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Abstract. We exhibit an orthonormal basis of cyclic gradients and a (non-orthogonal) basis of the homoge-
neous free divergence-free vector field on the full Fock space and determine the dimension of Voiculescu’s
free divergence-free vector field of degree k or less. Moreover, we also give a concrete formula for the orthog-
onal projection onto the space of cyclic gradients as well as the free Leray projection.

Résumé. Nous présentons une base orthonormée de gradients cycliques et une base (non orthogonale) du
champ de vecteurs libre homogene a divergence nulle sur 'espace de Fock plein et déterminons la dimension
du champ de vecteurs libre au sens de Voiculescu a divergence nulle de degré k ou moins.

En outre, nous donnons une formule concréte pour la projection orthogonale sur I'espace des gradients
cycliques ainsi que pour la version libre de la projection de Leray.
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1. Introduction

In the 1980s, Voiculescu introduced free probability theory to address the free group factor
isomorphism problem (see [5]). Within this theoretical framework, the concept of the free semi-
circular system emerges, defined as a tuple of freely independent semi-circular distributions given
by ﬁ V4 — 12 1|_p2; dt (with the Lebesgue measure dt). The free semi-circular system plays a role
analogous to independent Gaussian distributions, as demonstrated in the free analogues of the
central limit theorem, Wick’s theorem, and the Stein equation.

In the 1990s, Voiculescu also introduced free probabilistic analogues of entropy and Fisher’s
information measure, naming them free entropy and free Fisher’s information measure, re-
spectively (see a survey article [9]). In particular, Voiculescu [6] introduced the so-called non-
microstates free entropy. In this approach, Voiculescu introduced a certain non-commutative
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differential operator, which is called the free difference quotient and plays the role of a non-
commutative counterpart of Hilbert transform, in order to define the free Fisher’s information
measure.

Then, the study of the cyclic derivative associated with the free difference quotient naturally
emerged in relation to free entropy (see [7, 8]). In the work [7], Voiculescu determined the
range of the cyclic gradient associated with the free difference quotient and established a certain
exact sequence, which Mai and Speicher [4] and the first-named author [2] revisited in more
general contexts. In the work [8], Voiculescu studied more geometric aspects of cyclic gradients
associated with the free difference quotient. In particular, he introduced the notion of the free
divergence-free vector field (originally called 7-preserving non-commutative vector fields) which
is a free probabilistic analogue of the divergence-free vector field, and he showed that, for a vector
in the free divergence-free vector field, the associated derivative exponentiates a one-parameter
automorphism of a free group factor.

This work was motivated by Voiculescu’s work [10]. The paper [10] gave a free probabilis-
tic analogue of the Euler equation (called free Euler equation) of ideal incompressible fluids
based on the techniques developed in [7, 8] with replacing Euclidean space R" with a free semi-
circular system si, S2,..., s, on the full Fock space, following the method of [1]. Recently, Jekel-
Li-Shlyakhtenko [3] extended Voiculescu’s framework to tracial non-commutative smooth func-
tions, and they connect a solution of the free Euler equation with a geodesic in the free Wasser-
stein manifold. In our quest for examples of (non-stationary) solutions of the free Euler equa-
tion, we realized that it is difficult to analyze the free probabilistic analogue of Leray projection
(called free Leray projection), which is an ingredient of free Euler equation and the orthogonal
projection from the non-commutative L2-space generated by a free semi-circular system onto
the free divergence-free vector field. Hence, we tried to understand the structure of the free
divergence-free vector field. In [8], Voiculescu gave linearly independent sets of vectors in the
free divergence-free vector field represented on the full Fock space. However, it was not clear
whether they span the whole free divergence-free vector field or not.

The purpose of this note is to clarify the dimensions of the homogeneous parts of the free
divergence-free vector field and deduce an exact formula for the free Leray projection. To show
this, we focus on the space of cyclic gradients whose dimension can be computed by a group
action of cyclic groups on words of finite length. We hope that our results will be used to find
concrete solutions to the free Euler equation in future work.

2. Preliminaries

In this section, we recall some basic notations and some facts from [8, 10]. The full Fock space
& (C™) over C" is the Hilbert space defined as follows:
F(C" =Cle @€,
k=1
where 1 is the vacuum vector. Throughout this note, we fix an orthonormal basis {ey, ..., e,} of
C", and {fi,..., fn} denotes the standard basis of C", i.e., the i-th component of f; is 1 and other
components are 0.

