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Abstract. In the Bogoliubov-Frohlich model, we prove that an impurity immersed in a Bose-Einstein con-
densate forms a stable quasi-particle when the total momentum is less than its mass times the speed of
sound. The system thus exhibits superfluid behavior, as this quasi-particle does not experience friction. We
do not assume any infrared or ultraviolet regularization of the model, which contains massless excitations
and point-like interactions.
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lette du modele, qui contient des excitations sans masse et des interactions ponctuelles.
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1. Introduction

An impurity in a Bose-Einstein condensate will create excitations out of the ground state and may
form a quasi-particle, called the Bose polaron, consisting of the particle and a surrounding cloud
of excitations. The system is of interest in physics as the impurity can reveal properties of the
condensate, such as superfluidity. Moreover, Bose-Einstein condensates are finely controllable
experimental platforms from which one hopes to learn about polaron physics in solids by
analogy.

The Bogoliubov-Frohlich Hamiltonian is an effective model for such a system, in which
the particle is linearly coupled to Bogoliubov’s excitation field. This model is relevant if the
interaction between the particle and the bosons is sufficiently weak to not significantly impact
the condensate [24], though there is some debate in the physics literature on what effects this
model can or cannot capture [5, 25]. Recent mathematical results prove that it provides an
accurate description of the system in certain mean-field [36, 43] and dilute [38] regimes.

In this letter we start from the translation-invariant Bogoliubov-Fréhlich Hamiltonian in R3
and prove that the Bose polaron is stable when the total momentum is less than the impurity
mass times the speed of sound. Mathematically, this corresponds to proving that the Hamiltonian
at fixed total momentum has an eigenvalue at the bottom of its spectrum. Since the excitations
in this model are massless, this eigenvalue is always embedded in the essential spectrum. One
expects that beyond some critical momentum this eigenvalue disappears and the system exhibits
a Cherenkov transition. That is, the polaron would radiate sound waves, thereby slowing down
to a stable state of smaller momentum. This has been validated numerically in [49, 50], but there
does not seem to be a mathematical proof of such a statement.

The dichotomy of stability at small velocities and a friction effect at high velocities has been
studied in a model of a classical particle interacting with sound waves in the series of works [14,
15, 17-20], and later in [39]. This model can be related to the Bose polaron system in a mean-field
regime with a heavy impurity [10]. A simplified model is obtained by decoupling the directions
of propagation of the particle and the waves, which limits the back-reaction of the field on the
particle. Such a model was studied in [4] in the classical and [3, 8] in the quantum mechanical
setting.

1.1. The Bogoliubov-Fréhlich Polaron

The Bogoliubov-Frohlich Hamiltonian is characterized by the dispersion relation of the field of
excitations, or phonons, and the form factor of the interaction. The dispersion relation is

w(k) =1/ k> +&2|k|, (D

where ¢ > 0 is the speed of sound and ¢ = 1/(2mgp), for the mass mp of the bosons in the gas. The
form factor of the particle-phonon interaction is

vA(K) = glig<a VK12 0(k), 2

where A is an ultraviolet cutoff (that may take the value infinity) and g is a coupling constant,
whose value will not be important in our analysis.

Our model is then realized as a selfadjoint lower-semibounded Hamiltonian on the bosonic
Fock space & over L?>(R3). We use the standard notation ag, a;; for the creation and annihi-
lation operators on & in the sense of operator-valued distributions. As usual, writing dI'(f) =
ff(k)a;; ardk and ¢(g) = [(g(k)*a + g(k)a,t)dk for second quantization and field operators,
respectively, we define the Bogoliubov-Fréhlich Hamiltonian at momentum P € R® with cutoff
A <ocoby

1
Hp(P) = E(P—df(ﬁ))z +dl () + @ (vp), 3)
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where p = (p1, P2, P3) denotes the vector of multiplication operators on L?(R%) given by p; f (k) =
k; f (k). Note that we have set the impurity mass equal to one, keeping ¢, ¢ and g as the model
parameters. Moreover, we may choose g = 0 without loss of generality, as the models with
different signs (phases) in the coupling are unitarily equivalent via e?28®dr ),

By the Kato—Rellich theorem, it follows from standard estimates that Hy (P) is a selfadjoint
lower-semibounded operator with 2(H (P)) = 2(Hy(0)) = @(df(ﬁ)z) NP (dI'(w) for all A < oo,
since vy, w Y2u, € [2(RY).

