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Abstract. We consider the cubic Schrodinger equation on the line, for which the scattering theory requires
modifications due to long range effects. We revisit the construction of the modified wave operator, and recall
the construction of its inverse, in order to describe the asymptotic behavior of these operators near the origin.
At leading order, these operators, whose definition includes a nonlinear modification in the phase compared
to the linear dynamics, correspond to the identity. We compute explicitly the first corrector in the asymptotic
expansion, and justify this expansion by error estimates.

Résumé. Nous considerons I'’équation de Schrédinger cubique sur la droite, pour laquelle la théorie du scat-
tering demande des modifications dues aux effets a longue portée. Nous reprenons la construction de 'opé-
rateur d’'onde modifié, et rappelons la construction de son inverse, afin de décrire le comportement de ces
opérateurs pres de I'origine. Au premier ordre, ces opérateurs, dont la définition contient une modification
non linéaire de la phase par rapport a la dynamique linéaire, coincident avec 'identité. Nous calculons ex-
plicitement le premier correcteur du développement asymptotique, et justifions ce développement par des
estimations d’erreur.
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1. Introduction

We consider the cubic Schrodinger equation on the line,

1
iatu+§6§u:/1lu|2u, xeR, 1.1
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1718 Rémi Carles

with A € R. It is well known that in terms of scattering, this equation corresponds to a borderline
case, where long range effects appear (see [1]). The goal of this paper is to analyze the modified
scattering map near the origin, as well as the modified wave operator and its inverse. We first
recall a few aspects of scattering theory for the nonlinear Schrédinger equation in the short range
case, then turn to the specificities of this long range setting.

1.1. Short range scattering

Denote by U(t) the Schrédinger group,
Ut := eiéa?C .
In view of the explicit formula for U(t) as a convolution operator, we have
i x2 1 ~(X
157 —_— —
RONICY ttoot “ (it)l/zf( t)’ (1.2)
where we normalize the Fourier transform as follows,
~ 1 .
FfO=f&=— f (x)e ¢ dx.
Q=7 5 e f

See Lemma 5 for a more precise statement regarding (1.2). Consider, for the sake of comparison
with (1.1), the case of a quintic, defocusing nonlinearity

1
i0,u+ z(ﬁuzlul‘lu, x€R. 1.3)

The discussion for, e.g., the two-dimensional or the three-dimensional cubic Schrédinger equa-
tion would be similar. Given

u_eX:={fe H'®; I flz:=Iflp2+10:fl2+lxfl2 <oo}, (1.4)

there exists a unique uy € X = H 1~ 2 (HY) such that the (unique, global) solution u to (1.3) with
Ujr=0 = Up satisfies

IU-Dul@®) —u-ls thOO.

We recall that U(¢) is unitary on H', but not on % (H'), this is why the quantity measured above
isnot u(t) — U(f)u-. The map u_ — uy is classically referred to as wave operator (see e.g. [7]).
Conversely, given ug € X, there exists uy € X such that

IU=0ul®) —urlls — 0.
t—+o0

The map u- — u, is called the scattering operator. It can be defined for other (defocusing)
nonlinearities, but strictly supercubic, in view of [1], where it is proved that, typically for (1.1), itis
not possible to compare the nonlinear dynamics with the linear one for large time (see also [7]).
We will see in the next subsection that in the cubic case (1.1), nontrivial long range effects must
be taken into account, and that these effects are explicit.

In general, rather little is known regarding properties of the scattering map S. For instance,
it is proven in [3] that for smooth, power-like nonlinearities such that short range scattering is
known, the wave and scattering operators are analytic. The formula for the associated Taylor
series is given, and the formula differs whether the expansion is considered at the origin or at a
nontrivial state. Such asymptotic expansions (not necessarily in the analytic case) have proven
useful in the context of inverse problems, see e.g. [21, 22] and references therein.
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1.2. Long range case: modified scattering

The picture is different in the case of (1.1): the nonlinear dynamics cannot be compared to the
linear one, unless one considers the trivial case u = 0 ([1]), so a modified scattering theory has
been developed in order to describe the large time behavior of u, sharing some similarities with
the linear case, presented in e.g. [6].

Given asymptotic states u_ and u4, we introduce the long range phase corrections (different

whether ¢t — —oo of t — +00),
(X2
S+(t,x):=FA ui(;” log|z]. (1.5)

Loosely speaking, the existence of modified wave operator reads as follows: given u_ (sufficiently
small), there exists a solution u to (1.1) such that

. ‘ 21 x
ut,x) ~ eSUIUu@u_(x) ~ eS-EIHE g (—),
t——00 t——00 (int/2 t

where the second approximation stems from (1.2). Note that the phase modification S_ is by no
means negligible as t — —oo: it accounts for long range effects, as established initially in [28]. We
denote by uj;=0 = wmod(y;_) the modified wave operator.

