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1. Introduction

The research on the synchronization for a coupled system of wave equations is a progressive field
with broad application prospects. The related topic is closely connected with the control theory.
We introduced the concepts of exact synchronization in [5] and approximate synchronization
in [6] on partial differential equations. The relevant results about synchronization achieved
only through boundary controls were collected in the monograph [7], published by Birkhduser
Publishing House in 2019. In [8,9], we carried on the study of synchronization using locally
distributed controls.

For the sake of a concise writing and the reader’s convenience, we briefly review the main
results. Let A be a matrix of order N and D be a full column-rank matrix of order N x M. Both
A and D are composed of constant entries. Let Q < R™ be a bounded domain with smooth
boundary I'. We consider the following problem for the variable U = (uV, ..., u!™)T:

{U”—AU+AU:D)(wH in (0, +00) x Q, 0

U=0 on (0, +o0) x T’
associated with the initial condition:
t=0: U=U, U=0, inQ, 2)
where H = (hV,...,h®™)T denotes the internal control and y,, is the characteristic function of

the subdomain w c Q.
The following well-posedness can be shown by the classic approach in [1,3,11].

Proposition 1. Let Q c R™ be a bounded domain with smooth boundary T and w be a sub-
domain of Q. For any given initial data (Up, Uy) € (H; (Q) x L? (Q))N and any given function

He (Llloc(O, +00; L2 (Q)))M, system (1) admits a unique weak solution:

N
Ue (cﬁm([o, +00); Hy () nC}. (10, +oo);L2(Q))) 3)
with continuous dependence.

System (1) is approximately controllable at the time T > 0 if for any given initial data (UO, Ul) €
(H& (Q)xL?(Q))", there exists a sequence of internal controls {H,} nen € (L?(0, +00; LZ(Q)))M with
compact support in [0, T], such that the sequence {U,},en of the corresponding solutions to
system (1) satisfies

loc

Up— 0 in (Gl (IT, +00); Hy (@) n G (T, +°°)?L2(Q)))N @

as n — +oo.
Theorem 2 ([8, Theorem 13]). Let Q < R™ be a bounded domain with smooth boundary T’ and
o be a subdomain of Q. If system (1) is approximately controllable at the time T > 0, then we
necessarily have the following Kalman'’s rank condition:

rank(D, AD, ..., AN"'D) = N. (5)

Conversely, assume that Kalman's rank condition (5) holds, then system (1) is approximately
controllable at the time T > 0, provided that T > 2d(Q)), where d(Q)) denotes the geodesic diameter
of Q.
Let p = 1 be an integer and
O=no<ny<---<np=N (6)
be a partition with n, —n,_; = 2 for 1 < r < p. We re-arrange the components of the state
variable U into p groups

@, u™), @MY, u), @Ot ), )
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System (1) is approximately synchronizable by p-groups in the consensus sense at the time
T >0, if for any given initial data (Up, U1) in (H} (Q) x L? (Q))N, there exists a sequence {H,,} e of
controls in (L?(0, +oo; L? (Q)))M with compact support in [0, T, such that the sequence {U,} nen
of the corresponding solutions to system (1) satisfies

D — 0 inC) ([T, +00); Hy (V) N CL ([T, +00); L* () (8)

(k)
Uy, —u loc

asn—+ooforalln,_1+1<k,l<snrandl<r<p.
Let S; be a full row-rank matrix of order (n, —n,_1—1) x (n; — ny_1):

1-1
1 -1
S, = o , l<srs<p. 9)

1 -1
We define the (N - p) x N matrix C), of synchronization by p-groups as

S
So
Cp= ' . (10)
Sp
Then (8) can be equivalently written as
. N-p
CpUn— 0 in (Gl (I, +00); HY (@) N Ch (1T, +00); 1)) (11

as n— +oo.
Assume that A satisfies the condition of Cp,-compatibility:

AKer(Cp) < Ker(Cp). (12)
By [7, Proposition 2.15], there exists a matrix Ap of order (N — p), such that
CpA=ApCy. (13)
Applying C), to system (1) and setting Y, = C,U and D, = C, D, we get the following reduced
system:
Yé/_AYp+Apr =DpxoH in(0,+00) xQ, (14)
Yp=0 on (0,+o00) xT.