For A = oo, H(P) is defined by the following renormalization result from [33]. For the
convenience of the reader, we sketch the proof in Section 2.

Proposition 1. There exist (Zp)p>0 < R and, for all P € R3, a selfadjoint lower-semibounded
operator H(P) (given in Theorem 5) such that Hx(P) — X5 converges to H(P) as A — oo in the
norm resolvent sense.

Proof. The statement is that of Theorem 5 with x = 0. O

We are interested in studying the critical momentum of the operator H(P).

1.2. Critical Momentum

As described earlier in this introduction, the polaron may become unstable for large momentum.
We define the the critical momentum as

P.:=sup{Pe R3: info(H(P)) is an eigenvalue of H(P)}. 4)
The main result of this article can now easily be stated.
Theorem 2. For any coupling constant g = 0 and any speed of sound c > 0, we have
P.=c.
Proof. The statement is an immediate corollary of Theorem 8. d

Remark 3. It would be interesting to show that P, is finite, and that there is a unique transition,
i.e., info(H(P)) is an eigenvalue if and only if P < P,. The numerical study [50] supports this
picture and indicates that the second derivative of E has a jump at P... Moreover, [50, Figure 3(e)]
suggests that P, increases from c to infinity as g — co.

Remark 4. An interpretation of the statement is to think of P, = m..c, where m, is the effective
mass of the polaron (compare [49]). Then we have shown m, = 1, meaning that the quasi-particle
is heavier than the impurity of mass one, in agreement with the picure that the particle is dressed
by a cloud of phonons, increasing its effective mass. This definition of an effective mass is, of
course, different from the common definition by the curvature 6|2P|E (P)|p=o at zero, but one may
still expect similar qualitative behavior, see [13, 51] for a discussion of the latter quantity in the
Frohlich polaron model.

In order to prove Theorem 2, we have to deal with both an ultraviolet and an infrared
problem. The first is due to the fact that vy, ¢ L?(R%) (and also w™ 2 v, ¢ L?(R®)). Using the
method of interior boundary conditions, we can nevertheless describe the Bogoliubov-Frohlich
Hamiltonian, in particular its domain, without any ultraviolet regularization. This goes back
to a recent article by the second author [33], building on techniques developed for the related
Frohlich and Nelson models in [37] and improved on in the subsequent articles [32, 35, 47, 48].

The infrared problem is due to the fact that w(0) = 0, which entails that H(P) does not have a
spectral gap and info (H(P)) = infoegs (H(P)). For massive polaron models, i.e., models satisfying
essinfw > 0, the existence of ground states is well known, see for example [11, 16, 52]. In the
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massless case, one distinguishes between the infrared singular case v/w ¢ L?(R®) and the infrared
regular one v/w € [2(®3). In the infrared singular case, e.g., the famous Nelson model [44],
absence of ground states at arbitrary total momentum (and all non-zero couplings) has been
shown, cf. [6, 7, 16, 26]. In our case, however, the model is infrared-regular, as can be easily
checked. There exists a variety of perturbative methods to prove existence of ground states in
such a case for small values of the total momentum and the coupling constant, e.g., operator
theoretic renormalization [1], iterated perturbation theory [12, 45] and functional integration
methods [2, 53]. In particular, in presence of an ultraviolet cutoff A < co and for small coupling,
the fact that P, > 0 follows from [12, Proposition 1.1]. Hence, we extend the existence of a ground
state to the case without ultraviolet cutoff, arbitrary coupling and a larger set of total momenta.
The method we use in our proof is an adaption of a compactness argument first applied in [22]
and subsequently employed in the study of various models, e.g., the spin boson model [27], the
Nelson model [28, 31] and the Pauli-Fierz model [29, 41]. The general strategy is to introduce an
artificial boson mass « > 0, and then prove that the set of ground states with x — 0 is pre-compact
and provides a minimizing sequence for H(P).

In the remainder of this letter, we sketch the renormalization procedure leading to Proposi-
tion 1 in Section 2 and give the proof of Theorem 2 in Section 3.

