P” provided that p has connected fibers.
As pointed out to us by Hwang, this result was implictly proved by Cho-Miyaoka-Shepherd—
Barron [10, Section 7] using a different method (under the extra assumption that f has a section,
which was removed by Nagai [46]).
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2. Special Kédhler metrics
2.1. Notation

Let us first fix some notation. For a complex manifold B we will denote by T®B its real tangent
bundle, and with TB ¢ T*B = T®B ® C its holomorphic tangent bundle (of complex tangent
vectors of type (1,0)). The dual of TB will be denoted by Q}g. The complex structure will be
denoted by J: T® B — T®B. We will also denote B®:= B\D and X°:= f~'(B°).

2.2. Existence of special Kdhler metrics

The paper by Freed [13], following work of Donagi-Witten [12], shows that the base of an algebraic
integrable system (which in our case is B°) admits a geometric structure called “special Kdhler
metric”, wsg. This means that (B°, J,wsk) is a Kdhler manifold and there is a torsion-free flat
connection VX on TR B° which makes wgk parallel and dVSK J =0 (however, in general VSKy £ 0),
where d¥>" : Q1 (TRB®) — Q?(T®B®) is the usual extension of V5K (cf. [13, p. 33]). The Riemannian
metric associated to wsk will be denoted by gsk and its Levi-Civita/Chern connection, which in
general is different from VSX, will be denoted simply by V (see (56) below for an explicit formula
relating V and V5X). On every sufficiently small open set U < B° we can find special holomorphic
local coordinates {z j}’?:1 (whose real parts are flat Darboux coordinates) and a holomorphic map
Z:U — $, into the Siegel upper half space

Hp={Aegl(n,C)| A= A", Im A >0},

such that Z(y) are the periods of the torus fiber f~!(y), and we can write

wWsK = %Zlmzij dz; /\de.
ij
It is also worth noting that special Kéhler manifolds can only be complete if they are flat, by a
result of Lu [36]. See [59] for a description of the metric completion of (B°,wsk) and of its metric
singularities.

Special Kdhler metrics have a Hodge-theoretic origin (see [24, 40]): as mentioned earlier there
is a natural weight-one polarized real variation of Hodge structures R! f,Rx- on B°, whose Hodge
bundle of type (1,0) is isomorphic to TB° (by contracting with the holomorphic symplectic form),
and its Hodge metric is exactly the special Kéhler metric.

In [18, 19, 57] it is also shown that wsk can be written as wg + i 65(,0 for some Kéhler metric wg
on B and some function ¢ € C*°(B°) n L*°(B). In fact, a priori there is a different special Kdhler
metric on B° for each chosen Kihler class [wg] on B, but since B is smooth Fano and of Picard
number one, it follows that b, (B) = 1 so there is a unique choice of Kdhler class up to scaling. In
the following, we fix one such wp once and for all. This way, we can unambiguously talk about
“the” special Kdhler metric wsk in the following.
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2.3. Curvature properties

Following Freed [13], there is a holomorphic symmetric cubic form = € HO(B°, Sym3 T*B°) such
that, in any local holomorphic coordinate system, the curvature tensor of wsk can be written as
L= gll=. T
Rijii = 8sk ZikpZjeq» 1
and on any sufficiently small U as above we can find a holomorphic function & : U — C such
that, in special holomorphic coordinates, the period matrix and the cubic form can be written as
0’7 s>F
T 6Zi0Zj, ipk
From the curvature formula (1) we see in particular that wsx has nonnegative bisectional curva-
ture on B°: given any v, w € T"9B° we have

[1]

=— 2
02;0z;.0zp (@)

= -\ _— _ l_ k_[_ = 2
Rm(v,v,w,w)—RijMv viw"w —;|_(v,w,ep)| >0,

where {e)} is any gsk-unitary frame.
We will also use the following dichotomy, which was conjectured by Matsushita, and after
progress by van Geemen-Voisin [14] it was recently proved by Bakker [1]:

Theorem 5. Either f is isotrivial, or else f has maximal variation.
This dichotomy is then reflected in the curvature properties of wsk:

Corollary 6. Either wsk is flat on B°, or else wsk has positive Ricci curvature on a Zariski open
subset of B°.

In the second case, up to replacing D with a larger closed analytic subvariety we will always
assume that Ricgg, >0 on B°.

Proof. We use Bakker’s Theorem 5. If f is isotrivial, then the local period map Z is constant, so
from (2) we see that = = 0 on B°, and (1) shows that wgk is flat. If f has maximal variation, then
the period map Z is generically of maximal rank (equal to n), so Z is an immersion on a Zariski

o . . ; oy (i 1,0 o
open subset of B® (which, up to enlarging D, we may assume is equal to B°). Givenany v € T, B°,
the Ricci curvature of wgk in the direction of v is given by

Ric(v, 1) = ¥ |2(w,ep, eq)|* >0,
p.q

and if this vanishes for some v # 0 then in special holomorphic coordinates we have that for all
pq

0= ) FF J
=E(epeq)=———="—"Zpy

PrEatT 5 vieyde; Ov pa
so the period map is not an immersion at x, a contradiction. O

Remark 7. The holomorphic sectional curvature of wsk is given by

— e *F |
HSC(v) = Rijkiyl vivkyl = ; m

where v € TVYB° is a unit vector (and in the last equality we use special holomorphic coordi-
nates). The condition that wsk has (strictly) positive holomorphic sectional curvature on B° thus
means that none of the “diagonal” entries of the period matrix Z
’F
ovov
is locally constant. We expect that this always holds (up to enlarging D) when f has maximal
variation.

’

Z,'leVJZ
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Remark 8. We are grateful to B. Bakker for the following observation. Let f : S — P! be an elliptic
fibration of a K3 surface S. For n > 2 let X = S/ be the Hilbert scheme parametrizing length n
subschemes of S. We obtain an induced holomorphic Lagrangian fibration f : X — (1) = p»
whose general fiber is isomorphic to the product of n general fibers of f, and if f has maximal
variation then so does f Since the period matrix of such a torus is diagonal, we see that the
period map Z of f has Z;; = 0 for i # j. It follows that for these examples the special Kihler
metric, which is not flat if f has maximal variation, nevertheless does not have strictly positive
bisectional curvature on P\ D, since in local special coordinates we have

Rm(eiy e_ir ej) e? = Rl;]]: O)

for all i # j. Thus, to prove our main theorem, it would not be sufficient to prove a suitable
noncompact version of the Mori-Siu-Yau theorem [45, 53], but we must instead generalize the
work of Mok [44].

3. Estimates on the special Kidhler metric

We collect in this section two crucial estimates for the special Kdhler metric wsk, which are
contained or follow from earlier work of the second-named author and coauthors [57-59]. See
also [8, 22] for a study of the asymptotics of special Kdhler metrics on Riemann surfaces.

3.1. Strict positivity

The first estimate, taken from [18, 19, 57, 58], says that the positivity of wsk does not degenerate as
we approach D. Since this statement is valid even if B is singular, we present it in this generality.