Thus the approximate internal synchronization by p-groups of system (1) is transformed into the
approximate internal controllability of the reduced system (14). Moreover, we have the following
result.

Theorem 3 ([9, Theorem 6.3]). Let Q c R™ be a bounded domain with smooth boundary T and w
be a subdomain of Q. Let T > 2d(Q)), where d(Q) denotes the geodesic diameter of Q. Assume that
A satisfies the condition of Cy,-compatibility (12), then system (1) is approximately synchronizable

by p-groups if and only if

rank(Dp, AyDy,..., Ay P7'D,) = N-p, (15)
or equivalently,
rank(C,(D, AD,..., AN D)) = N - p. (16)

Furthermore, if there exist some functions uy, ..., up such that

u® —u, inc (IT, +o00); L* (V) a7

loc

(LT, +00); Hy () N C

loc
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asn— +ooforalln,—;+1<k<n,and1<r < p, system (1) will be called approximately syn-
chronizable by p-groups in the pinning sense, and u = (u,..., up) T will be called approximately
synchronizable state by p-groups.

Let
Ker(C,) = Span{e, ..., ep}, (18)
where
(nr-1+1) (nr) T
e, =(0,...,0, 1 ,...,1,0,...,0)", 1I=<rs<p. (19)
Then (17) can be equivalently written as
P N
Up— Y urey in(Clh(IT,+00) HY (@) 0 G, (1T, +00); L2()) (20)
r=1

as n — +oo.
Clearly, the approximate synchronization in the pinning sense implies that in the consensus
sense.

Theorem 4 ([9, Theorem 7.3]). Assume that system (1) is approximately synchronizable by p-
groups under the minimal rank condition

rank(D, AD,...,AN"!D) = N—p. (21)

Then it is approximately synchronizable by p-groups in the pinning sense, and the approximately
synchronizable state by p-groups u = (uy, ..., p) T"is independent of applied controls. Furthermore
the matrix A satisfies the condition of C,-compatibility (12).

Through in-depth analysis, it can be found that due to the use of internal controls, more deep-
going results on the approximate synchronization by groups can be obtained. In Section 2, we
will first characterize the feasibility of Kalman’s rank condition (21) via the diagonalization by
blocks of A on a suitable basis of type Im(C; )@ V. Then in Section 3, we will show that the
independence of approximately synchronizable state by groups with respect to applied controls,
the linear independence of the components of the approximately synchronizable state by groups,
and the possibility of the extensibility of approximate synchronization etc., all these important
properties are the consequence of the minimality of Kalman’s rank condition (21). Thus, we will
give a complete answer to these fundamental questions, which have plagued us for a long time.

2. Algebraic structure of synchronization

In this section we will describe the minimality of Kalman’s rank condition (21) by the algebraic
structure of the matrix A.
We first recall the following basic property on Kalman’s matrix.

Lemma 5 ([6, Lemma 2.5]). Letd =0 be an integer. Kalman’s rank condition
rank(D, AD,...,AN"'D)= N-d (22)
holds if and only if d is the dimension of the largest subspace V, which is invariant for AT and
contained in Ker(DT). Moreover, V is given by
V =Ker(D, AD,..., AN"1D)T. (23)

Theorem 6. Let Q c R™ be a bounded domain with smooth boundaryT and o be a subdomain
of Q. Assume that system (1) is approximately synchronizable by p-groups. Then the following
equivalences hold:

(a) the matrix A satisfies Kalman's rank condition (21);
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(b) the subspace Im(Cg ) is invariant for AT and admits a supplement V, on which the
projection of system (1) is independent of applied controls;

(c) the subspace Im(C; ) is invariant for AT and admits a supplement V, which is contained
inKer(D") and invariant for AT.

Proof. (a)=(b). By Theorem 4, A satisfies the condition of Cp-compatibility (12), namely,
Im(C; ) is invariant for A”. Moreover, by [9, Proposition 6.2], we have

VnIm(C)) = {0}, (24)

where V denotes the largest subspace invariant for AT and contained in Ker(DT). By Lemma 5,
the rank condition (21) implies that V has the dimension p. Noting that dim Im(C; )=N-p,Vis
a supplement of Im(C).

