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Abstract. We prove the Lp − Lq (1 < p ⩽ 2 ⩽ q < +∞) norm estimates for the solutions of heat and wave
type equations on a locally compact separable unimodular group G by using an integro-differential operator
in time and any positive left invariant operator (maybe unbounded) on G . We complement our studies by
giving asymptotic time estimates for the solutions, which in some cases are sharp.

Résumé. On montre les estimations de norme Lp −Lq (1 < p ⩽ 2⩽ q <+∞) pour les solutions des équations
dites « de type chaleur » et « de type onde » définies sur un groupe localement compact, séparable et
unimodulaire G en utilisant un opérateur intégro-différentiel sur le temps et un opérateur positif invariant
á gauche quelconque sur G . De plus, on donne des estimations de temps asymptotiques pour ces solutions,
qui deviennent des estimations optimales dans quelques cas.
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1. Introduction

As an application of some spectral multipliers results, it was shown recently in [1] that the Lp −Lq

norm estimates for the solution of the L -heat equation

∂t w(t , x)+L w(t , x) = 0, t > 0, x ∈G ,

w(t , x)|
t=0

= w0(x),

on a locally compact separable unimodular group G can be reduced to the time asymptotics of its
propagator in the noncommutative Lorentz space norm [11], which involves calculating the trace
of the spectral projections of the operator L . The considered operator can be any positive linear
left invariant operator acting on G with the possibility (generality) of having either continuous
or discrete spectrum. From convention of [1], a positive operator means nonnegative and self-
adjoint. Unfortunately, the results did not cover the Lp −Lq estimates for the case of L -wave
equations. The propagators can not be estimated by the noncommutative Lorentz space norm.
This is still an open question. In this paper, we fill this gap if we consider a non-local integro-
differential operator in time of order β (0 < β < 2), which allows us to consider L -equations
which interpolate between heat and wave types.

The type of groups that we can consider is very large. For instance, compact, semi simple,
exponential, nilpotent, some solvable ones, real algebraic, and many more.

Our results are new in this context and open a door to studying different estimates of other
types of equations which, in principle, can not be treated in the classical case but perhaps could
be carried out in the set up of non-local operators.

Thus the main results of the paper concern Lp − Lq (1 < p ⩽ 2 ⩽ q < +∞) norm estimates
for L -heat-wave type equations. Full details are given in Section 3. We then give a number of
examples by choosing concrete operators and groups. Moreover, in some cases, we are able to
claim the sharpness of the time-decay rate.

2. Von Neumann algebras and noncommutative Lorentz spaces

Let L(H ) be the set of linear operators defined on a Hilbert space H . In this context, the
concept of τ-measurability on a von Neumann algebra M (see e.g. [6, 12, 13, 17]) and the spectral
projections give us the possibility to approximate unbounded operators by bounded ones.

Let us now recall some important definitions which will be used frequently in the development
of this paper.

Definition 1. Let M ⊂ L(H ) be a semifinite von Neumann algebra acting over the Hilbert space
H with a trace τ. A linear operator L (maybe unbounded) is said to be affiliated with M, if it
commutes with the elements of the commutant M ! of M, i.e. LV =V L for all V ∈ M !.

Definition 2. A closeable operator L (maybe unbounded) is called τ-measureable if for each ϵ> 0
there exists a projection P in M such that P (H ) ⊂ D(L) and τ(I −P )⩽ ϵ, where D(L) is the domain
of L in H and M ⊂L(H ). We denote by S(M) the set of all τ-measurable operators.

Definition 3. Let L ∈ S(M), and let L =U |L| be its polar decomposition. We define the distribution
function by dγ(L) := τ(E(γ,+∞)(|L|)

)
for γ⩾ 0, where E(γ,+∞)(|L|) is the spectral projection of L over

the interval (γ,+∞). Also, for any t > 0, we define the generalized t−th singular numbers as

µt (L) := inf{γ⩾ 0 : dγ(L)⩽ t }.

More discussions (and properties) of the distribution function and generalized singular num-
bers can be found e.g. in [7].