The modified asymptotic completeness is similar: given u (sufficiently small), there exists 1
such that the solution u to (1.1) with u;;=¢ = uo satisfies

u®) ~ eSO Uu@u,.
—+o00

Such a result was proven initially in [15]. The modified scattering map is given by S™°%(z,_) = u,..
At this stage, we have not addressed the function spaces in which the above asymptotics have
been proven.

In [28], the existence of modified wave operators was established for u_ € & (H?), with || Zi_ || joo
sufficiently small, and the solution u to (1.1) has an 2 regularity, ug € I2(R). We emphasize, as
the notation will be used many times, that the space & (H?) is characterized by

9(HS)={fe5ﬂ’(R), A1 e 2=fR(x>zs|f(x)|2dx<oo}, )y =V1+2.

The result of [28] also addresses the case where u_ € # (defined below, see (1.6)) where, provided
again that || Zi_ || o sufficiently small, the solution u to (1.1) has an H 1 regularity, and convergence
holds in this space.

In [15], the asymptotic completeness was proven for uy € H' n F(HY) with y > 1/2 and
ll o |l gy 27 1y sufficiently small. The obtained asymptotic state u.. is such that i, € 2N L™,

Denote

F:={f € H' (R); (x)0xf,(0)° f € *(®)
={f € L' ®; I fllae =1 (x)0x fll 2 + 11<x)° fll 12 < 00}

In [2], the main result of [28] was adapted for u_ € A4 with ||ii_| 1~ sufficiently small, and the
regularity of the solution « to (1.1) was proven to be at least Z, hence uy € X, making it possible
to connect this result with the asymptotic completeness from [15], thus defining a map u_ — u,
from (a subset of) 7 to L? 0 L. When invoking the modified scattering operator, we refer to this
notion.

This gap in regularity between u_ and u., was considerably diminished in [17], where, with the
same notations as above, the authors consider the setting (along with smallness conditions)

u- € FHY, uge FHP), u,eFH,

(1.6)

with the constraints 1/2 < § < f < a < 1, allowing these three indices to be arbitrarily close one
from another. This is achieved by adapting the notion of (modified) asymptotic completeness
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in order to avoid loss of differentiability issues, in space dimensions two and three, where the
borderline nonlinearity in terms of scattering is |ul?! dy,

We also emphasize that there are many references addressing the theory of long range scat-
tering for nonlinear Schrédinger equations (e.g. [4, 18, 19, 24-27]), as well as for Schrédinger-like
equations, like Hartree equation (e.g. [8, 12, 13, 29]), derivative nonlinear Schrédinger equation
(e.g. [14, 16]), Maxwell-Schrodinger system (e.g. [9, 10]), wave-Schrédinger system (e.g. [11]), not
to mention other dispersive equations.

We note that the very definition of the modified wave and scattering operators encodes the
fact that the nonlinearity is cubic, and recovering the nonlinearity from the scattering map does
not make sense, contrary to the case of [21, 22]. In the case where A is allowed to depend on x
in a somehow perturbative way, Chen and Murphy [5] showed that the inverse of the modified
wave operator uniquely determines A. One of the tools of the proof there is to study the behavior
of this operator near the origin, thanks to a rather implicit expansion ([5, Proposition 4.1]). We
present a more explicit formula in the next subsection, when A is constant.

To fix the ideas, we summarize the above discussion by introducing the following definition,
where regularity aspects are left out for simplicity.

Definition 1. Given u_, the modified wave operator acting on u_ is given by 1,9 = W™9(u_),
where u solves (1.1), and satisfies

u(t,x) = e D U@ u_(x) + o) in L*®) as t — —oo,

where S_ is defined in (1.5).
The modified scattering operator is defined by S™%(u_) = u, if the above solution u satisfies in
addition
u(t, x) = eSO U uy (x) +o(1) in L*(R) as t — +oo,

where Sy is defined in (1.5).

1.3. Main result

In the same spirit as what has been achieved for the wave and scattering operators in the short
range case, we consider the asymptotic behavior of the modified wave and scattering operators,
with two restrictions compared to [3]. First, we shall confine ourselves to the asymptotic
expansion near the origin. Second, we compute only the first two terms of this asymptotic
expansion. We will see that this already requires some amount of work, but that the same method
should provide some, if not all, higher order terms in the expansion at the origin. On the other
hand, the description of these operators near a nontrivial state certainly requires a different
approach.

