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Abstract. We establish the uniqueness of solutions of the Camassa—Holm equation on a finite interval with
non-homogeneous boundary conditions in the case of bounded momentum. A similar result for the higher-
order Camassa-Holm system is also given. Our proofs rely on energy-type methods, with some multipliers
given as solutions of some auxiliary elliptic systems.

Résumé. Nous montrons l'unicité des solutions de 1'équation de Camassa—Holm sur un intervalle fini avec
des conditions non-homogenes pour des solutions de moment d’inertie borné. Nous établissons aussi
un résultat similaire pour les équations de Camassa—Holm d’ordre supérieur. Nos preuves s’appuient sur
des méthodes d’énergies, avec des symétriseurs qui sont donnés comme solutions d’équations elliptiques
auxiliaires bien choisies.
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1. Introduction
1.1. Presentation of the models

The Camassa-Holm equation was first introduced by Fokas and Fuchsmeister in [17] for its
similarity with the KdV equation. It was later re-derived by Camassa and Holm in [5] as a model
for water waves in the shallow-water asymptotic under the influence of gravity and no surface
tension. It reads as follows:

0v—05, V+2K0,v+300,0=20,00%, v+ V0>, V. (1

We refer to [1,14,19] for a discussion on the physical relevance of this equation in the context
of water waves. On the other hand, the Camassa—Holm equation as well as its higher-order
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generalizations (CH,,) are useful to describe geodesic flow for the Sobolev H" metric, see [12,13].
The higher-order Camassa—Holm system is introduced for n = 1 integer as

0:;v=RB,,v), )

where v is the unknown and By, is defined through

Bp(u,v) = —A, (20, vA, (W) + VA, (0, W), A3)
where the operator A, is
n
Api= Y (-02)F, 4)
k=0

with suitable boundary conditions. The case n = 1 corresponds to the Camassa—Holm equation.

Moreover, the Camassa-Holm equation was studied a lot because of some interesting features
it displays: it is bi-hamiltonian completely integrable, in the sense that it admits a Lax pair,
which allows to construct infinitely many conservations laws, see [11,17]; in the case « = 0, it
admits solitons solutions, which do not evolve in C! — as they are peaked at the crest — and are
referred to as peakons, see [8,21]; it also admits wave-breaking solutions, that is solutions whose
x derivative gets unbounded in finite time, see [9,10].

The Cauchy problem for (1) was extensively studied both on the torus and on the full line,
see for example [6,8,20]. The initial and boundary value problem on a half-line as well as the
one on a segment was also studied. Escher and Yin extended the well-posedness result in H*® for
s> % and homogeneous boundary conditions, see [15,16]. Zhang, Liu, and Qiao tackle the case
of inhomogeneous boundary conditions on the whole line, see [27]. Then, Perrolaz proved weak-
strong uniqueness in the case of inhomogeneous boundary conditions and regularity W',
see [24]. We refer to [7] for a study of the Cauchy problem for the higher-order Camassa—Holm
system on a circle.

The aim of this article is to improve the weak-strong uniqueness for inhomogeneous boundary
data stated in [24] into a stability estimate with regards to initial and boundary data, what entails
in particular a global in-time uniqueness result, provided that y stays bounded. Our proof differs
quite a lot from the previous ones as we do not use any characteristics to obtain our estimates,
but rather an inequality on the relative energy between two solutions. This method to derive
estimates was initially used for the 2D incompressible Euler equation with non-homogeneous
boundary conditions and bounded vorticity, first in [25], then in [23] by the author.

We also deal with the higher-order Camassa-Holm equation, which has the same interesting
feature as the Camassa—-Holm equation to be recast as a transport-elliptic system. Yet the order
of the elliptic part of this system is precisely 2n, where n = 1 is the integer introduced in (2)—(4),
and the energy methods have to be carried out differently.

We give the precise definition of the notion of solution for both CH in Paragraph 1.2 and
higher-order CH in Paragraph 1.3, and state the associated theorems. You can find in Para-
graph 1.4 the description of the rest of the article.

1.2. Definitions and statement of the main result for the Camassa—Holm equation

As our proof aims to get local in-time estimates only, let us fix once and for all a positive time
T > 0. In all that follows, T can be arbitrarily large, but we do not want to bother with L*
functions not being integrable in time. We denote by Q1 the space-time domain:

Qr:=1[0,T] x(0,1). )



Florent Noisette 141

Let us first remark that Equation (1) can be rewritten into the system
0;y+v-0xy=-2y0,v onQr, (6a)
(1-0%)v=y-x on Qr. (6b)

The function y is called the momentum associated with v. The first equation (6a) is a transport
equationwith additional stretching term, while the second (6b) is elliptic. Once written under this
form, the system is analogous to the incompressible Euler equation into vorticity form

oru+(u-Viw=(w-Vu, (7a)
divu =0, (7b)
curlu = w. (7¢)

For the 2D Euler equation, it is common to prescribe the flux u - n at the boundary (n is the
normal vector to the boundary) as well as the entering vorticity w, see for example [26]. Using
this analogy, we prescribe the flux v on the boundary as well as the entering momentum.

Let v;, v, € C°(0, T). We make the assumption that v, and v; are non-zero except on a finite
set. Let us define I'; and I'; similarly to [24] by

I;:={rel0,T}; v;>0} and TI,:={re(0,T]; v, <0}. 8)

These sets correspond to the sets of times ¢ where the flux is entering the domain at x = 0 or at
x = 1. Due to our assumption, the sets I'; and I', can both be written as a finite union of open
intervals.

Let (y7,y7) € L@ x L([T;) and yo € L™(0,1). Following [24], we work with the initial
condition

Vizo=0 (©)

as well as the boundary conditions
v|,_o=vi on 0,7), and v|,_,=v, on (0,T), (10a)
y|x:0 =yj on Ty, and y|x:1 =y¢ on I, (10b)

The letter c refers to boundary condition.
The elliptic system (6b)-(10a) can be solved to express v as a function of y, « and (v, v,), for
(t,x) e Qr,

X
v(t, x) == cosh(x)v;(t) +f cosh(x—s)Y (¢, s)ds
0

sinh(x)
sinh(1)

1
(vr(t)—cosh(l)vl(t)—f cosh(l1-s)Y(t,s)ds|, (11)
0
where B
Y (t,x) ::f y(t,s)ds —xx. (12)
0

Remark that this expression makes sense and defines a function v € C ([0, T, Wie(o, 1)) as soon
as y€ C°([0,T),L'(0,1)) and vy, v; € C°(0, T).
We give our definition of a solution to the system (6)—(9)—(10).

Definition 1. We say that a triple (y,yr, y1) € L°(Qr) n C°([0, T1, L?(0,1)) x L®([0, T])? is a weak
solution of the Camassa-Holm equation with initial and boundary conditions

(Yo, V1, U, 5, ¥5) € L2(0,1) x CO([0, TN)* x L®(T')) x L®(T),
when we have the compatibility conditions corresponding to (9) and (10b)

Vizo=y0 yrle,=y7 and yilp, =}, (13)
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and when forall0 < ty < t; < T and for all test functions ¢ € H' ([to, 111 x [0,1]), we have:

151 1
ft fo (y0:9+yvorp—yd vp)dxdt
0

1

n
:/ (J/r(t)vr(t)¢(t,1)—yz(t)vz(t)¢(t,0))dt+f0 (11, 0)y(11, %) — (Lo, X) y (Lo, x))dx, (14)

fo

where the function v is given by the formula (11).

Remark 2. For ¢ € H', we have ¢ € C” since we are in dimension 1 (and thus the critical Sobolev
embedding is at H/2). In particular, the boundary and initial terms make sense. It is natural to
ask for the test function to be in H' for H' energy estimates, since it is the natural regularity that
v itself (the solution of the equation) will have by elliptic regularity, and we want to use it as a test
function for energy estimates.

Remark 3. If (y,y,,y;) is a weak solution with y smooth, then y| v=0 = Y1 and y| w21 = Vr- To see
this, do the integration by part used to obtain the weak formulation. For y smooth, all the terms
will cancel but terms of the form ftf)l (yr(vr (0 -y, D(1,1))p(-,1)dt, then as it is true for all ¢,
we get the wanted equality.

Remark 4. Any solution y € L*°(Q7) in the sense of distribution of equation (6a) for a transport-
ing vector field v € L([0, T], H?(0, 1)) is in C°([0, T, L?(0, 1)). This allows us to evaluate pointwise.

Remark 5. Due to its low regularity, we cannot define the trace of y in 0 and 1 via the standard
trace theorems. However, any distribution solution of a transport equation admits a trace in a
weaker sense as long as the transporting field does not vanish on the boundary. To look at a
complete discussion on the subject, we refer to [2].

We can state our main theorem.

Theorem 6. Let ( yl, y}, yll) and ( yz, y?, ylz) be two weak solutions of the Camassa-Holm equation
with the same boundary conditions (v, vy, y;, y;) and initial conditions yé and yg. Let us assume
that v;,v, € H'(0,T). We call v' and v? the solutions of the elliptic problem associated, and
U:= v' — v?. Then there exists C > 0 such that for any 0 < Ty < Ty < T if neither v; nor v, changes
sign on the interval [Ty, T1], then one has the estimate

15T, |50 < (|| 5(To,)|| 3 + 0:5(To, 0 + |ax’ﬁ(To,1)|2)exp(C(T1 ~Tp)). (15)
In particular, ifyé = yg, then
Ly yD =02y )
on the interval [0, T].