Proposition 9. Let X be a hyperkdhler manifold, f : X — B a holomorphic Lagrangian fibration
with B a normal analytic variety. Let wp be a smooth Kdhler metric on B (in the sense of analytic
spaces) and wsx the special Kdhler metric on B° cohomologous to wg. Then there is C > 0 such that
on B° we have

wsk > C 'wp. 3

Proof. Fix a Kéhler metric wy on X and for t > 0 let w; be the hyperkdhler metric on X
cohomologous to f*wp + e 'wx. Then the Schwarz Lemma [57, Lemma 3.1] (using also [58,
Proof of Theorem 3.2] in the case when B is singular) gives

w;>C' f*ws,
on X° (with C independent of ¢ > 0), and thanks to [18, Theorem 1.1], [23] and [19, Theorem 1.2]
we know that as t — oo we have

w;— ffwsk,
locally uniformly on X° (and even locally smoothly), so we conclude that
ffosk > C frus,

on X°, and since f is a submersion over B° this is equivalent to

wsk = C'wg,
on B°. O
Remark 10. If B has quotient singularities (which is expected to hold in general [25, Re-
mark 1.11]) then we can replace wp with an orbifold Kdhler metric wq1,, and a similar argument
gives the stronger bound

wsk = C ' worb,
on B°.
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3.2. Ricci curvature bounds near D

From now on, we return to our standing assumption that B is smooth. The second crucial
estimate is a bound for the Ricci curvature of wsx. We have seen in the previous section that wsk
has nonnegative Ricci curvature on B°. In fact, as shown in [54, 57] (see also [59, Proposition 4.1]),
we have

Ricgg = wwp 20,
where wwp is the Weil-Petersson form of the family of abelian varieties f : X° — B° (pullback of
the Weil-Petersson metric on the moduli space via the moduli map). Concretely, on B° we have

2
Wl =c(-1)7 fu(c" Ao, 4)
where ¢ > 0 and o is a holomorphic symplectic form on X, and to obtain wywp it suffices to take
—iddlog of the fiber integral in (4) divided by the local Euclidean volume form.
Recall that the discriminant locus D c B is a closed analytic subvariety of pure codimension 1,
see [30, Proposition 3.1]. Let x € D be any smooth point of D, and choose an open neighborhood
U of x with local holomorphic coordinates centered at x such that DN U = {z; = 0}. Thus, at

points of DN U, the vectors 0%2, ey % are tangent to D, while % is transversal. The main claim
is the following:

Proposition 11. On {z; # 0} the Ricci curvature tensor R; 7= Ricgg, (a%, 0%7) of wsk satisfies
0<R;<C, 2<i<n, (5)
0<R;< L, (6)
2112

for some constant C > 0.

Proof. We will use freely the arguments in [59, Section 4.3] (these are stated for X projective
hyperkéhler, but all arguments there go through for general X hyperkdhler using that Lagrangian
fibrations are locally projective [9]). By the Monodromy Theorem, there is m € N such that
the eigenvalues of the monodromy operator T (acting on H!(f~1(y),Z) for some fixed basepoint
y € U\D) are mthroots of unity. We may assume without loss that in our coordinates U is the unit
polydisc, and letting U be the unit polydisc with coordinates (,..., t;), we define the branched
covering
q:U—U, q(t1,....tn) =t ta,..., tn).
Then after pulling back to U, the monodromy operator T becomes unipotent, with

(T -1d)*> = 0.

Thanks to the argument in [59, p. 774], we can find holomorphic functions w;, ..., w, on U, which
are special holomorphic coordinates on U N {#; # 0} (but need not form a coordinate system at
points on {f; = 0}, and they may even vanish there), such that, on U n {f; # 0}, we can write

j j ow; o —
g wsc ==Y Im Zy(Odwj Adivp =~ Y ImZjp() =2 =X dt, Adi,
25 G at, o1,

where Z; (1) is the local period map pulled back to U. Thus, if we denote by dV; the Euclidean
volume form on U given by the coordinates 11, ... t,;, we have

aw]'
det(_)
aty

. ow;\ . . ~
and since det (aTu;,j) is holomorphic and nonzero on U n{f; # 0}, we get

0 0 0 0 fwg 0 0
—,—_)= — oguz———_logdetlmz. (7)
6tj 0ty atj Oty dVg al'j 0ty

*, N 2

)
loqu—VESK =logdetIm Z +log

)

Ricq*gSK (
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To estimate this, following [59, Lemma 4.3] we use Schmid’s Nilpotent Orbit Theorem [50] and
see there are b € Q and a holomorphic map Q from U to the space of symmetric n x n complex
matrices, such that on U n {t; # 0} we have

logt .
Zip(0) = Qi)+~ bj, 1< jk<n,

for some branch of log. Thus, "
Iijk(t):Imij(t)—%flogltll, (8)
and furthermore (see [59, Lemma 4.3]) there is C > 0 such that on U n {#; # 0} we have
ImZ(1) > C™'1d, 9)
and so the inverse matrix of Im Z(¢), whose entries will be denoted by (Im Z(1))?9, satisfies
0<(ImZz()'<CId. (10)

Differentiating the determinant gives

009 logdetIm Z(t) = —(Im Z(£))"? 9 9 ImZ,, (1)
at; ot ¢ ot ot P

rs 6 6
+(ImZ(0))PIIm Z (1) —Im Zp () —=Im Zy,(2).
atj o0ty
First we take j > 2, and differentiating (8) gives

dat 06 logdetImZ(t)—(ImZ(t))pq(ImZ(t))”iImer(t) O_Iqus(t)
j ]

using (10) and the fact that Q is holomorphic on all of U. As for the #; direction, differentiating (8)

we have

9 9 logdetIm Z(t)
ot o, 8

0 byr 0 b
= (ImZ(t))’”q(ImZ(t))” (Imer(t) - —logl tll) i (Iqus(t) - ﬁlogltll

b 2
—(ImQ (t)—ﬂlogm)
on pr 27

6 2
<C+C|—1log|t
‘atl oglh|

C
S nal?
Going back to (7), this shows that on Un {t1 #0}) we have

9 9 <C, j=2
61_])65 G, J=24
0 a) C
—,—=|< —
oh on

0< RiCLI*gSK (

0 < Ricy+ )
~ ngK( \|t1|2

and so on U N {z; # 0} we have for j > 2,

0<R - =Ricgy [, -2 | =
ST e\ Gz, 077 )
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and
0< R, = Ric (i i)z;mw (i i)<L<L
11 &sK azl’az—l m2|t1|2m—2 q” 8sk ah,aﬁ = m2|t1|2m = |Z1|2,
as desired. O

Remark 12. We expect that the sharp bound in (6) in general is of the form D cf. [62]

|z1121og? |z
when dim B = 1. One may be able to show this by proving an asymptotic expanéion for the fiber

integral in (4) which can be differentiated term-by-term, as in [3, 56].

