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Abstract. Let L/ K be a cyclic extension of degree n = 2m. It is known that the space Altg (L) of alternating K-
bilinear forms (skew-forms) on L decomposes into a direct sum of K-subspaces A% indexed by the elements
of Gal(L/K) = (o). It is also known that the components A% can have nice constant-rank properties. We
enhance and enrich these constant-rank results and show that the component A? often decomposes directly
into a sum of constant rank subspaces, that is, subspaces all of whose non-zero skew-forms have a fixed
rank r. In particular, this is always true when —1 ¢ I2. As a result we deduce a decomposition of Altg (L) into
subspaces of constant rank in several interesting situations. We also establish that a subspace of dimension %
all of whose nonzero skew-forms are non-degenerate can always be found in A% where o has order divisible
by 2.

Résumé. Soit L/ K une extension cyclique de degré n = 2m. On sait que 'espace Altg (L) des formes bilinéaires
K-formes bilinéaires alternées (skew-forms) sur L se décompose en une somme directe de K-sous-espaces
A% indexés par les éléments de Gal(L/K) = (o). Il est également connu que les composants A peuvent
avoir de belles propriétés de rang constant. Nous améliorons et enrichissons ces résultats de rang constant
et montrons que la composante A° se décompose souvent directement en une somme de sous-espaces
de rang constant, c’est-a-dire des sous-espaces dont toutes les formes asymétriques non nulles ont un
rang fixe r. En particulier, ceci est toujours vrai lorsque — ¢ L2. En conséquence, nous déduisons une
décomposition de Altg (L) en sous-espaces de rang constant dans plusieurs situations intéressantes. Nous
établissons également qu'un sous-espace de dimension 4 dont toutes les formes asymétriques non nulles
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sont non dégénérées peut toujours étre trouvé dans A’ ot o' a un ordre divisible par 2.
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1. Introduction

Let K be a field of characteristic other than two and Altx (V) denote the space of all alternating
bilinear forms (skew-forms) on a K-space V of dimension n. Suppose K admits a Galois
extension L of degree n. Taking the n-dimensional K-space L as a model for V it was shown in [6]
that ideas from Galois Theory can be fruitfully applied for studying skew-forms on V. Notably,
this approach sheds light on the subspaces of Altx (V) whose nonzero skew-forms all have the
same rank equal to k, say. Such “k-subspaces” besides being interesting in their own right play
an important role in coding theory (see [3],[2]). Of particular importance are the n-subspaces of
Altg (V), that is, subspaces all of whose nonzero skew-forms are non-degenerate.

Replacing V by the K-space L, we begin with some definitions and facts given in [6, Lemma 2].
For each 0 € G:= Gal(L/K) and b € L we may define the skew-form

foo (X, 9) =Tig(b(xa(y) -0 (0)y),  Vx,yeL. (m)
where Trf( : L — K is the Galois-theoretic trace map defined by

Trk(@= Y o(a), Yael
oeGal(L/K)

With each o € G we can thus associate a subspace A? of Altx (L) defined as A? := {f},;: b e L}.
Each A? has dimension 7 unless o has order 2 (see [6, Theorem 1]). It was shown in [6] that Alt(L)
decomposes as a direct sum of the spaces A” with ¢ ranging over the elements of the Galois group
G (see Theorems 1 and 2 below).

Let ord(o) denote the order of o € G. Interestingly, for n odd, each A? is an n — n/ord(o)-
subspace (Theorem 1). However when 7 is even the situation is less clear as in this case we only
know that the subspace A? has a constant rank property only when o is either an involution or
else it has odd order (see Section 2). When ¢ has even order it is only known that a skew form
fv,o € A% may have rank either n or n—2n/ord(o) and that both of these values are attained as
ranks of suitable skew forms in A?. We study this last case more closely here and show that there
are constant-rank subspaces in A?. In fact, A’ always has an n-subspace of dimension % and
moreover decomposes as a direct sum of k-subspaces for suitable k (see Theorems A-D).

