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Abstract. This note serves to record examples of diffeomorphisms of closed smooth 4-manifolds X that are
homotopic but not pseudoisotopic to the identity, and to explain why there are no such examples when X is
orientable and its fundamental group is a free group.

Résumé. Cette note a pour but de présenter des exemples de diffeomorphismes d'une 4-variété lisse X qui
sont homotopes mais pas pseudo-isotopes a I'identité, et d’expliquer pourquoi de tels exemples n’existent
pas quand X est orientable de groupe fondamental libre.
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Recall that two diffeomorphisms ¢y and ¢; of a smooth manifold X are called pseudoisotopic
if there exists a diffeomorphism of X x [0, 1] that restricts to ¢; on X x {i} for i =0, 1.

As part of the K3 project!, we were asked the following question:

Question. Is any diffeomorphism of a connected closed smooth 4-manifold X that is homotopic
to the identity also pseudoisotopic to the identity?

Equivalently, the question is whether homotopy implies pseudoisotopy for diffeomorphisms
of connected closed smooth 4-manifolds X. If the fundamental group 7 (X) vanishes or if X is
orientable and 7; (X) = Z, the answer to this question and its analogue in the topological category
is known to be positive (see [10, Theorem 1], [13, Proposition 2.2], and [16, p. 51]).
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The purpose of this note is twofold: firstly, we illustrate how classical surgery theory allows
one to answer the general form of the question in the negative.

Theorem A. There exists a diffeomorphism of a smooth closed 4-manifold X that is homotopic
but neither smoothly nor topologically pseudoisotopic to the identity.

More concretely, we explain why a diffeomorphism as in Theorem A exists for any 4-manifold
of the form X = Y#8(S? x §?) for large enough g > 0 depending on Y, where Y is any connected
compact smooth stably parallelisable 4-manifold whose fundamental group 7 := ; (Y) satisfies:

(1) H;(m)/(2-torsion) is not annihilated by multiplication by 3 and
(2) the 5th simple L-group Lg (Z[r]) of Z[r] with the standard involution vanishes.

There are many 4-manifolds with these properties: any finitely presented group n arises as 71 (Y)
of a connected closed smooth stably parallelisable 4-manifold Y [7, Proof of Theorem 1] and there
are many choices for 7 that satisfy (2), such as finite groups 7 of odd order [1] or more generally
products 7 = 7mogq X Z/2¥ where Toqd has odd order [5, p. 227, 12.1, 12.2], e.g. 7 can be any finite
cyclic group. If 7,44 has a nontrivial element of order # 3, then 7 also satisfies (1).

Example. The simplest example for Y that satisfies the conditions is the result of a surgery along
an embedding e: S' x D® — S! x §3 such that (a) the class [e] € 71(S! x §%) = Z is +5 and (b) the
result of the surgery is stably parallelisable (which is always possible; see [11, Theorem 2]).

The second purpose of this note is to observe that a combination of the surgery exact sequence
with arguments in work of Shaneson allows one to widen the class of examples for which the
answer to the Question is positive from orientable 4-manifolds X such that 7, (X) is trivial or free
of rank 1 to those for which 7 (X) is a free group F,, of arbitrary finite rank n = 0.

Theorem B. For diffeomorphisms of connected closed smooth orientable 4-manifolds with free
fundamental group, homotopy implies pseudoisotopy.

Remark. Combined with recent work of Gabai [4, Theorem 2.5, Remark 2.10], this implies that
diffeomorphisms of 4-manifolds X as in Theorem B that are homotopic are also stably isotopic,
i.e. are isotopic when extended by the identity to diffeomorphisms of X8 (5% x S?) for some g = 0
after isotoping them to fix an embedded disc to form the connected sum.

Proof of Theorem A

The proof centres around the diagram of groups

mohAut) (X x I) Q SSMV(X x 1) & moDiff5 (X) Q mohAut} (X)
N
S5(X x 1)

1® (m)
[Z(X/0X),G/0]. @ [Z(X/0X),BOl.
1®
L5(Z[m1 (X1, wr)
for any compact connected smooth 4-manifold X. The terms and maps involved are:

(I) moDiffy(X) and mohAut} (X) are the groups of diffeomorphisms (or simple homotopy equiva-
lences) of X that fix dX pointwise, up to smooth pseudoisotopy (or homotopy) fixing 0X,
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S5(X x I) is the simple structure set of the pair (X x I,0(X x I)) in the sense of surgery the-
ory [17, Chapter 10], consisting of equivalence classes of pairs (W, ¢) of a compact 5-manifold
W and a simple homotopy equivalence ¢: W — X x I that restricts to a diffeomorphism
@low: OW — 0(X x I). The group structure is by “stacking”. Note that the manifold W be-
comes via @l a relative self s-cobordism of (X,0X) with an identification of the bound-
ary bordism with X x I, but since W is 5-dimensional this s-cobordism need not be triv-
ial. Restricting to those classes of pairs (W,¢) for which W is trivial (i.e. diffeomorphic
to X x I relative to 60X x I, but not necessarily relative to X x {0,1}) defines a subgroup
SS™V(X x 1) S S(X x I).

[2(X/0X),BO]. and [2(X/0X),G/0O]. consist of pointed homotopy classes of maps from the
reduced suspension of X/0X to the classifying spaces BO and G/O for stable vector bundles
and for stable vector bundles with a trivialisation of the underlying stable spherical fibration,
Lg(Z[ﬂl(X)], w) is the 5th simple L-group of the group ring Z[m; (X)] with the involution
determined by orientation character w, in the sense of surgery theory (see loc.cit.).

The map @ sends [¢] to [X x I,¢], @ sends [X x I, @] to [@|xx1 O(pl)‘(lx{o}], @ sends [¢] to [¢],
@ and (B take normal invariants and surgery obstructions respectively (see loc.cit.), and ®
is induced by forgetting the trivialisation of the spherical fibration.

We will use the following facts about this diagram:

The top row and middle column are exact; the former by inspection and the latter by surgery
theory (see e.g. Chapter 10 loc.cit.).

We have [2(X/0X),G/0], =H'(X,0X;Z/2) ® H*(X,0X;Z) (see e.g. [9, p. 398]).

The composition S3(X x I) — [Z(X/0X),BOl. has the following description (cf. [17, p. 113—
114)): for [W, ] € Sg (X x I), choose a homotopy inverse ¢ of ¢ with @laxx) = (pl(;l}V’ consider
the stable vector bundle ¢* (viy) ® Txxs over X x I where v(_) and 7(_ is the stable normal
and tangent bundle. Together with the trivialisation of (¢* (viv) ® T xx1)laxx 1) induced by the
derivative of @g(x« 1y, this defines a class in [(X x I)/0(X x I),BO]. = [Z£(X/0X),BOl..

If X arises as a codimension 0 submanifold X cint(X) of the interior of a compact con-
nected smooth 4-m2lnif01d X, there is a morphism SB(X x [) — S; (Xx1I given by sending
(W, @) to W Ugxx; (X\int(X) x I) and ¢ to (¢ Usxxsid). This preserves the triv-subgroups
from (II). Moreover, from (c) one sees that this morphism is compatible with the map
[Z(X/0X),BO]. — [X(X/0X),BO],. given by precomposition with the map Z(X/0X) —
2(X/0X) induced by collapsing X\int(X). In particular, if 0X # &, there is a stabilisation
morphism S§(X x I) — S5(X#(S* x §%) x I) by viewing X as a submanifold of X Uyx ((0X x
DES? x §2) = X#(S? x §2).

If 0X # @, then by the stable s-cobordism theorem [12, Theorem 1.1], for any element
x € S3(X x I) there is a number g > 0 depending on x such that the image of x under the
iterated stabilisation map S3(X x I) — S3(X #(S? x §%)% x I) from (d) lies in the triv-subgroup
from (ID).

After localisation (-) [%] away from 2 and Postnikov 7-truncation 7<7(—) the spaces G/O and
BO are both equivalent to K(Z[%]A) and the map T57(G/O)[%] — Tg7(BO)[%] is induced by
multiplication by +3. This follows from the computation of the stable homotopy groups of
spheres in small degrees and the surjectivity of the stable /-homomorphism in degree 3.

If X is stably parallelisable and 7 (X) satisfies the conditions (1) and (2) (let us call such

manifolds admissible for brevity), we can add to this list:

(8
(h)

The map @ is surjective as Lg (Z[m1(X)], w1) =0 by (2) since X is orientable.
The composition (& o @ o D): mohAut] (X x I) — [Z(X/0X),BOl. is trivial. This follows from
the descriptions of D) and ® o @ in (V) and (c) using that X is stably parallelisable.
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(i) By (b) and Poincaré duality we have [Z(X/0X),G/0], = H;(X;Z) ® H' (X,0X;Z/2). As a result
of (1) there exists an element x € H; (X;Z) with 3-x ;é 0e€e HI(X;Z[%]). By (g) the class
x lifts along @ to S3(X x I) and since [Z(X/0X), G/O[ 1« — [2(X/0X), BO[ 11 is given by
multiplication by 3 in view of (f), it follows that x maps nontr1v1ally to [Z(X/ 6X) BO[ 1. In
particular the composition S;(X x ) — [Z(X/OX),BO[Z]] = H1(X,Z[2]) is nontrivial.