Remark 7. The existence of a weak solution to the Camassa-Holm equation in the sense of
Definition 1, as well as a weak-strong uniqueness property, were tackled in [24].

Remark 8. Theorem 6 assures uniqueness for same initial and boundary data, for as long as v;
and v, don’'t change sign. To get uniqueness in general, we use the fact that there is only a finite
number of points in time where v; or v, changes sign.

Remark 9. The estimate (15) is no longer valid when one of the fluxes v; or v, changes sign over
time.
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1.3. Definitions and main results for the higher-order Camassa—Holm equation
Let n = 1 be an integer. We define the operator A, by
n
Ap= Y (m0%)K. (16)
k=0
For example, the operator A; is equal to

Ay =1d-é2, (17)
which is the elliptic operator used to describe the standard Camassa—Holm equation, see (6).
We say that a couple (v, y) is a solution of the higher-order Camassa—Holm equation when
0;y+vdyy=-2y0xv on(0,1), (18a)
Apv=y on (0,1). (18b)
Remark 10. As mentioned in the presentation of the models, the higher-order Camassa-Holm

equations were introduced by Constantin and Kolev in [13]. In their initial formulation, they are
written on the torus as

a[U:Bn(Vr V)) (19)
where v is the unknown and By, is defined through
Bn(u,v) = — A, (20, VA, (W) + VA, (05 1)), (20a)
n
Api= Y (=05 (20b)
k=0

By introducing the momentum y := A,,(v), we obtain the formulation (18), which suits us more in
the context of a boundary value problem.

We prescribe the velocity v on the boundary {0, 1}. We also prescribe the momentum y on the
part of the boundary where v; > 0 or v, < 0. Moreover, the elliptic problem (18b) is of order n.
Therefore, we prescribe more derivatives of v at the boundary. We mean by that, that for two
vectors vy and v, in R” with vj; = v; and vy = v;, we get the system:

Apv=y, (21a)
(F () 0);co,n-1) =10 (21b)
(Z M) jeqo,n-1) = Voo (210)
where the operators .%#; are defined through
Vxe{0,1}, H(g)x)=0.g(x). 22)

With that in mind let us head to the definition of weak solutions.

Definition 11 (Variational solution to the Elliptic problem). Letvy, vy € R" andye H "([0,1]) :=
H['(0,1)". Let y € C*([0,1]) be a smooth function equal to 1 in a neighborhood of 0 and equal to 0
in a neighborhood of 1. We define b = b(vy, vy, x) through

ol (xkx(x) , 1-0fa-x

b, Ve, ()= 3 | Vi % Vrk |- 23)

k=0
We say that v € H"(0,1) is a solution of the system (21), when v — b(vy, vy, x) belongs to Hg(0,1)
(closure of C°(0,1) for the H" norm) and when forall g € Hg’ (0,1), one has

I 1 1
(Y—Anb,g>H-n,Hn=ﬁ Ai(v-b)-AZg, (24)
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1
where we define the operator A} through
1
A2 = (1d,0y,...,0%), (25)
and - is the standard scalar product in R".

Remark 12. Let g be a test function equal to zero in a neighborhood of 0 and 1, we have

L1 1
<Anb’g>H*",H":£) A, b-Ajg. (26)

Therefore, Definition 11 does not depend on the choice of y. Moreover, thanks to Lemma 42, any
smooth solution of the system (21) is also a variational solution for this system.

Lemma 13. Let y € H "([0,1]) be a function, and w, vy € R". There exists a unique solution v to
the problem (21) in the sense of Definition 11. This solution verifies the estimate:

lvllan S |y la-n =+ vil + vl 27)
Moreover for y € L*°(0,1), one has
lvliwznco S 1ylizeo + vyl + Vel (28)
The constant hidden in the < depends on n only.

Proof. The existence and uniqueness comes from the Lax-Milgram Theorem. The H "-H"
estimate is straightforward. The L>°-W?"»® estimate comes from Lemma 16 below. g

Remark 14. Note that this last estimate would no longer hold in higher dimensions. However,
Schauder’s estimates would give us L”-W?"*P estimates for all p.

Remark 15. The solutions of (21a) form a finite dimensional space of dimension 2x. This space
can be computed explicitly. In total, we have 2n boundary conditions in (21b) and (21c), and one
can prove that they are linearly independent on the space of solutions to (21a). This means that
one could get an explicit formula for our weak solutions similarly to (11).

Lemma 16. Letk,!eN be two integers, ay, ..., ar—1 € R real numbers, and g € L*(0, 1) a function.
Let f € H™! be a solution in the sense of distribution over (0,1) of the ODE

k-1 ]
fP+Y aifP=g. 29)
i=0
Then f belongs to Wk'°°(0, 1).

Proof. We prove Lemma 16 by induction over k.

Initialization (k = 1). We prove this initialization by induction over /.

o Initialization (k=1,1=0): If f'+af = ge L® and f € L?, then f' = g —af € L?. Due to
that, we have f € H', and by Sobolev embedding f belongs to L. Therefore f' = g —af
also belongs to L™ and f is in W°,

e Induction (k=1,1=1):If f'+af =geL®and f € H}, then f' = g—af € H™'. Therefore
f e H_l+1.

Induction (k = 2). Let k € N and assume that the lemma is true for k— 1. Let ay,...,a;_1 € R be
real numbers and f € H~! be a solution of

k-1 )
fO+Y aif=g (30)
i=0
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in the sense of distribution. Let us denote by P the polynomial
k=1 )
P=Xx"+Y a;X'.
i=0
We factorize it over C:
k
P=]]X-2).

j=1
We denote by Q the polynomial obtained by canceling the first factor, and by (b;); its coefficients:

)3

72 i
b; X'.
=0

k k
Q=[x-2Anp=xF1+
j=2 i

We denote by & the function

hi=f"-2f.
Itisin H~! and a solution of
k=2 )
14y b =g. 31)
i=0

Therefore, by the step k — 1 of the induction, 1 € W*~1°°_ Then we get f € W5, as wanted. [

Definition 17 (Weak solution to the higher-order CH system). Let v;, v, € C°(0, T). We make the
assumption that v, and v; are non-zero except on a finite set. We define the setsT'; and T, by (8).
We say that the boundary conditions

vy, ve) € CO([0, TD"™ x C°([0, TN

are admissible, with respect to (v}, v;), when their first respective components (vj); and (v¢); are
equal respectively to v, and v;:

vi1=v; and (V¢ =vy. 32)
We say that a triple
W, ¥ y1) € L°(Qr) n C°([0, T1,L7(0,1)) x L°([0, T])*

is a weak solution of the higher-order Camassa—Holm equation with initial and boundary condi-
tions

(0, Vi, Ve, ¥, ¥$) € L®(0,1) x C°([0, TN x C°([0, T x L®(T'y) x L®(T'})
when we have the compatibility condition
Yl =y and iy, =i, (33)

and when for all0 < ty < t; < T and for all test functions ¢ € H' ([to, 111 x [0,1]), we have:

51 1
ft fo (y0:p+ yvocdp— yo vep)

151 1 1
:f (err(P('rl)—J’lvl¢(‘:0))+f0 ¢(t1,~)y(t1,-)—f0 $(10,)y(to,-), (34)
1

0

where the function v is given as the unique solution of the elliptic problem (21).

With that in mind, we can formulate a local in-time existence theorem as follows.
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Theorem 18. Let v;, v, € C°(0, T). We make the assumption that v, and v; are non-zero except on
a finite set. We define the setsT; and T, through (8). Let (yo,vl,vr,yf,ylc) € 1°°(0,1) x CO([0, TN" x
CO([0, T x L®(T')) x L®(T';) be admissible initial and boundary conditions associated with v,
and v; (meaning that (vy,vy) is admissible with respect to (vy, vy)).

Then there exists T > 0 and a weak solution (y,yr,y) € L*([0, T] x [0,1]) n C°([0, T, L?(0, 1)) x
L°([0, T)? to the higher-order Camassa-Holm equation with (yo,vi,V, Y5, y{) as initial and
boundary data.

The proof of Theorem 18 follows the lines of the one of Theorem 1 in [24]. We give the sketch
of the proofin Appendix B and refer to the article [24] for the details. As for the 3D Euler equation,
the proof of existence only constructs solutions on small time intervals (see [22]).

Assuming however the existence of a solution on a given interval [0, T], this solution is unique.

Theorem 19. Let(y',y},y]) and (y*,yZ, y7) be two solutions in the sense of Definition 17 with the
same initial and boundary conditions (yo, vy, Vr, Y5, ylc). Then

0Ly =050y

on the interval [0, T].

1.4. Sketch of the proofs

To prove Theorem 6, we take two solutions (y',y;,y;) and (y*,y7, y7) with possibly different
initial and boundary values, and we analyze the dynamics time evolution on the H. norm of
v! -2, where v! and v? refer to the solutions of the elliptic problem (21) with respectively y' and
y? instead of y.

The sketch of the proof is the following. In Paragraph 2.1, we provide an energy estimate
for the relative energy between two solutions. In Paragraph 2.2, we seek to control the entering
energy fluxes which were the bad boundary terms (meaning that they cannot be discarded due to
their sign and are not trivially bounded by the relative energy) in the relative energy inequality of
Paragraph 2.1. To that end, we introduce an auxiliary test function constructed as a well-chosen
elliptic multiplier of the equation. In Paragraph 2.3, we conclude the proof with the help of a
Gronwall argument.