We emphasize that the question addressed here is different from the (higher order) asymptotic
expansion of the large time behavior of u(t), as studied in [23]. Our main results are gathered in
the following statement:

Theorem 2. Letv_€ # andvy€EX.
e Forany0<n<2,wehave, inZ andase — 0,
wmdey ) =ev_+elw, +0 (6577),

where w» € X is defined by

-1
wy = —mf (U(—T) (U@ v-PU@v-) + Fllgrl (|ﬁ_|2ﬁ_))dr

0
—mf Ut (U@ v-PU@)v-)dr.
-1
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o Forany0<mn<2, wehave, inL?> andase — 0,
-1
(Wf“’d) (evo) =evo+ € +O (55_”) ,

where 1y = o (vo) € L? is defined by

1
2 = —i)lfo (U=5) (1US)vol*U(s)vp)) ds

o0 Az"__\
+/1f (M(—r)g‘l()M(r)uoy M(r)uo)—g—l(wzﬁo) %,
1

i x2
and M (t) stands for the multiplication by e 2t .
e Forany0<mn<2, wehave, in L? and ase — 0,

S v ) =ev_+£3vy +0 (6577),

wherev; € L? is defined by vo = wo + 2 (v_), where w, is given by the first point, and y, by
the second.

Remark 3. The functions u; and v, are more regular than merely L2, as we will see in Section 6
that they belong to H' n & (HY) forany 0 <y < 1.

It may be surprising that the leading order behavior of the modified wave and scattering oper-
ators at the origin is the identity: we recall that from their definition, these operators are already
nontrivial, and account for long range effects. We also emphasize that the first corrector has a
more involved expression than in the short range case, a case where we would simply have (typ-
ically for the two-dimensional and three-dimensional cubic Schrodinger equations, see e.g. [3])

0
wy = —mf (U9 (1U(s)volPU(s)vp)) ds,

2 = —mfo (U=5) (1U()volPU(s)vp)) ds.

Note that in the (one-dimensional) long range case, these integrals diverge.

As evoked above, in principle, the method of proof that we present allows to compute (some)
higher order terms in the asymptotic expansions near the origin.

1.4. Outline

In Section 2, we recall several properties which are classical in the context of scattering theory
for nonlinear Schrodinger equations, and which are of constant use in this paper. In Section 3,
we revisit the construction of the modified wave operator W™°4, in such a way that the leading
order behavior of this operator at the origin, presented in Section 4, is rather straightforward.
In Section 4, we also consider the first corrector in the asymptotic expansion of W™°4 at the
origin, an aspect which requires some extra work. In Section 5, we recall the modified asymptotic
completeness result established in [15], and infer the leading of behavior of $™°¢ at the origin.
The first corrector is derived in Section 6, where the last two error estimates announced in
Theorem 2 are proved.

1.5. Notations

We recall the classical factorization of the Schrodinger group,

U(t) = 2% = M) D(H).F M(1),
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where the multiplication M(#), the dilation D(¢) and the Fourier transform % are defined by

_ ixé _ 1 X
M(t)=e2r, D(l‘)f(x)—mf(?),

-~ 1 e
FrO=fO=—= iy
fO=FO=—= fR Flx)e ™ dx

(1.7)

Note that each of these three operators is unitary on I[2(R), and that (1.2) reads U(¢) =~ M(£)D() &,

see also Lemma 5. We recall that the space X is defined by

S=H'nFHY={f e H'®; I flz =12 +10:fll2 +llxfll2 <oo}.

We note that X is a Banach algebra, invariant under the Fourier transform, and such that £ —

L' N L. In addition, ¥ is invariant under the action of U(¢), for any teR.

For functions f¢, g€ > 0 depending on time ¢ and ¢, the notation
JARSY &
means that there exists C independent of ¢ and € such that

fE g Cgé‘

2. Technical preliminaries

In this section, we gather classical estimates which can be found in several references cited in the

introduction.
Lemma4. The operator
J(8) =x+it0y
satisfies the following properties:
o J(1) =U()xU(-1), and therefore ] commutes with the linear part of (1.1),

1
J(0),i0, + Eai =0.

e [t can be factorized as
2 2
J(t) =ite'¥ o, e ).