Combining all this, the proof goes as follows: given an admissible 4-manifold Y, the claim
is that there is a g = 0 and a class in the kernel of @ for X = ing(S2 x §2) that maps non-
trivially to the group noHomeo(X) of topological pseudoisotopy classes of homeomorphisms.
We fix an embedded disc D* c int(Y) and set Y° := Y\int(D*) which is again admissible.
By (i) there is a class x € Sg(Yc’ x I) that maps nontrivially to [Z(Y°/6Y°),BO[%]]*. Using (e),
since dY° # & we find g = 0 such that the image x; of x under g-fold stabilisation lies in
Ss IV yoy(S2 x $2)88 x I). Using the inclusion Y°#(S% x $2)%8 c Y(S? x $?)¥8 we obtain via (d)
an element Xg in S UV(y 48 (S2 x §2) x I). By the compatlblhty part of (d) the image of this el-
ement in Z(YtI(S2 x Sz)mg/O(Ylj(S2 x §%)#8)),BO(3] is the image of x under the composition
S5(Y° xI) — [£(Y°/0Y°),BO[3]]. — [Z(Y}8(S* x 52)/0(Yu(52 x §2)%)),BO[111., so it is nontrivial
since it is not in the kernel of the first map by choice of x and because the second map is in
light of (f), (d) and Poincaré duality an isomorphism since the inclusion Y° c Y#8(S? x §?) is
an isomorphism on first homology. Using (h) this implies that X is not in the image of (D for
X = YH(S% x §2)%, so its image under ) is a nontrivial element in the kernel of ). To see that
this element is also nontrivial in 7oHomeo(X), one argues as follows: by forgetting smoothness
the diagram (1) maps compatibly to the corresponding diagram in the topological category, so
it suffices to show that xg is, when mapped to the topological version of S3(X x I, still not hit
by the topological analogue of (D. By the way we detected this element, it suffices to show that
the map [Z(X/OX),BO[%]] — [2(X/0X), BTop[ 11« induced by the map BO — BTop classifying
the underlying stable Euclidean space bundle of a stable vector bundle is injective. This holds
because 7<7(BO) [%] — T<7(BTop) [%] is an equivalence (see e.g. [8, p. 246, 5.0, (5)]).

Remark. In dimensions d = 5, it is significantly easier to produce examples as in Theorem A,
even 1-connected ones, for example X = 3 x S” for any n = 2 works. This can be shown by a
variant of the strategy above, but for n = 3 there is also a more elementary argument: choose
[¢] € m3(SO(n + 1)) that maps to a nontorsion class in 73(SO) = Z and lies in the kernel of the
map induced by the forgetful map SO(n + 1) — hAut(S") (this is possible if and only if #n = 3) and
consider the orientation-preserving diffeomorphism ty of S3x gn given by 1, (x, v) = (x,@(x) - v).
Since the image of ¢ in m3(hAut(S™)) is trivial, f, is homotopic to the identity. With respect
to the standard stable framing of $* x ", the stable derivative of 7, in [S* x §",50] = 73(SO) ®
7,(SO) & 7,,+3(SO) is given by the stabilisation of [¢] in the first term, so it is nontrivial by choice
of ¢. This implies that #, is not pseudoisotopic to the identity, and since the image of ¢ in
73(STop) is nontrivial as Z = 13(SO) — n3(STop) = Z & Z/2 is injective, £, is also not topologically
pseudoisotopic to the identity.