The proof of Theorem 19 is similar in its structure: in Paragraph 3.1, we derive a relative energy
inequality, then in Paragraph 3.2, we control the entering fluxes of the relative energy inequality.

Remark 20. The proof of Theorem 19 is similar to the proof of Theorem 6. However, it has its
own difficulties. Heuristically, in the proof of Theorem 6, there is an Energy Inequality, looking
like
% (Energy) + Energy Fluxes < cst x Energy,
and an Auxiliary Inequality
% (Energy Fluxes) < cst x (Energy + Energy Fluxes).
Combining the two of them we get
% (Energy + Energy Fluxes) < cst x (Energy + Energy Fluxes),

which allows us to conclude through the help of Gronwall’s Lemma. In the proof of Theorem 19,
the Energy Inequality still looks like

% (Energy) + Exiting Fluxes — Entering Fluxes < cst x Energy,
but the Auxiliary Inequality is more of the form

% (Auxiliary) + Entering Fluxes < cst x (Energy + Auxiliary).



Florent Noisette 147

Combining the two of them we get
% (Energy + Auxiliary) + |Energy Fluxes| < cst x (Energy + Auxiliary),

which still allows us to conclude through the help of Gronwall’s Lemma.

The proof is quite different because of the construction of the auxiliary test function. We solve
the same dual elliptic problem to construct it, but in the case of Camassa—Holm, the boundary
data for this elliptic problem are bounded by the energy fluxes. This is not true in the higher-
order case. That is the main reason why the proof for Camassa—Holm is easier and stronger, i.e. it
gives bounds on the derivative of the entering flux.

Remark 21. In the case of periodic boundary condition, the Camassa-Holm equation was
proved to be locally well-posed in H(T) for 1 < s < 2, for any initial data v € Wbl (see [20]).
In the case of the full line, the existence and uniqueness of conservative solutions in H'(R) was
tackled by Constantin, Bressan, Chen and Zhang in [3] and [4]. To define weak solutions for which
the momentum y is not L™ or even L!, one writes the equation as

dv+0,(%)=0.P (35a)
P=(1-02)"(v?+ 25). (35b)

This formulation is easier to define in the case of the line or the torus as one does not need
additional boundary conditions for P. To go into lower regularity than what we do in this
article (meaning solution with bounded momentum), one could explore this formulation of the
equation and in particular, ask ourselves which boundary conditions are needed for it to make
sense. One caveat for the construction of a conservative solution in our case is that we don’t have
conservation of energy anymore. One will need to take into account how the energy fluxes are
treated for less regular solutions.

Remark 22. One can also remark that a formulation similar to (35) exists for the higher-order
Camassa—Holm system (18). One can recast this system as:

0 v+05(5) =P (36a)
Ap(P) = Fylv], (36b)

where %, [v] is a differential polynomial in v depending on 7 that we will not describe here.
It is using this formulation as well as the elliptic regularization of the equation that Coclite,

Holden and Karlsen tackled the existence of a solution for the higher-order Camassa—Holm
system on the circle (see [7]). They also obtained a weak-strong uniqueness result.

Remark 23. The problem of stability estimates on the whole interval when the flux v, or v;
changes sign is still open.

2. Proof of Theorem 6
2.1. Energy estimate for the difference of two solutions

Let us take two weak solutions (y!,y}, yll) and (y2,y2, ylz) of the Camassa—Holm equation with
initial and boundary conditions (y;, vl,vr,y%’c,yll'c) and (yg,vl,vr,yf’c,ylz’c). We define the
following functions
y=y'-y,  T=v A 37)
1, .2 1, 2

+ +
y ) U= vy

2

=y -V Ve=yi-vh (39)

) (38)
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where the functions v' and v? are given through (11).
We take the difference of Equation (14) for the solutions y! and y2. The function ¥ verifies the
following equality for all 0 < #y < #; < T and for all test functions ¢ € H' ([, 1] x [0,1]):

f: fol (7019 + (79+ 79)0:¢ - (70:0+ 70:7)9)

51 151 1 1
= J7rVr¢(',1)—f j’vll/l(,b(,o) +L ()b(tlr')j’v(tly')_\[o (P(t[)y)j;(t()v) (40)
to to

Furthermore the functions 7 and ¥ are solutions of the following elliptic problems:

(1-03)7=7 on(0,1), (1-03)p=9-x on(0,1), (41a)
0],29=0, |0 =V0s (41b)
U], =0, U)oy = (4lc)

With that in mind, we prove the following lemma.

Lemma 24. The functions U and ¥ lie in L*([0, T], W>*°([0,1])) n C°([0, T], H?(0,1)). Moreover,
the function ¥ lies in W>([0, T, H' (0, 1)).

Proof. To obtain the space regularity of 7 and 7, remark that the primitives Y! and Y2 of y' and
¥%, which are in L([0, T x (0,1)) n C°([0, T1,L*(0, 1)), defined as in (12) with y' and y? instead of
y, are in L®([0, T], W1*°(0,1)) n L*([0, T, H' (0, 1)). Then use the formula (11).

Let us now prove the time regularity of . Let us fix two times f; < t;, and denote

ag (x) :== U(t1,x) — D(tg, X).

Recalling that 7 verifies (41a) with homogeneous boundary conditions, we obtain that

10 b2 _ : h_ (5 Yl 1
0 | Xatol = o (azo_(J’(tl;‘)—y(to,')))ato,

which can be rewritten as

! nh2 ! n|2 ! ~ ~ t
[Mloxag P+ [ lai = [ (e - 5w, 0)al.

Hence, we get the inequality

1
||ﬂ§$ “i]l(o,l) = u) (7(t1,-) —J7(to,-))a£1) . (42)
Using (40) with ag instead of ¢p (considered as a function constant in time), we obtain that:
1 P 51 1 : ,
f (7(t1,) = y(t0,)) ay, :[ f ((j/'i/‘+ yv)ora; — (7050 + ?axﬁ)d&l}). (43)
0 trp JO

Combining (42) and (43), we get that:
t ~ —~ ~ ~
”até || H'(0,1) = |t1 - t0|(||J’||L°°([0,T]><[0,1]) Il V”LOO([(),T],Hl((),l)) + 1 ¥l oo o, Ty x 10,1l V“L"O([O,T],Hl(o,l)))-

Recalling that a;! (x) = (11, x) — D(fo, x), we conclude that 7€ W"*([0, T], H'(0,1)). O
Now that we have Lemma 24, we prove the following relative energy equality:

Proposition 25. Forall0 < ty < t) < T, we have the following equality:
~ 2 ~ 2 oo 2 o 2
||U(tl")||H1(0,1)_||U(t0'.)||Hl(0,1)+j;O |axv(t; 1)| Ur_\[to |axv(tr0)| 4]

h 1 n 1
+f f(3|ﬁ|2+|axa|2)axﬁ+f faxumz)(a—ym):o. (44)
o JO th JO
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Proof. Thanks to Lemma 24, we can take 7 as a test function in (40), which we do. For all £y < 14,
we have that

151 1
f f (70,5 + D057 — J50,D)
to 0

1 1

17(t1,')J7(t1w)—/0 v(to,-)y(to,-). (45)

n 5]
= [" v [0

to N
We cancel the boundary terms, because 7|,_, = 7| _, =0, to get

el 1 1
f fo(yamyﬁaxv—yaxﬁﬁ):fo am,-mn,-)—fo P10, )7 to, ). 46)
)

Now, we reformulate each term of (46) by using integration by parts as well as (41).
e Firstlet us look at fol U(t,-)y(¢,-) (which will be used for t = fp and ¢ = £;):

1 1
[ wezen = [ o0-o2)e
0 0

1 1
:/ |5|2+f 10,712 47
0 0

= ”ﬁ(t”)”iﬂ(o,l)'

By Lemma 24, 7(t,-) isin H?, which allows the computations above.
e The term |, tf]l ) 70,7 is dealt with similarly:

n l~ _ 1 _ 2 _ )
fto fo yatv:E(“U(tl")”m(o,l)_“U(tO")HHl(o,l))- (48)

¢ Now, we deal with the two bilinear terms. Let us recast the first one:

5] 1 151 1
f fyﬁaxﬁzf f(l—ai)maxﬁ
n JO th JO

1 15} 1
=5[] ot -10.5)0 (49)
2 fn JO
151

10! 1
:__f f (|ﬁ|2—|6xﬁ|2)6xﬁ——f (lox5te, 1P v, - [0.5(1,0) v
2 th JO 2 4]

Since v € LY W,?'°°, wehaved,Ue LY W,%’OO, and therefore the above integrations are done
in a strong sense.
¢ Let us reformulate the second one:

5] 1 n 1
f fyaaxﬁ=f f(l—ai)maxﬁ
tp JO th JO

n 1 (50)
=f f (19100 +10:D1°0x D + 70, D 0% D),
th JO

and we use (41a) to get rid of the second order derivative:
151 1 1 I51 1
f f aaxﬁaiﬁz-f f 0. (17P) (57 +x). 51)
fh JO 2 fh JO
By combining (46) with (47), (48), (49), (50) and (51), we obtain the wanted result. O

We deduce the following corollary.

