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Abstract. Let L/K be a cyclic extension of degree n = 2m. It is known that the space AltK (L) of alternating K -

bilinear forms (skew-forms) on L decomposes into a direct sum of K -subspaces Aσ
i

indexed by the elements

of Gal(L/K ) = 〈σ〉. It is also known that the components Aσ
i

can have nice constant-rank properties. We
enhance and enrich these constant-rank results and show that the component Aσ often decomposes directly
into a sum of constant rank subspaces, that is, subspaces all of whose non-zero skew-forms have a fixed
rank r . In particular, this is always true when −1 ̸∈ L2. As a result we deduce a decomposition of AltK (L) into
subspaces of constant rank in several interesting situations. We also establish that a subspace of dimension n

2

all of whose nonzero skew-forms are non-degenerate can always be found in Aσ
i

whereσi has order divisible
by 2.

Résumé. Soit L/K une extension cyclique de degré n = 2m. On sait que l’espace AltK (L) des formes bilinéaires
K -formes bilinéaires alternées (skew-forms) sur L se décompose en une somme directe de K -sous-espaces

Aσ
i

indexés par les éléments de Gal(L/K ) = 〈σ〉. Il est également connu que les composants Aσ
i

peuvent
avoir de belles propriétés de rang constant. Nous améliorons et enrichissons ces résultats de rang constant
et montrons que la composante Aσ se décompose souvent directement en une somme de sous-espaces
de rang constant, c’est-à-dire des sous-espaces dont toutes les formes asymétriques non nulles ont un
rang fixe r . En particulier, ceci est toujours vrai lorsque − ̸∈ L2. En conséquence, nous déduisons une
décomposition de AltK (L) en sous-espaces de rang constant dans plusieurs situations intéressantes. Nous
établissons également qu’un sous-espace de dimension n

2 dont toutes les formes asymétriques non nulles

sont non dégénérées peut toujours être trouvé dans Aσ
i

où σi a un ordre divisible par 2.
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1. Introduction

Let K be a field of characteristic other than two and AltK (V ) denote the space of all alternating
bilinear forms (skew-forms) on a K -space V of dimension n. Suppose K admits a Galois
extension L of degree n. Taking the n-dimensional K -space L as a model for V it was shown in [6]
that ideas from Galois Theory can be fruitfully applied for studying skew-forms on V . Notably,
this approach sheds light on the subspaces of AltK (V ) whose nonzero skew-forms all have the
same rank equal to k, say. Such “k-subspaces” besides being interesting in their own right play
an important role in coding theory (see [3],[2]). Of particular importance are the n-subspaces of
AltK (V ), that is, subspaces all of whose nonzero skew-forms are non-degenerate.

Replacing V by the K -space L, we begin with some definitions and facts given in [6, Lemma 2].
For each σ ∈G := Gal(L/K ) and b ∈ L we may define the skew-form

fb,σ(x, y) = TrL
K (b(xσ(y)−σ(x)y)), ∀x, y ∈ L. (1)

where TrL
K : L → K is the Galois-theoretic trace map defined by

TrL
K (a) = ∑

σ∈Gal(L/K )
σ(a), ∀a ∈ L.

With each σ ∈G we can thus associate a subspace Aσ of AltK (L) defined as Aσ := { fb,σ : b ∈ L}.
Each Aσ has dimension n unless σ has order 2 (see [6, Theorem 1]). It was shown in [6] that Alt(L)
decomposes as a direct sum of the spaces Aσ withσ ranging over the elements of the Galois group
G (see Theorems 1 and 2 below).

Let ord(σ) denote the order of σ ∈ G . Interestingly, for n odd, each Aσ is an n −n/ord(σ)-
subspace (Theorem 1). However when n is even the situation is less clear as in this case we only
know that the subspace Aσ has a constant rank property only when σ is either an involution or
else it has odd order (see Section 2). When σ has even order it is only known that a skew form
fb,σ ∈ Aσ may have rank either n or n −2n/ord(σ) and that both of these values are attained as
ranks of suitable skew forms in Aσ. We study this last case more closely here and show that there
are constant-rank subspaces in Aσ. In fact, Aσ always has an n-subspace of dimension n

2 and
moreover decomposes as a direct sum of k-subspaces for suitable k (see Theorems A-D).

Theorem 1 ([6]). Suppose that n = [L : K ] is odd and the Galois group G = {1,σ1, . . . ,σm ,σ−1
1 σ−1

m }
where m = (n −1)/2. Then there is a direct decomposition

AltK (L) = A1 ⊕ A2 ⊕·· ·⊕ Am , (2)

where Ai := Aσi has dimension n (1 ≤ i ≤ m). Moreover, if ord(σi ) = 2ri +1, the non zero skew-forms
in Ai all have rank n − n

2ri+1 .