4. Rational curves and rigidity

Recall that B is a Fano manifold, hence uniruled. Let v : P! — B be a rational curve (i.e. a
nonconstant holomorphic map) whose image is not contained in D. Our first result of this section
shows that v is a free rational curve, in the terminology of Mori Theory, cf. [35].

4.1. Freeness of the rational curve

By Grothendieck’s Theorem, the vector bundle v* T B splits and so we can write

P-=

v*TB= O(a;), (11)
i=1
for some integers a;, which we order by a; > - -+ > a,. Dualizing, we have
n
v*Qp=Po(-ay, 12)
i=1
and
n
q:=-Kg-v(P)) = Z a; >0, (13)

i=1
since B is Fano.
On B° we equip Q}; with the Hermitian metric hsk induced by the special Kdhler metric wgk.

Lemma 13. We have a,;, > 0.

Proof. This argument was suggested to us by M. Paun. Consider the nontrivial section v €
H°(P',v*Q}, ® O(a,)) which corresponds to the quotient morphism v*TB — @(ay). Equip
L := O(a,) with a smooth metric k; on P!, and equip v* Q}g with the smooth metric v* hsx on
P\v~1(D) which is the pullback of the metric induced by wsk. Thus, the curvature of v* hsx
is Griffiths nonpositive on PL\v1(D), since wsk has nonnegative bisectional curvature on B°
and dualization reverses the sign of Griffiths positivity (see e.g. [11, Section VIL.6]). Equip then
v* Q%, ® O (ay) with the metric & = v* hsg ® hy on PY\v~1(D).
Differentiating loglvli on P\v~1(D) we have the well-known identity of (1,1)-forms on
PL\v-1(D)
i0510g|v|§l _ IVVli vy, lj1>h|2 Ry, - (Ry* gy (V), V) py
vl lvl},

)

vl
where Vv is an V*QIB ® O(ay)-valued (1,0)-form, so |V vlfl is a (1,1)-form, and similarly for the
other terms. Using Cauchy-Schwarz we have

2
I<Vv,v>h|2<|vv|h
it T

h h
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and since on P \v~1(D) the curvature of v* hek is Griffiths nonpositive, we can estimate
<RV* hs]( ( U)) U) h

iddlog|v|? > -Ry,
Bl t w2 (14)

2 _Rer

Since Ry, is a smooth form on P!, we see that log|v|? is quasi-psh on P'\v~!(D), and using (3)

we see that

2

sup loglvf, <C+ sup loglvl., o

PI\v-1(D) PI\v-1(D)

< oo,

where hp is the smooth metric on Qg induced by wp. Thus log| vlfl is bounded above, hence by
the Grauert-Remmert extension theorem [15] the inequality Ry, + iddlog| vli > 0 extends over
the singularities to all of P! (in the weak sense). Integrating this over P! and using Stokes thus
gives

a, = f R, = f (Ry, +i0dlog|vl2) >0,
Pl ’ Pl ’

as desired. O

Lemma 13 says that every rational curve in B which is not contained in D is free, and by Mori
Theory it deforms to cover a Zariski dense subset of B (see e.g. [35]).

The pullback morphism V*Qllg — Qﬂl],1 dualizes to a nontrivial morphism @ (2) — v*TB, and
hence a; > 2. Using this observation and Lemma 13 we can write the splittings in (11) and (12) as

V*TBZ0(a)) &80 (a,_s) G, (15)
VOLEO(-a)e---e0(-a, ) e0%, (16)

forsome0< /< n—1,wherea; >a,>--->a,_¢y>1,a1 > 2, and

n—¢
q= Z ai.
i=1

Recall now a result by Cho-Miyaoka—-Shepherd-Barron [10, Corollary 0.4 (11)], which uses
Mori theory:

Theorem 14. Let B be a uniruled projective manifold, D an effective divisor, and suppose that, for
any rational curve v : P' — B which is not contained in D, we have the inequality

—Kg-vPHY>n+1. a7
Then B = P".

If, in our setting, for all rational curves v : P! — B not contained in D we have ¢ =0, i.e. a; >0
for all 7, then since a; > 2 it would follow that —Kg - v(P!) = Z?zl a; > n+1 and so B would be
isomorphic to P”. In other words, if B Z P” then there exists a rational curve v, : P! — B not
contained in D which has ¢ > 1, i.e. there are some trivial factors @®* in the splitting (11). We
may also assume that the anticanonical degree g := —Kg - vo(P!) is as small as possible among all
rational curves not contained in D (and satisfies 2 < g < n), and we will call these minimal degree
rational curves, which is consistent with the standard terminology, e.g. in [29]. By Lemma 13, this
rational curve v is free and so it deforms to cover a Zariski dense subset of B. Let £ be the
irreducible component of the space of rational curves in B (see [35, Section I1.2]) which contains
v, which we fix once and for all. From Mori Theory (see [35] and [29, Section 3]) we have that £
is a quasiprojective variety equipped with a universal P!-bundle p : % — % and an evaluation
map p:9% — B. For any t € £ we will also write

U, = pfl(t) cY,
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so %, = P! is the rational curve corresponding to ¢, and
Vii=ploy, % — B,

will denote the morphism to B.

Furthermore, the generic rational curve in £ is free and not contained in D, £ is smooth at
such curves, and the integers a;, ¢ in the decomposition (15) are the same for all generic such
curves. Given x € B° there is some minimal degree rational curve v in % that passes through x
and is smooth at x. Thanks to [35, Proposition I1.3.7], we can also assume that v(P1) intersects
D only at the regular points of D (since the singularities of D have codimension at least 2 in B),
and that these intersections are transverse. The evaluation morphism p: % — B is a submersion
over a Zariski open subset of B, which up to enlarging D we may assume equals B°. Thus, if we
define %° := u~1(B°), then %° is smooth and u : %° — B° is a submersion. The metric gsg on
T B° induces by pullback a metric u* T B° over %°, which we will denote by the same symbol, and
similarly for the connections V and VSX, which induce pullback connections denoted in the same
way.

Lemma 15. There is a locally free sheaf V'* on % such that for every t € X, the restriction V'* |% of
¥t to the rational curve U; equals the factor G®¢ in the splitting (16) for vy Q}B.

Proof. For the sake of clarity, we first define the fiber 7# at any point on %, = P'. For this, we
consider v;‘Q}g, which from the splitting (16) is isomorphic to G(—a;) & --- & G (—a,_,) ® 0. Its
space of global sections H° (%t,v’;Q}g) is then ¢-dimensional, and we can find a basis of such
sections which are linearly independent at all points of P!. The fiber of 7* at any point on %; is
then defined as the linear span of any given basis of H® (%, v;‘Q}g).

