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Abstract. The work concerns about multiscale McKean-Vlasov stochastic systems. First of all, we prove an
average principle for these systems in the L? sense. Moreover, a convergence rate is presented. Then we
define the nonlinear filtering of these systems and establish a limit theorem about nonlinear filtering of them
in the I? sense.

Résumé. Ce travail concerne les systémes stochastiques McKean—Vlasov multi-échelles. Tout d’abord, nous
prouvons un principe de moyenne pour ces systemes au sens L2. De plus, un taux de convergence est
présenté. Ensuite, nous définissons le filtrage non linéaire de ces systémes et établissons un théoréme limite
sur le filtrage non linéaire de ces systémes au sens L2.
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1. Introduction

In this paper, we study the following McKean-Vlasov stochastic system (X?, Y;) on R” x R™: for
any T'>0
dXf = ;b(XDdt+ Fzo(X[)dB;, 0<ts<T,

XE=¢, )
dYf = h(X¢,.Zg)dt+dW,, 0stsT,

t
YE =0,
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where {By;, t = 0},{W;, t = 0} are d- and m-dimensional standard Brownian motions defined on a
complete filtered probability space (Q, %, { %} te0,11, Q)), respectively, and mutually independent.
Here these coefficients b : R — R”, ¢ : R" — R" 9 and h : R" x 2,[R") — R™ are Borel
measurable, ¢ is a.%y-measurable random variable with E|¢|? < oo and independent of B. and W.,
and .,Sf denotes the distribution of X{ under the probability measure Q (See Section 2 for the
deﬁmtlon of 22,(R™)). € is a small parameter which characterizes the ratio of timescales between
processes X¢ and Y¢.

The system (1) is usually called a multiscale or fast-slow McKean-Vlasov stochastic system,
where X¢, Y¢ are fast and slow parts, respectively. These systems are widely used in engineering
and science fields. For these systems, the average principle is an effective tool in capturing the
main behaviors of the slow components while avoiding the co qglexities caused by the details of
the fast components of them. If h (X, .i” Q ) isindependent of .Z Xe? thatis, the system (1) does not
depend on the distribution, about average principles of the system (1) and more general systems

there have been many related results (cf. [3, 4, 6]). If h(XE, Xg) is replaced by h(YE ,ZYE,Xg),

where ki : R™ x 2,(R™) x R" — R™ is Borel measurable, there also have been a lot of average
principle results on the system (1) and more general systems (cf. [1, 8, 10-12, 16]). However, for
the system (1), as far as we know, there are few related average principle results. Therefore, in this
paper, we establish an average principle for the system (1). Concretely speaking, we prove that
for0<y<1

E sup |YF-Y ?<Cle+e ™ +e"),
te[0,T]

where
Y, :=ht+W,; )
and 1= [n h(x,v)v(dx) (See Subsection 3.1 for the definition of v).
Note that in [2], Gao, Hong and Liu considered the following McKean-Vlasov stochastic system
dX;® = $b(X;O)dt+ -o(X;)dB,, 0<t<T,
6
Xg = EY

dye? = E(Yf'ﬁ,fffﬁ,Xf"s,.,f)?m)dt+ Vodw,, 0<t<T, ®)
t t

Yy =0,
where 71 : R™ x P, ([R™) x R" x P (R"™) — R is Borel measurable and § > 0 is a small parameter.

There they proved that

E sup |V - Y92 <CA+EIEP) (3 +6), @)
te(0,T]

where C > 0 is a constant independent of ¢, §, Y solves the following ordinary differential
equation

dy?= h(?‘t’,f??)dt,
Y5=0,

and ﬁ(y, 1) = Jgn h( ¥ 1, x,v)v(dx). Comparing the system (3) with the system (1), we find that the
former is more general. But if § = 1, by (4), we only obtain that

imE sup |Y2' -V, 1> < C(L+EIE).
=0 4e(0,T)

That is, the result in [2] does not cover our result (Theorem 2).
Next, we define the nonlinear filtering of (X}, XE) with respect to {Y¢,0 < s < t} as follows:

7§ (F) = E | F(X], £)

7|, Fey® xm®"),
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where .7 tYS is the Q-augmentation o-algebra generated by {Y{,0 < s < t}. And n%(F) satisfies a
space-distribution dependent Kushner-Stratonovich equation (cf. [5, 13, 14]). Here we show that
7€ (F) converges to 7(F) in the L? sense (See Subsection 3.2 for the definition of 7(F)). Note that
if h, F don’'t depend on the distribution, our result (Theorem 4) is the same to [7, Theorem 3.1(ii)].
Therefore, our result is more general.

The novelty of this work lies in two folds. The first fold is that we prove an average principle
for the system (1) in the L? sense. Moreover, a convergence rate is presented, which is important
for numerical simulation. The second fold is that we establish a limit theorem about nonlinear
filtering of the system (1) in the L? sense. Comparing Theorem 4 with some known results (cf. [10,
11]), we find that our result concerns about the nonlinear filtering of the whole signal process and
better characterizes the asymptotic behavior of the whole system.

This paper is arranged as follows. In the next section, we introduce some notations used in
the sequel. Then the main results are stated in Section 3. The proofs of two main theorems are
placed in Section 4 and 5, respectively. In Section 6, we give an example to explain our results.

The following convention will be used throughout the paper: C, with or without indices, will
denote different positive constants whose values may change from one place to another.

2. Preliminarie

In this section, we introduce some notations used in the sequel.

Let|-| and || - || be norms of vectors and matrices, respectively. Let A* be the transpose of the
matrix A.

Let %, (R™) be the set of bounded Borel measurable functions on R”. Let C(R") be the space
of continuous functions on R”, and C,(R") be the collection of functions in C(R") which are
bounded.

Let ZB(R™) be the Borel o-field on R". Let Z2(R") be the space of probability measures defined
on A(R") and 2%, (R") be the collection of the probability measures p on Z(R") satisfying

udl- 1) = fR () <os.
We put on &, (R") a topology induced by the following 2-Wasserstein metric:

Wi )= it [ e yPandy), g pe e 2@,
TEE (p1,142) JR xR?

where % (1, t2) denotes the set of the probability measures whose marginal distributions are
U1, U2, respectively. Moreover, if ¢, are two random variables with distributions EEQ,.,%@ under
Q, respectively,

W3 (L, L <EIE-¢ P,
where E stands for the expectation with respect to Q.

3. Main results

In this section, we formulate the main results in this paper.

3.1. The average principle for multiscale McKean—Vlasov stochastic systems

In this subsection, we present an average principle for multiscale McKean—-Vlasov stochastic
systems.
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Assume:
(H}] o) There is a constant L; > 0 such that for x;, x, € R",
1b(x1) = b(x)[* + o (x1) = 0 (%) I* < Ly |x1 — X2/
(Hy,) hisbounded, and there is a constant L, > 0 such that for any x; € R"?, u; € 2, (R"),i =1,2
|h(x1, 1) = hxz, t2) 1 < Lo(1x1 — X |* + W3 (1, p12)).
(wa) There exists a constant § > 0 satisfying > 2L, such that for x; e R"?, i =1,2,
2(x1 — X2, b(x1) = b(x2)) + lo(x1) — o (x)I* < — Blx1 — X2/
Remark 1. By (Hiw) and (H%w), it holds that for x € R",
2(x,b(x)) +llo ()] < —alx|* + C, (5)
where a := f—-2L; and C > 0 is a constant.

Under (H - Hp), the system (1) has a unique strong solution (X?, Y¢). Then consider the
following stochastlc differential equation:

dXt—b(Xt)dt‘f'O'(XI)dBt, 0< tST,
XO - 6’

where B is a d- dimensional standard Brownian motion defined on the other complete filtered

probability space Q, ﬁ" {9‘ €0, 71> @) and cf isa.Z, o-measurable random variable independent

of B. with ,,2”(?@ = 'iﬁf@‘ Under (H! bo)» (6) has a unique strong solution X, Moreover, under (H? bo)

by [15, Theorem 3.1], one  could obtain that there exists a unique invariant probability measure
v € 22 (R") for (6). So, for Y defined in (2), we have the following theorem which is the first main
result.