Theorem 2. ([6]) Suppose that n = [L : K ] is even and the Galois group

G = {1,τ1, . . . ,τk ,σ1, . . . ,σm ,σ−1
1 , . . . ,σ−1

m },

where {τ1,τ2, . . . ,τk } are the involutions of G, then there is a direct decomposition

AltK (L) = B 1 ⊕B 2 ⊕·· ·⊕B k ⊕ A1 ⊕ A2 ⊕·· ·⊕ Am . (3)

where B i := Aτi is an n-subspace of dimension n/2 for all 1 ≤ i ≤ k and A j := Aσ j (1 ≤ j ≤ m) has
dimension n. Moreover if ord(σi ) is odd then Aσ is an n −n/ord(σi )-subspace of dimension n.

If L/K is cyclic Galois extension of degree n with G = Gal(L/K ) = 〈σ〉 we define Ai := Aσi
. Thus

Ai = { fb,σi : b ∈ L}. If n is even then there is a unique involution τ1 = σn/2 and in this case we
denote B 1 := Aτ1 = { fb,σn/2 : b ∈ L}. Then the decomposition (3) becomes

AltK (L) = B 1 ⊕ A1 ⊕ A2 ⊕·· ·⊕ Am , (4)
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Theorem A. Let K be a field and n = 2k, where k ≥ 1 is odd. Let L be any cyclic extension of K of
degree n with Galois group G = 〈σ〉. Then

A1 =U1 ⊕V1, (5)

where U1 is an n-subspace of dimension k and V1 is an (n −2)-subspace of dimension k.

In view of Theorem A in the following theorems we focus on the case where n is divisible by 4.

Theorem B. Suppose n = 2αk where α≥ 2 and k is odd. Let K be an algebraic number field such
that −1 is not a square in K . Then there exists a cyclic extension L of K of degree n with the Galois
group G = 〈σ〉 such that

A1 = E1 ⊕·· ·⊕Eα−1 ⊕V1 ⊕V2, (6)

where

(i) Ei is an n-subspace of dimension n/2i for 1 ≤ i ≤α−1,
(ii) V j is an (n −2)-subspace of dimension k for 1 ≤ j ≤ 2.

Theorem C. Let K be a finite field with q elements such that −1 is not a square in K . Let q+1 = 2a l
(l odd) where a ≥ 1 and n = 2αk (k odd) where α≥ 2. Suppose L is a cyclic extension of K of degree
n with Gal(L/K ) = 〈σ f 〉 where σ f is the Frobenius map of L defined by σ f : b → bq .

(1) If α≤ a +1 then
A1 = V1 ⊕V2 ⊕E1 ⊕·· ·⊕Eα−1, (7)

where
(i) Ei is an n-subspace of dimension n/2i for 1 ≤ i ≤α−1,

(ii) V j is an (n −2)-subspace of dimension k for 1 ≤ j ≤ 2.
(2) If α> a +1 and l = 1, that is, q = 2a −1, then

A1 = V1 ⊕V2 ⊕E1 ⊕·· ·⊕Eα−1, (8)

where
(i) Ei is an n-subspace of dimension n/2i for 1 ≤ i ≤ a and an (n − 2)-subspace of

dimension n/2i for a +1 ≤ i ≤α−1,
(ii) V j is an (n −2)-subspace of dimension k for 1 ≤ j ≤ 2.

Theorem D. Let p be a prime and K = Qp be the p-adic completion of Q such that −1 is not a
square in K . Let p+1 = 2a l (l odd) where a ≥ 1 and n = 2αk (k odd) where 2 ≤α≤ a+1. Then there
exists a cyclic extension L of K of degree n such that the decomposition (7) holds.

2. Skew forms and Galois extensions

Retaining the notation of the previous section we now collect some basic results from [6] con-
cerning the application of Galois theory to the study of some crucial properties of bilinear forms
over K . In the following L/K is a (not necessarily cyclic) Galois extension and 1 ̸= σ ∈ GalL/K is
arbitrary.

Lemma 1 ([6, Lemma 2]). Let f = fb,σ be an alternating bilinear form as defined above with b ̸= 0
and let F be the fixed field of the automorphism σ2. If σ(b)b−1 is expressible in the form σ2(c)c−1

for some c ∈ L× then rk( fb,σ) = n −n/[L : F ]. Otherwise rk( fb,σ) = n.