For any n € N, we set [n] = {1,2,...,n}. We denote by [n]* the free monoid with the identity
€ and n generators 1,..., n, that is, [n]* = {e} U {iyiz---ix |k EN, ij€[n], 1= j <k} Forany word
w =iy --- i € [n]*, we define the length of w by k (the length of ¢ is defined by 0), and [n] k denotes
the subset of [n]* which consists of all elements whose lengths are k. For any w € [n]* and k€N,
w* denotes the k-product of w, that is, w---w. In addition, for the identity € and i --- iy € [n]*,
let e; and e;, ...;, denote the vacuum vector 1 and e;, ® e;, ® --- ® ¢;,, respectively.
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Let /; and r; denote the left and right creation operator with respect to e, respectively, for
each j=1,...,n. Namely, for each w € [n]*, lje, and rje, are given by

ljewzejw,
Fiew = e€ywj.

Sets; =1[; + l;.‘ for each j =1,...,n. Then, {s},...,5,} becomes a free semi-circular system with
respect to the vacuum state 7(-) := (- 1,1). Let C(sy,...,S,) = Cfn) denote the unital (algebraic) *-
subalgebra of B(Z (C")) generated by {1} U {sy,..., s,} and by M the von Neumann subalgebra of
B(Z(C")) generated by C;,. For each k € Z-¢, we define (C;,,) as the subspace of homogeneous
polynomials of degree k in C} iy

We then work in the non-commutative L?-space L?(M, 7). We have the unitary isomorphism
U:I%(M,1) — Z(C") which sends an element U, (s;,) -+ Ukp(slp) toe k1 k2 . k,, where iy,...,ip €

[n] with ij # ij41, k1,...,kp €N, and {Uk(t)}%o are the Chebyshev polynornlals (of degree k) of
the second kind, which are orthogonal to each other with respect to the semi-circular distribution
([8, section 1.4]).

In a similar way, let C(ly,...,[,) = <n> denote the unital subalgebra of B(% (C")) generated by
{Ltuih,..., I} and (C <n>)’€ denotes the subspace of homogeneous polynomials of degree k in C! e
Now, we have two cyclic gradients 6° = (§ 3)” and 6l=(6 l)" w1th respect to si,..., s, and with
respectto [y, ..., 1, defined by

8°(8iy Siy +++ Si,)

. A N n
» Sijer " SipSiy Sip - Sij_, ® fi; € (€)™

-3,
SNl L - p . ol e (CL "
( 11 %12 l Z l]+] lp l] lz lj_] ®_fl] E( <n>) ’

where i1,...,1p € [n] and we identify (Cfm)” ~C3 ® C". In general, 6 is

(n)

®C" and (C},)" = C|
different from §° as an operator, but we have the following fact:

<n>

Theorem 1 ({8, Theorem 7.41). We have (5°C},)[1@---@1] = (5'C, )1 &---@1] in F(C"",
Following [8, 10], we write Vect(C(‘m) = (Cfn))”. The next object is the main target of this note.

Definition 2 ([8, Section 3.5], [10, Section 2]). The free divergence-free vector field (with respect
to a free semi-circular system) is defined as follows.

VeCt(Cf,Z)lT) = {(Ply - Pn) EVeC'[(([:(n))

Y. T(p;dilrh=0forallre C(m}

l<j<n
By definition, it is clear that Vect((Ian> |7) = Vect(Cfn)) o6 sCfm. Moreover, we have the next fact:

Theorem 3 ([8, Theorem 7.5]). We have

2 SSr o~ oS o o * * n
I2(M,1)"e3°C, = F(C""06°C (16 & 1] = {((lj - rj)g)]_:1

teF (C")} .
In particular, we also have the orthogonal decomposition:

Vect(C{y I 1e-- o1 =P,
k=0

where 2" = [(C")®)" o (6'(CL, k(10 @1]) = {((l;f - r]’f)f)::l £ (CekH }
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We call &, ]E”) the homogeneous free divergence-free vector field of degree k. Here is a conse-
quence of these available facts:

Lemma 4 ([8, Lemma 7.7]). We have ker ((0")*|cnjor) = ker ((I = R)|enyer) for k = 1, where
0! is the linear map from F(C")" to F(C") such that 0(&r,...,E)] = Z;?:l(lj —r1j)¢; for any
&1,...,6n € F(CM) and R is the cyclic permutation, that is, R(eiyiy-i,) = €ipiy iy -

We use the same notation R for the cyclic permutation on [n]* \ {e}, that is, R(i} - ix_1i) =
igip---ig_q foralli;---ip € [n]*.