Corollary 26. There exists a constant C > 0, depending only on ||yl xrg, such that for almost
every0 < t < T, we have the following inequality:

d
E(“ 5t 5 0. ) + 10578 D0, (0 = |05, 0P vi(0) = €[ 58, |31 .- (52)
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Proof. One starts from equality (44), with fp=tand t; =t +efor t € [0, T] and € > 0.
Since 7 lies in th'ooH }C, by Rademacher’s Theorem the fraction

[t +e,-) ||i,1(0,1) ~|lw(z, ||§{1(0,1)

€

converges for almost every ¢ towards

d -~
a(” v(z,) ”iﬂ(o,l))-

The quantities 0, U (-, 0)2v; and 8, 7(-,1)?v, are both L®. Therefore, by Lebesgue Point Theo-
rem, for almost every ¢ € [0, T], the integral

1 t+¢€
Ef 0,7(-,0)%v;
t

converges towards
0 0(2,0)%v,(2).
Similarly % ftHg 0.7(-,1)?v, converges towards 0, 7(t,1)% v, (£).
Moreover, using the Cauchy-Schwarz inequality, one gets that for all € [0, 7] and for all e > 0

t+e pl
~2 ~2) A = = ~12
/t /0 (31717 + 105Dl )axl/S48”U”th)owxlyw”V”Loo([t_&ﬂ_s]’Hl(0’1))!

t+e pl
~2\(+5_ 5 = = ~2
f ﬁ ax('”l )(U_y+K)SE(”U”LC;OLZO+”y”L?oL?CO'FK)”U”Loo([t_E t+e], H(0,1))" O
¢ , , )

2.2. Auxiliary inequality

We define two functions u; and u, by setting for all x € [0, 1]
sinh(x)

u;(x) := —sinh(x) + cosh(x)tanh(1) and u,(x):=— . (53)
cosh(1)
They are the solutions to the non-homogeneous Zaremba-type problems:
(1-0%)u; = (1-0%)u, =0, (54a)
—0xu(0) =0xu,(1)=1, (54b)
u;(1) =u,(0)=0. (54¢)

We want to bound 0,7 at the boundary with the help of a Gronwall argument. Let us begin by
showing that 4, 7(-,0) and 8, U(-, 1) are Lipschitz functions.

Lemma 27. The functions0,0(-,0) and 0, v(-,1) are Lipschitz functions with respect to time.

Proof. By differentiating (11) in x, we obtain:
cosh(x) [1
sinh(1) Jo

To prove the regularity in time of 0, 7(-,0), we prove the time regularity of the function Y. More

precisely, we prove that Y € th'mLi, which is enough since Y (¢,0) = 0 for all .

Let ¢ € L?(0,1) be a function. We denote by ® the primitive of ¢ verifying ®(1) = 0:

1
D(x) = —f ¢(s)ds.
X

Let us remark that we take this choice of primitive to cancel the term involving y,. Using @,
(considered as a constant function in time) as a test function in (40), we obtain that

f 1 1 n ol
y,u,q>(0)+f0 @ﬁ(rl,-)—fo (I)j/'(to,-)zf fo((yﬁ+yﬁ)¢—(yaxﬁ+yaxﬁ)q>). (56)
To

cosh(1-$)Y (¢, s)ds. (55)

X
0,U(t,x) = f sinh(x— )Y (¢, 5)ds+ Y (¢, x) —
0

To
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Moreover, by integration by parts, we have

1 1
fo (1>J7(tw)=—f0 ¢Y (2,-). (57)
Hence, by combining (56) and (57), we obtain that

Y, - 17(to,-)||Lz(0,1) <|n- l‘o\(|<1>(0)|||J71||L00([0,T])

+ |70+ j/\ﬁ”Lw([O,T],Lz(O,l)) + | 70x0+ JA’axﬁ”L"O([O,Tl,LZ(O,U))' O
We prove the following auxiliary inequalities.

Proposition 28. There exists a constant C > 0 such that, we have the inequalities
e. d (15~ 2 . 2 —oo2) . LA 2
V&€ Ty, a(|axu(t,0)| )s c(||y(t,-)||H1(0,U +0,7(z,0)| )+ 5|axu(t,1)| |vr()],  (58)

d 1
V3 reT,, E(|axi7(t, D) = (156, oy + 0270, D) + 510:0@ 0 |un], 59
where we recall thatT';/T . are the sets of times of entering flux at the left/right defined in (8).

Proof. The two inequalities (58) and (59) have the same proof, we prove inequality (58) here.
We define the auxiliary test function 72" through
Virel0, T,V xe[0,1], 73%(s,x):=0,0(t,0) v} (0 uy(x). (60)

Let0 < fp < #; < T be two positive times (at the end of the proof, we will take tp = tand #; = t+¢
and make ¢ go to 0) such that [#, t;] < T';. Using Lemma 27, we know that we can take pawxl gq
test function in (40), which leads to

f f y0, 74 ( U+y0)0, 0" (ydxv+y0x) a“"l)
to

4]

1 1
= y v, 1) - }71v1173ux’l(-,0)+f Uaux'l(h,-)ﬂh,')—f 72! (t9,)7(Lg,).  (B1)
0 0

to 4]
The boundary term f w0 Vror vt L(-,1) is equal to 0 due to the assumption u;(1) = 0, and therefore
72! (. 1) = 0. The boundary term fzo Vv 721 (.,0) is also equal to 0 since J; |Tz =0.

151 1
f f ()70{173 +(yU+y0) 0,0 paux! —(y0x0+70xD). a“"l)
th JO

1 1
=1;W“Wm0ﬂhd—l;ﬁmﬁmdﬂmﬂ.(&)

The boundary term ft Fiv72%L(. 0) is also equal to 0 due to the assumption [fy, #;] < T'.
Indeed if yl = yl ¢ (meaning that the two solutions have the same boundary condition) then

yi=
We simplify each term similarly to the proof of Proposition 25.

For a: [0,1] — R continuous, we use the notation [a](l) for
lalg = a(1) — a(0)

o First, let us simplify [ tf)l Jo 70: 72! To do so, we replace 7 by (1-02)7 using (41a). Then,
we integrate by parts:

5]
f yo, v ffl@va”'a‘”‘l
I o
nrt o auxl , [aq A mauxi]t A =4 ~auxi]!
:ff varva“x'—ff V0,050 +/ [vdtaxva‘”"] —f [axuatuw’“
th JO th JO ty 0 Ip 0
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By definition of 73!, we have (1 —92) 7! = 0, which allows us to cancel the first two

terms. Moreover, v| =0 = v| =1 = 0, which allows to forget the third term. For the last
term, we use the facts that 73"!| _| =0, 4;(0) = tanh(1) and 0, 72| _ = -0.D| _,v:
This gives

151 1 151 1
f f yatﬁaux,l — _f [axﬁatﬁaux,l]
th JO 0

= tanh(1) 6xv(t 0+ (le/(t 0)v;(1))
fo (63)

= tanh(1)(|0x7(11,0)|” vz(tl)—lax’ﬁ(to,ml 2ui(to))
tanh(1) (& d - 2
— fo vl(t)a(|0xv(t,0)| )

e For all t € [0, T], and in particular for ¢ = #, and ¢ = #;, we simplify fo y(t,-). pauslp .
similarly:

f y(t )~auxl(t )_f (l—az)v(t )’ﬁau"l([ )

:flfvwvvauxl fl ﬂl}vaifljaux,l [U@ ~aux,/
0 0
[6 ~~auxl
0
:tanh(1)|axi7(t,0)|2ul(t).

[a ~~auxl .

(64)

e Webound |, tf)l f yv6 2%l and f i 70, 9.72%! using the Cauchy-Schwarz inequality:

n
aux,/

n
< ||J7||L°°(Qr)f 171200 17 | 112 0,1y (65)

yﬁaxﬁ

[ya 7.7 auxl

We simplify this expression using the fact that for a, b, ¢ = 0, one has a?c + b*c = 2abc:

aux (66)

< ||,V||L°°(QT)f 170 g0 |7 ”L2(0,1)'

17t 20, [, N = 70, )”LZ(O 1)Vl(t)+“”l”H1(o 1)|axl’(t O)| vi (),

15 | o 1728 | 1201 < 17 500, i@+ gl o 00, 0> (0).
Therefore:

51 1 I 5] 1 I
f P50, 4 f PO, 7.5
ty 0 I 0

o We simplify the term [ fl fol JU O AL,

51 1
[ e s
trp JO 4]

. 2 ~ 2
scf (172, o) + 07,0 vinrde. (67)
4}

f (68)
:f / V00,0 f / 02000, v,
th JO o
We bound the first term [, fj 7007 of the right-hand side of (68) by
51 ! n I
U000 < || ﬁ||L°°(QT)f 171 20,1 ” pa ||H1 ©o,1)
0 (69)

n
sCf (171210, + 057, 00wy
To
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For the second term f fo 02000, 73! of the nght -hand side of (68), we have

15} 1
f / 0 U0, 0! f
o

We bound the trilinear term using the fact that || vl =0 0(-,0)|villugll e

n
ffaxuax (90,5°)| < f(nvnm(w 10:0C, 0. (1)
fo

The boundary term fro (axvaxva“"’lv |x:0 =— r? Iaxﬂ(-,0)|2(v1)2 can be left as is (as it is
negative), whereas the term [ f‘ (0570, 73! D)]| +=1 can be bounded through

b ] tanh(1)
/ (axl/axl/au 'lU) S/;O ( |ax S 1)| |Ur|Ul+ h(l)

fo
I5
Sfl(tanh(l)wx ., l)l lvyv; + C|ox (- 0)| Vl)
1

0

0,70y vau"l / / 0500, (00, 721, (70)

1055, 0)* 0w )P w1y

x=1

(72)
Combining (68)-(72), we get

nt ! T2 2
! fo yUOo, v SCfto (IIUIIH1(0,1)+|0xV(',O)|)v1+

Let us recall here that tanh(1) < 1, therefore, if v, (¢) > 0, we can absorb the last term of
this inequality with the “exiting flux” term of the energy inequality. If v, (¢) > 0, the last
term is controlled by the second auxiliary inequality.