Lemma 2 ([6, Lemma 4]). Suppose that the automorphism σ has even multiplicative order 2r ,
say. Then there exist elements b ∈ L× such that the equation σ(b)b−1 =σ2(c)c−1 has no solution for
all c ∈ L×.

Remark 3. If σ is not an involution then the map b → fb,σ defines an isomorphism of K -spaces
between Aσ and L [6, Theorem 1].
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Lemma 4 ([6, Lemma 3]). Suppose that the automorphism σ has odd multiplicative order
2r +1 > 1, say. Then, if b ̸= 0, the rank of the skew-form f = fb,σ is n −n/2r +1.

Lemma 5 ([6, Lemma 4]). Suppose that the automorphismσhas even multiplicative order 2r ≥ 2,
say. Then, if b ̸= 0, the rank of the skew-form f = fb,σ is either n − n

r or n.

3. Preliminary results

Our aim in this section is to establish certain facts which will be found useful in the subsequent
sections and are also interesting in their own right. Recall that if F is an intermediate subfield and
a ∈ L then the L/F -norm NL/F (a) of a is defined as NL/F (a) =∏

θ∈Gal(L/F )θ(a).

Notation 6. Throughout this section L/K denotes a cyclic extension with Galois group
Gal(L/K ) = 〈σ〉. For the sake of convenience in what follows we shall denote the subfield L〈σi 〉

as Li .

We begin by noting the following restatement of the degeneracy criterion Lemma 1.

Proposition 7. Let b ∈ L. Then the skew-form fb,σ is degenerate if and only if

NL/L2 (σ(b)/b) = 1, (9)

that is, fb,σ is degenerate if and only if

NL/L2 (b) = bσ2(b) · · ·σn−2(b) ∈ K . (10)

Proof. By Lemma 1, the skew form fb,σ is degenerate if and only if σ(b)/b = σ2(c)/c for some
c ∈ L. The first assertion is now clear in view of the Hilbert Theorem 90. Moreover the condition
NL/L2 (σ(b)/b) = 1 is easily seen to be equivalent to the product bσ2(b) · · ·σn−2(b) being σ-
invariant. □

Suppose that σi is not an involution. By Lemma 1 the skew-form fb,σi ∈ Ai ⊆ AltK (L) is
degenerate if and only ifσi (b)/b =σ2i (c)/c. Asσ2i is a generator for Gal(L/L2i ), in view of Hilbert
Theorem 90, fb,σi is degenerate if and only if NL/L2i (σi (b)/b) = 1. A glance at Proposition 7 above
shows that this is precisely the condition for the skew-form f ∼

b,σi ∈ AltLi (L) defined by

f ∼
b,σi = TrL

Li
(b(xσ(y)−σ(x)y)), ∀x, y ∈ L.

to be degenerate (we write f ∼
b,σi instead of f

b,σi to emphasize the fact that we are now considering
L as Li -space).

Let us write A∼1 := { f ∼
b,σi | b ∈ L}. In view of Remark 3 we then have a K-isomorphism Ai ≡ L via

fb,σi 7→ b and an Li -isomorphism L ≡ A∼1 via b 7→ f ∼
b,σi . The composition of these maps clearly

yields a K -isomorphism Ai ∼= A∼1. The following is then clear.

Remark 8. With respect to the above isomorphism if an Li -subspace W ≤ A∼1 has all its non-
zero skew forms non-degenerate (or all its non-zero skew forms degenerate) then the same is
true for the corresponding (K-) subspace in Ai .

Lemma 9. Let n = 2αk where α≥ 2 and k is odd. Suppose that L is a cyclic extension of a field K
of degree n with Galois group Gal(L/K ) = 〈σ〉. Then the following hold.

(i) For 1 ≤ i ≤α−1 the subspace Ei := {b ∈ L :σn/2i
(b) =−b} ≤ L has dimension n/2i .