At the end of this section, we exhibit an interesting example of vectors in the free divergence-
free vector field, which is inspired by the classical case when the stream function is radially
symmetric.

Proposition 5. For any m € N, we have

85(s3 +s5)™ s
(—5‘;(8% 4 sg)m € Vect(C(2> 7).
Proof. Throughout the proof, we suppress s in the notation §; and simply write §; for each
i € [2]. We use the fact that the free semi-circular system (si, s2) satisfies the analogue of the
Stein equation (cf. [6]):

7[8;iP(s1,82) =T ®7[0; P(s1, 52)]

for any non-commutative polynomial P(s;,sz) where 0; : sz) — Cf2> ® Cf2>

difference quotient which is a linear map defined for each monomial P by

is the free (partial)

0iP= ) A®B.
P=As;B

We also use the following relation between d; and 6 ; for any i, j € [2] (see [4, Lemma 3.4]):
6,’0(5]' 2006j05i
where o : C?Z) ® C?2> — C?Z) ® Cf2> is the flip defined by linear extension of g (r; ® r2) = r, ® 7.
Now, we show the proposition by induction on m. When m = 1, we have (52(s? + s3), —81 (s +
sg)) =2(s2,—S$1). Then, fora given r € Cf2>, we obtain by the analog of the Stein equation,

T[52017] —1[51027] =1 ®7T[02(017)] =T ® T[01(027)],

which is equal to zero by the formula 8; 06 = 009 08;. This implies (52(s7 + s5), —81(s7 + s3)) €
Vect((lifmlr) (one can also show this by using Theorem 3 with ¢ = e2). Suppose that we have
(02f,—01f) € Vect(C3,,|1) for f = (sf + sg)k (1 < k = m). From the Leibniz rule of free difference

(2)
quotients (note that 9;(s? + s3) = s; ® L + 1®s; for i = 1,2), we have for f = (s? + s3)"*!

Baf,=61f) = (m+D(s? +55)™ v+ v(s? +55)™

where v = (s, —s1). Therefore, for a given r € Cf2>, we want to show

T[52(817)(s5 +55)™ + T[52(55 + 53)™(B17)] — T[51(827) (53 + 55)™] = T[51 (57 + 55) (5211 =0. (1)
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By using the formula 7[s; P(s1, $2)] = 7 ® 7[0; P(51, 52)1, we have from the Leibniz rule,

T[52817) (s +55) ™ = 1@ T[(02(617) - 1 ® (57 + 55)™]
m
+Y 1er(@11 (3 + ) (s @1+ 1@ s5) (57 +55)" K,
k=1

T[s2(s5 + )™ (611 =T @ T(s] +53) " ®1-(32(517))]

m
+Y terl(st+5) " M@ 1+1@s5) (s +59) 161,
k=1
T[51827) (57 +55)™ = 1@ T[(01(527)) - 1 ® (52 + 52)™]
m
+ Y 1eT[B2r) (s + ) s @1+ 1@s) (57 +55)™ K],
k=1

T[51(57 +55)™ (821 = T @ T[(s5 +55)" ® 1- (01 (527))]
m
+Y terl(s?+s) " K511+ 1@ (57 + 59120

k=1

Since odd moments of the free semi-circular system are zero, we have T[s,'(sf + sg)m’k] =0 for
i =1,2, and thus we have

T[Sg(&lr)(s% + sg)m] =107[(0200:7)-1® (sf + sg)m]
m
+ Y 71@11 s+ ) sz ((s3 + s ™R,
k=1
T[s2(s7 +85) (611 = 7@ T[(85 +55)" ®1-(82(817))]