Proof of Theorem B

For a connected closed smooth orientable 4-manifold X with 7, (X) = F,, for some n = 0, the claim
is that the map ) in (1) is injective which is by exactness of the top row equivalent to showing
that (D is surjective. To see this, we use that, since they are part of the surgery exact sequence
(see e.g. [17, Chapter 10]), the maps @ and B can be extended to the left to an exact sequence of
groups (note that since X is orientable and closed, the involution on Z[r; (X)] is the standard one
and we have X/0X = X, := XU {x})

Lg(Z[m (X)]) @, Sy(X = D) @ [2(X4),G/0]4 ©, Ly(Z[m (X)). 2



Manuel Krannich and Alexander Kupers 1519

The map () turns out to be trivial: choosing an embedded disc D* c X and using the naturality
of the surgery exact sequence in codimension 0 embeddings, this follows by combining that
L§(Z[1]) — L§(Z[Fp]) is an isomorphism [2, Corollary 6] and that S (D* x I) = 0 as a consequence
of the solution of the 5-dimensional smooth Poincaré conjecture. Since (@ is trivial, the map @) is
injective. In the case n = 0, so if 7; (X) and thus H; (X) vanish, [2(X}), G/O]. vanishes by (b) and
Poincaré duality, so it follows from exactness of (2) that S;(X x I) vanishes, so in particular @ is
surjective and the proof is finished in this case.

For n > 0, the proof that (D) is surjective is more subtle and follows by adapting arguments of
Shaneson in the case n = 1: as a first step, one argues as in [15, p. 349] that the composition 6 o @
is trivial: By “gluing the ends of X x I” the composition features in a commutative diagram

S5 (X x D) & [2(X4),G/0]« L (2(X4),BO].

1® i i

SS(X x 8Y) — (X xSY4,G/0]. — [(X xSY)4,BOl.

whose middle and right vertical map are split injective, using that the quotient (X x '), — Z(X;)
splits after suspension and that G/O and BO are loop spaces. By the description of ® o @
from (c), it suffices to show that any equivalence W — X x S! from a closed smooth 5-manifold
preserves the stable tangent bundle. This follows from the proof of [14, Theorem 6.1] (the
statement assumes that the fundamental group is free abelian, but the proof goes through for
71(X x 8Y) =Z x F,, since the version of the Novikov conjecture proved in [3, Theorem 7] applies).

Since ® o @ is trivial, it follows from (f) and the fact that H3(X;Z) = H; (X;Z) = Z" is torsion
free that @ lands in the 2-torsion subgroup of [Z(X,), G/O]. which is isomorphic to HY(X;Z/2).
By exactness of the upper row in (1) and injectivity of @, in order to show that (D is surjective
it suffices to prove that (@oQ@): ﬂghAutg(XX I) — [£(X4),G/0]. surjects onto the 2-torsion
subgroup of [X(X,),G/O].. This follows from constructing homotopy equivalences as in [15,
p- 349-350]: first one shows that the Hurewicz homomorphism 73(X) — H3(X) = Z" is sur]ectlve,
which can be done as in the proof of Lemma 6.2 loc.cit. using the 1-truncation X — B(F,) = v, st
then one chooses a basis (f;) for H3(X), lifts each B; to m3(X) and use the lifts to construct
elements h; € mohAut; (X x I) analogous to the construction of & on the top of p. 350 loc.cit. Since
@ is injective, ifa sum Y ; €;h; € ﬂohAutg(X x I) with €; € {0,1} not all zero were in the kernel of
@ o, then its image under @ would be homotopic to a diffeomorphism. But the argument on
p. 350 loc.cit. shows that this is not the case, so the images of the h; in [Z(X,),G/0], = H(X;Z/2)
are linearly independent and hence @ o Q) is surjective for dimension reasons.

Remark. Theorem B was proved for closed manifolds, but it does not seem unreasonable that the
proof extends to allow nonempty boundary. For the boundary connected sums Yy :=8(S 1« D%
with g = 0 the statement can in fact be deduced from the closed case by a trick:

Given a diffeomorphism ¢: Yg — Y, that fixes 0Yg and is homotopic to idy,, we will show that
¢ is also pseudoisotopic to idy, relative to 0Yg. Extending ¢ by the identity on the second copy
of Yy in its double D(Yy) := Yy Uy Yg jjg(S1 x $%), we obtain a diffeomorphism (¢puid): D(Yg) —
D(Y) that is homotopic to the identity. As 7 (D(Yg)) = Fg, Theorem B ensures the existence of
a pseudoisotopy H from (¢ Uid) to idp(y,). Restricting H to Y g gives a concordance embedding
Hl[x? from Yg into D(X), and by isotopy extension it suffices to show that H|1x? is isotopic,
as a concordance embedding, to the inclusion I x Yg cIxD(Yg). As Yg c D(Yg) has handle
codimension = 3, this holds by [6, Theorem 2.1, Addendum 2.1.2].
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