Theorem 1 ([6]). Suppose that n = [L: K] is odd and the Galois group G = {1,01,...,0m,01‘10;11}
where m = (n—1)/2. Then there is a direct decomposition

Altxg(L)=A'eo A%---0 A™, 2
whe(e Al:= A% hasdimensionn (1 < i < m). Moreover, iford(c;) =2r;+1, the non zero skew-forms
in A* all have rank n — Tnﬂ
Theorem 2. ([6]) Suppose that n = [L: K] is even and the Galois group

G= {1,11,...,Tk,al,...,Jm,al_l,...,U;}},
where{t1,T2,..., T} are the involutions of G, then there is a direct decomposition
Altg(l)=B'eB’®---eB e Ale A%e.-.0 A™. 3)
where B! := A" is an n-subspace of dimension n/2 forall1 < i<k and Al := A°J (1< j < m) has

dimension n. Moreover iford(o;) is odd then A® is an n— n/ord(o;)-subspace of dimension n.

If L/K is cyclic Galois extension of degree n with G = Gal(L/K) = (o) we define Al= A"i. Thus
A" = {f, ,i : b€ L}. If n is even then there is a unique involution 71 = 0”2 and in this case we
denote Bl := A"l = {fbygnxz :b e L}. Then the decomposition (3) becomes

Altx()=B'e A'e A%@---0 A™, @
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Theorem A. Let K be a field and n = 2k, where k = 1 is odd. Let L be any cyclic extension of K of
degree n with Galois group G = (o). Then

Al=an 07, 5)
where %, is an n-subspace of dimension k and 71 is an (n — 2)-subspace of dimension k.
In view of Theorem A in the following theorems we focus on the case where 7 is divisible by 4.

Theorem B. Suppose n = 2%k where a =2 and k is odd. Let K be an algebraic number field such
that —1 is not a square in K. Then there exists a cyclic extension L of K of degree n with the Galois
group G = (o) such that
Al=g 00810707, 6)
where
(i) &; is an n-subspace of dimension n/2t forlsi<a-1,
(i) ¥; is an (n—2)-subspace of dimension k for1 < j <2.

Theorem C. Let K be a finite field with q elements such that —1 is not asquare in K. Let g+1 = 2%]
(lodd) where a =1 and n = 2%k (k odd) where a = 2. Suppose L is a cyclic extension of K of degree
n with Gal(L/K) = (o y) where o ; is the Frobenius map of L defined by oy : b— b9.
(1) Ifa<a+1 then
A=V 0he8E 0 0841, 7
where
(i) &; is an n-subspace of dimension n/2! forl<i<a-1,
(i) ¥; is an (n—2)-subspace of dimension k for1 < j <2.
(2) Ifa>a+1andl=1, thatis, q=2%-1, then

Al=Tehe& e 08, ®)

where
(i) &; is an n-subspace of dimension n/2' for 1 < i < a and an (n - 2)-subspace of
dimension n/2' fora+1<i<a-1,
(i) ¥; is an (n—2)-subspace of dimension k for1 < j <2.

Theorem D. Let p be a prime and K = Q,, be the p-adic completion of Q such that -1 is not a
squarein K. Let p+1 =2%] (lodd) where a = 1 and n = 2%k (k odd) where2 < a < a+ 1. Then there
exists a cyclic extension L of K of degree n such that the decomposition (7) holds.

2. Skew forms and Galois extensions

Retaining the notation of the previous section we now collect some basic results from [6] con-
cerning the application of Galois theory to the study of some crucial properties of bilinear forms
over K. In the following L/K is a (not necessarily cyclic) Galois extension and 1 # o € GalL/K is
arbitrary.

