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Abstract. A theorem of Keller states that the Yoneda algebra of the simple modules over a finite-dimensional
algebra is generated in cohomological degrees 0 and 1 as a minimal A∞-algebra. We provide a proof of an
extension of Keller’s theorem to abelian length categories by reducing the problem to a particular class of
Nakayama algebras, where the claim can be shown by direct computation.

Résumé. Un théorème de Keller stipule que l’algèbre de Yoneda des modules simples sur une algèbre de di-
mension finie est générée en degrés cohomologiques 0 et 1 comme une A∞-algèbre minimale. Nous prou-
vons une extension du théorème de Keller aux catégories de longueur abélienne en réduisant le problème à
une classe particulière d’algèbres de Nakayama, où l’affirmation peut être démontrée par un calcul direct.
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We work over an arbitrary field k. Let A be a finite-dimensional algebra and S the direct sum of
a complete set of representatives of the simple (right) A-modules. The Yoneda algebra Ext∗A(S,S),
as a graded algebra, does not determine the algebra A up to Morita equivalence, as the following
example shows (see [8, Section 2.1] or [13, Example B.2.2]): Let A = k[x]/(xℓ), ℓ≥ 3; then

Ext∗A(S,S) ∼= k[u, v]/(u2), |u| = 1, |v | = 2, (1)

does not depend on ℓ. On the other hand, the Yoneda algebra of an arbitrary finite-dimensional
algebra inherits, via Kadeishvili’s Homotopy Transfer Theorem [5, 15], the structure of a mini-
mal1 A∞-algebra since the Yoneda algebra is the cohomology of the differential graded algebra
RHomA(S,S). Endowed with this additional A∞-structure the Yoneda algebra does determine the
algebra A up to Morita equivalence [7, Section 7.8]. The purpose of this short article is to provide
a proof of a minor extension of a theorem of Keller [8, Section 2.2, Proposition 1(b)] that is stated

1Recall that an A∞-algebra is minimal if its underlying complex has vanishing differential.
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below. A proof of Keller’s theorem that utilises the calculus of Massey products was announced
by Minamoto in [16]; our proof should have some similarities with his.

Theorem (Keller). Let A be a k-linear abelian length category [10] with only finitely many
pairwise non-isomorphic simple objects, for example the category of finite-dimensional modules
over a finite-dimensional algebra. Let S1, . . . ,Sn be a complete set of representatives of the simple
objects in A and set S := S1 ⊕·· ·⊕Sn . Then, the Yoneda algebra Ext∗

A
(S,S) is generated by its

homogeneous components of cohomological degrees 0 and 1 as an A∞-algebra.

Remark. Since the abelian category A is not assumed to have any non-zero projective or injec-
tive objects, we interpret the Yoneda algebra Ext∗

A
(S,S) in terms of Yoneda equivalence classes of

exact sequences [19]. The results in [18, Section III.3] (see in particular paragraph III.3.3.2 therein)
readily imply that we can identify the Yoneda algebra with the graded algebra

⊕
k≥0 Hom(S,S[k])

of endomorphisms of S in the derived category of A . Thus, we may and we will identify minimal
A∞-algebra structures on the Yoneda algebra with those of the latter graded algebra.

Remark. The isomorphism (1) shows that the conclusion of the theorem may fail if the Yoneda
algebra Ext∗

A
(S,S) is considered as a graded algebra only.

Proof of the theorem. We use freely the theory of A∞-categories [7, 12], as well as the theory
of differential graded (=DG) categories and their derived categories [6, 9]. We also assume
familiarity with the Auslander–Reiten (=AR) theory of Nakayama algebras, see for example [1,
Chapter V].