(6)

Theorem 2. Suppose that (H,, ), Hy,), M3 ) hold. Then it holds that for0 <y <1
Esup |YE-Y ?<Cle+e'™ +e"). @)
t€[0,T)

The proof of the above theorem is placed in Section 4.

Remark 3. Lety = 7, and we obtain that

1
2

172
E sup IYf—?,I2 < Cel4,
t€[0,T)

That is, the convergence rate is i.

3.2. A limit theorem of nonlinear filtering for multiscale McKean-Vlasov stochastic sys-
tems

In this subsection, we define nonlinear filtering for multiscale McKean-Vlasov stochastic systems
and average systems, and state a limit theorem.
Set ;
(A9 :=exp {—f nXE L) dw - - f )h(xf,.,%({) ds}
0
Here and hereafter, we use the convention that repeated indices imply summation. Then by (Hy,),
we know that (Af)~! is an exponential martingale. Define a probability measure Q¢ via

dQf = (A5)7'dQ,




Huijie Qiao and Shengqing Zhu 1291

and under the probability measure Q¢,
t
Yi =W+ f h(XE, . 2%)ds
0 S

is an (.%#;)-adapted Brownian motion.
Set for any F € 88, (R" x 22, (R"))

7 (F) =E [F(Xe,xg)

71,

where % tyg is the Q-augmentation o-algebra generated by {Y¢,0 < s < ¢}, and the Kallianpur—
Striebel formula gives

where
PE(F) =E F(Xf,,ff%)Ai

75,
and E denotes the expectation under the probability measure Q¢. Here ﬁ’i(F), n§(F) are called
the unnormalized filtering and the normalized filtering of (X}, .,2”35) with respect to .%, tyg, respec-
tively. '

Also set for any F € %;,(R" x 2 (R™))

A= exp{ﬁi?’;—%ll_zlzt}, ﬁ::f F(x,v)v(dx),
[Rn

P (F)

P.(1)

Then the relationship between n¢ and 7 is presented in the following theorem which is the main
result in this subsection.

P.(F) :=E[FA, 7)), 7o (F) =

Theorem 4. Assume that (Hi o) (Hp), (H7 ,) hold. Then we have that for any t € (0, T|

— 12
limE |75 (F)~7,(F)| =0, Fed,
E—

where forn >0 ofy is defined as follows:

2+n

oy = {Fe C(R" x 2, (R™): sup sup [E‘F(Xf,fgg)
£€(0,1) £€[0, T t

<oo, and f |F(x,v)|2v(dx)<oo}.
Rl’l

The proof of the above theorem is placed in Section 5.
Remark 5. Theorem 4 can be roughly understood as follows: As € — 0, E[F (Xf,f;?%) | Z)
converges to “E[F | .F IY] ” in the L2 sense. This is also reasonable.
Remark 6. Itis easy to see that C;(R" x 2,(R")) < o,

Remark 7. We mention that if both % and the test function F are independent of y, Theorem 4
is [7, Theorem 3.1(ii)]. Therefore, our result is more general.

4. Proof of Theorem 2

In this section, we prove Theorem 2. And we begin with some key estimates.

Lemma8. Under (H%7 ) and (H%7 ) it holds that forany t = 0
a b cC

EIX; 1> <EléPe ™ +=, ®)
a

BIXY - X322 <BIE - &P e, 9
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Proof. By applying the It6 formula to I}A(‘;|2 eM?with A, = a, it holds that
of ~ 4 by ! PR
RSNt = |5|2+/11f e;“le;IzderZf e!1* (X5, b(X9)) ds
0 0
¢ . . t
+2f e’1‘5<X‘;,U(X‘;)dBS>+f ehs
0 0

Taking the expectation on two sides, by (5), we have that

U(Xé) ”2ds.