Lemmal ([6, LemmaZ2]). Letf = f},; be an alternating bilinear form as defined above with b # 0
and let F be the fixed field of the automorphism o?. Ifa(b)b™! is expressible in the form o?(c)c™!
forsomece L™ thentk(fy,s) = n—n/[L: F]. Otherwiserk(f} ) = n.

Lemma 2 ([6, Lemma 4]). Suppose that the automorphism o has even multiplicative order 2r,
say. Then there exist elements b € L* such that the equation o (b) b~ =a?(c)c™! has no solution for
allce L*.

Remark 3. If o is not an involution then the map b — f} , defines an isomorphism of K-spaces
between AY and L [6, Theorem 1].
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Lemma 4 ([6, Lemma 3]). Suppose that the automorphism o has odd multiplicative order
2r+1>1, say. Then, if b # 0, the rank of the skew-form f = fp s isn—n/2r +1.

Lemma5 ([6, Lemma4]). Suppose that the automorphism o has even multiplicative order2r = 2,
say. Then, ifb # 0, the rank of the skew-form f = f, ; is either n— % or n.

3. Preliminary results

Our aim in this section is to establish certain facts which will be found useful in the subsequent
sections and are also interesting in their own right. Recall that if F is an intermediate subfield and
a € L then the L/F-norm Ny,r(a) of a is defined as Ny/r(a) = [Igegair/r) 6 (a).

Notation 6. Throughout this section L/K denotes a cyclic extension with Galois group
Gal(L/K) = (o). For the sake of convenience in what follows we shall denote the subfield L@"
as L;.

We begin by noting the following restatement of the degeneracy criterion Lemma 1.
Proposition 7. Let b€ L. Then the skew-form f, ; is degenerate if and only if
Nrir,(a(b)/b) =1, 9
that is, fp is degenerate if and only if
Ny1,(b) = ba?(b)---0"*(b) € K. (10)

Proof. By Lemma 1, the skew form f;,, is degenerate if and only if o(b)/b = 02(c)/c for some
c € L. The first assertion is now clear in view of the Hilbert Theorem 90. Moreover the condition
Npi1,(0(b)/b) = 1 is easily seen to be equivalent to the product ba?((b)---c"2(b) being o-
invariant. O

Suppose that ¢’ is not an involution. By Lemma 1 the skew-form Jooi € Al < Altg (L) is
degenerate if and only ifai(b)/b=0%(c)/c. Asa?lisa generator for Gal(L/Ly;), in view of Hilbert
Theorem 90, f, ,: is degenerate if and only if Ny, ,, (0’ (b)/b) = 1. A glance at Proposition 7 above
shows that this is precisely the condition for the skew-form fbf i €Alty, (L) defined by

Jooi =T} (b(xo(y)-0o(x)y),  Vx,yelL.

to be degenerate (we write fl; i instead of fb,a ; to emphasize the fact that we are now considering
L as L;-space).

Let us write A™! := {fl;ai | b e L}. In view of Remark 3 we then have a K-isomorphism A’ = L via
Jpoi — b and an L;-isomorphism L = A~1via b — th, it The composition of these maps clearly
yields a K-isomorphism A’ = A~!. The following is then clear.

Remark 8. With respect to the above isomorphism if an L;-subspace # < A™! has all its non-
zero skew forms non-degenerate (or all its non-zero skew forms degenerate) then the same is
true for the corresponding (K-) subspace in A’.

Lemma9. Letn=2% wherea =2 and k is odd. Suppose that L is a cyclic extension of a field K
of degree n with Galois group Gal(L/K) = (o). Then the following hold.

(i) Forl=<i<a-1 thesubspaceE; ={beL: on'?' (b) = —b} < L has dimension n/2".

