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1. Introduction

It is known that any plurisubharmonic function on a Stein manifold can be globally approxi-
mated point-wise by a decreasing sequence of smooth plurisubharmonic functions [4]. For Stein
manifolds, another important result states that any plurisubharmonic function on the submani-
fold of a Stein manifold can always be extended to a plurisubharmonic function on the ambient
space [7]. Note that a plurisubharmonic function on a complex manifold can be viewed as a pos-
itively curved singular Hermitian metric on the trivial line bundle over the manifold. The aim of
the present work is to prove similar results for positively curved (in certain sense, to be clarified
later) singular Hermitian metrics on holomorphic vector bundles over Stein manifolds.

To state the main results, we first recall some notions about curvature positivity of singular
Hermitian metrics on holomorphic vector bundles.

Let 7 : E — X be a holomorphic vector bundle over a complex manifold X. Then a singular
Hermitian metric is a measurable section h of E* ® E* that gives a Hermitian inner product on
E, the fiber of E over x, for almost all x € X. Given such a singular Hermitian metric & on E, we
can define a dual singular Hermitian metric 2* in the dual bundle E* of E in a natural way.

The following definition is given in [2].

Definition 1. Letn: E — X be a holomorphic vector bundle over a complex manifold X . A singular
Hermitian metric h on E is negatively curved in the sense of Griffiths if | ulli is plurisubharmonic
for any local holomorphic section u of E, and we say that h is positively curved in the sense of
Griffiths if the dual metric h* on the dual bundle E* of E is negatively curved in the sense of
Griffiths.

For smooth Hermitian metrics on holomorphic vector bundles, Berndtsson discovered an
equivalent characterization (see [1]), as follows. Let h be a smooth Hermitian metric on E. For
any local coordinate system {z = (2, ..., 2,), U} on X and any n-tuple local holomorphic sections
v=(v,..., vy of E over U, we set

n
T,fl = Z (vj, vi)pdzj Adzg,
k=1
where dmk is the wedge product of all dzy and dz; except dz; and dzy, multiplied by a
constant of absolute value 1, such that

idzj AdZp Adzj Adzg =idz AdZ) A~ Aidzy AdZ, = d V.

Then h is negatively curved in the sense of Nakano if and only if if i00T" = 0 for all choices of v.

If his assumed to be singular, T can also be defined as a current on U of bi-degree (n—1, n—1),
and hence 90T} is an (n, n)-current on U. Following Berndtsson’s observation, Raufi induces the
following definition [6] of Nakano negativity and dual Nakano positivity for singular Hermtian
metric on holomorphic vector bundles.

Definition 2. Let nm : E — X be a holomorphic vector bundle over a complex manifold X of

dimension n. A singular Hermitian metric h on E is negatively curved in the sense of Nakano, if
00T =0

holds for any n-tuple local holomorphic sections v = (vy, ..., v,), and we say that h is dual Nakano

positive if h* is negatively curved in the sense of Nakano.

In Section 2, we will explain that the curvature positivity defined in Definitions 1 and 2 reduces
to the standard definitions in the case of smooth Hermitian metrics.
The first result of the note is the following
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Theorem 3. Let (E, h) be a singular hermitian holomorphic vector bundle over a Stein manifold
X. Assume h is negatively curved in the sense of Griffiths (resp. Nakano). Then there exists a
sequence of smooth hermitian metrics {hi}{Z, with negative curvature in the sense of Griffiths
(resp. Nakano), such that for any compact subset K c X, there is k(K), for k = k(K), hy. decrease to

h pointwiseon K.

A local version, namely, the case that X is a polydisc and E is trivial, of the Theorem 3 was
proved in [2] and [6].
The second result is about extension of Hermitian metrics.

Theorem 4. Let E be a holomorphic vector bundle over a Stein manifold X, and Y be a closed
submanifold of X. Assume that h is a smooth hermitian metric on E|y with negative curvature in
the sense of Griffiths (resp. Nakano), then h can be extended to a smooth hermitian metric h on E
with negative curvature in the sense of Griffiths (resp. Nakano).

We do not know if the result in Theorem 4 still holds if % is assumed to be singular.