(ii) Let V1 := {b ∈ L :σk (b) = b} and V2 := {b ∈ L :σk (b) =−b}. Then dim(V1) = dim(V2) = k.
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Proof. Let 1 ≤ i ≤ α−1. As the order of the automorphism σn/2i
is 2i so the fixed field Ln/2i of

σn/2i
has dimension n/2i over K . We can view σn/2i

as a K -linear map of L. By the Dedekind
independence theorem the minimal polynomial of σn/2i

is x2i −1. Let ji ∈ L be an eigenvector of
σn/2i

corresponding to the eigenvalue −1. It is easily checked that the corresponding eigenspace
is Ei := ji Ln/2i . It follows that dim(Ei ) = n/2i . The proof of (ii) is similar. □

Lemma 10. Let n = 2αk where α≥ 2 and k is odd. Suppose that L is a cyclic extension of a field K
of degree n with Galois group Gal(L/K ) = 〈σ〉. Then ∀bi ∈ Ei \ {0}

NL/L2 (bi ) = (−1)n/22
w2i

i , (11)

where wi := biσ
2(bi ) · · ·σn/2i−2(bi ). Moreover, fbi ,σ is degenerate if and only if ηi := σ(wi )/wi is

a 2i -th root of unity in L such that σ(ηi ) = −ηi
−1. In particular, fb1,σ is non-degenerate for all

b1 ∈ E1 \ {0}.

Proof. In view of the chain of inclusions

L ⊃ Ln/2 ⊃ ·· · ⊃ Ln/2i−1 ⊃ Ei ,

we have for bi ∈ Ei \ {0}

NL/L2 (bi ) = biσ
2(bi ) · · ·σn−2(bi )

= (
biσ

2(bi ) · · ·σn/2−2(bi )
)(
σn/2(bi )σn/2+2(bi ) · · ·σn/2+n/2−2(bi )

)
= (

biσ
2(bi ) · · ·σn/2−2(bi )

)2

= (
biσ

2(bi ) · · ·σn/4−2(bi )
)22

...

=
(
biσ

2(bi ) · · ·σn/2i−1−2(bi )
)2i−1

=
[(

biσ
2(bi ) · · ·σn/2i−2(bi )

)(
σn/2i

(bi )σn/2i+2(bi ) · · ·σn/2i+n/2i−2(bi )
)]2i−1

=
[(

biσ
2(bi ) · · ·σn/2i−2(bi )

)(
(−bi )(−σ2(bi )) · · · (−σn/2i−2(bi ))

)]2i−1

=
[

(−1)n/2i+1
(
biσ

2(bi ) · · ·σn/2i−2(bi )
)2

]2i−1

= (−1)n/22
[biσ

2(bi ) · · ·σn/2i−2(bi )]2i

= (−1)n/22
w2i

i .

Then

NL/L2 (σ(bi ))

NL/L2 (bi )
=

(
(σ((−1)n/22

wi ))

(−1)n/22 wi

)2i

=
(
σ(wi )

wi

)2i

= η2i

i .

Set ηi := σ(wi )
wi

. By Proposition 7, fbi ,σ is degenerate if and only if ηi is a 2i -th root of unity ηi .
Moreover,

−wi =σ2(wi ) =σ(ηi wi ) =σ(ηi )ηi wi ,

whence σ(ηi )ηi =−1, that is, σ(ηi ) =−η−1
i . The last assertion in the theorem is now clear. □

Lemma 11. Let n = 2αk where α ≥ 2 and k is odd. Suppose that L is a cyclic extension of K of
degree n with Gal(L/K ) = 〈σ〉. Then ∀b ∈V1 ∪V2, fb,σ is degenerate.
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Proof.

Case I. Let us first assume that k > 1. Then the field V1 = Lk has dimension k over K . Again by
Dedekind’s independence theorem it follows that the minimal polynomial of σk is x2α − 1. Let
jα be an eigenvector of σk corresponding to the eigenvalue −1 and it is easily checked that the
corresponding eigenspace is V2 = jαLk . Thus dim(V1) = dim(V2) = k. Note that V1 and V2 are
σ-invariant. Again in view of the inclusions

L ⊃ Ln/2 ⊃ ·· · ⊃ Ln/2α−1 = L2k ⊃ Lk =V1,

we have ∀b ∈V1 \ {0},

NL/L2 (b) = bσ2(b) · · ·σn−2(b)

=
(
bσ2(b) · · ·σn/2α−1−2(b)

)2α−1

=
(
bσ2(b) · · ·σ2k−2(b)

)2α−1

=
[(

bσ2(b) · · ·σk−1(b)
)(
σk+1(b) · · ·σ2k−2(b)

)]2α−1

=
[(

bσ2(b) · · ·σk−1(b)
)(
σ(b) · · ·σk−2(b)

)]2α−1

= [bσ(b)σ2(b) · · ·σk−1(b)]2α−1

= NL/L2 (σ(b)).