2 PN t PP t PPN
[E|X‘t|2e’11ts[E|f|2+)L1f eMS[E|x§|2ds+f ¢! (- aBIR5 + C)ds
0 0
t
<EEP+C| eMsds,
0
and

which completes the proof of (8).

Next, assume that X ‘il X “;2 are solutions of (6) with the initial values g? 1,2 2, respectively. Then
it holds that

a A t a a t a a
R -x=8-& +f0 (bXsH - b(X?))dHfO (&) - (X)) dBs.
Applying the It6 formula to |)A('i1 - )?‘;2 |>e?2! for A, = B and taking the expectation on two sides,
we obtain that

- PP [t PP
IR - R el =B~ + 4B | e I%8 - X{rPds

+ 2Efote"23 (x5 - %%, (&) - b()?fz)> ds +Ef0t 25 o (x5 = o (25| ds
<BIE &P+ (- PE fo e R0 %
which implies that
BIXS - 2P <BE -LPe .
The proof is complete. 0
Lemma9. Under (H, ) and (H} ), it holds that for any t = 0
wg(fff,v) <2e P (EIE2 +v(I-1%)). (10)

t

Proof. Let Zbe a7 o-measurable random variable with .,?%@ = v. And by the definition of v, we

know that .¥ @( =v forany ¢ = 0. So, (9) implies that
b'e

t

Wi, v) =W (2%, 2% <BIRS - X2 <BIE- 0P e P <2 PHEIEP +v(I- 1)
% 5 %

Lemma 10. Under (H, ) and (H; ), it holds that for any t = 0

S ' I
En(XS,v)—h| <2L,e P (EEP+v(-1%). an
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Proof. From the definition of v and (9), it follows that

N o 2 N . 2 2
[Eh(x‘f,v)—h‘ =’[Eh(x’f,v)—f h(x,v)v(dx)| =
Rn

’Eh()?’f,v)—f ER(X*,v)v(dx)
~ ~F _~ 2 ~F —~
s[EfW |P(XE, ) = h(XE )| vido) stf EIRS - R¥2v(dx)
<Le P! f EIE - x?v(dx) <2Lr e PIEIE? +v( - 7)),
Rﬂ

which completes the proof. O

Proof of Theorem 2. First of all, by (1) it holds that for any ¢ € [0, T
— t p—
Y7 -Y, = ‘f (hxs, 28 - h)ds
0 S

t
szfo (h(XE.ZE)—h( v))ds

=1L +D.

2
+2

fot(h(Xﬁ,v)—ﬁ)ds

For I}, the Holder inequality and (Hj) imply that

Esup I; < 2TL2f W3(.Z Xg,v)ds<2TL2f WZ(Z ey ,v)ds
te[0,T] X

(10) r PN )
< 2TL2f 2e7Pe ([B1E2 +v(-19))ds
0
< 4TL,B7 (BIEP +v(I-1H)e. (12)

For I,, we divide it into two parts and obtain that

f[élﬁ(h(xﬁ,v) )ds f[:w(h(xﬁ,v) )ds
B

where § is a fixed positive number depending on € and [%] denotes the integer part of gt
Let us deal with I»;. Some computation implies that

2

+4E sup
t€(0,T]

2

E sup I <4E sup =D+ D, (13)

te(0,T] te[0,T]

2

[\
no

Il
o
™

(F1-1 (k+1)o _
Iy <4E sup | ) f (h(Xﬁ,v)—h)ds

t€(0,T] | f=o Jk&

71 1371 pUerns . P
<4|—|E h(X:,v)—h|d

6] ,;) fka ( Xsov) ) :

T\2 (k+1)6 2
54(—) sup [Ef (h(Xf,v)—h)ds

g osks(L]-1 /K8

T 2 ole 2
:4(—) £2 sup [Ef (h( s€+k§’v) )ds

g osks(f)-1 WO

5)