Let V = Span{&},...,8,}. There exists reals ¢,s(1 <7, s < d) such that

p
A& =Y ¢s6; and D& =0, r=1,..,p. (25)
s=1

Forr =1,..., p, applying &' to system (1) and setting v, = & U, we get a system of projection:

p
Y —Ayr+ ) css=0 in(0,+00) xQ,
s=1

(26)
Yvr=0 on (0,+o00) x T,
which is independent of applied controls.
(b)=>(c). By the decomposition R = V &Im(C,), for any given & € V we have
ATe=61+6, &€V, &eIm(Cy).

Applying &7 to (1), we get

{éfTU”—A<§’TU+€1TU+<5"2TU=<£°TD)(wH in (0, +00) x Q, -

sTu=0 on (0,+00) xT.

Since the projections &’ U and éalT U are independent of applied controls H, and the mapping
H — U is linear, it follows that

M
67U =6"DyoH, ¥ He([*(0,+00[2(@)) . (28)

Let H = DT&h with h € L?(0, +00; L?(Q)). By Proposition 1, the mapping
R:h—U (29)

is continuous from L2 (0, +o0; L2(Q)) to (C2 (0, +00; HY (@) N CL (0, +00; L2()))". By [10, The-
orem 4.1], or [12, Corollary 5, p. 86], the embedding

C(IT,2T1; Hy(Q)) n C (I, 2T1; L*(Q)) — L*(T,2T; L*(Q2)) (30)

is compact, so is the mapping % from L?(0, T; L*(Q)) to (L?(0, T; L*(Q)))N. It follows from (28)
with H = DT&h that

IDT &I IRl 20,712 < 162 IIRAN 120, 7:12( )N - 31
The compactness of Z leads to DTg =0, namely, V c Ker(DT).
Now, writing &, = CZ x, it follows from (28) that
t=0: & U=x"C,U=0. (32)

Since the reduced system (14) is approximately controllable, the state variable Y, = C,U can
approximately touch any given target in (H& (Q) x 2 (Q))N_p . Then it follows from (32) that x =0,
then &, = 0. Therefore, the subspace V is invariant for AT,
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(c)=(a). Noting that dim(V) = p, by Lemma 5, we get
rank(D, AD, ..., AN"'D)< N-p, (33)
which together with (16) implies (21). g
The approximate synchronization by p-groups under Kalman’s rank condition (21) requires

that A™ should be diagonalizable by blocks on the basis: R = Im(C,) @ V. The following result
confirms the converse.

Proposition7. Let Q c R™ be a bounded domain with smooth boundaryT and o be a subdomain
of Q. Assume thatIm(C,) admits a supplement V, both Im(C;;) and V being invariant for A
Define D by Ker(DT) = V. Then, system (1) is approximately synchronizable by p-groups with
Kalman's rank condition (21).

Proof. Noting dim(V) = p, Lemma 5 implies (21) and

Im(C})) nKer(D, AD, ..., AN"'D)" =Im(C}) n V = {0}. 34)

It follows that
rankCy,(D, AD, ..., AN"! D) = rank(C,,) = N - p. (35)
Thus by Theorem 3, we get the approximate synchronization by p-groups of system (1). U

3. Stability of approximate internal synchronization by groups

In this section, we will examine the minimality of Kalman’s rank condition (21) from the point
of view of controllability. We show that the independence of the approximately synchronizable
state by groups with respect to applied controls, the linear independence of the components
of the approximately synchronizable state by groups, and the non-extensibility of approximate
synchronization, these properties are all the consequences of the minimality of Kalman’s rank
condition (21), and vice versa.

We first construct the extension matrix. For 1 < i < m, let A; be the eigenvalues of AT and
denote by

&ip =0, ATgijZAigij+giyj_1, 1<sjs<d;, (36)

the corresponding Jordan chain (see [4]).