On the other hand in view of the inclusions

L ⊃ Ln/2 ⊃ ·· · ⊃ Ln/2α−1 = L2k ⊃ jαLk =V2,

we have ∀b ∈V2 \ {0},

NL/L2 (b) = bσ2(b) · · ·σn−2(b)

=
(
bσ2(b) · · ·σn/2α−1−2(b)

)2α−1

=
(
bσ2(b) · · ·σ2k−2(b)

)2α−1

=
[(

bσ2(b) · · ·σk−1(b)
)(
σk+1(b) · · ·σ2k−2(b)

)]2α−1

=
[(

bσ2(b) · · ·σk−1(b)
)(

(−σ(b)) · · · (−σk−2(b)
)]2α−1

= [bσ(b)σ2(b) · · ·σk−1(b)]2α−1

= NL/L2 (σ(b)).

Consequently NL/L2 (σ(b)/b) = 1 and thus by Proposition 7 ∀b ∈V1 ∪V2, fb,σ is degenerate.

Case II. We now assume that k = 1 (thus n = 2α and L2k = L2). Then V1 := K and it is easily
checked that V2 := jαK , where jα is an eigenvector ofσ corresponding to the eigenvalue −1. Thus
dim(V1) = dim(V2) = 1. Clearly if b ∈ L×

2 then NL/L2 (b) = b2α−1
and NL/L2 (σ(b)) = (σ(b))2α−1

as L2

is σ-invariant. By definition if b ∈V1 ∪V2 then σ(b) =±b and in either case

NL/L2

(σ(b)

b

)
=

(
σ(b)

b

)2α−1

= 1.

Thus by Proposition 7 if b ∈V1 ∪V2, fb,σ is degenerate. □
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4. Proofs of Theorems A and B

4.1. Proof of Theorem A

Proof. Let V := Lk and 0 ̸= v ∈V . Clearly

σ2(v),σ4(v), . . . ,σ2k−2(v) ∈V.

It follows that
NL/L2 (v) ∈ L2 ∩V = L2 ∩Lk = K .

By Proposition 7 the skew-form fv,σ is degenerate and by Lemma 5 it has rank n −2 = 2k −2.
By Lemmas 1 and 2 there exists a j ∈ L such that f j ,σ is non-degenerate. Then for 0 ̸= v ∈V

NL/L2 ( j v) = NL/L2 ( j )NL/L2 (v) ̸∈ K .

It thus follows by proposition 7 that all the nonzero skew-forms fb,σ where b lies in the subspace
U = jV (of dimension k) are non-degenerate. Clearly U ∩V = {0} so L =U ⊕V . By Remark 3 the
subspace U of L corresponds to a subspace U of AltK (L) with the same dimension defined by
U := { fb,σ : b ∈U }. Similarly V corresponds to V ≤ AltK (L) such that dim(V ) = dim(V ). Then the
decomposition (5) follows. □

Corollary 12. Let K be a field and n be even. Suppose L is a cyclic Galois extension of a field K of
degree n with Galois group Gal(L/K ) = 〈σ〉. If ord(σi ) ≡ 2 (mod4) and ord(σi ) ̸= 2 then

Ai =Ui ⊕Vi ,

where Ui is an n-subspace of dimension n/2 and Vi is an (n−2n/ord(σi ))-subspace of dimension
n/2.

Proof. This follows from Theorem A, noting Remark 8 and the fact (Lemma 5) that a skew form
in Ai is either non-degenerate or has rank equal to n −2n/ord(σi ). □

Consequently we obtain the following.

Corollary 13. Let K be a field and n = 2k, where k ≥ 1 is odd. Let L be any cyclic Galois extension
of K of degree n with Galois group G = 〈σ〉. Then

AltK (L) = B 1
⊕

 ⊕
ord(σi ) ≡ 0 (mod2)

ord(σi )̸=2

(
Ui

⊕
Vi

)
⊕( ⊕

ord(σi ) ≡ 1 (mod2)

Ai

)
(12)

Proof. Clear in view of Corollary 12, Lemma 4 as well as the decomposition (4). □

Remark 14. Let n = 2αk where α ≥ 1 and k is odd. Suppose that L is a cyclic extension of a
field K of degree n with Galois group Gal(L/K ) = 〈σ〉. If ord(σi ) is even then there always exists
an n-subspace of dimension n/2 inside Ai . If α = 1 this follows from Corollary 13. Otherwise if
α> 1 then it follows from Lemma 10 that E1 := { fb,σ : b ∈ E1} is the desired subspace for A1. The
corresponding assertion for Ai now follows in the light of Remark 8.