0

o6le pole _
sup / ECh(XE,, 150v) = B R(XE,, 150 V) — H)dsdr. (14)
0<k=(51-1Y0
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Set0<r<s<dle
Wis,1) = E(RXE, V) = B R(XE V) = ),

and it holds that

W(s,r) =E [ [(RXE 159 = B RO ) - h)‘ﬁzkg”

SE’ ’

E|E[(h(XE"v) = B ROV - T ]
x=Xis

where X{;* satisfies the following equation
&,X 1 &s &,X ]' &s &,X
X =x+— bX'du+—f o(X;")dB,.
Grere [ pocdus 7 [T o0 aB,
Besides, we notice thatfor0<s<d/e
S S
XEF = x+f h(Xf,'/x)dv+f o(X5)dB,,
0 0

where B, = \/%BE,,. Since B is a d-dimensional standard Brownian motion, X;* and the solution
X % of (6) have the same distributions for 0 < s < §/¢. Thus,

E[(nxv) - h(XEE ) - )] =E(hREv) - T, (ZEv) - )
=E[(E[nxim | 2] -

-7

2 1/2
) (E|h(x ) — h|)

1/2

< (el ],y -

On one hand, by (11) and (8), it holds that

2, 1/2
7 ) < Ce P12 (@X;clerv('_lz))l/z

ezl g, -

<Ce P2 4 x2 +v(- 22

On the other hand, (Hy) and (8) imply that

= R _ \1/2 1/2
[Eincxs,v)-hP) ([EIh(X,,v) f h(u,v)v(du)lz)
Rn
R 1/2
< (f EIXY - ulzv(du))
Rn
<C(+xI?+v(- 122
Combining the two calculations, we have that
[E[<h(XEik5,v)—E,h(Xf;iké,v)—@] < Ce P2 (14 x> +v( - %),
and
W(s,r) < Ce P2 (14X, 12 +v(1-1) = Ce Pe™ ”/2(1+[E|Xk5/2|2+v(|'|2))

2 Ce PSR+ BER +v(- ),
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which together with (14) yields that

T\2 dle pdle R
I 58(5) g2 sup Cefﬁ(sfr)/2[1+[E|£|2+v(|-IZ))dsdr
0sks(§1-170 r

<8T2C(1+EIE2 +v(- ) g. (15)
Now we treat I»». Based on (Hy) and the Holder inequality, it holds that
¢ —2 T —2
by <46E sup | |n(x¢,v -7l dss46f E|nex¢,v -] ds=<cs. (16)
te(0,T1J1$16 0

Finally, collecting (12) (15) (16), one can conclude that

E sup |YE—Y,[><Cle+<+0).
t€[0,T] 6

Taking 6 = € for 0 <y < 1, we obtain the required estimate. The proof is complete. g

5. Proof of Theorem 4

In this section, we prove Theorem 4. First of all, we make some preparations.
Lemma 11. Under the assumption (Hy,), there exists a constant C > 0 such that
EIPS(1)|" <expi@r®+r+1)CT/2}, r>1.
Since its proof is similar to that of [9, Lemma 3.6], we omit it.

Proposition 12. Assume that (Hb U), (Hp), (Hi, a) hold. Then we have that for any t € [0, T]
_2
lin’(l)[E n‘f(F) -m:F)| =0, Fe Cb(IR" x P (R™M)).
Sﬁ

Proof. We divide the proof into two parts. In the first step, we prove the main result. In the
second step, we show a key convergence which is used in the first step.

Step 1. We prove that lim,_ E|7¢(F) - 7,(F)|> = 0.