To prove that this collection of /-dimensional vector spaces form a locally free sheaf, con-
sider first the locally free sheaf u*Q}g on %, and take its direct image sheaf p*u*Q}g. Since
(%, u*Q}BI%) = ¢ is independent of #, Grauert’s Theorem on direct images [21, Corol-
lary I11.12.9] shows that p*,u*Qll3 is a locally free sheaf on .#". We then set 7% = p* p*p*Q}g, which
is a locally free sheaf over % whose fibers agree with our previous description. U

Our main interest will be with the restriction of 7! to %°, which will be denoted with the same
notation. This is a holomorphic vector bundle over %°, which is naturally a subbundle of u* Q...
We then define a holomorphic subbundle 7 c u* TB° over %° as the annihilator of 7*, namely

¥V ={veu*TB®|y(v) =0, forally e ¥*}.

For any t € £ we have that the restriction of 7 to %; equals the factor G(a;) ® --- & O(a,—,) in
the splitting (15) for v; TB. Observe that since the pullback morphism V;Q}g — Qulml dualizes to a
nontrivial morphism &(2) — v; T'B, it follows that the tangent direction to the image of v; at any
point on this curve (which is a line in 7B°) when pulled back via y lies in the fiber of 7 over %;.

We then define a smooth complex subbundle A4 < u*TB° over %° as the gsx-orthogonal
complement of 7, and A* c p*Q}go as its annihilator (or equivalently as the gsx-orthogonal
complement of 7*), so that over 2° we have the splittings

W TB =Ve N, uQh=7enN" (18)

The bundles .4, 4 are not yet known to be holomorphic (we will prove this later on). Note also
that the (complex antilinear) smooth isomorphism

* o * ~1
p TB® — " Qpo, 19)

defined by the metric gsx (by “lowering the index” and conjugating) maps .4/ isomorphically
onto 7%,
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4.2. The rigidity theorem

We have the following rigidity statement:

Theorem 16. Given a rational curve %, for some t € X, with morphismv,:P' — B, and given a
section ue HOPL, 7t |%), let v hsk be the smooth metric onv; Qy over P'\v; (D) induced by gsk,
and let Ryx g be its curvature. Then we have:
(@ onP"\v;1(D) we have
Ry pge (), U)y* pge = 0. (20)
(b) Let{ be the smooth section of A |,, over P'\v;'(D) which corresponds to u under (19),
and let a be a tangent vector to v;(P'). Then at any point on v;(P') N B° the curvature
tensor of gsx satisfies

Rz =0, 1)
and hence
Z(a,(,B)=0, forallBeTB°. (22)
(c) For{ asin (b), and for any section v € HO(P!, 7/|%), at any point on v¢(PY) N B° we have
R,z =0, 23)
as well as
Z(,{,p) =0, forallpe TB°. (24)

(d) Every sectionue H'®',¥*|,, ) is parallel on P'\v;' (D) with respect to the Chern connec-

tion V induced by wsk.
(e) The splitting V?Q}a =yt |% o N |% is preserved by V.
Proof.
(a). Equip Vﬁ|% with the smooth metric # on I]J’l\v;l(D) induced by wsk via 7/ﬁ|% — v’;Q}B —
Q}g. Since wgsk has nonnegative bisectional curvature, the induced metric on Q}g (and hence also
the one on v’;Qllg) is Griffiths nonpositively curved, and since curvature decreases in subbundles,

the metric £ is also Griffiths nonpositively curved.
Asin (14), on Pl\v;1 (D) we have

IVul? _ vy, uypl? _ (Rp(u), u)p,

1'6510g|u|2 =
" lul? lul2
S _ (B, 0 (25)
= 2
s,
> 0.

Thus log| uli is psh on Pl \v;1 (D), and again using (3) we see that

sup logluli <C+ sup logluli*hg < 00,
PL\v; (D) PL\wv; (D) !

where hp is the smooth metric on Qg induced by wp. Thus loglul%l is bounded above, and by
the Grauert-Remmert extension theorem [15] it extends to a global psh function on P!, which is
therefore constant.

Thus Iuli is a nonzero constant, and from (25) we deduce that

(Rp(w), uyp, =0, (26)
on P'\v; (D). But using again the curvature decreasing property, we have

0 = <Rh(u)r u)h < <Rv;‘th(u); u)v?hs]( g Or
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and so
<Rv; hSK(u)’ u)v;‘ hsk = 0; (27)
on P1\v;1(D), which proves (20).

(b). Since a € TB° is a tangent vector to v,(P1) and since u is equal to the image of { under (19),

we have
aa

0= (RV’; hSK(u)’ u)v;hSK = _R *{Z)
which proves (21). The identity (22) is then a consequence of (1).

(c). Givenve H (IPI,7/|%) and a point x € v;(PH) N B°, we can find a holomorphic family {vg}sea
of rational curves in £ that pass through x, with tangent vectors a; at x (with A ¢ £ a small disc
in some chart centered at our original point ¢ € %), and such that % |s:ta5 =v(x).Let w= %vs
be the first-order deformation (holomorphic) vector field on this family. When restricted to each
9, w is a section of

ViTB® =7, @ N |, =P0a)ec™,
l

and since w(x) = 0, it must be a section of the @; @ (a;) factors, namely a section of 7/|%. Pick
a smooth family U of 1-forms on this family, i.e. a C* section of the relative cotangent bundle,
with ug:=Uly, € HO(IP1,7/’3|%), and with u; = u. Then by definition along v we have

twU|y, =0,
for all s€ A, and so along v; we have
LUy, = (diyU) |y, + twdU)|y, = twdU)|y,,,

which vanishes at x since w(x) =0.

We now use this to prove (24), which by (1) implies (23). For this, let (s, s € A, be the smooth
section of A ‘% over P1\v;1(D) which maps to u; under (19), and recall that from (22) at x we
have

Ex(“s; CS; ﬁ) = Oy
for all s € A. Taking <-| _, of this, we get

OZE)C(Vr(rﬁ)JrEx(aer()ﬁ)- (28)

Now at x we have that L,,( is the vector that maps to L, U under (19), since at x the metric gsk
does not get differentiated as it does not depend on s. Since we have shown that (L, U)(x) =0,
we deduce that (L,,{)(x) = 0, and so (24) follows from (28).