4.2. Proof of Theorem B

Proof. Firstly we will construct a cyclic extension L of K such that i ∉ L where i is a primitive 22-
th root of unity. Let p be a prime such that p ≡ 1(mod n) and consider the cyclotomic extension
Q(ηp ) where ηp is a primitive p-th root of unity. As is known (e.g., [5, Lemma 4]) it is possible
to pick the prime p as above such that Q(ηp )∩K (i ) = Q. Let L be the unique intermediate field
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Q ⊆ L ⊆ Q(ηp ) such that [L : Q] = n. Clearly L ∩K (i ) = Q = L ∩K . By a well known fact (e.g., [8,
Chapter 6, Theorem 1.12]) the extensions LK (i )/K (i ) and LK /K are Galois and

Gal(LK (i )/K (i )) ∼= Gal(L/L∩K (i )) = Gal(L/Q) = Gal(L/L∩K ) ∼= Gal(LK /K ).

If i ∈ LK then by the last equation

[LK : K ] = [LK : K (i )][K (i ) : K ] = [LK (i ) : K (i )][K (i ) : K ],

whence [K (i ) : K ] = 1 thus contradicting the hypothesis on K . Redefining L := LK yields the
desired cyclic extension L/K with degree n.

Let Ei := {b ∈ L : σn/2i
(b) =−b} (1 ≤ i ≤ α−1). By Lemma 9 we obtain Ln/2i−1 = Ln/2i ⊕Ei and

L2k =V1⊕V2, where V1 and V2 denote the eigenspaces ofσk with respect to the eigenvalues 1 and
−1 respectively. Consequently, we obtain

L = Ln/2 ⊕E1 = Ln/4 ⊕E2 ⊕E1 = L2k ⊕Eα−1 ⊕·· ·⊕E1 =V1 ⊕V2 ⊕Eα−1 ⊕·· ·⊕E1. (13)

Let Ei be the subspace of A1 corresponding to Ei := {b ∈ L :σn/2i
(b) =−b} under the isomorphism

of Remark 3, that is, Ei = { fb,σ : b ∈ Ei } ( 1 ≤ i ≤α−1 ). By our construction, the only 2i -th roots in
L are ±1. As σ fixes both these roots, it follows from Lemma 10 that Ei is an n-subspace for all i
in the above range.

Similarly, let V j correspond to the subspace V j of L. By Lemma 11 the nonzero skew-forms
in V j , where j = 1,2 are degenerate whence these are (n −2)-spaces by Lemma 5. The required
decomposition (6) is now immediate from (13). □

Corollary 15. In the situation of Theorem B if ord(σi ) ≡ 0 (mod4), say ord(σi ) = 2βk ′ (β≥ 2) then

Ai = V i
1 ⊕V i

2 ⊕E i
1 ⊕·· ·E i

β−1, (14)

where

(i) E i
k is an n-subspace of dimension n/2i for 1 ≤ k ≤β−1,

(ii) V i
j is (n −2n/ord(σi ))-subspace of dimension k ′n/ord(σi ) for 1 ≤ j ≤ 2.

Proof. This follows from proof of Theorem B, noting Remark 3 and the fact (Lemma 5) that a
skew form in Ai is either non-degenerate or has rank equal to n −2n/ord(σi ). □

Corollary 16. In the situation of Theorem B there is direct-decomposition

AltK (L) =B 1 ⊕

 ⊕
ord(σi ) ≡ 2 (mod4)

ord(σi )̸=2

(Ui ⊕Vi )

⊕
( ⊕

ord(σi ) ≡ 1 (mod2)

Ai

)

⊕
ord(σi ) ≡ 0 (mod4)

(
V i

1 ⊕V i
2 ⊕E i

β−1 ⊕·· ·⊕E i
1

)
(15)

Proof. Using Corollaries 12, 15 and Lemma 4 as well as the decomposition (4), we can deduce
the required decomposition. □

Remark 17. As its proof shows, Theorem B as well as its corollaries remain valid for an arbitrary
cyclic extension L/K of degree n = 2αk (α ≥ 2) such that −1 is not a square in L. Similarly, let
K be a field such that f (X ) := X 4 +1 is irreducible in K [X ] (it is not difficult to show that K has
this property if and only if none of −1,2 and −2 is a square in K ). Then Theorem B holds true for
any cyclic extension L/K of degree n = 2αk. Indeed, if ηi is a 2i -root of unity for i ≥ 1 then the
conditions −1 ̸∈ K 2 and σ(ηi ) = −η−1

i mean that ηi ̸∈ {±1,±i }, where i denotes a primitive 4-th
root of unity in L. Thus η must have order 2s where s ≥ 3. Since η ∈ L2 this would mean that L2

contains an element of order 8 and thus a root of f implying f has a quadratic factor in K [X ].
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5. Proofs of Theorems C and D

5.1. Proof of Theorem C

Proof. Let Ei ( 1 ≤ i ≤α−1 ) and V j ( 1 ≤ j ≤ 2 ) be as in Lemma 9. As in the proof of Theorem B,
we have

L =V1 ⊕V2 ⊕Eα−1 ⊕·· ·⊕E1.