+ Y Tl + 55 Tl (53 + ) (01m)),
k=1

T[51(827)(s3 +55)" = 1®T[(01(527)) - 1® (57 + 55)™]
+ Y T[B2r) (s + s s Tl(s? + 55 ™R,
k=1
T[s1(s7 +55) (821 = 1@ T[(55 +53)" ® 1+ (81 (527))]

+ Y Tl(s2 + s KT s1(52 + 59 (Bar)).
k=1

Then, the left-hand side of (1) is equal to

T®T[(02(017))-1® (57 +55) ™" +T®T[(sT +55)" ®1-(02(517))]
—T1®7[(0102r) - 1® (55 +55) " —1®T[(s5 +53)" ®1-(01(527))]
+ ki Tl(s2 + 5™k (T[(51 152+ 59 syl + 15252 + sH 16, 1)
=1
— 72 (53 + ) s — Tls1(5% + s KL, r)]).
By using the trace property of 7 and the assumption of induction f = (sf + sg)k, the sum in the

third and fourth lines is equal to 0. Moreover, by using the trace property of 7 and the formula
0;06j=000;00; again, we have

TRT[(0;(6;) 18 X]-T®7[X®1-(0;(6;r))]=0
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for any X € M and i,j € [2]. Therefore, we can see the identity (1) for any r € Cf2>, and

[ =(s7+5s5)"*! satisfies (52 f,—61/) € Vect(Cy,, |7), which completes the induction. O

3. The dimension of homogeneous free divergence-free vector field

In this section, we exhibit an orthonormal basis of 61(C€n>)k+1 ~ 6l(qn>)k+1[1 ®---®1] and

compute the dimension of the homogeneous free divergence-free vector field & ,i”) of degree k for
each k € N and each 7 € N. The key point of our argument is that the cyclic gradient §* is invariant
under the cyclic permutation, i.e., 5'(I,) = 6'(1,,) for any u € [n]* where we write [, = liyliy -+ 1,
for u=1iyi>---ip. Note that the cyclic permutation R on [n] k¥ induces a group action of Z; = Z /kz
on [n]*. Thus, we can decompose [n]* into the orbits of this action, and we have &' (Uy=0 ! (1)
if ' is in the orbit [u] = Z u = {gue [n* | g € Z}).

In the following theorem, we see that 6l(lu)[1 & --- & 1] is orthogonal to 6l(lu/)[1 o---ol]lifu
and ' are not in the same orbit. Moreover, we can normalize &' (I)[1e---®1] by using the order
of the stabilizer subgroup (Zy), ={g€Zylgu=ulofuc (n]¥. Note that, if u' € [u], (Zx), and
(Zy) s are conjugate, and therefore |(Z),| only depends on the orbit [¢] but not on the concrete
representative u.

Theorem 6. For each k € Z~, the subset of vectors in [(C”)®k] "

5l(lu)[1€B---éB1] [n]kﬂ

(Z e+ 1) ul VLUl

is an orthonormal basis ofﬁl(Cém)kﬂ le---a1].

Sk = {F([u]) =

Proof. First, we see that 6l(lu)[1 & --- @ 1] is orthogonal to 6l(lu/)[1 ®---o1]if v’ ¢ [u]. Under
the identification [(C™)®*+1]" = (C")®**! ® C", we write the orthonormal basis of [(C")®¥*1]"
by {e, ® f‘i}we[n]]ﬁ-lyie[n] (recall that {f; ;’:1 denotes the standard basis). Then, for each u =
ivip-+-irs1 € [n)**1, the cyclic derivative 5/ (1,)[1 ®--- ® 1] is written by

k+1

Z Cijyyripprinijoy ®fij'

Jj=1

!

1£6'(1,)[1®--- ® 1] is not orthogonal to 6’ (1,,)[1®--- & 1] with u = iy ixy and w' = if iy i, |,

there exists j, j’ € [k+1] such that i; = i;., and

o1 igerin - ijo1 = i}/+1"'i;c+1ii"'i}f_1’
implying that u and ' are in the same orbit. Therefore, & ! (Il e---&1] is orthogonal to
slle---o1]ifu ¢ [ul.