2. Renormalization and Properties of the Bogoliubov-Frohlich Polaron

In this section, we sketch the proof of Proposition 1, by reviewing the renormalization method
employed in [34]. The key idea is to identify a divergent and P-independent contribution 2, to
info (Hx (P)). This contribution is of the form

Sa=eiA+elogh+0(1). 5)

The two divergent contributions of different orders arise in a two-step procedure of rewriting
Hu(P).

Throughout this section, we assume P € R3 to be fixed. We emphasize that most of the defined
objects, except for the contributions to Z 5, do have a P-dependence. We now fix some parameter
>0 and define

Ga = —(a(wa) (Ho(P)+w)~")". 6)
Employing that ™! v € L?>(R®), one can show that G, is a bounded operator, including the case
A = o0, see the proof of Theorem 5 below for more details. Further, for A < oo, we have the simple
identity

Hp(P) = (1-G)(Ho(P) + @) (1 = Gp) — Gy (Ho(P) + ) G — 4, Q)
which follows by expanding the product. The first singular contribution is contained in the term
~Gr(Ho(P) + )G = —a(vy) (Ho(P) + W~ a* (va) ®

To make it explicit, we will put the creation and annihilation operators in this expression in
normal order. With the pull-through formula ay (Hy (P) + ,u)’1 =(Hy(P-k)+w(k)+ ,LL)’1 ay, which
holds by inspection on every n-particle sector of & (see for example [1, Lemma IV.8]), we find

— a(vp) (Ho(P) + )" a* (vp)
vp(k)vp(0)
ap—————
Ho(P) +
_ va(k)? di— [ o NOING
Ho(P—k) +w(k) + CHyP—k—0)+wk) +w@) +p
With this order of a,, ai, the second term will be well defined also for A = co as an unbounded
operator, since the decay of a;V¥ in k for an element W of its domain will make the integral

ay dkd¢

ardkdl. (9)
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convergent. For the first term this is not the case, and we will need to first subtract its divergent
contribution to take A — oco. This can be chosen as

k)2
s =—dek, 10
A 1k + (k) 4o

which has a divergence proportional to A since v (k) is of order one for large k. We then
define Th,; = Op,1,0 +Op1,1, Where Op 10 = O,1,0(dI(p),dI'(w)) is a multiplication operator in
the momentum representation and ©4 1,1 = [ a;0,1,1(dT'(p),dl(w), k, £)ardkd! is an integral
operator, with

Oa,1,0( )——f va(k)® __uall?
ALOP T = %(P—p—k)2+77+w(k)+# %k2+w(k) a1
vpA(K)va(f)

9[\' , (prn’k’[) == '
11 LP-p-k-02+n+0k) +w0)+pu

Now, T\ makes sense also for A = oo, since the integral defining 6, ; o has a limit for A — oo, and
hence we could try to employ the identity

Gr(Ho(P)+w)Gr—ZY) = Ty (12)

to define the second term in (7) for a definition of H(P). This is not enough, however, to remove

the cutoff completely, since the (form) domain of the first term (1 - G3_) (Hp(P) + 1) (1 — Go) is not

contained in the (form) domain of T,. To remedy this issue, we include T, with the free operator.
For A € R, U {oo}, let

Ga =—(avp)(Ho(P)+ Ta +w)~1)". (13)
Then we can write a similar identity to (7) for A < oo, explicitly
Hpy=Q1-G)(Ho(P)+ Ta+ (1= Gp) — a(a)(Ho(P) + Ta+ ) ~'a*(vp) - Ta—p.  (14)

Expanding the resolvent gives

—a(vp)(Ho(P) + Ta + )" a* (vp) - Ta
=30+ a(up) (Ho(P) + Ta + 1) "' Ta(Ho(P) + 1) ™ a* (vp)
=20+ a(va) (Ho(P) + 1) ™' Ta (Ho(P) + ) ' a* (va)
= a(p)(Ho(P) + ) ' TA(Ho(P) + Ta + ) "' TaA(Ho(P) + )" a*(vp).  (15)