(ii) LetVy:={beL:0F(b)=b}andVs:={beL:0*(b)=~-b}. Thendim(V}) = dim(V,) = k.
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Proof. Let 1 <i < a—1. As the order of the automorphism 02" is 2 50 the fixed field L, of
o"™?" has dimension n/2’ over K. We can view 0"/2" as a K-linear map of L. By the Dedekind

independence theorem the minimal polynomial of o"?"is x*' —1. Let Ji € Lbe an eigenvector of
Un/Z’

corresponding to the eigenvalue —1. It is easily checked that the corresponding eigenspace
is E; == j; L, »i. It follows that dim(E;) = n/2*. The proof of (ii) is similar. O

Lemma 10. Letn =2%k where a =2 and k is odd. Suppose that L is a cyclic extension of a field K
of degree n with Galois group Gal(L/K) = (o). Then Vb; € E; \ {0}

Ny, (bi) = (=12 w?' (11

i

where w; := b;a?(b;)---a™? 2 (b;). Moreover, fi;,0 is degenerate if and only ifn; := o(w;)/ w; is
a 2'-th root of unity in L such that oc(n;) = -n;~'. In particular, fy, , is non-degenerate for all
bl € El \ {0}.

Proof. In view of the chain of inclusions
L>Ly>-->L, i1 0 E;,
we have for b; € E; \ {0}
Ny1, (i) = bjo?(b;)---0"%(b;)
= (bio?(by) - -a”/z_Z(bi)) (a”/z(bi)a”/2+2(b,-) “'O_n/2+n/2—2(bi))
= (biUZ(bi)-“U"/Z_Z(bi))z

= (biUZ(bi)"'Un/4_2(bi))22

= (biUz(bi) - 'U”/Zifl_z(bi))yil

_ [(b,-az(bi)---Un/zi’z(b,-)) (Un/zi (bi)anlzi”(bi)---U”/Zi”/zi’z(bi))]y_l
= [(bio b 0™ 2 b0 (B0 -+ a2 |
21‘71

_ [(_l)nlzi“ (biUz(bi) .. U"/Zi_z(bi))z]
= (1" ;g% (by) - a2 2 (b))

_ 2% ol
= (D" ws .

Then
2! i
Ny @b)) (@D w)) (a(w,-) )2 i
Ni/1,(b;) (1) w; w; v
Setn; = %“Z’) By Proposition 7, fj, ; is degenerate if and only if n; is a 2{-th root of unity 7;.
Moreover,
—w; = 0% (w;) = o(m;w;) = om)n;wj,

whence o(n;)n; = —1, thatis, o(n;) = —anl. The last assertion in the theorem is now clear. U

Lemma 11. Let n = 2%k where a = 2 and k is odd. Suppose that L is a cyclic extension of K of
degree n with Gal(L/K) = (o). Then Vb e V1 U Vs, f}, » is degenerate.
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Proof.

Casel. Let us first assume that k > 1. Then the field V; = L; has dimension k over K. Again by
Dedekind’s independence theorem it follows that the minimal polynomial of o* is x** —1. Let
ja be an eigenvector of o corresponding to the eigenvalue —1 and it is easily checked that the
corresponding eigenspace is V2 = joLg. Thus dim(V;) = dim(V3) = k. Note that V; and V5 are
o-invariant. Again in view of the inclusions

L>Lpj2>:--2 Lyjpa-1 = Lop 2 L = V1,
we have Vb e Vi \ {0},

Ny1,(b) = ba?(b)---0" % (b)
a-1
_ (baz(b)-uanlzafl_z(b) 2

za—l

= (baz(b) . -UZk_Z(b))

=[(bo* )+ o* ) (ak“(b)...UZk—z(b))]Z“*‘
a-1

=| (bW " ) (a(b)---ak_z(b))]z
= bo(b)o? () -+ (b)2"
= Ny, (a(D)).
On the other hand in view of the inclusions
L>Lpj2>:--2 Lyjpa-1 = Lok 2 jaLk = V2,
we have Vb e V5 \ {0},

Ni1,(b) = ba?(b)--- 0" 2(b)
= (baz(b) g2 2 g pa-1
= (boz(b)...02k—z(b))2”*1
=[(bo* )+ o* ) (Uk+1(b)_.'Gz,c_z(b)”zafl