Let d ≥ 1 and δ ∈ Extd+1
A

(S,S) a Yoneda class represented by an exact sequence

0 −→ Sa −→ M1 −→ M2 −→ ·· · −→ Md+1 −→ Sb −→ 0 (2)

between some simple objects; notice that we identify Extk
A

(S,S) =⊕n
i , j=1 Extk

A

(
Si ,S j

)
. Below we

prove that δ is generated by Yoneda classes of degrees 1 and d under the operations mA
k with

k ≤ len(M1). The theorem then follows by induction on d ≥ 1.
A straightforward inductive argument shows that the exact sequence (2) can be extended, by

first choosing composition series of Ni := img(Mi → Mi+1), to a commutative diagram of the
following form in which all squares are bicartesian, the apparent sequences at the bottom are
short exact, and all of the objects along the bottom of the diagram are simple:

Sa

•
•

•
•

M1

•
•

•
•

N1

•
•

•
•

•
M2

•
•

•
•

•
•

•
•

•
•

•
•

•
•

•
•

•
•

•

•
•

•
•

•
•

•
•

Sc

•
•

•
•

•
M ′

2

•
•

•
•

•
N2

•
•

•
•

· · ·

•
•

•
•

•
•

•
•

· · ·
•

•
•

•
•

•
•

· · ·
•

•

•
•

•
•

· · ·
•

•
•

•
•

· · ·
•

•
•

•

. . .

•
•

•
•

•

•
•

•
•

Nd

Md+1

•
•

•
•

•

•
•

•
•

•
•

•

•
•

Sb

ℓ= len(M1)

Consider now the Nakayama algebra B = kQB /I with Gabriel quiver

QB : 1 → 2 → . . . → p, p =∑d+1
i=1 len(Mi )−∑d

j=1 len
(
N j

)
,
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and Kupisch series

(1,2, . . . , len(M1) , len(N1)+1, len(N1)+2, . . . , len(M2) ,

. . . , len(Nd−1)+1, len(Nd−1)+2, . . . , len(Md ) , len(Md+1)).

Observe that the above commutative diagram is indexed by the AR quiver of the category modB
of finite-dimensional (right) B-modules. In other words, we can extend the exact sequence (2) to
an exact functor F : modB → A that sends the simple B-modules to simple objects of A . The
exact functor F lifts to an A∞-functor

F̃ : Db(modB)dg −→ Db(A )dg

between the corresponding bounded derived DG categories, for example because Db(modB)dg is
the pre-triangulated hull of modB [3, Theorem 6.1 and Example 6.2]. The many-objects version
of the Homotopy Transfer Theorem yields minimal models of Db(modB)dg and Db(A )dg so that
we may consider the induced A∞-functor

H∗(Db(modB)dg) H∗(Db(A )dg)

Db(modB)dg Db(A )dg

F

≀
F̃

≀

H∗(Db(modB)dg) H∗(Db(A )dg)

H∗(Db(modB)dg) H∗(Db(A )dg)

F1

id

H∗(F̃ )

id

We obtain, in particular, an A∞-morphism

F : Ext∗B (S,S) −→ Ext∗A (S,S) ,

where the Yoneda algebras are now endowed with minimal A∞-algebra structures.
We claim that the underlying morphism of graded algebras

F1 : Ext∗B (S,S) −→ Ext∗A (S,S) , γ 7−→ δ, (3)

maps the Yoneda class γ of an augmented minimal projective resolution of the simple B-module
concentrated at the vertex p of the quiver QB to the class δ. Indeed, γ = αd+1α2 · · ·α1 is the
product of Yoneda classes of short exact sequences between certain indecomposable B-modules
and, therefore,

F1(γ) =F1(αd+1αd · · ·α1) =F1(αd+1)F1(αd ) · · ·F1(α1) = δ.

Here, the classes F1(αi ), i = 1, . . . ,d +1, satisfy the equality on the right-hand side by construc-
tion since the restriction of the graded functor F1 : H∗(Db(modB)dg) → H∗(Db(A )dg) to the
graded subcategories spanned by modB and A , respectively, is induced by the exact functor
F : modB →A above.