2. On different formations for curvature positivity for smooth Hermitian metrics on
holomorphic vector bundles

In this section, we explain that the curvature positivity defined in Definitions 1 and 2 reduce to
the standard definitions in the case of smooth Hermitian metrics. The result in this section is
already known, but we also give the related details since the lack of exact references.

2.1. On Griffiths negativity

We first consider the case of line bundle. Let L be a holomorphic line bundle over a complex
manifold X and & be a smooth metric on L. If e is a holomorphic local frame of L on some open
set U c X and |e|%Z = e? for some smooth function ¢ on U, then the curvature of (L, k) is negative
if and only if ¢ is a plurisubhamronic function on U (here negative means semi-nagative). Let
s = fe be a holomorphic section of L on U, then Isli =|f |2e? is of course plurisubhamronic if
¢ is plurisubhamronic. So we get the conclusion that the norm square of any local holomorphic
section of L with respect to h is plurisubhamronic if the curvature of (L, k) is negative.

On the other hand, assume that the converse is true, that is Islfl =|f 12e? is plurisubhamronic
for any local holomorphic section s of L, we can see that the curvature of (L, h) is negative. In fact,
we can just consider nonvanishing section s and write f = e8/2 for some local holomorphic func-
tion g, then eR®8+¢ is plurisubhamronic, and it follows that Reg + ¢ satisfies the maximum value
principle for all local holomorphic function g, which implies that ¢ itself is plurisubhamronic.

In conclusion, (L, h) has negative curvature if and only if Isli is plurisubhamronic for any local
holomorphic section s of L.

We now move to the discussion of Hermitian holomorphic vector bundles. Let E be a
holomorphic vector bundle over X and h be a smooth Hermitian metric on E. We assume that the
curvature of (E, h) is negative in the sense of Griffiths. Then it is well known that any holomorphic
subbundle of E with the induced metric has negative curvature in the sense of Griffiths (see [3,
Proposition 6.10]). Now let s be a nonvanishing local holomorphic section of E, then s generates
a local subbundle, say L, of rank 1 of E. It follows that (L, k|;) has negative curvature, and by
the discussion above we know that Isli is a local plurisubhamronic function. Clearly the same
statement still true if s has zeros since then Isli satisfies the mean value inequality near the zeros.

We now consider the converse. The aim is to prove that if |S|%Z is plurisubhamronic for any
local holomorphic section s of E, then the curvature of (E, h) is negative in the sense of Griffiths.
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Fix any point p € X and a local holomorphic coordinate system (z,...,z,) on X around p, it is
known (see [3, Proposition 12.10]) that there exists a local holomorphic frame ey, ..., e, of E near
p such that
- 3
{er,epdn = 51“ - Z Cixauzjzr +0(z1°), 1< Ay, <.
jk=1
For any constants c,, considering the local holomorphic section s = }_, ¢y e; of E near p, then we
have
2y 2 v v 3
Isly, = Z leal” - Z Z CikauCrcuzjzi + 0(zl%).
A=1 Jk=1A,u=1

So the plurisubharmonicity of Isli implies that the matrix

dlsl> r _
—( 4 ) (0)=( )y CjkApCACu)
nxn nxn

OZ]'OZ]C Ap=1

is negative, which is exactly equivalent to the Griffiths negativity of the curvature of (E, h) at p.
In conclusion, we get the following

Proposition 5. Let E be a holomorphic vector bundle over X and h be a smooth Hermitian
metric on E, The curvature of (E, h) is negative in the sense of Griffiths if and only if Isli is
plurisubhamronic for any local holomorphic section s of E.

2.2. On Nakano negativity

Let X be a complex manifold of dimension 7, E be a holomorphic vector bundle over X of rank
r, and h be a smooth Hermitian metric on E. For any local coordinate system {z = (z, ..., z,), U}
on X, the curvature of the Chern connection is a (1, 1)-form of operators

n
0= Z @jdej Adzp.
=1

E is said to be semi-negative in the sense of Nakano if for any n-tuple local holomorphic sections
v=(v,...,v,) of Eover U,

n
(®j,kyjr Vi) <0.
k=1
If we set

n
T,fl = Z (vj, vi)ndzj Adzg,
k=1

where dmk is the wedge product of all dz; and dzs except dz; and dzy, multiplied by a
constant of absolute value 1, such that

idz; AdZp Adzj AdZg =idzi AdZ) A~ Aidz, AdZ, = d V.
A direct calculation (see [1, Section 2]) shows that

_ n
00T/ =~ Y (©rv), vp)dVs.
jk=1

Therefore, / is negatively curved in the sense of Nakano if and only if if iddT” = 0 for all choices
of v.
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3. Approximation of singular Hermitian metrics

We put the following obvious results as a lemma.