2a71

=|(po*®--o* B (o)) -+ (-0 * 2w
= o (h)o*(b)---a* L By
= Ny, (0(D)).
Consequently Ny, (o(b)/b) = 1 and thus by Proposition 7 Vb € V; U V5, f, ; is degenerate.
Case II. We now assume that k = 1 (thus n = 2% and Ly; = Ly). Then V; := K and it is easily
checked that V5 := ju K, where j, is an eigenvector of o corre§Ponding to the eigenvalue —1. Thus

dim(V;) = dim(V3) = 1. Clearly if b € L} then Ny,z,(b) = b** and Ny, (@ (b)) = (@) as L
is o-invariant. By definition if b € V; U V5 then o(b) = +b and in either case

o)\ (ob)\>
NL/LZ(T) = (T) =1.

Thus by Proposition 7 if b€ V; U V3, f} » is degenerate. d
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4. Proofs of Theorems A and B
4.1. Proof of Theorem A

Proof. Let V:=L;and 0# ve V. Clearly
o*),0*W),...,c* W) e V.
It follows that
Ny, elonV=LynL=K.
By Proposition 7 the skew-form f,, ; is degenerate and by Lemma 5 it hasrank n -2 =2k - 2.
By Lemmas 1 and 2 there exists a j € L such that f; ; is non-degenerate. Thenfor0#Zve V
Nipi1,(jv) = Ny, ()N, (v) € K.

It thus follows by proposition 7 that all the nonzero skew-forms f}, ; where b lies in the subspace
U = jV (of dimension k) are non-degenerate. Clearly U NV = {0} so L= U & V. By Remark 3 the
subspace U of L corresponds to a subspace % of Altg (L) with the same dimension defined by
U = {fp,s : be U}. Similarly V corresponds to 7 < Altx (L) such that dim(V) = dim(¥). Then the
decomposition (5) follows. O

Corollary 12. Let K be a field and n be even. Suppose L is a cyclic Galois extension of a field K of
degree n with Galois group Gal(L/K) = (o). Iford(c’) =2 (mod4) and ord(c?) # 2 then

A= 07,

where%; is an n-subspace of dimension n/2 andV; is an (n —2n/ ord(c?)) -subspace of dimension
n/2.

Proof. This follows from Theorem A, noting Remark 8 and the fact (Lemma 5) that a skew form
in A’ is either non-degenerate or has rank equal to n—2n/ ord(c"). U

Consequently we obtain the following.

Corollary 13. LetK be a field and n = 2k, where k = 1 is odd. Let L be any cyclic Galois extension
of K of degree n with Galois group G = (o). Then

Altg(L) = B' @ a5 (2: D7) EB( (&5 A 12)
ord(c?) = 0 (mod?2) ord(c?) = 1 (mod2)
ord(c")#2
Proof. Clear in view of Corollary 12, Lemma 4 as well as the decomposition (4). O

Remark 14. Let n = 2%k where a = 1 and k is odd. Suppose that L is a cyclic extension of a
field K of degree n with Galois group Gal(L/K) = (o). If ord(c?) is even then there always exists
an n-subspace of dimension n/2 inside A’. If @ = 1 this follows from Corollary 13. Otherwise if
«a > 1 then it follows from Lemma 10 that &) := {fps : b € E1} is the desired subspace for Al. The
corresponding assertion for A’ now follows in the light of Remark 8.