¢ We simplify the term fr fo 70, 0.0 of (62):

f f ~~auxla 7= ftlf 1- 62 auxla
to

tanh(1)
4

n _ 2
flaxv(-,l)l lv v (73)
fo

f (74)
f f 7aux, la f f 02 ~aux,l 0
to o
We bound the first term f s f 772Ul 9 of the rlght-hand side of (74) by
a ~aux,/ ux,/
U0, 0| < 101l oo (10, 71, wieo 0,1) (”U”LZ(O p |7 ||L2(0,1))
0 (75)

scf ||ﬁ||H1(0D+|6x‘17(r-,0)|2)v1.
I ’
For the second term [,/ b [ 92 552! 3, 5 of the right-hand side of (74), we have:

f n 1
f f 02 auxla b= f [0 ~aux,lax ﬁ]é _f f axﬁax(ﬁaux'laxﬁ). (76)
f th JO

Once again, we bound the trilinear term by using || 7% || ... = [0x7(-,0) | vyl u; ]l gz

n 1
f f 0,70, (799, D)
to 0

5]
< c[ (17121 0.1 + [0, 0 ) v1. (77)

The boundary term [, (0,097%!9,D)|,_; is equal to 0 as 7*™!| _, = 0 by definition.
The term | tf]l (0x Al ) | 4= €an be bounded through
I3 e ! n _ P
f (0:77"*10,9)| _|=< cf 0.5, 0)[* . (78)
fo x=0 )

Combining (74)-(78), we get

n
~aux,/

1a]
< Cfr (1912, +10:7C. 0. o
0
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Combining all the estimates (63), (64), (67), (73) and (79) for all the terms of (62), we get that
there exists a constant C > 0 independent of #y, f; such that:

nod _ 2 e o ~ 2 Lo 2
fto le(laxv(‘,ou )scft0 (||v||H1(0,1)+|6xv(-,0)| )ul+5fto |0x7C, D lvrlv;. (80)
Using Lemma 27, we get that |0, 7(-,0) \2 e Wb (0, T). Therefore the function
t d _
U: t-—»/o vl(s)a(|6xv(s,0)|2)ds
is also W1 and its derivative in the weak sense is equal to

d ~
t— vi() 7 (|0:9(1,0)%),

which is in L*. By Lebesgue Point Theorem, U is differentiable in the classical sense for almost
every t €10, T[. For such a t, and for € > 0, we can take #y) = t and #; = ¢ + € in (80), which we do.
When ¢ goes to zero, every term converges, and we get

d 1
vza(wxﬁ(-,onz) < c(u W0 + |6x':7(-,0)|2)vl + §|axﬁ(-,1)|2|v,|vz. 81)

We can divide by v; whenever we are in I';, which gives the inequality (58), as wanted.
The proof of inequality (59) is similar at each step, except we use the test function

7T = 0, 0(t, 1) vy (1) up () (82)
instead of 73!, You can also get (59) using (58) by symmetry with the change of variable
x—1-x. g
Remark 29. If we are ready to increase the constant C in front of (|| v(t, ')||i[1 o) + |0, U(t, 1)|2)

in (58), then we could change the constants in front of 10, 7(¢, D% v, (£)] and |y,|2u, in this
inequality.

2.3. Gronwall argument and end of the proof

We define the functions E, E; and E; by
E@®) =051, Ei® =000 Er(0):= 0.0t D|". 83)

By Lemmas 24 and 27, we know that E is well-defined and Lipschitz. Moreover, in the case where
the boundary conditions for y' and y? are the same,

ye=y¢ and  yre=yie (84)
we can combine (52), (58) and (59), to get
E'+E/+E, <C(E+E +E) onT;nT,, (85a)
E'+E)+3E/|v;| < C(E+E)) onT;\T;nT,), (85b)
E'+E; + 3Ej|lv| < C(E+E;) onT, \([T;nT,), (85¢)
E'+1E v+ 1E v, <CE on [0, T]\ (T;uT,). (85d)

Therefore, we can use the Gronwall inequality to get uniqueness on each time interval where
neither v; nor v, changes sign. On such an interval I = [Ty, T1], one gets:

(E+E;+E)(Th) <exp(C(T1 — To)) (E+ E;+ Ef)(Ty)  if IcT;nTy, (86a)
(E+ E))(Th) < exp(C(Ty — Tp)) (E + E}) (Tp) if IcT;\(T';nT,), (86b)

(E+ E;)(T1) < exp(C(Th — Tp)) (E + E;)(To) if IcT,\(I;nT,), (86c¢)
E(T1) < exp(C(T1 — Tp)) E(Ty) if 1[0, TI\(T;uT,). (86d)
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This implies that
E(Ty) < exp(C(Ty - Tp)) (E + E; + Ep) (Ty). 87)
This concludes the proof of the first part of Theorem 6.
Now let us assume that y} = y;. Letus denoteby Ty < T} < --- < T}, < T the times where v; or v,
changes sign. On [0, Ty], and on each interval [T}, T;+1], one has the estimate (87). By induction,
we obtain that v is equal to zero for each T; and on [0, T].

Remark 30. Gronwall argument normally provides stability estimates. However, in our case, if
initial data are non-zero, they could degenerate.

For example, take T =1 and v, and v; given by v;(¢) = =1+ ¢ and v,(¢) = 1. For the sake of
simplicity, we assume that C = 1 here. Then the functions E, E; and E, defined by E(t) := "’t“,
E|(t):= 2(1 ) and E, () == 0 verify the system (85) on [0, 1]. But E; is going to infinity so we cannot
continue estimates on E after t = 1.

This phenomenon cannot happen in the case of an initial data equal to zero, because in this
case, E; = E, =0 for all ¢.

Remark 31. The aforementioned constant C does depend on ||y ||z~ and ||y?||;~. Due to this,
our estimates cannot be used to prove the existence or uniqueness of a lower class of regularity
than the one we use.

Remark 32. If the boundary conditions ( yll’c, y€) and ( ylz'c, y2°) are not the same, one still gets
an a prioriestimate. However, due to Remark 30, one can see that this estimate no longer provides
uniqueness in the case where v; or v, changes sign.

A question that is still open is to determine whether or not one could still get estimates if the
two solutions we are comparing do not have the same boundary fluxes v; and v;,.

3. Proof of Theorem 19
3.1. Energy estimate

Let us take two weak solutions (y!, y?, yl) and (y2,y2, yl) of the transport elliptic system associ-
ated with A, with initial and boundary conditions (yO,vl,vr,yr ,y ‘) and (yo,vl,vr,y, ,yl 9. We
define the following functions

y=y'-y, =0 -0 (88)
1 2 1 2
- y +y - v +v
= R = R 89
y 5 v 5 (89)
Vi=y -V Vre=vi-vh (90)

where the functions v! and v? are given through (21).
Remark 33. Let us remark here that we have
(Ul_y2)|x OZ(UI_UZNJFIZO' an l(vl_v )| _an 1( U2)|

and ((%1}2) 0% 1(" +”2) ) =v as well as ((Vlgyz)
us also remark t?iat ApU=yand An_i} =7.

:0)

x=1

n—1( v'+v?
Lo ()

=V, Let
x:l) r

x=1

We take the difference of Equation (34) for the solutions y' and y?. The function ¥ verifies the
following equality for all 0 < fy < f; < T and for all test functions ¢ € H' ([, 1] x [0,1]):

51 1
ft fo (7o + (70 + 79) 0.9~ (7010 + 70.7) )
0

51 151 1 1
= yrvr(P(',l)—f }71VI(P(,0)+‘[ (p(tly')ji(tly')_f (p(t()y)j;(t()v) (91)
Io to 0 0
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The following Lemma is the generalization of Lemma 24, and its proof is similar.

Lemma 34. The functions ¥ and ¥ lie in L°([0, T], W2™°°(0,1)). Moreover the function ¥ lies in
whee((o, T1, H* ([0, 1])).

Proof. For the regularity in space of U and 7, write
n-1

D" =-Y (-0 T +7. 92)
k=0

We can conclude using Lemma 16.
Let us now prove the regularity in time of U. Let us fix two times #, < f;, and denote

a,} (x) = 0(ty, x) - 0o, X).

Recalling that v verifies (21) with homogeneous boundary conditions, we obtain that for every
function g € HJ'(0,1)

1 1 1
| G -5u)g= [ avay-aie 93)
We apply it with ag instead of g:
1 1 1
fo (7(11,-) = y(to,)) ;! =f0 |AZ a§;|2. (94)
Hence, we get the inequality

[ a?}, ”i]n(o,l) = . (95)

1
fo (Y(tl,')—j/'(to,'))ag

Using (34) with ag instead of ¢ (considered as a function constant in time), we obtain that:

fol (F(t1,) = y(to,)) ayl = f: fol ((ym y0)0agt - (7o 0+ yaxa)ag). (96)
Combining (95) and (96), using that n = 1, we get that
lag |l n 0,1y = 171 = 2] (171 2010, T1x10,1 1 71 oo g0, 71, 11 0,1y + 1T 25200, 71x 00,10 1P oo 10,79, 110,10
Recalling that a;! (x) = (11, x) — D(fo, x), we conclude that 7€ W"*([0, T], H" ([0, 1))). O
Remark 35. Lemma 34 expresses the fact that 8;A, U = 8,(79 + Dy), which is in L°H;!. By
elliptic regularity, we could obtain a higher regularity for 8,7, but it is not needed here.