The term in the last line is regular in the case A = co and will be treated as a remainder, while the
first still contains the logarithmic divergence. To extract this, we proceed as before and put the
creation and annihilation operators in normal order. However, there is now also the possibility
of picking up a commutator between the operators in ®, ;; and the outer creation/annihilation
operators. With this in mind, the term with no remaining creation and annihilation operators
reads

f va(k)?05,1,0dT(P)+k,dI' () +w(k)) _ UA(K)UA(0)04,1,1dT(P),dT (w), k, £) dkde.
(Ho(P— k) + w(k) + )2 (Ho(P-k)+w(k)+ ) (Hy(P-0)+w(f)+ 1)
These integrals have a logarithmic divergence as A — oo, captured by
5@ f A (K)204,1,0(k, (k) e f UNGRNGE dkde. (16)
(L2 + w(k)° (3K2+0(K) (3 (k+ 02 +0(k) +w(0)) (302 +w(0))
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After subtracting this, we define TAa=0 A2,0+ Opz21 +0Op22, where Oy is a multiplication
operator of the same type as ®x,1,0, and ©p 1,042, are integrals with one, respectively two,
remaining creation and annihilation operators. The expression for ©, » o is given by
vA(K)20p,10(p + k, 0+ w(K))
2
(3(P-p-k2+n+wk) +p)
f vA(K)vpa(0)Op1,1(p,1, K, 0)
(%(P—p—k)2+n+w(k)+y) (%(P—p—€)2+n+w(€)+u)

dl

Or20(p,m) = f

dkde-=9, 17

where we observe that 25\2) is simply the value of the integrals at P = p =7 = p = 0. The integral
operators have the kernels

VA(R)UA(D)Op10(p+k+4,n+w(k)+w(0))
(FP-p-2+n+0E) +p) 3P-p-02+n+0@) +p)
*f vA(é)ZeA,l,l(p+£,n+w(é),k,f)dkdl a8)
(3(P—p—-82+n+w@+p)
Ak vaA(01)Op 11 (p+ K+ 41, n+ (k) +w(l1), k2, €2)
FP-p-k)2+n+ot)+u) (3(P-p-002+n+0l)+u)

Orp2,1(p,n, Kk, 0) =

9A,2,l(p)nr kl; kZ;[ly[Z) = (19)

Again, the definition of Ty may be extended to A = oo since these functions are defined also for
this value. Finally, the definition of the remainder term reads

Ry = —a(va)(Ho(P) + 1)~ Ta(Ho(P) + Ta + )~ Ta(Ho(P) + 1) ™' a@* (va) 0
= GrTA(Ho(P) + Tp + ) ' TAGa,

which defines a bounded operator also for A = co.

Since we require an infrared regularization in Section 3 additionally to the ultraviolet one
provided by the cutoff A, we directly consider the family of operators Hy a given by (3) with w
replaced by wx = w +x, i.e,,

Hea(P):= Hy(P)+xN -2V -2%  forx=0, ARy, 1)

where N = dI'(1) is the particle number operator as usual and we incorporated the ultraviolet
renormalization, by directly subtracting the divergent energy contributions as defined in (10)
and (16). Note that 2 (Hy o (P)) = 2(Hp,0(0)) N2 (x N), so we simply denote this domain by 2 (Hy o).
For A < oo, (21) immediately defines a selfadjoint lower-semibounded operator on 2(Hy ), since
w2y, e L2(RY).

The preceding discussion applies in the same way with w,, yielding objects Tx = Ty A, Ga =
G'K' A Ta = TK, A, whose dependence on x we will not make explicit. Proposition 1 is now a
consequence of the following theorem for x = 0.

Theorem 5 ([34]). Letk =0 and let Goo, Tno, Too, Roo be defined by (13), (11), (17)-(19), and (20)
with w = wy respectively. The operator

Hy0o(P) = (1= G%) (Hy 0 (P) + Too + ) (1 = Goo) + Too + Roo —
D(Hy,00(P)) = {y € F : (1 — Goo)y € D(Hy 0)}
is selfadjoint and bounded from below. We have the convergence
Hy A (P) — Hy,00(P)
in norm resolvent sense.

Sketch of the proof. We give a short outline of the proof with references to key technical lemmas
for the convenience of the reader. Throughout this proof, x = 0 is fixed.
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The first step is to prove that
ITawl < C||(Hio(P)+ D) 2y||  for AR, Ufoo},
I(Ta = To)w |l < Ca || (Hy,o(P) + D) #*eqp|

with € > 0 and limpy_—., Ca = 0 (the part ®,, 0 can be bounded by an elementary calculation;
concerning ©, 11, see [32, Lemma 17] and [35, Lemma B.2] for proofs in the case x > 0 that are
easily adapted to x = 0).