Note that
Elnt (F) — 7+ (F)|? < 2E|75 (F) — 6 (F)|? + 2E|n5 (F) — 7. (F) 1%,
and o L
- = —  PsF FA —
né(F)=F, 7‘:AF)=#= —L-F
P,(1) A

Thus, we only need to prove _
lim | (F) - (F) I =0.
£

On one haild, by the result in Step 2, we know that |74 (F) — n’f(f)l g 0 as € — 0. On the other
hand, F and F are bounded. Thus, the bounded dominated convergence theorem yields that

lim E| 7 (F) - 26 (F)? = 0.
e—0

Step 2. We prove that |7¢ (F) — n¢(F)| L oase—0.
By the Holder inequality, it holds that

1/rp

€ £ =|_e e | ae =€ e_"lllrl’”srg
[Eﬂt(F)—T[t(F)|=[E JTt(F)—T[t(F)|A S([E|nt(F)—T[t(F)| ) ([E(AT) ) ,

where 1< r; <2,r3>1,1/r; +1/r2 = 1. On one hand, it is not difficult to prove that

(EA%)?)""™ < explCT}.
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On the other hand, the Kallianpur-Striebel formula and the Hélder inequality imply that

[Elns e -nsm") " = [Eesm -ps®| P )"
= me e 122 (mne —2r/(27r)227%
< (E|P§ ) -REEF) T @R @)2n/ @) 7
- — 2\1/2
<c(EPsm-riEP)

where the last inequality is based on Lemma 11.

Next, we are devoted to estimating ﬁEIIP‘i(F) -P? (F)|2. In order to do this, we take an indepen-
dent copy X¢ of X¢, which has the same distribution to that for X¢ and is independent of (X%, W).
It follows from the Jensen inequality that

EIPE(F) - PE(P)I?

7| -E[Fas

9‘,”]

= |FE e pQpE 2
=E|[E[Foxs, 20ns

t
2|ﬁy£

<E ;

E“F(Xf,zfgmi—ﬁzx‘;
_=[= O\ _ 7y pRe PO
_[E[[E[(F(Xe,zxf)—F)(F(xf,zxf)—F)

t . . .
xexp{fo (' (X, 2 + W (RS, A’

5 [ (1m0t 280 s 280 P as| 7|

=E[E[(F(Xf,$§%)—f)(F(Xﬁ,f%)—I?)o
ro. N .
xexp{fo (! (X5, 20 + 1! (R, 20 ) d(v e
st}

xexp| fot WX LR (X5, L ds}| 7K

1 [t R
_Efo ‘h(Xf,fg)+h(X§,Zg€)

~ — -~ — Lo PN
:[E[(F(XE,D?%)—F)(F(XE,,%%)—F)exp{fo h’(Xﬁ,fg)h’(Xi,fg)ds}]

E[(F(Xf,f%) - ﬁ)(F(Xﬁ,f%) -F)

t N t_ . . N
x(exp{fo h’(Xﬁ,fg)h‘(Xi,,%%)ds}—exp{fo hlhl(Xi,X%)ds})

+E|(FXE, 2% - H(FXE, 2% - F) exp{ f i (% ,Sf@-)ds}
L X; I X[t 0 s’ X§

=N+ 17)

For J;, by (Hp,) it holds that

J1 <8IIF|1%, elsTE

t . . .
f(h’(Xﬁ,fge)—hl)h‘(Xi,.Z;?s)ds
O S S

where | F|l» denotes the boundedness of F and we use the fact that |e¥ —e? | < (e¥ +e")|u—v| for
any u, v € R. Since X and X¢ are independent, the ergodicity of X¢ yields that

lim J; =0. (18)
e—0
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For J», we obtain that for arbitrary small § > 0

L. . =6_. .
J» < 4| FIAE exp{fo h’h’(Xi,f%)ds}—exp{fo h’h’(Xi,.ﬁf%)ds}

-

[l

6
_ e o
+|E h‘h‘(X§,$X§)ds}]‘

[(F(XE,.Z;?%) —ﬁ)‘ﬂf{} v (FXG, L)~ F) x exp{fo

. =5 _
< 4| FIAE exp{/o h’h’(X‘;,fgf)ds}—exp{fo BRI (RS, 2 ds)

+2||F||OOE[ |E[(F(Xf,$§’%) - B)|7X5||exp {fora R (R, 20)ds}

= Jo1+ Jo2.