4.2. Proofof Theorem B

Proof. Firstly we will construct a cyclic extension L of K such that i ¢ L where i is a primitive 22-
th root of unity. Let p be a prime such that p = 1(mod n) and consider the cyclotomic extension
Q(np) where n, is a primitive p-th root of unity. As is known (e.g., [5, Lemma 4]) it is possible
to pick the prime p as above such that Q(17,) N K(i) = Q. Let L be the unique intermediate field
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Q € L < Q(np) such that [L: Q] = n. Clearly LN K(i) = Q = LN K. By a well known fact (e.g., [8,
Chapter 6, Theorem 1.12]) the extensions LK(i)/K (i) and LK/K are Galois and
Gal(LK(i)/K(i)) = Gal(L/Ln K(i)) = Gal(L/Q) = Gal(L/Ln K) = Gal(LK/K).
If i € LK then by the last equation
[LK:K]=[LK:K@I[K():K]=[LK(): K{IIK({):K],

whence [K(i) : K] = 1 thus contradicting the hypothesis on K. Redefining L := LK yields the
desired cyclic extension L/K with degree n.

LetE;:={belL: 0”/2i (b)=-b} (1=i<a-1). By Lemma9 weobtain L,,,i-1 =L, ,, ®E; and
Ly = Vi @ V5, where V; and V, denote the eigenspaces of o* with respect to the eigenvalues 1 and
—1 respectively. Consequently, we obtain

L=Lyp®E1 =Ly ®E2®E =Ly ®Ey1®---0E1=Vi0eVo®E, 19 ---®E]. (13)

Let &; be the subspace of Al correspondingto E; :={beL: o2 (b) = —b} under the isomorphism
of Remark 3, that is, & = {f},, : b€ E;} (1 <i< a—1). By our construction, the only 2/-th roots in
L are +1. As o fixes both these roots, it follows from Lemma 10 that &; is an n-subspace for all i
in the above range.

Similarly, let 7; correspond to the subspace V; of L. By Lemma 11 the nonzero skew-forms
in 7, where j = 1,2 are degenerate whence these are (n — 2)-spaces by Lemma 5. The required
decomposition (6) is now immediate from (13). O

Corollary 15. In the situation of Theorem B lfOI‘d(U’i) =0 (mod4), say ord(c?) = 2B (B =2) then
A=V eV esle-8) |, (14)
where

0y é"]’q is an n-subspace of dimension n/2! forl<k<p-1,
(ii) 7/].’ is(n—2n/ ord(oi))—subspace of dimension k'n/ord(c?) forl<j<2.

Proof. This follows from proof of Theorem B, noting Remark 3 and the fact (Lemma 5) that a
skew form in A’ is either non-degenerate or has rank equal to n—2n/ord(c?). O

Corollary 16. In the situation of Theorem B there is direct-decomposition

Altg(L) =B' @ &b UioV;) | @ ( . Al
ord(c?) = 2 (mod4) ord(c?) = 1 (mod2)
ord(c?)#2
a5 (Heres) o a8 (15)

ord(c?) = 0 (mod4)

Proof. Using Corollaries 12, 15 and Lemma 4 as well as the decomposition (4), we can deduce
the required decomposition. 0

Remark 17. As its proof shows, Theorem B as well as its corollaries remain valid for an arbitrary
cyclic extension L/K of degree n = 2%k (a = 2) such that —1 is not a square in L. Similarly, let
K be a field such that f(X) := X* +1 is irreducible in K[X] (it is not difficult to show that K has
this property if and only if none of —1,2 and -2 is a square in K). Then Theorem B holds true for
any cyclic extension L/K of degree n = 2%k. Indeed, if n; is a 2/-root of unity for i = 1 then the
conditions —1 ¢ K? and o (n;) = —nlfl mean that n; ¢ {+1,+i}, where i denotes a primitive 4-th
root of unity in L. Thus i must have order 2° where s = 3. Since 1 € L, this would mean that L,
contains an element of order 8 and thus a root of f implying f has a quadratic factor in K[X].
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5. Proofs of Theorems C and D
5.1. Proof of Theorem C

Proof. LetE; (1<i<a-1)and V; (1< j<2)beasinLemma9. As in the proof of Theorem B,
we have

L=VieVo,®E, 19 - E].