Assume that A satisfies the condition of Cp,-compatibility (12), namely, Im(CZ ) is invariant
for AT. Then! the Jordan chain of A” contained in Im(C; ) can be extended by adding root vectors
to a Jordan chain in CV. Then we can find a set of indices:

I={i: 84, €Im(C}) with 1 < a; < d;} 37)
such that
Im(C,) = @PSpan{&iy, ..., Eia; }. (38)
iel
Define the extension matrix of order (N — g) x N by
Im(C,) =@ Span{&i,..., 8,4} with Ker(Cq) =Spaniey,...,e4}. (39)
iel
where
qg=N- Z d;. (40)
iel

We say that system (1) is approximately C,-synchronizable if for any given initial data (U, U) €
(Hj (@) x L? (Q))N, there exists a sequence {Hy}nen of internal controls in (L?(0, +oo; LZ(Q)))M

LThis property can be verified after a basis transformation, and Im(C; ) will be called strongly A-marked in [2].
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with compact supportin [0, T'], such that the sequence {U,} ,en of the corresponding solutions to
system (1) satisfies

. N-q
CqUn — 0 in G, (IT, +00); Hy () 1 Gl (1T, +00); L (@) @1
as n — +oo. Furthermore, if there exists some functions vy,..., v4 such that
d 0 1 1 2 N
Up,— Y vses in (Cloc([T, +00); Hy (Q)) N C,. ([T, +00); L (Q))) (42)
s=1

as n — +oo, system (1) will be called approximately C,-synchronizable in the pining sense.

Lemma8. LerCy be a full row-rank matrix of order N x (N — q), such thatKer(C,) < Ker(Cp) and
chg =1. We have

Cp=CpC, Cy. (43)
Furthermore, C,, C; is a full row-rank matrix of order (N — p) x (N — q), such that
Ker(C,C,) = CqKer(Cp). (44)

Theorem 9. Let Q < R™ be a bounded domain with smooth boundary T and o be a subdomain
of Q. Let A satisfy the condition of C,-compatibility (12). The following assertions are equivalent:

(a) system (1) is approximately synchronizable by p-groups under Kalman's rank condi-
tion (21);

(b) system (1) is approximately synchronizable by p-groups in the pinning sense, and the ap-
proximately synchronizable state by p-groups u = (uy,..., u,,)T is independent of applied
controls;

(c) system (1) is approximately synchronizable by p-groups in the pinning sense and the
components uy, ..., Uy of the approximately synchronizable state by p-groups are linearly
independent;

(d) system (1) is approximately synchronizable by p-groups in the pinning sense, and this
property cannot be extended to an approximate Cy-synchronization with q < p.

Proof. (a)=(b). Let V = Spani{é&},...,&,} denote the largest subspace invariant for AT and
contained in Ker(DT). Let Im(Qp) = vi Noting (24), by [7, Proposition 2.8], Im(C;) and V4
are bi-orthonormal and Ker(Cp) ® Im(Qp) = RY. Without loss of generality, we may assume that
CpQp=In-pand ErT es=0,sforall 1 <r,s< p. Astraightforward computation gives

p
Un=) yrer+QuCoUy,, 45)

r=1
where U, denotes the solution to system (1) with H replaced by H, and U replaced by U,
respectively. The projection ¥, = &I U, for r = 1,...,p are governed by the homogeneous
system (26), therefore, independent of applied controls. Noting (11), we get (17) with u, = ¥,
forr=1,...,p.

(b)=(c). Assume by absurd that there exist p reals ci, ..., ¢, not all zero, such that
p
t=T: Y ¢(np—ne—)u, =0 (46)
r=1

for any given initial data (Uy, U;) in the space (H& Q) x LZ(Q))N

. Define the row vector cy—p+1 by
T T
CN-p+1=C1e) +--+Cpey,. 47

We construct the extended matrix of order (N — p+1) x N by

C
Cp_1= P ) 48
p-1 (CN—p+1 48)
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By (17) and (46), system (1) possesses the approximate synchronization by (p — 1)-groups in the
pinning sense. Furthermore, by [9, Theorem 8.7], system (1) possesses the approximate Cg-
synchronization with g < p. On the other hand, A satisfies the condition of C;-compatibility (12)
with C,, replaced by Cy, by [7, Proposition 2.15], there exists a matrix A, of order (N —q), such that
CqyA = Ay4Cy. Setting Yy = C4U, the approximate Cg-synchronization implies the approximate
controllability of the following reduced system:

Y[;’— AY;+AqYy=CyDyyH in (0,+00) x Q,
Y;=0 on (0,+o00) xT.