Lemma 6. Let E be a holomorphic vector bundle over a complex manifold X, hy and h, be two
singular hermitian metrics on E. Then

(1) if hy and hy are both with negative curvature in the sense of Griffiths, so is hy + hy;
(2) if hy and hy are both with negative curvature in the sense of Nakano, so is hy + hy.

From the Oka-Grauert principle for holomorphic vector bundles, we have the following

Lemma7. LetE bea holomorphic vector bundle over a Stein manifold X. There is a holomorphic
vector bundle F on X, such that E & F is a trivial holomorphic vector bundle.

Proof. The statement is a corollary of the Oka—Grauert principle, which says that any topological
vector bundle over a Stein manifold admits one and only one holomorphic structure, up to
isomorphism (see [5, Theorem 5.3.1]). It is also known that E can be realized as a holomorphic
subbundle of a trivial vector bundle say X x CV (see [5, Corollary 7.3.2 ]). Hence there exists a
topological vector bundle F over X such that E & F is a topologically trivial vector bundle over X.
By the Oka-Grauert principle, there is a unique holomorphic structure on F. Since E & F is trivial
as a topological vector bundle, applying again the Oka-Grauert principle to E & F, we know that
E o F is also trivial as a holomorphic vector bundle. U

Lemma 8. For any vector bundle E on a Stein manifold X, there is a smooth Hermitian metric
h on E such that i®y, is both Nakano positive and dual Nakano positive. Furthermore, there is a
smooth Hermitian metric h' on E such thati®y, is Nakano negative.

Proof. The proof of the first statement is as follows. We fix a smooth hermitian metric sy on E
at first, and denote by h; the metric on E* dual to k. We also fix an exhaustive smooth strictly
plurisubharmonic function ¢ on X. Then we can choose a smooth increasing convex function u,
such that the curvature of h = e™*9) by is Nakano positive and h* := " h} is Nakano negative,
whic means that i®y, is both Nakano positive and dual Nakano positive.

We can get the second statement by applying the first stament to E*, which is also a vector
bundle on the Stein manifold X. d

We need the following proposition.

Proposition 9 (see [3, Proposition 6.10, p. 340]). Let0 — S — E — Q — 0 be an exact sequence
of hermitian vector bundles, and h is a smooth hermitian metric on E. Give S and Q the induced
metric by E. Then

(1) Ifi®g is Griffith (semi-)positive, so isiO.

(2) IfiOg is Griffith (semi-)negative, so isiOg.

(3) Ifi®f is Nakano (semi-)negative, so isi®g.

B. Berndtsson and M. Paun [2] proved the following theorem in the case that & is negatively
curved in the sense of Griffiths by convolution in an approximate way. H. Raufi [6] observed that
the same technique yields a similar result when £ is negatively curved in the sense of Nakano.

Theorem 10 (see [2] and [6]). Let h be a singular hermitian metric on a trivial vector bundle E
over a polydisc, and assume that h is negatively curved in the sense of Griffiths (resp. Nakano).
There exists a sequence of smooth hermitian metrics {h,}]2 | with negative curvature in the sense
of Griffiths (resp. Nakano), decreasing to h pointwise on any smaller polydisc.
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We now give the proof of Theorem 3.

Theorem 11 (= Theorem 3). Let (E, h) be a singular hermitian holomorphic vector bundle over
a Stein manifold X. Assume h is negatively curved in the sense of Griffiths (resp. Nakano). Then
there exists a sequence of smooth hermitian metrics {hy}7. | with negative curvature in the sense of
Griffiths (resp. Nakano), such that for any compact subset K c X, there is k(K), for k = k(K), hy
decrease to h pointwise on K.