(d). Given asection u € H°(P!,v}7*), an analogous computation as in (a) gives
0=i00lul’, = Vul — (Rp(w), uyp = IVul3, (29)
and so we conclude that Vu = 0 on P'\v; (D).
(e). This is a direct consequence of part (d) and [33, Proposition 1.4.18]. O
Given x € %° and v € ¥, { € N4, recall from (18) that
Vo Ny =TuwB°, (30)

so we can view v and ¢ also as tangent vectors in B°. With this in mind, we have the following
useful corollary:
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Corollary 17. Letxe°, and let v € Vy,{ € Ny. Then at u(x) € B° the curvature of the metric gsx
satisfies
RW(E =0, (31)
as well as
E(w,{,p) =0, forallBe TyxB°. (32)

Proof. Let r € Z be such that the corresponding rational curve %; contains x, and as usual
denoted by v; : P! — B the corresponding morphism. Since 7/|% = e®;0(a;), a; >0, is a globally
generated vector bundle, we can find a global section V € HO([P’f, 7/|%) such that V(x) = v. Let
thenu e 7/xﬁ be the covector which is the image of { under (19). Since V4 | @, = ©® is a trivial vector

bundle, we can find a global section U € HO(P1,7/’1|%) such that U(x) = u. Then Theorem 16 (c)
applies to U and V, and (31), (32) follow from (23), (24). O

5. The Ricci curvature in the direction of A

Given x € %° and vectors v € 7,{ € 4, (which we can also view as tangent vectors in T;(y)B°
using (30)), Corollary 17 shows that at p1(x) the Riemann curvature tensor of gsk satisfies

R,z =0
As customary, we define the “rough Laplacian” of the Riemann curvature tensor of gsk, evaluated
on v,{ by

1
ARz =5 ;vinRm + ;vlfviRmZ ,
where {e;} is a local unitary frame.

The following is the main result of this section:

Theorem 18. Given x€%° and v € Vy,{ € N, then at u(x) we have

AR5z = Rozpy

Let t € £ be such that the corresponding rational curve %; contains x, and as usual denoted
by v; : P! — B the corresponding morphism. As in the proof of Corollary 17, we can extend v to
a section v € HO(IPI,7/|%) and we can find a section u € HO(I]J’I,7/”|%) such that the image of u
under (19) is a smooth section { € 4|4, over p! \v;l (D) which extends the given vector {. The
Ricci curvature R along this curve and evaluated at ¢ will also be denoted by Ricgg (1, ), which
is a smooth function on P'\v;1(D).

We wish to show that Ricgg, (1, ) is a constant function on P!\v~!(D). We will proceed in
steps.

0, =0, forallB,ye€ TyuxB°. 33)

5.1. Subharmonicity of Ricg (u, it)

To start, we prove the following:
Proposition 19. The function Ricgg (u, i) on Pl \v;1 (D) is subharmonic.
Proof. On B° definefor0<s«1

8s = gsk — SRicgg .

It is clear that given any compact K € B° there is some 0 < sg < 1 such that g, is a Kdhler metric
on K for 0 < s < sk.
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Standard direct computations (cf. [44, p. 185]) show that given any x € B° and two nonzero
(1,0) tangent vectors v,{ at x, we have the evolution equation at x and s = 0 for the bisectional
curvature of g evaluated along v and {

a
Ks‘s:oR(gS)vﬂ(Z = AR + R 5 (34)
where, as in Mok [44], we define
_ __p_  _ 12 _ 2 _ _ _ _ _
F(R)W(Z—,;RWWRE(W uzvu%wm +§V|RUW| Re (R,,uRWawLRmRWM).

Equation (34) is identical to the corresponding evolution of the bisectional curvature in the
directions v, along the Kdhler-Ricci flow, see [44]. Thanks to the crucial Lemma 20 below, we
see that
3( R(gy)
0sls=0 Es
Equip v;‘Q}B over the compact set v; ! (K) with the Hermitian metric ks induced by g;. At any
point y € v;l (K) for 0 < s < sk, using the argument in (25), we have
<Rh§|(u)2, U) g S
ulhs

z(x) = 0. (35)

vl

idélogluli + (36)

We know from Theorem 16 (d), that u is parallel with respect to kg (the metric induced by gsk),
hence (assuming without loss that u is nontrivial) we can scale and assume without loss that
IuliO =1onP!\v;}(D). On the other hand, from Theorem 16 (a), we know that (20) holds, and so

(Ring (W), Uy = 0.

Thus the LHS of (36) vanishes at y for s = 0 and is nonnegative for 0 < s < sk, hence at y we have

0 — (Rp, (1), up
oga— (iaalogluli +M)
sls= s
s=0 Iulhs 37)
—(0 0
=100 — u2)+—) Ry, (w), u)y,.,
(as s:ol I ot t:0< s (), U,
and writing u = ujdzj and Iulis = uiu_jgij, observe that
0 iy — s rj 0 o wineS TR R i
3slszo Ujuj8s | = — Ui u]gSKgSK& s:Ogs'rs = UjU;8sx 8k Rrs = Ricgg (u, 1).
Furthermore, we can write
(Rp, (), Uy, = ~R(8s) ,5,78:" 8¢ upiig,
SO 5
& s:O<RhS(u)’ u>hs - _&)S:OR(gS)VWE_RUEiER(lT_RvU(lTRZi’
but the last two terms vanish since using (1) and (24), we can write
R,5ig =Evig=uwq =0, R,57=ZEvqZ0iq =0,
and putting these all together gives
AT (1 0
0 < i00 (Ricgg (1, ) — &L:OR(&)W{Z 58

< 100 (Ricgy (1, 1)),
using (35). Since K € B° is arbitrary, this shows that the function Ricgg (1, i) is subharmonic on
PI\v;1(D). O

We used the following lemma, which is the analog of “condition (f)” in Mok, but the proof here
is substantially easier:
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Lemma 20. In the setting of Theorem 18, at u(x) we have

AR _.->0, F(R)

vt =

vv((
Proof. Recall from (1) that

Ris7= gSK EikpEjeg-
From (31) we then see that at p(x) we have

— — = 2

0=R, ;7= % =gl

and so Z,;5(x) =0 forall § € Ty B°, and furthermore for all y, v € T} B®
0= %EzzcﬁEuvﬁ = Ropcy-

Now take the definition of AR and use (1) and the fact that = is holomorphic to get
AR 57 = Z |VI~U(P| + ZRe(_,,ng ViZup) =) |VI—V(I?|
Lp
since E,¢p(x) = 0. For the F (R) term, from its definition we see that at u(x) we have

_ 2
F(R), 57 = ILZVRWHVR(ZW * ’;lRUZ#V|

As in Mok [44, (7)], if we pick {e,} a unitary basis of eigenvectors of the Hermitian form Hy (u,v) =
R, 5,v, then in this basis we see that

= 2
F(R)UE(Z - ;RvﬁuﬁR(Z,uﬁ + l; |RVEH‘7| > 0 (39)

0

5.2. Constancy of Ricgg (u, 1)

The next step is the following:
Proposition 21. The function Ricgg, (u, it) on Pl \v;1 (D) is constant.

Proof. Since the function Ricgg (1, ) on pl \v;1 (D) is subharmonic by Proposition 19, it suffices
to show that it is bounded.

Recall that, using (30), our sections v,{ can be viewed as vector fields along v;([P)yn B°. Our
first claim is that for every y e v +(P1) N B° and local sections v of ¥ and { of A near ¥, we have

RuZ =0. (40)
Indeed, recall from (1) that
Ry( = ZEVWE(WP
pq
where {e),} is a gsx-unitary frame at our point y. Since u* TB° = ¥ & ./, we may choose the frame
sothateje ¥ for1 < j<n-¢,andeje A for n—£¢+1< j < n. Recalling from (32) that Z;,,,, =0
whenever u €7 and v e A, we see that =, 4 = 0 except possibly when 1 < p, g < n— ¢, so that

n—¢ -
R:= Y. EupgZipg=0,
p.q=1
since E¢pq =0 when 1< p, g < n—¢, proving our claim.