(49)

ByLemma 8, C, CqT is a full row-rank matrix of order (N — p) x (N — g). Using (13) and (44), we get

CpCy AgKer(CpCg) = CpC AgCyKer(Cp) = C,Cj CyAKer(Cp). (50)
Next, by (12) and (43), we get
CpCy CqAKer(Cp) = CpAKer(Cp) < C, Ker(Cp) = {0}. 1)

Then, it follows that
AgKer(C,CJ) S Ker(C,yCJ), (52)

namely, A, satisfy the condition of C,,C qT -compatibility. By [7, Proposition 2.15] with C), replaced
by Cp CqT , there exists a matrix A4 of order (N — p), such that

T T
CyCl Ag=ApgCpCL. (53)

Applying the matrix C,C g to system (49), we get

Ty T Ty —q i
O Kl
With the initial dataat t = T,
t=T: CyCrY¥,=0, C,CJY,=0, (55)
in the homogeneous system (54), we get
t>T: CpCpY¥s=CyC,Y,=0. (56)

Now we return to the reduced system (49) with the initial data (ﬁg, (71) = (0,0). By the approx-
imate controllability, for any given functions (Y4 (T), Y;(T)) € (Hy(Q) x L? @)V, there exists
a sequence {Hj} ey of internal controls, such that the sequence {U,}en of the corresponding
solutions satisfies

t=T: CqUy Uy — (Yg,Yy) asn— +oo, (57)
Applying C,,C; to (57) and noting (43), we get
t=T: Cp(Uy Uy — CpCy(Yy,Y,) asn— +oo, (58)

which together with (56) gives

N—
CpUn, Up) — 0 in (O ([T, +o0); HY () x () P (59)

as n— +oo.
On the other hand, by the independence of (uy,..., up)T with respect to applied controls, we
deduce that (uy,..., up) T =0, which together with (59) gives

N
(Un,U,) — 0 in (cﬁm([T, +00); Hy (Q) x L2 (Q))) (60)
as n — +oo. Passing to the limit in (57) as n — +oo, we get

t=T: Y;=Y,=0. (61)
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Thus, we get Ker(C,,C/) = {0}, which together with (44) gives
CyKer(Cp) = Ker(C,C,) = {0}, (62)
namely, Ker(Cy) < Ker(C,), which contradicts the condition g < p.

(c)=(d). Assume that system (1) can be extended to an approximate C,-synchronization.
Applying C, to (17), we get

p

t=T: ) Cgeruy=0 (63)

r=1
for all the initial data (170, 171) € (Hé Q) x LZ(Q))N. Since Ker(C4) < Ker(Cp), there exists some
r(1 < r < p) such that Cge; # 0. This contradicts the linear independence of the function
Uly.ony up.

(d)=(a). Since system (1) is not approximately C4-synchronizable with g < p, we have C; = Cp,
and p = g in (39). It follows that

Im(C})) = @ Span{&i, ..., E4,} (64)
iel
Noting (16), we can write
rank(D, AD,...,AN"ID)=N—p' with p’ <p. (65)

Let V = Ker(D, AD,...,AN"1D)T denote the largest subspace invariant for AT and contained
in Ker(DT). Moreover, noting (64) and (24), we have

Vn@Span{&ii,..., &4} = VNIm(C)) = {0}. (66)
Then, we have .
4= @ Span{&,...,8ia,}- 67)
Noting (64) and dimIm(Cg )=N-p, w::lllave
dim 619 Span{&;1,...,8ia,} = p. (68)
iel®

If dim(V) = p’ < p, there exists at least an integer iy € I and a;, < dj,, such that
gl’ol)gi(ﬂr---ré&ioaiofl ev and gioaio gV (69)

For j =1,...,m— 1, applying the vectors é"l{j to system (1) and setting y; = é?izj U, we get a
system on the sub-chain &;,1,8,2, ... ,é",-oaio,l:

oo, {w;!—ijmioij/jl:o in (0,+00) x Q, 70)

w;i=0 on (0,+o00) xI'.

Furthermore, a lyln I ~ to system (1) and settin ai = éo.] U, we getan inhomogeneous
pp g loai, gy iy foai, g 8
system:

U’Zcio — Ay +AigWa;, + Vay-1 = gigaioDXwH in (0, +00) x Q, 1)
2 =0 on (0,+o00) xI'.
Define a function 0 by
9”—A9+)Li00+waio_1 =0 in (0,+00) xQ, @2
0=0 on (0,+o00) xT.