Proposition 36. There exists a constant C > 0 such that the following inequality holds for almost
everyte(0,T]:

d( ~ 2 ~ 2 ~ ~
(1710 ) +1027C, D v =02, 0 v1 = CUDlyznee o, 1m0 . ©97)

Proof. Using Lemma 34, we can take v as a test function in (91), which we do, giving us
1

hn 1 1
f fo(yatm(ymyv)axﬁ—(yaxmyaxv)ﬁ)=f0 ﬁ(rl,-)y(tl,-)—fo B(to, ) (0,7, (98)
fo

Then, we simplify each term.
o The term [ [21 fol 70,7 can be treated, using Remark 33 and Lemma 42, as follows:

51 1 5] 1
ty JO th JO

nopel o1 1
=f f ALG.0,AL D (99)
th JO

I 72

_ 1 a1
2 to
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» Similarly, we get
1 1
fo o= A2 ]2 (100)

o The trilinear term f) 77,7 cancels with [} 70,7 7.
o To simplify the trilinear term fol y0 0,7, we first use Lemma 42 and Remark 33:

1 1
fyﬁaxﬁzf Ap D00,
0 0

. 1 (101)
=f AL T-A%(00,7) - 910" D17]L.
0

Then we put all the derivatives on 7, which can be done by introducing commutators

1 1 1 11 1 I 1 1
fAﬁﬁ-Aﬁ(ﬁaxm:f A;ﬁ-ﬁaxA§v+f A2 v-[ﬁ,A; 0,7 (102)
0 0 0
Finally, we integrate by part to once again put all derivatives on 7
11 1 1 r! L 5
fA,Z, ﬁ-ﬁaxA,Zl’ﬁzzf U0.|A2 |
0 10 - ) (103)
3 ~24 i an~211
:_Efo |AZ 7 0xv+§[v|0)'§v| lo-
Combining (101), (102) and (103), we get
1 1 1 1 9 1 3 1 1 211
f yﬁax’ﬁ:——f |A2 7| Gxﬁ+f A 'ﬁ-[ﬁ,Afl 05U — = [D10} 0I7],. (104)
0 2 Jo 0 2

» To simplify the trilinear term fol ¥0xVV, we use Lemma 42 and Remark 33
1 1
f yaxﬁﬁ:f A, V0,0V
0 0

- X (105)
:f AZT-AZ(0,DD).
0

We substitute (99), (100), (104) and (105) into (98) to get

1 f h
Iz o1+ [ [oi0na]
0 to

51 1 1 1 1 1 1
+f f (—2A,21 7-AZ(0,00)+|A2 B0, 0—2A2 - [17,A,2,
o JO

axﬁ) =0. (106)

Using Lemma 43, we get that for all 0 < 7y < #; < T, one has

~i2 1h h n-~ 2 h
(17015 ] + | 0¥TC, D[ vy~
to 1

0

151 1
~ 2 ~ ~2
|0%5(-,0)| v,scf f 1Pl w2ncoo 1) | Pl 0,1y O
fh JO

3.2. Auxiliary estimate
In this paragraph, we choose I = [Ty, T1] < [0, T] an interval such that v; and v, do not change
sign on I. Without loss of generality, we assume that:

Vtel,v(t)>0 and v, () >0. (107)

The case where v;, v, < 0 can be done by symmetry. The case v; < 0 and v, > 0 can be done
with the energy estimates alone. The case v; > 0 and v, < 0 can be done combining the auxiliary
inequalities from the cases v;, v, < 0 and vy, v, > 0.
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We construct the auxiliary test function v ~aqu , which is a generalization of 73!, It is the
solution to the following elliptic problem:

A, 73l =, (108a)

Viel0,n-1]], yi(i/“,";ux'l)(', 1) =0, (108b)

Vielo,n-11, Bi@,"*N(,0=-2;@)(,0), (108¢)

where the operators 98; where defined in Appendix A through (150a). This elliptic problem is a
generalization of (54).
Let us introduce the space Hg,r (0,1) as the closure of C°([0,1)) for the H"-norm:

H{,0,1)={ge H"(0,1); Y i € [[0,n— 1]}, 0}g(1) = 0}. (109)

It is the natural space to define 72!

side and Neumann on the other).

as it is a solution to a Zaremba problem (Dirichlet on one

Lemma 37. The function 53" exists and is unique in L(1I, H}'.(0,1)) as the solution of the
following variational problem:

n-1

VgeHy,(0,1), V3 tel, f AZ pawlp . Alg=— Y Bi()(£,0).F(2)(0). (110)
i=0

Moreover, the function v 72! Lios in L>®(I,W2™*(0,1)).

Proof. Since ¥ belongs to L®(1, H*"(0,1)), for each i, t — 98;(9)(t,0) belongs to L®(I). Hence
by Lax-Milgram, 753 ! belongs to L>(I, H .0, 1)) and is the unique solution of problem (110) in

this space. Using Lemma 16, one gets that ﬁﬁ“x’l belongs to L®(1, W2*(0,1)). O
Let g € H"(0,1) be a function. Using Lemma 42, with 7%/ instead of f and g instead of g one
has
f An~auxlg f A2 ~auxl A2g+z % (~auxl)5pl(g)]0 (111)
Now due to (108a), one has fo Ap U8 ! g =0 and due to (108c), one has
n-1
Z B (3% (-,0).7(g)(0) = — Y Bi(D)(-,07(2)0). (112)
i=0
Hence,
n—1
f AZ paws! AZ =Y Bi(D)(-,07(8)(0). (113)

i=0
In particular, for g € HS’(O, 1), one has

1 1
/A,Z, pawlr ). A2 g =0. (114)
0

As this will be useful later, let us remark that for every g € H(;"fr (0,1), one has

1 n-1
fA2 0 DA™l (g, )AIg= Y 9Bi(00)(1,0)F(8)(0). (115)
i=0

Similarly to the case of the classical Camassa—Holm equation, the introduction of this auxiliary
test function is for the purpose of an auxiliary inequality. The purpose of the auxiliary inequal-
ity (116) is to control the entering energy fluxes.

Proposition 38. For almost every t € I, we have the inequality

d 1
5 3 ) + 10200, 0 v < [T 5 + 15130 ) + Z0Ep D Pl 170 1)
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Remark 39. If (107) is not verified, one can similarly introduce the function 75" as
A, »vvaux,r =0, (117a)
Vie0o,n—-11, i@03"™"(,1)=-%B;(D)(-,1), (117b)
Vie[0,n—-1], eSﬂ(Nauxr)(',O):(), (117¢)
and get the inequality
1d

1
2dt(||~a““||§{n)+|a§317(t,1)| vy (0= C(]|mgr ||Hn+||ﬁ||§1n)+Z|6;lr7(r,0)|2|vll+|37r|2. (118)

In order to prove Proposition 38, let us prove Lemma 40 and Proposition 41. Lemma 40
states that the auxiliary function ~aux'l is regular enough to be used as a test function in (91).
Proposition 41 is an inequality 31m11ar to the classical Rellich estimate on the normal and
tangential derivatives of harmonic functions, see for example [18]. We will use Proposition 41
to control one of the boundary terms on the outgoing boundaries.

Lemma 40. The function ﬂZux'l lies in Wh*°(1, H"(0,1)).

73%! e call V the function

Proof. Let us prove the regularity in time of the function v
Vi= i+ oAl (119)

Since, by Lemma 34, ¥ already belongs to W1'°°(I, H"([0,1])), it is sufficient to prove that V
belongs to that space as well. Moreover, using Lemma 42 and Remark 33, we get that for all
ge H(;‘r and for almost every ¢ € I, one has

1
fAZ Vi, )A g= f y(t,-)g. (120)

Moreover, by taking g € HS’V(O, 1) as a constant-in-time test function in (91), one gets for almost
every Ip < fo<t) = T7:

fol (7, - 7(t0,))) g = f: fol ((yﬁ+ yU)oxg— (7050 + yaxﬁ)g). (121)
Let us remark that there is no boundary term because g(1) = 0 and V®* ¢ € I, y;(¢,0) = 0. We
apply (120) and (121) with V (#1,-) — V(f, ) instead of g and since n = 1 we get
4GE V(tOr')”Hn < | —to| (1PN Tl g1 + 17 oo D1l g1 ). O
Proposition 41. There exists a constant C > 0 such that for every t € I
Iaféif;“""(tr D] =C| izux'l(tr')”m(o,l)' (122)

Proof. Let y € C*(0,1) be a function equal to zero in a neighborhood of 0 and equal to 1 in a
neighborhood of 1. We use Lemma 44 with 75" !instead of f and of g, and y instead of w.

fl
0
1 G

_ aux,/ ~aux,/
—[ 2 (gl A2 (58 )]+ Z

i=

( ~aux,l )

0x(x- ),A2

1
(~auxv).A,21(ﬁ;“"'l)+f A,Zl(”“"’) [;(ax,A2

1
B (T3NS (y 0, A1) .

B; (’ljaUXl)S (ax(x~aux, ](1)+ i
i=0

~auxl ~aux,l =0

Let us remind that the two terms involving A, U
(see (108a)).
Using the assumptions on y, we get that

are equal to zero because A, U

XAz (~auxl) Az (~auxl ] |6n~auxl(t 1)| (123)
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as well as

B (T3NS, (0, (y A ))];:—|a§’ﬁ;‘,“"”(t,1)|2, (124)

2

1
%(~a“"")s,-(xax pawel) ,=-lox 7wl (g, 1), (125)

Therefore

0z (e[ =

( ~aux,/ ),

(~auxl) A (~auxl) f Ar21(~aqu) [Xax,Az
which allows us to conclude, using Lemma 43, that there exists a constant C such that
~ ~ 2
|02 05! (8, 1 = Cll oo | 75 (1) [0, -

Proof of Proposition 38. By Lemma 40, we know that we can take vau"l

function in (91), which we do, giving:

as an auxiliary test

f f yat~auxl (yv+yv)6x~aux (yaxv+y0xv) auxl)
to

1 1
=f0 'ﬁ,i“""(tl,-)y(n,-)—fo 5 (0 ) F(o,-). (126)

fn ~aux 1

As a reminder, the term — f (+,0y;v; is equal to zero because ¥; = 0 on [ and the term

f 15} ~aux,

o (-,1)y, v, is also equal to zero because 7 ~aux' (-, )=

Let us now simplify each term of (126).