Recall that, as explained earlier, we may assume that v,(P!) intersects D only at regular points
of D and that these intersections are transverse. To prove the boundedness of Ricgg (1, &) it
suffices to prove near any of the finitely many points in v; ~1(D). Let y be such a point, and choose
an open neighborhood U of z = v;(y) in B with local holomorphic coordinates centered at z such
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that DNU ={z; =0} and v;([P)NU = {z2 = --- = z,, = 0}, so that 0; is tangent to the rational curve
while 05, ...,0, are tangent to D. We will work on v;l (Un{z; #0}) which in our chart is identified
with {z; #0,z2,=---=2, =0} =: V.

Thanks to Proposition 11 we know that on V we have

0<R;<C, 2<i<n, (41)

0< R < (42)

|z112
Using (3), together with the fact that u is a holomorphic section on all of P!, we see that

51‘1/p ICI%gB < ngpluliigB < oo. (43)

In our coordinates we can write

(=¢"01+ Y ¢lo;=:¢"01+(p,

j=2
and the function ¢! is equal to (dz, u) g5 . From (43) we see that
2
sup ICply: g, <00, (44)
and from this and (41) we see that on V we have

0< R(DG <C. (45)

Since 0, is the tangent vector to v (PY, it belongs to 7/|%. On the other hand { belongs to
N |%, hence (40) (restricted to V) gives

0=R;(21) =¢" (21 Ry1(21) + R~ (21),
and since Ricgg > 0 on {z; # 0}, Cauchy-Schwarz together with (41) and (45) give
1 1 1 1
I{" (z1)IR,7(21) = |RIG(ZI)| < 311(21)23([)5(21)2 < CRy7(z1)2,
i.e.
1
(M (2| R (21)2 < C,
and using again that Ricgg, > 0, together with (45) we can estimate
0< Rz(21) < CIEH(z)PRy7(21) + CR, —(21) < C,
as desired. O

We can now conclude the proof of Theorem 18, by showing that at u(x) we have

AR, 57

Indeed, Proposition 21 shows that the function Ricgg, (1, &) on Pl \v;1 (D) is constant, hence going
back to (38) and recalling (35) and (34) shows that

=0, F(R) (46)

Uﬁ(f =0.

B
0=75s L:OR(gs)yacz = AR,z +F(R) 7

Recalling Lemma 20, we see that (46) holds. To finally deduce from (46) that the last equality
in (33) holds, it suffices to plug in the fact that F(R) VT = 0 into (39), and see that

_ 2=
;V IRz,51" =0,

as desired.
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6. Constructing a parallel subbundle of u* T B°

Recall that above we have constructed a decomposition y* TB° =7 & A over %°, where 7 is a
nontrivial holomorphic subbundle, which is not equal to u* T B° whenever B Z P".
The following is then our main theorem (Theorem 3):

Theorem 22. The holomorphic subbundleV < u* TB® over %° is preserved by V, the pullback of
the Levi-Civita connection of wsk.

Recall that by Theorem 5 f is either of maximal variation or isotrivial. The proof of Theorem 22
will be quite different in these two cases.

Observe that after Theorem 22 is proved, it follows that the orthogonal complement A" c
©* TB° is also a holomorphic subbundle, preserved by V, see e.g. [33, Proposition 1.4.18], and
the same holds for their duals 7*, 4" c u*QL..

6.1. Maximal Variation Case

In this section we give the proof of Theorem 22 in the case when f has maximal variation. Recall
from Corollary 6 that in this case gsk has positive Ricci curvature on B°.

We work at a point x € %°. Let v be a local holomorphic section of 7 near x, and let
Y : (—¢€,€) — %° be a smooth curve with y(0) = x,y(0) = n # 0. The goal of Theorem 22 is then
to show that Vv € 7. Using the decomposition u* TB° = 7 @ ./, we can write

VT]U:_é_() €€7/x;(€=/vx»

(the minus sign is only to match the notation in Mok [44]), so we wish to show that { = 0. The
following argument is a modification of a result of Mok [44, Proposition 3.1'], specifically of
equation (21) on p. 211:

Proposition 23. At u(x) we have

R

o =0 7

forall{' € N.

Here and in the following we are again using (30) to view {,{’ also as tangent vectors in T B°.
Also, since V is the pullback connection, when taking V, for some v € T%° it is really only
U« (v) € TB® that enters.

Proof. For 1 € (—¢,¢), let (1) be the parallel transport of v(x) along v, let v(#) = v|y (s, and define
¢(0),{(1) by
BE) = v(t) + t&(6) + t{ (1),  &() € V), { (1) € Ny,
so that
0=V,B(0) =Vyv+£(0)+(0),
and so we see that ¢(0) = &,{(0) = {. Given an arbitrary {’ € A%, let y(¢) be the parallel transport of
(" along y, so that (0) = ¢’ and V) x(£) = 0. We can also write

X =@ +10(), (1) € Nyw,0) €V,
and {'(0) = {'. We can expand at the point y(¢)

R +t(2ReR +2ReR ;- +2ReR

vZ(’?)
+2ReR

d ve'y

+2ReR

dd
+ tz(R

Ry paoynrm =

+2ReR +2ReR

vé 0? vl 0?

+ R{Z(’F +2ReR

vv06 vE('0 V({0

o o 3
+ Regpz s‘((’(’) +0@),
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where O(#%) denotes a vector-valued function of length bounded above by Ct3. Recalling (1), we
can express the curvature tensor in terms of =, and since Z(v,{’, 8) = Z(,{’, ) = 0 for all {' € A4
and all § € Ty B° (by Corollary 17), many terms in this expansion vanish. Using furthermore
that Rz 55 = 0forall §,6 € Ty B° (by Theorem 18), the expression finally reduces to

_ 42 _ o 3
Ry paonwrm = ¢ (Ruaee + Rm/(') +0(1).
Defining (similarly to Mok)

A=R _:+R

vidf " e
and since the bisectional curvature is nonnegative, we have ijeé >0, and so

A>R (48)

e
At this point notice that

1 d?
V2 R

T 2472 =g BOBOXWX® T Y uE T (49)

using that (1), y(¢) are parallel along y and that V is a pullback connection. On the other hand
we claim that at x we have
2
wavajcr? 2 0,
for all real tangent vectors w at x. Indeed, pick a curve in %° passing through x and tangent to
w, and let (1), {’ (¢) be the parallel transport of v,{’ along this curve, then R >0, and