By the hypothesis −1 is not a square in K from which it easily follows that a ≥ 2. Let wi and ηi be

as in Lemma 10. Note thatσ2
f (wi ) =−wi and thus w2

i ∈ L2 but wi ∉ L2. Consequently w2(q2−1)
i = 1

and w (q2−1)
i = −1. Since σ f (wi ) = w q

i hence ηi = w q−1
i . It follows that ηi is a 2(q +1)-th root of

unity but not a (q +1)-th root of unity.

(1). Suppose α ≤ a + 1. Since 1 ≤ i ≤ α− 1 therefore 1 ≤ i ≤ a. Again by Lemma 10, fbi ,σ f

is degenerate if and only if ηi is a 2i -th root of unity. Since i ≤ a, this would mean that
η

q+1
i = η2a l

i = 1, a contradiction. Let Ei be the subspace of A1 corresponding to Ei under the
isomorphism of Remark 8. It follows that Ei is an n-subspace of dimension n/2i .

(2). Suppose α > a + 1. Pick i ∈ [1,α− 1]. If 1 ≤ i ≤ a it follows from part (1) above that Ei is
an n-subspace for 1 ≤ i ≤ a. So we assume that i ≥ a + 1. By the hypothesis l = 1, whence
η2a+1

i = η
2(q+1)
i = 1. It follows that if a + 1 ≤ i ≤ α− 1 then η2i

i = 1. Thus in view of Lemma 10
all the skew-forms in Ei are degenerate and in this case by Lemma 5, Ei is an (n −2)-subspace.
Similarly let V j be the subspace of A1 corresponding to V j . Then by Lemmas 11 and 5, V j is an
(n −2)-subspace. □

Remark 18. In Theorem C when α > a + 1 and l > 1 then Ei is neither an n-subspace nor an
(n −2)-subspace for a +1 ≤ i ≤α−1. Indeed, by the definition of Ei

Ei = {b ∈ L :σn/2i

f (b) =−b} = {b ∈ L : bqn/2i −1 =−1}.

Let C := {b ∈ L× : b2(qn/2i −1) = 1}. Then C is a cyclic subgroup of L×. Clearly, C = L×
n/2i ∪ (Ei \ {0}).

Let u be a generator of C . It is clear that bi = us ∈ Ei if and only if s is odd. We claim that fbi ,σ f
is

degenerate if and only if s is an odd multiple of l . Indeed, let wi and ηi be as in Lemma 10. Then

wi = biσ
2
f (bi ) · · ·σn/2i−2

f (bi ) = bi bq2

i · · ·bqn/2i −2

i = b
qn/2i −1

q2−1

i ,

and

ηi = w q−1
i = b

qn/2i −1
q+1

i = bt
i ,

where t := qn/2i −1
q+1 . By Lemma 10, fbi ,σ is degenerate if and only if η2i

i = 1. Now from the proof

of Theorem C, η2a+1l
i = η

2(q+1)
i = 1 and η2a l

i = η(q+1) ̸= 1. Consequently fbi ,σ f
is degenerate if and

only if ηi is a primitive 2a+1-th root of unity, that is, if and only if,

2a+1 = ord(ηi ) = ord(ust ) = ord(u)

gcd(ord(u), st )
= 2(q +1)t

gcd(2(q +1)t , st )
= 2a+1l

gcd(2a+1l , s)
, (16)

or, gcd(2a+1l , s) = l . In other words, for bi = us ∈ Ei , fbi ,σ f
is degenerate if and only if s is an odd

multiple of l . Thus, for example, ful ,σ f
is degenerate while fu,σ f is non-degenerate.
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5.2. Proof of TheoremD

Proof. By [4, Proposition 5.4.11] for every n there exists exactly one unramified extension L of
K =Qp of degree n obtained by adjoining a primitive (pn−1)-th root of unity, say θ. Moreover ac-
cording to [9, Corollary 2], the extension L/K constitutes a cyclic extension such that Gal(L/K ) =
〈σ〉 where σ is defined by σ(θ) = θp . Since −1 is not a square in K so p = 2a l −1 ≡ 3 (mod4) by [4,
Proposition 3.4.2] and thus a ≥ 2.