Note that, if p is the minimal number (generator) in the stabilizer subgroup (Z.1), (which is
also a cyclic group), then we have u = v™ with v = i} i» ~ipand m=|(Zgs1)uland p = % =[u]l.
Thus, we obtain

p
I
o' (llle---ell=m z:l eij+1'“ipl/m’1i1'~'ij—1 ®fij"
]:
The minimality of p implies that all vectors in the sum are orthonormal, and hence we have

15/ e @1 = m?p = |(ZiyD)ul? - 1ull.

Since 61(Cfn))k+1 (1@---@1] isspanned by {6'(I,)[1@---®1]| u € [n]**'} and F([u]) does not depend

on the choice of words in the same orbit [¢], we can conclude that Si. = {F([1]) | [u] € [n] kH/ZkH}
is an orthonormal basis ofél(qn))kﬂ Ne---e&1]. O
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Corollary 7. We havedim (6S(Cfn>)k+1) =dim (61(C€n>)k+1) = ‘[n] k“/zk+1 , and hence

k+1
dim('%lim) _ pk+1_ ([0l

Ly
foranyneN and k € Z>y. Thus, we obtain that

n(nk+l _ 1)

k .
B [n]]+1
Z /Zj+1 ’

dim (Vec‘[(tiifn> |T)5k) = N
_ =

where Vect(Cs |T)< k is the subspace of Vect(Cfm |T) of all elements whose degrees as polynomials
with respect to {sl | are k or less.

Proof. It is a direct consequence from Theorem 6 with the facts that dim [(C”)®k ] " = nk+1 and
that [(€®K)" = 2" & (5l(a:§n))k+1 Moo 1]) by Theorem 1. 0

Remark 8. The number | (n]* /z k| is equal to the number of necklaces of length k such that each
bead is chosen from 7 colors. From Burnside’s lemma, we have

! /Zk

where ([1n]%)8 is the set of elements in [1]* which are fixed by g. Moreover, we have

Y 1mte,

gezk

|((n])8] = nBed®®),

where gcd(g, k) is the greatest common divisor of g and k.

Thanks to the orthonormal basis in Theorem 6, we can compute the orthogonal projection
onto the subspace of cyclic gradients. Therefore, we can obtain a concrete formula for the free
Leray projection.

€uy

Corollary 9. For any € F(C")" with u; € [n] ki, we have

Cup

5’(ljuj)[1ea---@1]
P et (€111 1<]<n k1 .

denotes the orthogonal projection onto 6*(C phe---ell.

where Piy(co)[%mm]

Proof. By linearlity of P it suffices to confirm the desired identity for e,, ® f; €

5! (C,)l1e- 1’
(CM®k & C" with u; € [n]* and i € [n] (recall that {f, , denotes the standard basis ofCE") Note
that we have the orthogonal decomposition slc! n>)[ -0 1] =@pso 5! (C<n>)k+1 [1e---®1] and

8'(C k1@ @ 1] = (CM®F @ C". This implies

Pﬁl(c())[ﬂ@...@‘u] (eui ® fl) = Pﬁl(cgn>)k+l[l®"'®l] (e”i ®fl) .
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Since Sy = {F([w]) | w € [n] k+1/zk+l}, as we have seen in Theorem 6, is an orthonormal basis of
51(0:2”))1”1[1 ®---@1],(ey ® f;, F((w])) # 0 implies [w] = [iu;]. We also have (e, ® f;, F([iu;])) =
L__ by the arguments in a similar fashion to the proof of Theorem 6. Hence we observe that

Vil

Pﬁl(cém)k-ﬂ[l@"'@l] (eui ®fl) = Z <eu,- ®ﬁ,F([w])>F([w])

[wleln**1/ 7
=(ey; ® fi, F(liu))) F([iu;])
1 Slliye-e1]
VIl (Z ks i |V 1wl
§' iy )1@---@1]
- k+1
where we use the well-known identity of the group action |[i1;]] - |(Z+1)iw;| =1 Zg+1l =k+1. O

’

Let I1 be the free Leray projection, which is the orthogonal projection onto the norm-closure
of the free divergence-free vector field in the full Fock space (see [10, section 3]). By definition,
wehavelI=1-P , and therefore we obtain the following corollary.

sl(C o1
eul
Corollary 10. For any € F(C"" withu; € [n] ki, we have
Cup

I

ful 8 Ly e---e1]
R e )

l<js<n

Cuy

Remark 11. We can also describe a (non-orthogonal) basis of the homogeneous free divergence-
free vector field & IE") on the full Fock space. Indeed, Lemma 4 tells us