OO (07 (1)
R, 7 =0 by Corollary 17, and so
2

d
0<—| R . =—=V% R
S de2 =g 90T (0 (1) ww

Uﬁ(’? ’

as claimed. But recall that Theorem 18 showed that AR5 = 0, and since this is an average of
terms of the form V%UWRUE(’F as U« (w) varies among all gsg-unit tangent vectors at u(x), we see

that necessarily VfUWRUW,? =0 for all w. Using (48) and (49) we get

o2 __ o
0=VoR gz =242 Rz 20,

which proves (47). O

Now that (47) is established, we can show that { = 0 as follows: combining (47) with (1) gives

E¢.¢,P) =0,

for all B € T,y B° and all {’ € A%. But thanks to Corollary 17 we also have
E¢ P =0,

for all § € T,x)B° and all u € ¥4, and since Ty B° = ¥y & A%, it follows that
EGmP) =0,

forall u, f € Ty x)B°. From the formula for the curvature tensor,
Ricgy ((,0) =Y I, ep, eq)* =0.
p.q

Since we assume f of maximal variation, Ricgy, >0 on B°, and so { = 0. This concludes the proof
of Theorem 22 when f has maximal variation.
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6.2. Isotrivial Case

In this section we give the proof of Theorem 22 in the case when f is isotrivial, and so wsx is
flat by Corollary 6. We wish to show that the subbundle 7 < u* T'B° is parallel under V, and by
duality this is equivalent to showing that 7* c u*QL, is parallel under V. Recall that p : % — &
is a P1-bundle. Thus, given x € %° and v € T,%°, we can decompose T, %° as the direct sum
of the tangent line to the vertical P! direction and a complementary subspace, and thus write
v = v + V2, where v) is tangent to a rational curve %; (for some t € %) that contains x (which on
9, corresponds to a point y € P!) and v, is transverse to %;. The rational curve morphism will
be as usual denoted by v, : P! — B. We may also assume that v,(P') intersects D only at regular
points of D. Since v is free, we can deform it in a 1-parameter family 7 : P! x A — B, with s € A
(where A c % is a small disc in some chart centered at ¢ € %), such that v, := (-, s) : P! — B are
rational curves in £ which are also not contained in D and such that the first order deformation
vector % | s=tVs € HO(P!, vy TB) agrees with v, at x. Up to shrinking A, we have a natural inclusion
o : P! x A — 9 such that poo =m. The intersection o (P! x A) N %° is Zariski open in o(P! x A)
and contains the point (y,0).

We then choose a smooth (1,0) vector field V on P! x A which restricted to P! x {0} is the first
order deformation vector, and so it satisfies do (y,0)(V) = v2. To prove that Vtis preserved by V,,
at x, it will suffice to construct a smooth frame uy, ..., u, for a* V" over P! x A such that

Vvu)(y,0) o™V, 1<i<y, (50)
where V also denotes the pullback connection, since by Theorem 16 (d) we have that along v,
(Vo ui)(x) =0.

For every s € A, o* |[P,1 (s} is a trivial vector bundle of rank ¢ over v, which over P! \1/5_1 (D)
is equipped with the metric induced by wsk. For each s € A we can then choose a global
holomorphic frame u;(s), ..., uy(s) € HO(P1,0*7/”|P1X{S}), smoothly dependent on s € A. Thanks
to Theorem 16(d), each u;(s) is parallel (with respect to the connection induced by wsk) over
Pl\vs’l(D). Varying s, these sections define a smooth frame uy, ..., u, of o* V¥ over P! x A, which
is parallel when restricted to each (P! x {sh) N7~ 1(B°). Fix now any 1 < i< /¢, and recall that

n*Qllgo =oc*Veo* N, (61)
where A* is the annihilator of A < u* TB°. Let 2 be the gsk-orthogonal projection onto the
o* At factor, which is defined on 7~ (B°) and consider

PVvuy),

a smooth section of o* A¥ < n*Q}BO over 77 1(B°). Let also ¢ : P — P! x A be the embedding
z— (z,0),s0moL="vy.

Lemma24. The pullbackt* (2 (Vyu) toP'\v;!(D) is a parallel section of /*|,, overP'\v;! (D).

Proof. We work at an arbitrary point in P!\v; (D), let W be any local holomorphic vector field
near our point which is tangent to the P! factor. Since the splitting

viQp. =7, e N,
is preserved by V (by Theorem 16 (e)), and since gsk is flat, we have
Vw (* (P (Vyu)) =" (Vw (P (Vyu)))
=1"(P(VwVvu;)
=1"(PVyVwu; + Viw,v ).
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Now, since u; is parallel along the rational curve v(PH\D for all s € C, we have that Vi u;
vanishes identically on U x A and so

VyVwu; =0.
Furthermore, [W, V] = —Ly W is also tangent to v(PY, so Viw,v)ui =0 too. O

Since 1* ((Vy u;)) is parallel, it is in particular holomorphic over P\v;1(D). The following
Lemma then implies that 1* (2(Vy u;)) extends to a holomorphic section of v; Q}, over P':

Proposition 25. Letr w € H'(P'\v;!(D),v;Qj},) be a holomorphic section which is parallel with
respect to V (the Chern connection induced by wsx). Then w extends to a holomorphic section of
v;Qy, over all of P'.

Proof. Since w is parallel, its pointwise length lei;gSK is constant on IPl\vgl(D). Recall that
from (3) we have that

wsk > C ' wg, (52)
on B°. Since v;!(D) is a finite subset of P!, we consider the extension problem of w across each
of these points, so let y € vt‘l (D) be one of them. Recall that D is regular at the point x = v(y),
and we can choose local holomorphic coordinates z;, ...z, on a chart U centered at x such that
DU = {z; = 0}. The volume form wg is given by a fiber integration as in (4), and its asymptotic
behavior near D is studied in [20, Theorem 2.1] (see also [7, 19] for the case when dimB =1
and [32], [56] for dim B arbitrary) where it is shown that

wgy < (~loglzi )}, (53)

|21 |2(1—7)
on Un{z # 0}, for some C >0 and y € (0, 1]. Combining (52) and (53) gives the crude bound

wsk < (~loglz1) ws, (54)

|21 20-7)
see also [59, (2.1) and Theorem 3.4] and [20, Theorem 1.1] for sharper and more general such
bounds. Passing to the dual metric on Q}g and pulling back via v;, (54) implies that on the
punctured neighborhood V;l(Uﬂ {z1 #0) of y in P! we have

!
2

* < T — 2
V8B |z 20-D)

_ c - -
(—loglz11) IwIV;gSK— 2 0D

m (~loglz1)C,

and from this we see that lei*gB is L' in v;1 (U n{z # 0}). Since v;Qy is a trivial bundle over
t

v;l (U), we can represent w locally as an n-tuple of holomorphic functions on vt‘l (Unfz #01),
and since these functions are in L2, they extend holomorphically across the point y (see e.g. [48,
Proposition 1.14]), which gives us the desired extension of w. O

At this point we have shown that (* (2?(Vy u;)) gives a holomorphic section w € HO(P!, V}*Q};).