By the hypothesis —1 is not a square in K from which it easily follows that a = 2. Let w; anzd n; be
2(g°-1)
=1

asin Lemma 10. Note that Ui(w,-) = —w; and thus wl? € L, but w; ¢ L,. Consequently w;

2_ —
and wgq Y= _1. Since of(w;) = w? hence n; = wl.q ', It follows that n; is a 2(g + 1)-th root of

unity but not a (g + 1)-th root of unity.

(1). Suppose a < a+1. Since 1 <i < a—1 therefore 1 < i < a. Again by Lemma 10, fp, o,
is degenerate if and only if n; is a 2/-th root of unity. Since i < a, this would mean that
17?7+1 = n?al = 1, a contradiction. Let &; be the subspace of A! corresponding to E; under the
isomorphism of Remark 8. It follows that &; is an n-subspace of dimension n/2’.

(2). Suppose @ > a+1. Pickie[l,a—-1]. If1 < i < a it follows from part (1) above that E; is
an n-subspace for 1 < i < a. So we assume that i = a+ 1. By the hypothesis [ = 1, whence
%ml =2 %*Y = 1. It follows that if a+1 < i < a—1 then n%l = 1. Thus in view of Lemma 10
all the skew-forms in &; are degenerate and in this case by Lemma 5, &; is an (n — 2)-subspace.
Similarly let 7; be the subspace of Al corresponding to V;. Then by Lemmas 11 and 5, 7; is an
(n—2)-subspace. U

Remark 18. In Theorem C when a > a+ 1 and [ > 1 then &; is neither an n-subspace nor an
(n—2)-subspace for a+1 < i < a—1. Indeed, by the definition of E;

i
nl2 -1 _

Eiz{beL:a}’llzi(b)=—b}:{b€L:b‘7 _1y.

Let Ci=(be L* : p2@"” =D = 1}. Then Cis a cyclic subgroup of L*. Clearly, C=L* U (E; \{0}).
Let u be a generator of C. It is clear that b; = u® € E; if and only if s is odd. We claim that foio; 18
degenerate if and only if s is an odd multiple of /. Indeed, let w; and i; be as in Lemma 10. Then

ni2t
. q -1
i 94 =
n/2' -2 b 21
= i ,

i 2
w; = bio(by) -0} (b)) = bib] - b

and
qn/2i71
-1_ g
ni=w!  =b " =bl
ni2t _ i
where ¢ := "q—Hl. By Lemma 10, f, » is degenerate if and only if n% = 1. Now from the proof

of Theorem C, n?‘ml = 1,?(‘7“) =1and n%ul =11 # 1. Consequently b0 is degenerate if and

only if n); is a primitive 2%*!-th root of unity, that is, if and only if,
ord(u) 2(qg+ 1Dt 20+1]

2%*1 = ord(n;) = ord(u*") = = = : 16
ord(m) =ord™) = oA, s~ ged@q+ Vi sh  ged@e Ly’ 00

or, gcd(2‘Hl l,s) = 1. In other words, for b; = u® € E;, fbi,nf is degenerate if and only if s is an odd
multiple of [. Thus, for example, fuzygf is degenerate while f;,5, is non-degenerate.
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5.2. Proof of TheoremD

Proof. By [4, Proposition 5.4.11] for every n there exists exactly one unramified extension L of
K = Q, of degree n obtained by adjoining a primitive (p" - 1)-th root of unity, say 8. Moreover ac-
cording to [9, Corollary 2], the extension L/K constitutes a cyclic extension such that Gal(L/K) =
(o) where ¢ is defined by o (6) = 8. Since —1 is not a square in K so p =2%] -1 =3 (mod4) by [4,
Proposition 3.4.2] anfli thus a = 2.