Let Ei := {b ∈ L :σ
n
2i (b) =−b} where 1 ≤ i ≤α−1. The hypothesisα≤ a+1 means that 1 ≤ i ≤ a.

Let wi ,ηi be as in Lemma 10. Again by Lemma 10, fbi ,σ (bi ∈ Ei ) is degenerate if and only if ηi is
2i -th root of unity such that σ(ηi ) =−η−1

i . As 2i | 2a | p+1 | pn −1, this would mean that 〈ηi 〉 ≤ 〈θ〉
and consequently, σ(ηi ) = η

p
i . But then

σ(ηi )ηi = η
p+1
i = η2a l

i = 1.

It follows that fbi ,σ is non-degenerate. Hence Ei is an n-subspace, where Ei is the subspace of A1

corresponding to Ei .
Similarly let V j ( 1 ≤ j ≤ 2 ) be the subspace of A1 corresponding to V j . Then by Lemmas 11 and 5,
V j is an (n −2)-subspace. The theorem now follows.

Remark 19. In the situation of Theorem D for p = 2 the decomposition (16) holds true in view of
Remark 17. □

6. A 3-dimensional 4-subspace in Alt4(Q)

Let K :=Q and L be the cyclotomic field Q(η) where η is a primitive 5-th root of unity in C. Then
L/K is a cyclic extension of degree 4. We will show that the maximum dimension of a 4-subspace
inside A1 is 3. Let b = x + yη+ zη2 + wη3 ∈ L, where x, y, z, w ∈ Q. We take the automorphism
σ defined by σ(η) = η3 as a generator of Gal(L/K ). Using the theory of Gauss periods we may
find the basis, namely, {1,η2 + η3} for L2/Q. By Proposition 7, fb,σ is degenerate if and only if
NL/L2 (b) ∈ Q, that is, the coefficient of η2 +η3 in NL/L2 (b) is zero. It is straight-forward to check
that this coefficient is −x y+xz+xw−y z+y w−zw . In this situation we thus obtain the following.

Proposition 20. The maximum dimension of a 4-subspace inside A1 equals to a maximum
dimension of a totally anisotropic subspace of L with respect to the following quadratic form

Q(x, y, z, w) = x y −xz −xw + y z − y w + zw.

Proof. Clear. □

Theorem 21 (Legendre’s Theorem ([7, Theorem 1, Chapter 5])). Suppose a,b,c ∈Z are such that
abc is a non-zero square-free integer. Then the equation aX 2 +bY 2 +c Z 2 = 0 has a non-trivial Z -
solution if and only if

(i) a,b,c do not all have the same sign;
(iia) −bc is a square modulo |a|,
(iib) −ac is a square modulo |b| and
(iic) −ab is a square modulo |c|.

Theorem 22. The maximum dimension of a 4-subspace in A1 is 3.

Proof. Let U be theQ-subspace of L spanned by {η+η2,−1+η3,1+η}. Let b = c1(η+η2)+c2(−1+
η3)+c3(1+η). We claim that W := { fb,σ : b ∈U } ≤ A1 is the desired 4-subspace. Indeed, according
to proposition 20 we need to show that the quadratic form

Q(c1,c2,c3) = c2
1 + c2

2 + c2
3 + c1c3 −3c2c3
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has no non-trivial integer solution. It can be checked that Q reduces to it’s diagonal form

Q′ = c2
1 + c2

2 −6c2
3 .

To complete the proof, it suffices to show that Q′ has no non-trivial integer solutions. Based on
Theorem 21 it is evident that Q′ has no non-trivial integer solutions since −ab =−1 is not square
modulo |c| = 6. □

7. Conclusion

Eigenspaces of the elements of the Galois group yield constant rank subspaces in AltK (L). We can
always find an n-subspace of dimension n/2 in Ai for an arbitrary field K (Remark 14). However,
this may not be the maximum possible dimension of an n-subspace in A1 (as is evident from
the example in Section 5) unless n = 2k with k odd (Theorem A) or K is finite (or more generally
C 1 [5, Lemma 3]). Moreover unless K is finite it is not clear that we get an n-subspace of maximum
dimension of Altn(K ) in this way. The question of the maximum dimension of an n-subspace in
Altn(K ) is closely related to other invariants for skew-forms including d(K ,n,1) and sn(K ) defined
in [1] and [5] respectively. In particular, it is unknown to the authors if there is a 6-subspace in
Alt6(Q) of dimension four.
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