Using this, one shows that for A € R} U {oo}, G are bounded operators on &, satisfying

(22)

’

A—o0

[(Hyo(P) + ) Gall<C,  (Hyo(P)+ ) (Ga — Goo)

This follows easily from the bound IIa(f)dl“(n)’Uzll <\lfinl, viwe IL2(R%) and the fact that Ty is
an infinitesimal perturbation of Hy (P).

In particular, for p large enough, || Gall <1, s0 1 -G, is invertible. This shows that & (Hy,00(P))
is dense and combined with (22), the operator

0 for0<=s<1/4. (23)

K:= (1= G3)(Hyo(P) + Too + 1) (1 - Goo) (24)

is selfadjoint and bounded from below on this domain. The terms Too, R will be treated as
perturbations of K. For Rs,, boundedness follows directly from the properties of T and Gy.
For Ty one can again show

ITAwIl < Cll(Hx 0 (P) + Dy, (25)
I(Th = Too)w |l < Call(Hyo(P) + D)¥yl| (26)
for € > 0 and limp_, Cp =0 (cf. [35, Lemma B.2], [32, Lemma 19]). This implies that
1 Toow Il = 1 Too (1 = Go)¥ll + | Too Goo |
< C((H,o(P) + (1 = Goo) ¥ Il + | (Hy 0 (P) + 1)* GoowII) @27
<68IKcwl+Cslyl

for any 6 > 0. Thus Hy (P) is selfadjoint by the Kato—Rellich theorem.
Convergence of resolvents follows from the identity (14), the resolvent formula and the con-
vergence properties of Ty, G already mentioned. U

From the proof, we also obtain the following Lemma 6, which relates the domains of H(P) and
N. It will be important to our proof of Theorem 2 in the next section.

Lemma 6. For any P € R3, the subspace 2(N) N D(Hy,(P)) is a core for Hyoo(P). Further,
D (Hy 00(P)) = 2(N) N D(Hp,00(P)) for allx >0 and Hy oo (P) = Hp oo (P) + K N.

Proof. From Theorem 5, we know that 2 (Hy o (P)) = (1 — 600)‘1@(HK,0). Moreover, for any

core € of Hyo(P), (1 — Ge) '€ is a core for Hy oo(P), since (1 — Goo)~! : D(Hy o) — 2(K) is

continuous for the graph norms. Hence, to prove the domain statements, it suffices to show
(1= Goo)2(N) = @(N). This follows from the observation NGy, = Goo (N + 1), implying

IN( = Goo)¥ll < Nyl + [ Goo Il (N + Dy, (28)

INyll <IN = Goo)@ll + INGoow | < IN(A = Goo)¥ll + | Goo (N + Dyyll,  (29)

from where we conclude using || (?oo || < 1. Moreover,
Hy 0o(P) = Hp oo (P) + kKN (30

holds since both sides are the weak graph limit of Hy A (P), by Theorem 5, [46, Theorem VIII.26],
and the uniform bound || Ny| < C||(Hx,a(P) + ) wll. d
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Remark 7. One can observe that 2(H(P)) # 2(H(P') for P # P'. This is the case because
(Ho(P) + )~ dT'($) Goo, (€3]

which is proportional to the difference of G, for two different values of P, does not map 2 (Hy(0))
to itself. It does, however, map the form domain of Hy o (P) to itself, so the operators with different
total momenta still have comparable quadratic forms. Notwithstanding, this fact will not be used
in our arguments.

3. Existence of Ground States

In this Section 3, we prove the following Theorem 8.
Theorem 8. If|P|<c, theninfo (H(P)) is an eigenvalue of H(P).

To prove the statement, we approximate H(P) = Hy (P) by the infrared regularized Hamilto-
nians Hy . (P) with k¥ > 0 introduced in (21). Further, we write

ExA(P):=info(Hea(P))  forallx =0, A€ Ry Ul{oo}, PeR>. (32)
Let us first observe that the ground state energies converge, when removing any regularization.