LetE;:={be L:0?" (b)=—b}wherel <i<a—1. The hypothesis « < a+1meansthatl1 <i <a.
Let w;,n; be as in Lemma 10. Again by Lemma 10, f},. , (b; € E;) is degenerate if and only if n; is
2i-th root of unity such thato(n;) = —anl. As 21|29 p+1]p"—1, thiswould mean that (n;) < (0)
and consequently, o(n;) = nf . But then

omani=nt" =" =1.

It follows that f, , is non-degenerate. Hence &; is an n-subspace, where & is the subspace of Al
corresponding to E;.

Similarlylet 7; (1 < j <2) be the subspace of Al corresponding to V;. Then by Lemmas 11 and 5,
V; is an (n — 2)-subspace. The theorem now follows.

Remark 19. In the situation of Theorem D for p = 2 the decomposition (16) holds true in view of
Remark 17. O

6. A 3-dimensional 4-subspace in Alt4(Q)

Let K := Q and L be the cyclotomic field Q(n) where 7 is a primitive 5-th root of unity in C. Then
L/K is a cyclic extension of degree 4. We will show that the maximum dimension of a 4-subspace
inside A is 3. Let b = x + yn + zn®> + wn® € L, where x, y,z, w € Q. We take the automorphism
o defined by o(n) = n® as a generator of Gal(L/K). Using the theory of Gauss periods we may
find the basis, namely, {1,n? + n°} for L,/Q. By Proposition 7, f,, is degenerate if and only if
N1, (b) € Q, that is, the coefficient of r]2 + 1]3 in Ni/1,(b) is zero. It is straight-forward to check
that this coefficient is —xy+xz+xw—yz+yw—zw. In this situation we thus obtain the following.

Proposition 20. The maximum dimension of a 4-subspace inside A' equals to a maximum
dimension of a totally anisotropic subspace of L with respect to the following quadratic form

Q(X,),2, W) =Xy —XZ—XW+YZ— YW+ ZW.
Proof. Clear. O

Theorem 21 (Legendre’s Theorem ([7, Theorem 1, Chapter 5])). Suppose a, b, c € Z are such that
abc is a non-zero square-free integer. Then the equation aX? + bY? + cZ? = 0 has a non-trivial Z -
solution if and only if
() a, b, c do not all have the same sign;
(iila) —bc is a square modulo |al,
(iib) —ac is a square modulo |b| and
(iic) —ab is a square modulo |c|.

Theorem 22. The maximum dimension of a 4-subspace in Al is3.

Proof. Let U be the Q-subspace of L spanned by {n+n%,—1+n3,1+n}. Let b= c1(n+n?) +co(—1+
n%) + c3(1+1). We claim that # := {f,,, : be U} < Al is the desired 4-subspace. Indeed, according
to proposition 20 we need to show that the quadratic form

2(cy,02,03) = cf + c§ +c§ +c1c3—30oc3
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has no non-trivial integer solution. It can be checked that 2 reduces to it’s diagonal form
r_ 2, 2 2
Q' =y +c5;—6c5.
To complete the proof, it suffices to show that 2’ has no non-trivial integer solutions. Based on

Theorem 21 it is evident that 2’ has no non-trivial integer solutions since —ab = —1 is not square
modulo |c| = 6. O

7. Conclusion

Eigenspaces of the elements of the Galois group yield constant rank subspaces in Altx (L). We can
always find an n-subspace of dimension n/2 in Al for an arbitrary field K (Remark 14). However,
this may not be the maximum possible dimension of an n-subspace in A! (as is evident from
the example in Section 5) unless n = 2k with k odd (Theorem A) or K is finite (or more generally
C! [5, Lemma 3]). Moreover unless K is finite it is not clear that we get an n-subspace of maximum
dimension of Alt,(K) in this way. The question of the maximum dimension of an n-subspace in
Alt,, (K) is closely related to other invariants for skew-forms including d (K, n, 1) and s, (K) defined
in [1] and [5] respectively. In particular, it is unknown to the authors if there is a 6-subspace in
Altg(Q) of dimension four.
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