Proof. We give the proof for the case of Griffiths negativity. The proof for the case of Nakano
negativity is similar.

From Lemma 7, there is a holomorphic vector bundle F on X, such that Ee F is a trivial
holomorphic vector bundle. As the restriction of trivial hermitian metric of trivial vector bundle
on F which denoted by g is Griffiths negative, so (h,g) is negatively curved in the sense of
Griffiths. If we get an approximation of (/,g) by hermitian metrics with Griffiths negative
curvatures, by Proposition 9, the restriction of the hermitian metrics to E which are Griffiths
negative is an approximation of 4. Without of loss generality, we may assume that E is the trivial
vector bundle X x C", and £ is a hermitian matrix function on X.

By the imbedding theorem, there is a proper holomorphic imbedding ¢ : X — CN. So we
may view X as a closed complex submanifold of CV. There exist finitely many holomorphic
functions fi,..., f;u on CV, such that {ze CN: f1(2) = --- = fiu(2) = 0} = X. Set | f|?> = T Ifjl?. By
Corollary 1 of [8], there is a Stein open neighborhood U c CNof X,and a holomorphic retraction
7m:U — X. Hence, n* (h) = hor is a singular hermitian metric on U x C", which is an extension of
h and negatively curved in the sense of Griffiths.

We will construct hy by induction. For z € CN, set |z| = Z?’zl |sz2, and X ={ze X :|z| < k}.
Denote dj. = dist(X,0U). Let p be a smooth radical function on CV, p = 0, suppp < B; and
JenpdV = 1. Set pe(2) = péff\f) for € > 0. Hence by Theorem 10, (hon) * pe, is Griffiths negative
on

Vi :={z € CN : dist(z, Xi) < dy — €1}
for €x < dir. We may choose {e;} inductively, such that €y is decreasing to 0, as k — oco. Let

Xk be a smooth function, such that y; = 1 in a neighborhood Uy of X, and supp yx < V. Let
8y = 1 dist(Xy,0Ux) >0, and

ur(2) =maxs, {|z* - k* = 61,0} + | f (@),
where maxs{x, y} means the convolution of the maximum function (see [3]). Notice that
uglx, =0and ui(z) = 121> = k? =8k +|f(2)* = cx, forze Uy (3.1
for some constant cj > 0.
Claim. There is a sequence of smooth increasing convex functions {vy}, with v (0) = 0, such that
By = ") (y(hom) x pe, +ex )
is a Griffiths negative hermitian metric for the trivial vector bundle CN x C", where I, denotes the
T X I unit matrix.
If the claim is proved, let hy = Ekl x, hy is Griffiths negative, and
hilx, = (hom) * pe,|x, +exl fork =1.
As € decreases to 0, then {h;} satisfies all the conditions.
We will prove the claim.
Note that,
1O, =10y, (hom*pe, Ix, +erlr — 100V (up) ® I
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From Lemma 6, y (ho) * pe, | x, +€xI; is Griffiths negative on Ug. As xr = 0 on V,/, we only need
to consider Vi \Uy. Since y i (hor) * pe, | x, +€xIr is a smooth hermitian metric, Vi \Uy is compact,
and uy is strictly plurisubharmonic on Vi \Uy, we can find a smooth increasing convex function
U, such that v (0) = 0 and hy is Griffiths negative. Il

Remark 12. By the dual proposition, we can also get similar results for the approximation of
singular metric which is positively curved in the sense of Griffiths or dual Nakano positive on
Stein manifold with increasing sequence of metrics with Griffiths positive or dual Nakano positive
curvatures.

4. Extensions of Hermitian metrics

In this section we give the proof of Theorem 4.

Theorem 13 (= Theorem 4). Let E be a holomorphic vector bundle over a Stein manifold X, and
Y be a closed submanifold of X. Assume that h is a smooth hermitian metric on E|y with negative
curvature in the sense of Griffiths (resp. Nakano), then h can be extended to a smooth hermitian
metric h on E with negative curvature in the sense of Griffiths (resp. Nakano).

Proof. We give the proof for the case of Griffiths negativity. The proof for the case of Nakano
negativity is similar.