« Firstlet us fix £ € I and compute [ 73 gAY, )
1 1
f y(t,-)’ﬁ;‘;“"'l(t,-)zf An (8, ) DA™ (2, )
0 0

1 3 _ 1 ! n-1 ~ ! 1
=f0 A ()AL TR )+ Y (2@ ST )|
i=0

n—1
= Z B (D)(t,0).F (T2 (1,0) (127)

i=
f ‘AZ ~aux,!/ (t )|

=72 @) [

We used Lemma 42 and Remark 33 to get from the first line to the second. We used (114)
with 7 instead of g and the fact that vsu"l belongs to Hy k . to get from the second to the

third. Then we used (110) with 73/ instead of g to get the last line.

« The same computation allows us 'to simplify [/ [y 70,7, L
f f 70,7 ~auxl f f AnvatUaUXl
to
ty n—
f Z B (D)(1,0) 50, 721 (£,0) (128)
1

0 =

f / Az ~aux,l 6 A2 ~aux,
to
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We can simplify (128) by integration by parts in time:

aort %—vauxl 3 ~aux,! 1 ! 3 ~aux,! 2 ! 3 ~aux,l 2
/ [A"Vn "0 A Uy ':_(f |A% 7" (1, 0)) _f A7 73 o, )]
n Jo ? 0 X 0 (129)
= S l7 el = 5 170 o, )

o The terms J, 750,52 and [} 70,553 can be bounded by the Cauchy-Schwarz
inequality:

1
’ f JUo !
0

1
’ fo yo, oAt
e The term fol Y0y ﬁ'ﬁzux can be simplified using Lemma 42 as well as (113):
1 1
f Fo, 00 = f An 00,03
0 0

11 1
=f AL 5-AL @07 + S ,(5)(0)5: 0,952 0) (132)
0 i=0

< 170 (1902 + 7250, (130)

< 17 (1712, + |72 |30 ). (131)

1
f A]z1 (- ~aux l) A (axvvaux l)
0
Then, using the Cauchy-Schwarz inequality once again as well as Lemma 43,

~~aux,/
n

< 1Dl ymeroo (1713 + [ T35 ). (133)

~aux 1

o Let us simplify fo y00, 75", We apply Lemma 44 with 7 instead of f, 75" !instead of g
and 7 instead of w. The two terms involving A, U aux disappear thanks to Remark 33.

1 ! 1
f 070, 73! = — f
0 0

+Z[% @35:(0.07)] + Z

1
0x(0),A;

~aux l)

1
(17) ArZI(ljaHXI)_f A;?l U

1 1 1 1
Bi(D)S1 (0073 + [ﬁA,i(ﬁg“"”)-A,zl(m]o. (134)

Both integrals can be bounded by using Lemma 43 as follows:

N
[ s

For i < n—-2, one has % (0x(0D)) = 0, and #,-1(0x(0D)) = V02D. Moreover, for any
function f, B,-1(f) = -0 f. Therefore,

n-1
) |#
i=0

We also have

1 1
0, (0-),A2 n(’ﬁ:“"'l)

~ ~ ~ 2
=Cl U”W”“"’"(O,l)(” Olgmon * | Ufzux'l“H"(o,l))’ (135)

aux, l)

Ao < ClBlwnesio, (1710, + 172 5n o ) (136)

JC)

@a™hs;(0 x(ﬁm)]; = —0"5(-, )" TA™! (-, v, - |075(-,0)| v (137)

1 1
[ﬁAZ('ﬁau"l) A,Z,(TD]O=6;"17(',1)6,’§172“"’l(‘,1)vr+|6,’Zﬁ(-,0)|21/1. (138)
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Moreover, using the variational formulation (113) for 72!, one gets

— ~aux l)
- n-1 n-1
=Y B, DS (00,73 (-, 1) = Y Bi(D)(+,0)8: (70, 72™)(-,0)
i=0

i=0

11 1
=By 1 (D), 1) F 1 (00, 73N (-, 1) + f AZ 7A%LAZ (50, 73 (139)
0

+ Z B (TN (-, 1)F (00, 73N (1)

11 1
-0} (- 1)+a;z7f;“""(-,1))6,’552“"'1(-,1)vr+f AZ 53l AZ (00,030,
0

We exchange ¥ and A2 up to a commutator in f A2 2 pawl Afi (00,7200,

1
AZ, 00, |73 (140)

1
2 ~aux,l

11 1 1 1
fA,% ﬁzm'l-Aﬁ(ﬁaxﬁZ""J):f A,i Al 5, A2 a““+f AZ7DS
0 0
then we integrate by part
1
fAz ~aux,/ D0, Az ~aux,l:%L f)\ax“ r%li;aux,l|)
(141)

1
:_%fo axﬁ|A,% pawel |2 4 |0§§’17§‘l“x"|2ﬁ];.

Combining (139), (140) and (141), we get that

~aux,/
Up

1
-|az, va,

1 =
B (0)S; (00, 721 0_—0%(-,1)6,’353”""(-,1)1;,+f0 A2 paws!
| R S, ~ 2
——f 0xD|AZ T " = |02 D(-,0)| vy (142)

5

Once again, we bound the trilinear term as follows:

I 1 1
‘ f AL DA AAZ 90, | DA < ClDllyneeo | 72| 5gns (143)
0
1 1
' [ ocolad ot < uatan |5 . (144)
0
Using Proposition 41, we can bound 07 (-, 1) 8 v ~a“x’ (-, D v, as follows:
AMo(-, 1)t TEN (-, v, < —|6"i(-,1)|2vr +]an Tl (1) Py,
(145)
< Lase o, + clag,
Using (134)—(138) and (142)—(145), we get
5% 151 ~ 2
f f A f |0%(-,0)| v,
to To
(146)

n
<C||V||Loo([0 1, Wn+loo(0 1))[ (||U||Hn+“ ~aqu“Hn) _f |6Zﬁ(,l)|2yr
to
Now, let us assemble (127), (128), (129), and (146) to get
t t t
ot [ ozac o< [ (191 o ) 5 [ 0koe 0 O
lo fo to 4J1
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3.3. Gronwall argument and end of the proof

Let I1,..., Ix be the intervals on which neither v; nor v; changes sign. We assume that the initial
and boundary conditions are the same. We prove by induction on k that ¥ is equal to zero on Ij.
First, for every k € [[1, K]], we construct '1721”"1 and/or 75" on I according to the signs of v; and

vy on I.
Initialization step. By hypothesis, U is equal to 0 at time zero.

Induction step. Let us fix k € [[1, K]] and assume that U is equal to 0 at the beginning of I;. Then,
the auxiliary functions created on the interval I} are equal to 0 at the beginning of the interval I.
We denote by E i : Ix — R4 the quantity:

1712, + || 'ﬁzux'inz,,, +]|Tar |5, if el Ty,
103 + |70 || 5n if I, cT;\(@T;NT,),
Erel (1) = i i (147)
rebk 112, + | 73|, if I < T, \([;NTy),
1712, if I < [0, T]\ (T;UT,).

We sum inequality (97) with two times inequality (116) if I < T';, and two times inequality (118)
if It < T';. One gets that there exists a constant C > 0 such that

10 _
Ely () + 5(|a§ o(£,0)[* vl + |25, 1) u,|) < CEyey (D). (148)

Hence, by the Gronwall inequality, since E,| ;. is equal to zero at the beginning of I, it is equal
to zero on I;. In particular, U is equal to 0 on I;. Since ¥ belongs to CO([O, T1, H*(0, 1)), we get
that 7 is equal to 0 at the beginning of I, which concludes the induction as well as the proof of
Theorem 19.

Appendix A. Integration by parts and commutator for A,

Lemma42. Let f € H?"(0,1) and g € H"(0,1) be two functions. We have the equality

fOlAnfg=folA%f~A;%g+g[%(f)%(g)]é, (149)

where - is the standard scalar product on R"*! and the operators %; and %; are defined through
Vxe(01}, Bi(f)x):= i (—DF* g2k=11 (), (150a)
Vxe{0,1}, S := g;:;(lx). (150b)

Let us remark that the operators 9B; and .%; are boundary operators of respective order 2n—1—i
andi.