We conclude this section by recalling the noncommutative Lorentz spaces associated with a
semifinite von Neumann algebra M [11].
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Definition 4. We denote by Lp,q (M) (1 ⩽ p < +∞, 1 ⩽ q < +∞) the set of all operators L ∈ S(M)
such that

∥L∥Lp,q (M) =
(∫ +∞

0

(
t 1/pµt (L)

)q dt

t

)1/q

<+∞.

Therefore the Lp -spaces on M are given by

∥L∥Lp (M) := ∥L∥Lp,p (M) =
(∫ +∞

0
µt (L)p dt

)1/p

.

For the case q =∞, Lp,∞(M) is the set of all operators L ∈ S(M) with

∥L∥Lp,∞(M) = sup
t>0

t 1/pµt (L).

3. Heat and wave type equations

In this section we establish for non-local heat and wave type equations the Lp−Lq norm estimates
for 1 < p ⩽ 2 ⩽ q <+∞. Indeed, we will see that the norm estimates can be reduced to the time
asymptotics of the propagator in the noncommutative Lorentz space norm. Also, we show that
the latter norm mainly involves calculating the trace of the spectral projections of the operator L .

In the presentation of the propagators of this section, frequently the two-parametric Mittag–
Leffler function will appear:

Eα,δ(z) =
+∞∑
k=0

zk

Γ(αk +δ)
, z,δ ∈C, ℜ(α) > 0,

which is absolutely and locally uniformly convergent for the given parameters ([8]).

For the existence, uniqueness, representation and other properties of solutions for the consid-
ered equations below, we refer to the theory on evolutionary integral equations in [14, Chapter I]
or, alternatively, one can use the Borel functional calculus [2] to construct the propagators. More
concrete and similar studies on abstract spaces can be found in [4, Chapter 3] (see also [3]). For
the estimation of the Lp −Lq norms, we usually combine [1, Theorem 5.1] with the alternative
form provided by [1, Theorem 6.1] to calculate the noncommuative Lorentzian norm.

3.1. L -heat type equation

We consider the following heat type equation:∫ t

0

(t − s)−β

Γ(1−β)
∂s w(s, x)ds︸ ︷︷ ︸

C∂
β
t w(t ,x)

+L w(t , x) = 0, t > 0, x ∈G ,

w(t , x)|
t=0

= w0(x),

(1)

where C∂
β
t is the so-called Dzhrbashyan–Caputo fractional derivative, 0 < β < 1, G is a locally

compact separable unimodular group and L is any positive linear left invariant operator on G
(maybe unbounded). Our next result also covers the caseβ= 1, i.e. the classical L -heat equation,
but it is already known [1, Section 7].

Theorem 5. Let G be a locally compact separable unimodular group, 0 < β < 1 and 1 < p ⩽ 2 ⩽
q <+∞. Let L be any positive left invariant operator on G (maybe unbounded) such that

sup
t>0

sup
s>0

[
τ
(
E(0,s)(L )

)] 1
p − 1

q Eβ(−tβs) <+∞.
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If w0 ∈ Lp (G) then there exists a unique solution w ∈ C
(
[0,+∞);Lq (G)

)
for the L -heat type

equation (1) represented by

w(t , x) = Eβ(−tβL )w0(x), t > 0, x ∈G .

In the particular case that

τ
(
E(0,s)(L )

)
≲ sλ, s −→+∞, for some λ> 0, (2)

we get the following time decay rate for the solution of equation (1) for all t > 0,

∥w(t , ·)∥Lq (G) ⩽Cβ,λ,p,q t
−βλ

(
1
p − 1

q

)
∥w0∥Lp (G),

1

λ
⩾

1

p
− 1

q
.

3.2. L -wave type equation

Here we investigate the solution of the following equation, which in a sense interpolates between
wave (without being wave, β< 2) and heat types:

C∂
β
t w(t , x)+L w(t , x) = 0, t > 0, x ∈G ,

w(t , x)|
t=0

= w0(x),

∂t w(t , x)|
t=0

= w1(x),

(3)

where C∂
β
t is the Dzhrbashyan–Caputo fractional derivative, L is any positive linear left invariant

operator on G (maybe unbounded) and 1 <β< 2.