From Lemma 7, there is a holomorphic vector bundle F on X, such that E @ F is the trivial
holomorphic vector bundle X x C". The restriction of trivial hermitian metric of trivial vector
bundle on F which denoted by g is Griffiths negative.

As Y is a closed submanifold of the Stein manifold X, there exists an open neighborhood U of
Y in X, with a holomorphic retraction 7 : U — Y. So we get a smooth hermitian metric (hon, g)
on (E @ F)|y with negative Griffiths curvature.

Let y be a smooth function satisfying y = 1 in an open neighborhood V of Y and supp y c U.
Set

W =y(homg)+(1-pI,,
then #' is a smooth Hermitian metric on E® F. As h'|y = (hom, g), I’ is Griffiths negative on V.
So we will focus on V¢ := X\ V.
There exist finitely many holomorphic functions fi, ..., f;; on X, such that

Y={zeX: fi(z) == fin(2) =0}.

Let |f]? = Z;.": Ui 2, and ¢ = 0 be a smooth strictly plurisubharmonic exhaustion function on X.
There is a continuous function v on [0, c0), such that

10y < v(p)i0dpI, 4.1)
and 1
e < v(¢) on V°©. (4.2)
Let u be a smooth increasing convex function on (-1, 00), such that
u(?)=0 and u'(1) = v*(1) V€ [0,00). 4.3)
Let

~ h=elPe? K, and v =log|fI* + u(¢).
Then h is a smooth hermitian metric on E & F, and
hly =Ky = (h,gly).
Since 1 is plurisubharmonic, we have that e¥ = | f|?>e*?) is also plurisubharmonic. As
10 =10y —idd( f1*e““)1,, (4.4)
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and h' is Griffiths negative on V, Therefore, 7 is also Griffiths negative on V. On V¢, notice
i00(|f1?e“?) =igae?
= e¥ (100y +i0y A dy)
> | fI>e“ P i0d(log| f12 + u(¢g)) (4.5)
> |f1*e" P v/ (¢)iddep
> v()i00¢,
the last inequality holds form inequality (4.2) and (4.3).

From inequality (4.1), (4.4) and (4.5), we have that £ is Griffiths semi-negative on V. There-
fore, h is is Griffiths semi-negative on X. Let

1:E— E®F t(a) =(a,0).

t*(E) is a smooth Griffiths semi-negative hermitian metric on E by Proposition 9, with
(My = h. O

Remark 14. For the extension theorems, if the metric being extended is Griffiths nagative or
Nakano negative, we can get a Griffiths negative or Nakano negative extension metric. The proof
is almost same as above, if one notice that there is a sequence of holomorphic functions {f;} on
X, such that | f|? = 2,15 > converges uniformly on compact subsets of X, Y = {|f]*> = 0}, and

i00| 12 + wy > 0 on every point p € Y c X for any given Kihler form wy on Y.

Theorem 15. Let E be a holomorphic vector bundle over a Stein manifold X, and Y be a closed
submanifold of X. Assume h is a smooth hermitian metric on E|y which is Nakano (semi-)positive.
Then h can be extended to a smooth hermitian metric h on E which is Nakano (semi-)positive.

Proof. AsY beaclosed submanifold of the Stein manifold X, by [8], there is a Stein neighborhood
U c X of Y, and a holomorphic retraction p : U — Y. By the Oka—Grauert principle, p* (Ely) is
isomorphic to E|y, and p*(Ely)ly = Ely. Therefore, we may view p* (h) as a smooth hermitian
metric on E|y, and p*(h)|y = h. Choose a smooth hermitian metric #; on E, and a smooth
function y on X such that y = 1 in an open neighborhood of Y, and suppy < U. Then we get
a smooth hermitian metric
h=xp*(W+Q1Q-xh

onkE.

There is a sequence of holomorphic functions {f;} on X, such that | f 12:= Z?‘;l | fi 12 converges
uniformly on compact subsets of X, Y = {|f|2 =0}, and i<3<_3|f|2 +wy >0oneverypointpe Y c X
for any Kdhler form wy on Y.

By a similar procedure of the proof of Theorem 4, we can find a smooth plurisubharmonic
function ¢ on X, such that e /"¢ 1/ is Nakano (semi)-positive on X. It is obvious e 1P g
an extension of h. O
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