Lemma?9. Forany fixedx =0, A € R, U {oo} and P € R®, we have

Ex oo = lim Eyx s and Egp =limEj 5.
o—00 171()

Proof. The first statement is a consequence of the norm resolvent convergence established in
Theorem 5 (cf. [9]). For the second statement, we observe that 2(N) N 2(Hy A (P)) is a core for
Hy A (P), by the Kato—Rellich theorem for A < co and by Lemma 6 for A = co. Hence, picking any
€ >0, there exists @, € 2(N) N D (Hp,a (P)) with [l |l = 1 such that (@, Hy A (P)pe) < Eg a(P) + €.
Further employing that Hy A (P) — Ho A (P) = 0 (as a form inequality), again by (21) and Lemma 6,
we find

Eo,an(P) = EnA(P) = (e, Hp A(P)pe) = (e, Ho A (P)e) +1{@e, Npe) < Eon +€ +1{Pe, Ne) .
First taking n7 | 0 and then € | 0 finishes the proof. U

The mass term « N ensures the existence of a spectral gap for small enough P, as a conse-
quence of the following well-known HVZ-type theorem [16, 42].

Proposition 10 ([42, Theorem 1.2]). Forallx >0, A € Ry, we have
infoess(Hy A(P)) =  inf " [EcA(P—ki—--—kp) +w(k1) + - w(ky) + nx]. (33)
€l

In view of the above Proposition 10, we need to estimate the difference E(P — k) — E(P). This
can be done using simple convexity arguments, cf. [28, 40].

Lemmall. Letx =0, AR, Ufoo} and PK € R3. Then
Ex A(P—K) — Ex,A(P) = —|K]||P].
Proof. First, we assume that ¥ > 0 and A < oo and prove the inequalities
0 < Ex A(P) — Ex A (0) < %IPIZ for all P e R®. (34)

The first inequality goes back to Gross [23], see [30, Lemma 3.4] for a recent adaption which covers
our case. Now, note that Proposition 10 combined with the first inequality yields

infoess (H,4(0)) = Ex A (0) +x, (35)
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so Ex, A (0) is a discrete eigenvalue with corresponding normalized eigenvector o € 2(Hy A (0)) =
D (Hy A (P)). Then

1
Ex, A ((P)) = (Wo, Hie, A (PYY0) = Ex,a(0) + §|P|2+ (Wo, P-dT(P)yo).

This implies 3| P>+ (yo, P-dT'(p)yo) = 0forall P € R3. Letting P — 0, this yields e-(yo,dT (P)yo) =
0 for all normalized e € R, whence (yg,dT'(p)wo) = 0. This proves the upper bound in (34).
Clearly, the map

)2 1PZ—E (P)=-  inf < (—P-dF(A)+ldF(A)2+H (0)) > (36)
2 A D (Hen (P v prematip oA DY

is convex, as a supremum over linear functions of P. By a general result on convex functions
taking nonnegative values below the standard parabola (essentially the fact that such a function
must lie below any segment that intersects its graph and is tangent to the parabola, cf. [40,
Appendix A] or [28, Corollary A.6]), this gives for x >0, A < oo

—|KIIP|+3IK*> if|K|<|P],

(37
-31PI? if [K|> |P].

Ex A(P—K)—Exp(P) = {

In both cases the right hand side is larger than —|K|| P| as claimed. This proves the claim for x >0
and A < oco. The general statement follows from the convergence results of Lemma 9. O

Corollary 12. If|P|< c, then Ex A(P) is a discrete eigenvalue of Hy A(P) for allx >0 and A €
R, U {oo}.

Proof. Firstassume A <oo. Combining the HVZ Theorem, Proposition 10, with Lemma 11 gives

n
> ki
i=1

infoess(Hy, A (P)) = Ex A (P) = inf X (Z(w(ki) +x)—|P|
i=1

) . (38)

Since the absolute value is subadditive and w(k) = c|k]|, this is larger than x for |P|< ¢, which
proves the statement in the case A < oo. The case A = oo directly follows from Theorem 5, since
norm resolvent convergence implies convergence of infoess (Hy, A (P)) and Ex A (P). O

We now identify a compact set in Fock space containing the (normalized) ground states of
Hy A (P). To this end, we define
ripl

1
y lagsp—a)ylls —— forae. k,p€R3, Ipl= §|k|}' 39)

gr;:{l//a@: laxyl< | k|2

r
VIkl VK2

Lemma 13. Forallr >0, the set¥, is pre-compact in F.