Since Nakayama algebras are monomial algebras, an explicit description of a minimal model
of the Yoneda algebra Ext∗B (S,S) is available due to independent work of Chuang and King
(unpublished) and of Tamaroff [17, Theorem 4.9].2 In particular, we can assume that3

mB
ℓ (η1 ⊗η2 ⊗·· ·⊗ηℓ−1 ⊗η) = γ, ℓ= len(M1) , (4)

where ηi ∈ Ext1
B (Si+1,Si ) ∼= k is the Yoneda class of an AR sequence and η ∈ Extd

B

(
Sp ,Sℓ

)∼= k is the
Yoneda class of an exact sequence of the form

0 −→ Sℓ −→ M ′
2 −→ ·· · −→ Md+1 −→ Sp −→ 0,

2The computation of the explicit product that we need is straightforward using the HTT; see also [4].
3Compare with [16, Theorem 1] where the equivalent of the Massey product 〈η1, . . . ,ηℓ−1,η〉 ∋ ±γ appears.
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with M ′
2 the injective hull of the simple B-module Sℓ and Md+1 the projective cover of Sp , as

indicated in the above diagram that we now interpret as the AR quiver of modB . Moreover, an
elementary computation shows that

mB
j−i+1(ηi ⊗ηi+1 ⊗·· ·⊗η j ) ∈ Ext2

B

(
S j+1,Si

)= 0 (5)

whenever 1 ≤ i < j < ℓ, and also

mB
ℓ−i+1(ηi ⊗ηi+1 ⊗·· ·⊗ηℓ−1 ⊗η) ∈ Ext∗B

(
Sp ,Si

)= 0 (6)

whenever 1 < i < ℓ. Here we use that the operation mB
k has degree 2−k.

Finally, the A∞-morphism F : Ext∗B (S,S) → Ext∗
A

(S,S) satisfies in particular an equation of the
form

0 = ∂(Fℓ) = ∑
r+1+t=k
r+s+t=ℓ

±Fk ◦ (1⊗r ⊗mB
s ⊗1⊗t )− ∑

2≤k≤ℓ
i1+···+ik=ℓ

±mA
k ◦ (Fi1 ⊗·· ·⊗Fik ),

where ∂= 0 since the A∞-algebras involved are minimal. Therefore, using equations (3) and (4),4

δ=F1(γ) =F1(mB
ℓ (η1 ⊗·· ·⊗ηℓ−1 ⊗η))

= mA
ℓ (F1(η1)⊗·· ·⊗F1(ηℓ−1)⊗F1(η)︸ ︷︷ ︸

∈Ext1,d
A

(S,S)

)+ω,

where

ω= ∑
r+1+t=k>1

r+s+t=ℓ

±Fk ( · · ·︸ ︷︷ ︸
=0

)+ ∑
2≤k<ℓ

i1+···+ik=ℓ

±mA
k ( · · ·︸ ︷︷ ︸

∈Ext1,d
A

(S,S)

).

To argue the vanishing of the first term we use that the inputs involve one the higher products
(5)-(6) that we know vanish, and for the condition on the degrees of the inputs in the second term
we note that

F j−i+1(ηi ⊗·· ·⊗η j ) ∈ Ext1
A (S,S) 1 ≤ i < j < ℓ,

Fℓ−i+1(ηi ⊗·· ·⊗ηℓ−1 ⊗η) ∈ Extd
A (S,S) 1 < i < ℓ,

since the component Fk is a morphism of degree 1−k. This finishes the proof. □

Remark. In a MathOverflow post [14], Madsen gives an outline of Keller’s original proof of the
theorem, which is unpublished.5 Keller’s proof uses the description of the category of finite-
dimensional modules over a finite-dimensional algebra A as the category of twisted stalks on
the Yoneda algebra Ext∗A(S,S) with its minimal A∞-algebra structure. In fact, one may replace
the ambient abelian category by the exact subcategory of objects filtered by a finite collection of
objects, with Ext∗ now understood in this exact subcategory. Our proof, which can be adapted
to this more general setting with the appropriate modifications, avoids making explicit use of
the category of twisted stalks by instead reducing the problem to a computation with Nakayama
algebras.
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