(2.1)

As a consequence, ] yields weighted Gagliardo-Nirenberg inequalities. For 2 < r < oo,

there exists C(r) depending only on r such that
Cr) = 50 11
170 < |£]6(r) 1711z ' “](t)f”Lzr , 6= 377
Also, if F(z) = G(|1z|*)z is C', then J(t) acts like a derivative on F(w):
J(@) (F(w)) = 0, F(w)J()w—8zF(w)J (Dw.

Lemma5. Denote by
R(t)=MODOF (M) -1)F 1,
where the above terms are defined in (1.7). The following estimates hold for |t| > 1:
(1) Foralls>1/2and0<0<1,

1
12 fllre < |th”flleze, VfeZMR).

(2) Forall0<0<1,
1
||<%(t)f||L%§an||Hze, VfeZM).

2.2)

(2.3)
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(3) Forall0<O6<1,

OB fll2 S —gIfl s, VeSS R).

| t|9
(4) We have

10~ fll;2 S IIfIIHl T IIXfIIHz, VfeSR).

|zl
Remark 6. We emphas1ze that 2(t) does not map L®(R) into itself, since & (M(t)—1)F !
U(})-1and U()(e "7 ) = 8.

Even though such estimates can be found in the existing literature, we give a proof, as the ideas
will be resumed when M(t) —1 is present.

Proof. In view of the definition of %, we readily have
120 fll = m |1/2 1F M) - DF ! flleo.

Using Hausdorff-Young inequality and the general estimate

x2 $2|°
IM(t)—-1|=2 Sin(ﬂ) S 7 , V0o<<O<]1, (2.4)
we find
1 2| 1
12D flliy S -7 Ff
| ]
Ll

Using the easy property & (H¥) — L! for s > 1/2 (the same is true on R provided that s > d/2,
from Cauchy-Schwarz inequality),

10 fllige S 757 |0 12 27 £

|t |1/2+9 ’ 2~ W"JCHHHZU’

hence the first inequality. For the second one, since D(?) is unitary on L2, Plancherel formula
and (2.4) yield

12l = 104D~ DF ™ fl S~ |15

IF 1 oo

For the third inequality, we use the formula J () = U(#)xU(-1), along with the factorization

1[0 LZNIIIB

U)=iM-nF" 1D( )M( 0, (2.5)
to obtain

1
ORI = 1KMO -0 flp S o 12071

< ,
2 ST 11 120

To estimate 0,2 (t) f, two terms appear, whether the derivative hits the first factor M(f) or not,
and we have

1
1052012 < H %D(t)g(M(t) - Dg_lf”y to |0 M) -1)F 7 ] .-
The first term on the right hand side is equal to
|xZ M) -DF ' f2=|0sM@D) - DF ' £l 2
X ___ _
<[]+ 1ono-no.5 11

1
S +—lx
ST Il 10 1 f 1 20,
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for any 0 € [0,1]. Note that
1 1 1
MO -157 2 = MW -5 e S 5 e

hence the result, by choosing 6 = 1. U

3. Modified wave operator

Akey aspect in the proofs of the existence of modified wave operators for (1.1), in particular to get
minimal regularity assumptions on the asymptotic state u_, is to consider a suitable approximate
solution near ¢ = —oco. Introduce two such approximate solutions, u; and uy, defined for ¢ < —10,
given by

1 : x2 X is
up (£,%) = ——— el fi_ (—)e‘ (60— MDD W, x),
1 (1t)1/2 t
where
o~ o~ i il 2
D) =T el/llu_l logltl,

where we resume the same notations as in [17], and
w () =U0)F ‘.

As t — —o0, uj and u; are close, in view of Lemma 5, since 1y (#) — u; () = 2(¢) iv. Our goal is to
keep track of the smallness of the asymptotic state as precisely as possible, in the sense that we
consider uf = ev_ for some fixed v_, assume that € > 0 is small, and we want to get larger powers
of € in the error terms whenever we can. It turns out that apparently, u, is a better candidate than
u; in this direction. More explicitly, the Duhamel formula for u — u; (see [17]) contains a linear
term (R0), which we want to remove. We first gather some estimates on u;.

Lemma 7. Let u_ € /: |lu1(Ol2 = llua(Dll;2 = lu-llpz for all t < —10. There exists C > 0
independent of u_ such that for all t < -10,
72—l oo
—\/m )
0wy (Dl 2 < C(lu-llse+ llu- |I3Jg),
17w (D2 < Cllu—llz (1+1 u—Iléglogltl)-

1 ()|l oo <

Proof. The conservation of the L2-norm is obvious, as well as the estimate

| % || poo
lua (Dlzee £ ———
SV
The expression of u; yields directly
~ loglel -
l0xur (D2 < N0xT-lI12 + IAI%II Ao llox i 2.