Proof. The elements of ¢, are localized by the first bound, and regular by the second. Conditions
of this type are well-known to yield compactness, see [28, Theorem 3.4] for a detailed proof. [

Now, we prove that ?, contains the ground states of Hy 4 (P).

Proposition 14. If|P|<c, there existr >0 (depending on |P|, g and c) such that for allx >0 and
A € Ry U {oo} and any normalized w € D (Hy a(P)) with Hy p(P)y = Ex A (P)y, we havey € 9Y,.

Proof. Throughout this proof, r > 0 denotes a (not necessarily fixed) constant solely depending
on |P|, g and c. Especially, r is independent of x or A. Further, fix x > 0, A < oo and v as in the
statement.

The starting point of our proof is the the pull-through formula

ary =—vA()ReaA(RK)y  with Rea(PK) = (Hea(P— k) = Eqa(P) +o(k) +x) ™", (40)



1408 Benjamin Hinrichs and Jonas Lampart

which holds true for almost every k € R3. To check this, compute using the commutation relations
0= ay(Hi,A(P) = Ex, A(P)W¥ = vA(K)Y + (Hy, A (P — k) + 0(k) + K — Ex A (P)) agy. (41)

The formula then follows by applying Ry, A (P, k), which is well defined since Ex A (P—k) = Ex A (P)—
|k||P|= Ex A (P) —w(k), by Lemma 11 and the assumption |P|< ¢, see e.g. [6, 21] for more details.
To estimate the resolvent, we use Lemma 11 to obtain the bounds

By (P — k)= Boa(P)+ (k) = (k) |Pllkj= | €7 |PDIKI forall ke R 42)
-k - w(k) =wk) - >
oA oh $1kf2 if | k|> 2671 P,
Then, using that Hy s (P — k) = Ex A (P — k), it follows directly from the spectral theorem that
((c—IPDIkD~! forall ke R3,
R, A (B k)= 12 . _1 (43)
287 k| if |k|> 2&7|P).
Further employing |v(k)| < g(1/1kl/c A 1) we find, for an appropriate choice of r,
lva(K)R A (B Kl = (44)

i
VIKIV K2

which combined with (40) proves the desired bound on a;y in the definition (39).
Now let |p|= %Ikl. The resolvent identity gives

apy = agy = (va(k+ p) = va(R)) R A (B k+ p)y
+UA(K)Re ARk +p)p-(P—k—dT(P)IRA(RK)w. (45)

Since [Vva (£)] = Co™ V2 (k) for 3k| < ¢ < 3|k|, cf. (2), using (43) yields
8Clpl _ _rlpl

k+p)—vak))Rea(Pk+ S o e ST 46
I (atk+p) = valO) RoaBk+ pyll = - — e < 1 o

As [[IP = k—dT(P)|Ri,a (P K)II< 1, (44) also implies
| A (R) R, A (R R+ p)[p- (P = k—dT(B)] R a (R KW < %- “n

Combining (45), (46) and (47) and the definition (39), this proves that ¥ € ¢, in the case A < oco.
As a consequence of norm-resolvent convergence and the uniform gap estimate in Corol-

lary 12, the spectral projections of Hy a(P) converge to those of Hyo(P) (cf. [46, Theo-

rem VIII.23]), whence the ground states of Hy , are contained in the closure G,. U

We conclude with the proof of our main result.

Proof of Theorem 8. Let ¥, denote any normalized ground state of Hy . (P) for x > 0. Since
D (Hy 0o(P)) € Z(H(P)), cf. Lemma 6, we find

0= Wy, (HP) — EP)Wx) < Wi, (Hyo0(P) — EP)V) = Exoo(P) — Egoo(P) %0, (48)

by Lemma 9. Further, since (yx)x>0 < ?r by Proposition 14, which is compact by Lemma 13,
there exists a zero sequence (k) ,en such that the limit wo, = lim; .o, ¥, exists. The estimate
(48) then implies that ., € 2(H(P)'/?), whence ¥, is a minimizer of the closed quadratic form
of H(P), and thus an eigenvector, which finishes the proof. O
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