©"* :ran ((1- R)|cnyoks1) — ran((@l)*l(cn)@kﬂ)

is a linear isomorphism. Here, note that ran ((91)* |(Cn)®k+1) = %,i”), and hence

[n]k+1
/Zk+l

Thus, in order to obtain a basis of 2", it suffices to find a basis of ran ((I - R)|(gnsk+1). In [8],
Voiculescu introduced a linearly independent subset in & ,i”) by {ehH* - R)ey | we Qp,1} where
Qe = {we [n]kJrl | w < Rw,w # Rw} and < is the lexicographic order. However, since we
have the decomposition [n**! = (Rw = w} UQpi U{w > Rw,w # Rw} with [{Rw = w}| = n
and |Qg411 = {w > Rw, w # Rw}| due to the bijective map wywy... wi; — (B+1—-w))(n+1-
Wo) -+ (n+1— wp41), the cardinality of Qg4 is %(n’“rl — n), which is smaller than our dimension
nk+l— |[n] k“/zkﬂ‘. In fact, we can modify the set Q. and take a basis of ran (I = R)|(cnyer+1)
by considering the action of Z .

dim (ran ((I - R)|(¢nyek+1)) = dim (SKIE”)) =nk+l—

Proposition 12. The set B = ||, j¢(y %+ /7,,, Bu, where
By ={I-Rjey =ey—epy | ve[u]\ {u}},

is a basis of ran ((I = R)|(cnysk+1), and thus, the setB = Uetn*+ /24, By, where

By = {(5131'1 €iy-ripy _26jrik+1eil'"ik +6jvikeik+1i1"'ik—l)lsjsn i1ip ik € [U]\ {U}}»

. . (n)
isabasis of &,
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Proof. Since |B| = n¥ ‘ [n] k+1/zk+1 = dim (ran(( - R)| (€myek+ )), we have to confirm only that

all elements of B are linearly independent. Remark that if [¢] # [v] in [ n]k*l /Z.1, then By, and
By, are orthogonal to each other. Hence, it suffices to show that all the elements of By, are
linearly independent of each other for each [u] € [n]**! /7, , .

Choose an arbitrary [u] € [n] k“/zkﬂ. Assume that ¥ ey @(v) - (I - R)e, =0 in (C™M)®k+1
with a(v) € C. Let us write

[\ {u} = {v,Rv,R?v,...,RPv} < (€M (p=[u]-2and R"*'v=uw).
Remark that R'v # R/ v forany 0 < i # j < p. Then, we observe that

ae,+ Y. (@RIv)—a(RI)-ep;, —a(RPv)u=0.
1<j<p

By the linear independence of {e.}ue(n*, we have a(R/v) =0forall 0 < j < p. Applying (")* =
(l* r )1<]<,, to the basis B, we obtain B as a basis of.%(n) O

Remark 13. In [8], Voiculescu introduced another linearly independent subset in %IE"). For
u=iy--ig€ %+l let per(u) be the period of u, i.e. the least m € {1,..., k + 1} such that i; = i;
whenever s = t (mod m). Let p(per(u)) be the set of the non-unital roots of (P =1 (we set
p(1) = ). Then, Voiculescu introduced the following set for the basis of &’ ]5")

per(u)-1
{ Y UFiijgigigeisy | u=io iy ewlk+1),( € p(per(u))},
j=1

where F,, = (0)* (I - R)e,, for w € [n)* and w(k + 1) is defined by

{u:iO'--ikE[n]k+1| lk<l]l]+1 ikio"-ij_l,jZL...,k}.
Note that the element u in w(k + 1) is the minimal element in the orbit of u with respect to
the lexicographic order, and thus there is a bijection between w(k + 1) and [n]**! /7. Since

|p(per(u))| = per(u) — 1 = [[u]]| — 1, the number of (¢,{) such that u € w(k + 1) and ( € p(per(u)) is

given by
k+1
Y lpperw)l= Y (|[u1|—1):( Y |[u1|)—|w(/c+1)|=n’““—[”] J7..1|
uew(k+1) uewk+1) uew(k+1) k+1

which coincides with our dimension.
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