Recalling the splitting (12), we see that w must be a section of the factor 0%, i.e. a section
of 7/”|%. Since it is also a section of A u|%, it must be identically zero. This shows that
1*(@2(Vyu;i)) =0, and so t* (Vyu;) € Vﬂl%, and so (50) is established. This concludes the proof
of Theorem 22 when f is isotrivial.

7. Obtaining a parallel (1, 1)-form and Hwang’s Theorem

In this section we show how to combine our main theorem 3 with results of Voisin [60],
Hwang [27, 28] and Bakker-Schnell [2] to deduce Theorem 2. The key step is the following:

Theorem 26. Suppose that B Z P". Then there is a nontrivial real (1,1)-form ¥ on B° with
VS&y = 0 and w not proportional to wsk.



192 Yang Li and Valentino Tosatti

First, we show that Theorem 2 follows from this (we do not need to assume that X is
projective):

Proof of Theorem 2. Suppose for a contradiction that B # P". Then by Theorem 26 the 2-
forms wsk and ¥ on B° are both VSX-parallel and not proportional, and thus they give us a 2-
dimensional space of global sections of the local system R? f,Rx- over B°. However, as observed
by Voisin [60, Lemma 5.5], a result of Matsushita [41] together with Deligne’s invariant cycles
theorem show that this space of sections is always 1-dimensional, a contradiction. g

Since B Z P"*, we know that 7 < u* TB° is a nontrivial proper holomorphic subbundle over
°,which by Theorem 22 is preserved by V. As mentioned after Theorem 22, the gsx-orthogonal
complement A < p* TB° of 7 is also a nontrivial proper holomorphic subbundle over %/° which
is preserved by V. Define real subbundles 7, Ag of u* TR B® over %° by

Tw={v+7v]| v€7/}c,u*TRB°,

and analogously for AR. The bundle 74 is isomorphic to ¥ via the usual inverse map T®B— TB
given by u — %’“‘) (and similarly for A), and on %° we have a splitting

w TRB® = I & M. (55)
Consider now the Stein factorization of p: % — B, given by
u—7z2 B,

where % — Z has connected fibers and p : Z — Bis finite. Define also Z° := p~!(B°). To complete
the proof of Theorem 26, we will then need the following theorem which is implicit in the work of
Hwang [28], and also appears in the recent work of Bakker-Schnell ([2, Proposition 3.2 and proof
of Theorem 1.1]) relying on ideas of Hwang [27, 28]:

VSK

Theorem 27. Suppose the splitting (55) is preserved by V", then p : Z — B is an isomorphism.

We can now give the proof of Theorem 26:

Proof of Theorem 26. Since B Z P", we have the nontrivial splitting (55). By definition, 74 is
preserved by J, and since 7 is preserved by V (and VJ = 0), it follows that 7 is also preserved
by V.

We claim that 7% is preserved by V3K, To see this, recall that Freed shows in [13, (1.29)] that the
special Kdhler connection on T® B is given by

VK=v+A+a4, (56)
where as usual V is the Levi-Civita connection of gsx and A € A*Hom(TB°, TB°) is given by
Afj = V-1g§=ijk, (57)
and the same holds for the pullback connection on %°. Given a local section « of 7 and a local
(1,0) vector field v € T%, we wish to show that
SK =
va(a +a) € Wp.
Since we know that V., ;(a + @) € 74, it suffices to check that
(A+A), 5@ +@) = Ay(a) + Ay(a) € T,

and so it suffices to see that
Ay(@) eV,
or equivalently that gSK(A,,(a),Z ) = 0 for all local sections { of A". But from (57) we see that

gsx(Ay(@),0) = V=-1E(, a,0),
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which vanishes by Theorem 16 (c). This concludes the proof that 74 is preserved by VSX. An
analogous argument shows that .44 is also preserved by V5K, and so the splitting (55) is preserved
by V3K, Applying Theorem 27 we see that p: Z° — B° is an isomorphism, so we may assume that
1 :%° — B° has connected fibers. The vector bundle u* T® B° is trivial when restricted to these
fibers, and its subbundles 7, AR restricted to a fiber are preserved by the pullback connection
V3K (which when restricted to the fiber is a trivial connection), and so 7 and A% are pullbacks of
vector bundles on B° (denoted by the same notation), which are subbundles of T® B° and are still
preserved by V5K,

We then define a (1,1)-form vy on B° by projecting wsk onto 7. Since wsk = 0 and 7 is
preserved by VK, it follows that VS¥y = 0 (and also Vi = 0 for the same reason), and since 7 is a
nontrivial proper subbundle of T® B°, we see that v is nonzero and not proportional to wsk, and
we are done. U

vSK

8. Comments about the case when B is singular

It is tempting to ask whether our method can be used to prove that B = P" even when B is
singular. As mentioned in the Introduction, this is currently known only for n < 2 [6, 26, 49]. In
general, it is known that B is a normal projective variety, with at worst kit singularities, which
is Fano with Picard number one. The natural generalization of our approach (following [52],
who generalized Mori’s Theorem [45] to the singular setting) would be to consider a functorial
resolution of singularities  : B — B and to show that we must have B = P", which forces B = P"
as well. In this setting, B is a uniruled projective manifold and D = 7~ (D) is a divisor, so many
of our arguments above can be repeated on B° := B\ D, which carries a special Kdhler metric ws.
The fact that 7 is functorial gives us a morphism : 7* TB — T B which is an isomorphism on B°,
where TB = Hom(QAlB, Op) is the reflexive tangent sheaf. Given a rational curve v : P! — B, which
is not contained in D, pulling back p via v we obtain a sheaf injection

o = @ov)*'TB - v*TB,

between these vector bundles on P! (which both split as a direct sum of line bundles which
should have nonnegative degrees). Here we use the standard reflexive pullback notation
(oI TB := (v*a* TB)**. Using Theorem 14, if B 2 P" then v* TB contains a nontrivial @
factor, hence so does /. To implement our strategy, one would need a rigidity statement like in
Theorem 16 for either one of these trivial summands, and a crucial ingredient of the proof of the
rigidity statement is that sections of the dual of the relevant bundle should have bounded norm
(with respect to the pullback of wsk). The first fundamental issue is that it is not clear to us how
to show that sections of v*QL or of «* have bounded norm. The key ingredient for this when
B is smooth was the estimate (3), but when B is singular this by itself is not sufficient to prove
boundedness.

What can be shown using results in [16] is rather that sections of the reflexive pullback
(mo v)[*]Qg] have bounded norm, but in general the Grothendieck decomposition of this vec-
tor bundle is different from those of v* Q% and «/*, and it may happen that these have some non-
trivial @ factor but (77 o v)[*! Qg] does not, which invalidates our approach. This undesirable phe-
nomenon can only happen when the generic rational curve (of the type that we are considering)
when projected down to B always passes through some singular point of B. This however seems
unavoidable in general, as finding low-degree rational curves in normal Fano varieties that can be
deformed to avoid the singularities is a very delicate problem in algebraic geometry, see e.g. [31,
34, 61].
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