Proof. By inductionon k€N,

1 1 k-1 . X . 1
vV fe H0,1), V ge HF (0, 1), fo (6§kf)g=(—1)"f0 0 N@g) + Y (-1 @ NELg) -
i=0

By summation on k € {1,..., n}, we have
n k-1

1 1 1 1 .
[ anre=[ air-aig+ Y ¥ 0

k=0i=0

. . 1
L o L ” (151)
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which can be rewritten into (149), since

n k-1 . . .11 n-l n .
Z Z (_1)k+z 6§k_1_lf6;g]0 _ Z Z (_1)k+1

k=0i=0 i=0 k=i+1

n—1
=Y [BNF©), O
i=0

. . 1
Firatg),

Let keN*, fe Wk, 1), and f a differential operator of order k. We denote by [/, f] the
commutator operator
VgeH*0,1), [f,g:=fdg—A(fg). (152)

The two following lemmas are used in the proof of Theorem 19 to bound trilinear terms.
Lemma 43 is a simple consequence of Leibniz formula. Lemma 44 is a consequence of a repeated
use of Lemma 42.

Lemma 43. There exists a constant C > 0 depending only on k and </ such that
vgeH" 0D, [1f, 18]l 12 < Cll fll kool gl g (153)

Proof. Let f € W*®(0,1), g € H*"1(0,1) be two functions and ay, ..., a; € R be real numbers. We
apply Leibniz formula in the sense of distribution over (0, 1):

If,Lg=fAt (@) - (fQ)

i=0 j=o\J

k-1 k i L .
= Y o |aift g

j=0\i=j+1\J

k-1 "

j=0

where b := Zf:jﬂ (;) a; f'=1. Now, since f € Wb forall j, bj e Wk=/=1%° c [ and

k
il <) lal.
i=1

Then, since the product of an L?-function and an L®-function is in L?, [f,/]g is in L?, and we
have

k
If,st1g|l 2 < k=1 Y 1a@il 1 f kool €1 gt - 0
i=1
Lemma44. Let f,g, we H*"(0,1) be functions. We have the following equality:
1
0x(w-),Aj

1 I 1 1
(-~ [ Ai-[an wos @

1 1 1
fo wAn(f)0xg+f0 6,((wf)An(g)+f0
n-1
=2
i=0

Proof. First of all, let us remark that for n = 1, by Sobolev embedding, one has W'** c H n+l -
H?". Hence all the integrals make sense in L' as an integral of a function which is a L®-L2-1?
product.

Now let us apply Lemma 42 with f and wd, g instead of f and g:

1 % % 1
0+[wAn(f)-An(g)]0. (154)

1 n—1
21(2)Si(0:w)] + ¥ [Bi(NSiwog)
i=0

1
Bi([)S1(woxg) o (155)

1 1 1 n-1
fOAn(fmaxg:fO AZ() AL (wdeg)+ Y
i=0
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1
We exchange A3 and wd, up to a commutator:

folA%(f)-A,%,(waxg)=f01A,%(f)-wdxAé(g)+fOlA,%,(f)- A,%,wax (8. (156)
We perform an integration by parts
fOIA,%(f)-waxA,%,(g) =—f016x(wA,2ll(f))-A,%,(g)+ [wA,%(f)-A,%(g)];. (157)
We exchange 0, (w -) and A% up to another commutator
/Olax(WAr%,(f))'A,%(g) :folA,%(Ox(wf))-A,%,(g)+fol ax(w');A;%l (f)'A,%(g). (158)

Finally we apply Lemma 42 once again, this time with g and 0, (w f) instead of f and g:

1 1 1 1 n-1
fo Az(ax(wf))-A,%(g)=f0 Ox(wf)An(g) - Y Bi(9)F(0x(w))). (159)
i=0

Combining (155)-(159), we obtain (154). O

Appendix B. Sketch of the proof of Theorem 18

Let v be a function on Q7 := [0, T] x [0, 1], which verifies the boundary conditions (21b) and (21c).
We denote by ¢ the flow of v. It is defined as the unique maximal solution of the following ODE:

01(s, 1,x) = v(s,¢(s, 1, X)), (160a)
o(t,t,x) = x. (160b)

The quantity ¢(s, £, x) is the position at time s of the particle which was in x at time ¢. The quantity
¢(-, t,x) is defined on an interval of time [e(t, x), h(t, x)| where e(t, x) and h(t, x) are the time of
entrance and exit of the domain for the particle going through x at time ¢.

We define the sets Qp, Qg, Q and Qg as:

Qs:={(t,x) € Qr; Is € [e(t,x), h(t,x)], (p(s,£,x) =0 and v;(s) =0)
or (¢(s,t,x) =1 and v,(s) =0)}
U{(s,¢(s,0,0); se[0,h0,0]}u{(s ¢(s,0,1); s [0,h0,D]},
Qr:={(t,x) € Qr \ Qsg; e(t,x) =0},
Qr:={(t,x) €Qr; e(t,x) >0 and ¢(e(t,x),t,x) =0},
Qr ={(t,x) €Qr; e(t,x) >0 and P(e(,x),t,x) = 1}.
The sets Qj, Q1 and Qg contain the particles which enter the domain at time 0, from the left and
from the right respectively. The set Qg is called the singular set, it contains the particles which
were at time 0 at the boundary as well as the particles which were on the boundary with velocity
Zero at some point in time.
We define the function y € L*°(Q7) by
Yo(¢(0, 1, x))exp(—zfotaxv(s,([)(s, t, x))ds) for (x,1) €Qy,
y(t, x) = ylc(e(t, x)) exp —Zfet(tyx) 0xv(s, (s, t, x))ds) for (x,1) €Qy,
yE(e(t, x)) exp|=2 [, 0x V(s P(s, 1, x))ds) for (x,1) € Qp.
We refer to [24] for the study of the transport equation with stretching (18a). The facts that we
will use are:
o the function y is well-defined in L*°(Q ), together with the estimate

Iyllzeo@p) < max(ll yollzeo, | yf oo, | y5 oo ) exp (2T 105 vl g0 ); (161)
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o the function y is the unique solution of (18a) with initial condition y; and boundary
conditions y; and y7;
« the function y is in W*°([0, T1, H~1(0, 1)), together with the estimate
||6tJ’||L°°([0,T],H*1(0,1)) =3l ylle@nl V”LOO([OYT],WLOO((),D)- (162)
To simplify the notation, we denote L W2 instead of L ([0, T1, W?™*(0,1)) and similarly for
LW, W)™ HP as well as W, H; .
We can then introduce the solution u to the system
Apu=y, (163a)
v = (F(w)(0) (163b)
Ve = () D) 1o o1y (163¢)
We call Z the operator which to v € LPWE™™ 0 W} HP associates u € LWZ"° n W > HI.
For By and B; positive numbers, we introduce the space Cg,, ,, T as
CBO,Bl,T = {U € L?OW)?HVOO N WZ,LOOH;Z; ” U”Loow2n,oo = B() and ” U” Wloo ggn = Bl}. (164)
The end of the proof is threefold:

¢ find By and B; such that % maps Cg, g, 7 into itself;
* prove that Cg,,g,,r is compact with respect to ||« | ;o 1,005
X
e prove that & is continuous with respect to || - || [oopheo-
t X

i€[[0,n—1]]”

Once all this is done one can conclude by applying Schauder Fixed Point Theorem.
Lemma 45. There exists a time T > 0 as well as By and By such that & maps Cp, p,,T into itself.
Proof. Let us take v e L°W;™™ n W, H? and denote u := & (v). We denote by ¢; and ¢,

c1 = max(llyollzse, 1y7 Izse, 7l ee)

2 = [ill oo + IVell zo

the two constants depending on the initial and boundary data. Combining the estimates (161)
and (162) with the elliptic estimates from Lemma 13, we get that there exists a constant C
depending only on 7 such that

1l oy 2ne < C[e1 XTIV jouyyones) + 2] (165)
and
10cullzepy = Cc1 €XpRT IV sayyznee) + 2 IVl oy roe: (166)
We choose By :=2C(cj + ¢2). For T small enough one has
C(c1exp(2TBo) + ¢2) < 2C(cy + ¢2) = By; (167)
we choose such a T. Then we choose Bj := Bg. O

Lemma 46. For any By, By and T, the space Cp, p, T IS compact with respect to the norm
Il IIL?OW;,OO.
Proof. For n =1 this was done in [24].

For n =2, it is easier.

First of all, thanks to Banach-Alaoglu, the closed balls of L W2 and th'Oo H}! are compact
for the weak-* topology. Therefore, they are closed for this topology, and in particular, Cg, 5,7 is
closed in LW,

We have th’wH;"l . th’ooH}C. Therefore for (¢, x), (', x') € Q7 and u € Cg, g, 7, one has

|0xu(t, x) —0xu(t',x")| <t —t'1V/|x— x| IIuIIth,ooH;L.
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Therefore, thanks to Ascoli’s theorem, any sequence (U,), in Cg,p, r admits a subsequence
(Usmy)n such that (0,Uyn)n converges in L°LY°. Up to a second extraction, we can assume
also that (Uym)n and (0xUym))n converge in L°LS® and L$° respectively. In that case (Uyn))n
does converge in LY W; ' as wanted. 0

Lemma 47. The operator % is continuous with respect to the norm | - || Joopyloo-
t X

The proof of this Lemma does not differ from Proposition 2.4 in [24].
Combining all the arguments above, we proved the existence of By, B; and of a function
u € Cp,,p,,7 which is a fixed point of &. That is:
« the unique solution y of (18a) with initial condition yy and boundary conditions y¢ and
y; isequal to A u;
o the function u verifies the boundary condition (163b)—(163c).
As is, we created a weak solution in the sense of distribution of the Camassa-Holm equation. Itis
a weak solution in the sense of Definition 17 due to Theorem 3 in [2].
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