The function Yaj,-1 is independent of applied controls, so is the function 0. Then, inserting the
new variable

n=Yq, -0 (73)
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into system (71), we get the following self-closed system:

"n_ =T ]
n'—An+A,n= gioaioDXwH in (0, +00) x Q, 74
n=0 on (0,+00) xT.
Thus, setting
~ (Ap 0) = CpD s _ (Y
A,=|"" ),D T Y:(P), 75
P ( 0 /110 P (gl()(XIOD P TI ( )
and combining the two systems (14) and (74) together, we get an extended system:
gg’—AYﬂﬁp?p:ﬁprH in (0, +00) x Q, 76)
Yp=0 on (0,+o00) xI.
Let us admit for the moment the following rank condition:
rank(Dy, A,Dp,..., Ay PD)=N-p+1. (77)

By Theorem 2 with p replaced by (p — 1), system (76) is approximately controllable. Then, for any
given initial data (Uy, U;), there exists a sequence of controls { H,,} ,en, such that the sequence of
corresponding solutions {Ypn}nen to system (76) satisfies

- CpUy 0
t=T: Vop=|pr — ( ) 78
pn (éaioaioUn _n) —T]
as n — oo, namely,
t=T: CpU,—0 and é"loa U,—0 (79)

as n — +oo. Noting (14) with Y,, = C,U, and that H, has the compact support in [0, T], we
deduce from the first condition in (79) that

t=zT: CpU,—0 asn— +oo. (80)

Then the approximate pinning synchronization by p-groups implies the existence of functions
u,..., Up, such that

(LT, +00); Hy (@) n CL (IT, +oo);L2(Q)))N (81)

loc loc

p
U, — Z e;ur in (CO
r=1
as n — +oo. Passing to the limit in the second condition in (79), we get
r=T: Zg Jertir =0 (82)

By [13, Theorem 3.3], u = (u,...,up)” fills the subspace (Hj(Q) x L?(Q))?, then it follows
from (82) that

Eina €1 =0 - Ejpg, ep =0, (83)
namely, &jyq, € {Ker(Cp)} " = Im(C,). Noting (64) and i € I, this contradicts the condition
p'<p.

Finally, we show the rank condition (77). Let
Xp= ()gf’) eRN7P* withx,eRV"Pand yeR,

such that ﬁ;%p = A, Xp, namely,

T T , _
{D (Cp Xp+ yé",oaio) =0, 84)

Ty -2
Apxp = Aigxp.
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We claim that y = 0. Otherwise, without loss of generality, we may take y = 1. Using (13), (36),
(3) and the first formula in (84), we successively get

AT Eigas + Cpxp) = Eigayy 1+ Mg Eigasy + Cpy Xp) €V + Aiy (Eigay, + Cp Xp), @5)
Eipay, + Cp Xp € Ker(DT).
Since V is also invariant for A” and contained in Ker(D7), so is the subspace
W = V@D Span{&iyq,, +Cp xp}. (86)
Noting (24) and (3), we get
VnSpan{&iya; +Cpy Xp} S V N Span{iyq, } +V NIm(C,) = {0}. (87)
Thus, by Lemma 5, we get
rank(D, AD,...,AN1D) < N—dim(W) = N—(p' + 1), (88)

which contradicts (65). Thus, inserting y = 0 in (84), x,, is an eigenvector of A; contained in
Ker(Dg ). On the other hand, condition (15) implies that the largest subspace invariant for A;
and contained in Ker(D7) is reduced to {0}, then Xp =0, namely, X, = 0. Consequently, the largest
subspace invariant for Ag and contained in Ker(ﬁg) is reduced to {0}, which gives Kalman’s rank
condition (77). O

The present work mainly concentrates on the internal controllability and synchronization for
the problem with Dirichlet boundary condition. However, the approaches can be easily adapted
to the problem with Neumann boundary condition, and some other problems. In particular, the
sufficiency of Kalman’s rank condition (21) for the approximate synchronization by p-groups is
only used in the implication (d) = (a), and the other ones have an abstract character, then can
be applicable to the approximate synchronization by groups for the problems with boundary
controls considered in [7].
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