By (Hy,) and the dominated convergence theorem, we know that
lim J»; = 0. (19)
5—0

For J»,, the ergodicity of X¢ implies that for any § > 0

lim >, =0. (20)
e—0

Finally, combining (18) (19) (20) with (17) and first letting € — 0 and 6 — 0, we conclude that

~ — 12
im E[P5 () - P§(F)| =0,
e—0

and furthermore

lim E |5 (F) - n (F)| =o.
e—0

Since the L' convergence implies the convergence in probability, |7¢(F) — ¢ (F)| tends to 0 in
probability as € — 0. The proof is complete. g

Now, it is the position to prove Theorem 4.
Proof of Theorem 4. For any F € o), set for x e R", u € 2 (R")

F(x, 1) = pp(F(x, ), Fr= fR Fp(r,vvidx), keN,
where ¢ (z) = z,|z| < k and ¢ (z) = ksign(z),|z| > k, and it holds that | Fx(x, u)| < k and

| Fi(x, 1) — F (e, i) P12 < 224121 (e, 1) P2 Iy gk (5, 1)

< 22+17/2k71]/2|F(x, 'u)|2+n’ 1)
2
|Fr—F? <

f F.(x,v)v(dx) —f F(x,v)v(dx)
R" R”

= 4fRn IF(x,u)IZI{|F(x,u)|>k} (x)v(dx). (22)
Since Fj € Cp,(R" x 22, (R")), Proposition 12 implies that

lim | (F) ~T(Fl*=0. (23)
o
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Besides, by the Jensen inequality and the Holder inequality, it holds that
7| -k [Fux;, 250

Els (P - m5 (R * = E[E[FXE, 2% 7] ‘2

2

IA

E|FOXE, 20 - Fe(Xf, £
t t

2
2+n/2) 2+n72

IA

([E |FoxE, 20 - Fux, 2

2
( 2+n) 272

21) __n_
< 4w ([E]F(X“f,f;‘?e)
t

)

2
o 241 2+n/2
< 4k | sup E|F(XF,.20)
€€(0,1) ¢

and furthermore for € € (0,1)
lim E|w§(F) - nf (Fy) I*=o0. (24)
Finally, we notice that
E|78(F) - 7, (F)|* < 3E|n&(F) — n&(F) | + 3E|mé (Fp) — 7, (Fp)|* + 3E| 7, (Fr) — 7, (F)| .
Based on (22) (23) (24), it holds that
lim E|§ (F) ~ 7, (F)|* = 0.

The proof is complete. O

6. An example

In this section, we give an example to explain our results.

Example 13. For n = d = m = 1, consider the following multiscale McKean-Vlasov stochastic
system (X7, Y/) on R x R:

dxt = —%%dH LodB;, 0<t<T,

Ve
Xg = X0,
£ . £ Q (25)

dYf = [psin| X7 + ulfxg(du)dt+dwt, 0<t=<T,

Y =0,
where xp € R and ¢ > 0 are two constants. It is easy to see that b(x) = —x/2,0(x) = 0, h(x,y) =
Jpsinlx + ulp(du) satisfy (HZ'UE, Hp), (Hi,o) with L; = i,Lg = 1,8 = 1. Note that the invariant
measure v(dx) of X! is ﬁ e o2 dx. Thus, by Theorem 2, we obtain that

E sup |YF-Y ?<Cle+e™7+¢"),
t€[0,T]

where Y, = [ [psinlx+ ulv(dwv(dx)t + W;.
Next, for any F € 98, (R x 2%, (R)) define

7€ (F) = [F(Xf,.fg)

77,
and .
/_\t::exp{ﬁlvi—ilﬁlzt}, ﬁsz(x,v)v(dx),
R
C o (e | 7] = = Py(F)
PR =E[FA | Z]], FuFr=2"
P(1)
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and by Theorem 4 it holds that

— 12
UmE (74 (F)—7:(F)| =0, Fed,.
e—0
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