Before giving the main result of this subsection, first we mention a technical and important
theorem whose proof will appear somewhere else. Remember that for L ∈ S(M) we denote
L =U |L| its polar decomposition.

Theorem 6. Let L be a closed (maybe unbounded) operator affiliated with a semifinite von
Neuman algebra M. Let φ be a Borel measurable function on [0,+∞). Suppose also that ψ is a
monotonically decreasing continuous function on [0,+∞) such that ψ(0) = 1, limv→+∞ψ(v) = 0
and |φ(v)|⩽ψ(v) for all v ∈ [0,+∞). Then for every 1⩽ r <∞ we have the inequality

∥φ(|L|)∥Lr,∞(M) ⩽ sup
v>0

ψ(v)
[
τ(E(0,v)(|L|))

] 1
r .

Utilizing Theorem 6 we will be able to prove and state the main result on wave type equations.
Now we need to recall an operator which is involved in the representation of the wave type
propagator. Therefore, we introduce RL

0Iβu(t ) = 1
Γ(β)

∫ t
0 (t − s)β−1u(s)ds, the Riemann–Liouville

fractional integral of order β> 0, which is well-defined for functions on L1(0,T ).

Theorem 7. Let G be a locally compact separable unimodular group, 1 < β < 2 and 1 < p ⩽ 2 ⩽
q < +∞. Let L be any positive left invariant operator on G (maybe unbounded) satisfying the
condition

sup
t>0

sup
s>0

[
τ
(
E(0,s)(L )

)] 1
p − 1

q

1+ tβs
<+∞.

If w0, w1 ∈ Lp (G) then there exists a unique solution w ∈ C
(
[0,+∞);Lq (G)

)
for the L -wave type

equation (3) given by

w(t , x) = Eβ(−tβL )w0(x)+RL
0I 1

t Eβ(−tβL )w1(x), t > 0, x ∈G .

In particular, if the condition (2) holds then for any 1 < p ⩽ 2⩽ q <+∞ such that 1
λ ⩾ 1

p − 1
q we get

the following time decay rate for the solution of equation (3):

∥w(t , ·)∥Lq (G) ⩽Cβ,λ,p,q t
−βλ

(
1
p − 1

q

)(∥w0∥Lp (G) + t∥w1∥Lp (G)
)
.



Santiago Gómez Cobos, Joel E. Restrepo and Michael Ruzhansky 1335

In Theorems 5, 7, the time decay rate for the solutions of equations (1) and (3), is predeter-
mined by the condition (2). Hence, let us mention briefly several examples of operators (on dif-
ferent groups) such that the trace of the spectral projections behave like sλ as s → +∞. In the
Euclidean space Rn , consider the Laplacian∆Rn . Here, we have such a behaviour [1, Example 7.3]
with λ= n/2. Moreover it is given in more generality since it allows one to consider not just con-
jugate exponents. Here we can recover the sharp estimate (time-decay) given in [10, Theorem 3.3,
item (i)] whenever 2

n > 1
p − 1

q . The sub-Laplacian ∆sub on a compact Lie group [9] with λ=Q/2,
where Q is the Hausdorff dimension of G . The positive sub-Laplacian on the Heisenberg group
Hn [1, Formula (7.17)] with λ= n+1. A positive Rockland operator R of homogeneous order ν on
a graded Lie group [15, Theorem 8.2] with λ=Q/ν, where Q is the homogeneous dimension of G .
By using the latter estimate we can get sharp time decay in Theorems 5, 7. For operators of non-
Rockland-type on the Engel group B4 (λ= 3) and the Cartan group B5 (λ= 9/2) [5, Examples 2.2
and 3.2]. An m-th order weighted subcoercive positive operator on a connected unimodular Lie
group [16, Proposition 0.3] with λ = Q∗/m, where Q∗ is the local dimension of G relative to the
chosen weighted structure on its Lie algebra.
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