In view of the factorization for J stated in Lemma 4,

J(6)ur () =itM(0)dx (D(1) - e'5-1)
2 z
= el #7150 (iD(£)(0,-) - AD(D) - xlog|r] x 0,17,
thus
@ u (0l < 1l +1ogl el Al Bl .

The lemma follows. O
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Lemma8. Letu_ € /. There exists C > 0 independent of u_ such that for all t < —10,

_ C (- g
12Ol < — (1 g + 13- )

N C
|2 (8) oo < TEE (lullz + Qogleh*llu-17).

C
IU(-02Hwlz < iz |(IIu e + Qogl ) lu-1%).

Proof. If we use the first point of Lemma 5 with 6 = 0 and s > 1/2, the phase factor causes the
appearance of a log|¢| term, since the H L_norm of i is involved. So we rather take 6 > 0 and
s>1/2 such that s+ 26 =1, and so, for t < -10,

@l 1 .
1RO @1 S S g (18-l + Q0g DT 1 57)

S \/_(nu e+ 1813
where the logarithmic factor was left out since 8 > 0. It is actually at the level of this estimate that
the H'-norm of #i_ appears, instead of merely its L°°-norm.

To obtain the stronger time decay, we choose s =0 =1 in the first point of Lemma 5, hence,
since H®(R) is an algebra,

@l 1

||92(t)wnLoo<mTN|t|3,2(nu o+ QogleD* 1217 )

In view of Lemma 4,
IUDZWIs =R 12+ 10xR W 2 + 1T (R W 12,

and Lemma 5 yields
IUG-DR@Dwls S — !

Izl
Using the fact that H*(R) is an algebra for s > 1/2, we infer

Il s + — Xl 2.

1
|21

U t)%(t)w||z<ﬁ(llu Iz + ogl e 121 ) + - (It g + Gogl 1D x2-1 )

St (nu I+ Y dogleh* u ||5*21),

j=0,1
hence the lemma. g

Proposition 9. There exist 69 > 0, C, and a polynomial P, such that the following holds. For any
u_ € L? with u_ € 7, where # is defined in (1.6), and such that | @i_ || ;p < 8o, there exists a unique
up € Z such that the solution u € C(R, %) fo (1.1) with uj;=o = up satisfies, for t < -10,

(log|z)*

Izl
Remark 10. The choice of the approximate solution u, is tailored to ensure that, with the proof
presented below, the error term is superlinear in some norm of u_, uniformly in the limit £ — —oco.
On the other hand, the smallness assumption, which is a consequence of the first estimate in
Lemma 8, is stronger than in the cited references, since Sobolevembedding yields H' (R) ¢ L®(R).

1T (=0 (u(t) = up () lx < Cllu=11%,P (lu—1 %)

Proof. Like in [28] or [17], the proof relies on a fixed point argument near ¢ = —co. Resuming the
computations from [17] (and keeping the same notations),

12

A
i0;w = ?le w,
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and so we check that u; solves the equation
10, FU(-Dup = AFU(-1) (%U(t)?‘l (|w|2w)).
Therefore, we want to solve
0. FU-1) (u—up) =AFU(-1) (|u|2u— %U(t)grl (I mzw)) :
We insert the term |u»|? 1 into the above equation, and use the identity
%U(t)g_l (1w w) = %MD?M?‘I (1w w)
= %ggm (I1w)* @) + %MmDm (l0* ),

with

v (1w @) = M(OIMO D) @I° DO = |uy *u

p 17U,

so Duhamel’s formula reads, along with the requirement U (—t) (u(¢) — u2(f)) — 0 as t — —oo,
t t
u(t) = uy (1) —i/lf U(t-1) (Iulzu— |Lt2|2LL2) (r)dr +i/1f U(t-1) (|u2|2u2 - |u1|2u1) (r)dr
—00 —00

t
—ixlf Ut-1) (%%(r) (I mzw)) (mdr. 3.1

The last two lines correspond to source terms, involving only the various approximate solutions,
and can be estimated thanks to Lemma 5, as uy = u; + Z .

Denote by ®(u) = up + ®1(u) + @, + @3 the right hand side of (3.1), where ®; corresponds to
the j-thline (note that ®, and ®3 do not depend on u). We have

|0 (2P uz — [t Pur)| = |05 (12D + 1 (R + ur) — |ur | 1) |

S (12 + 1w 1?) 10,2 W+ (R D] + |11 ) | R W0 U |.

Using the formula J(#) = U(#)xU(-t) from Lemma 4, as well as (2.3) that state that j(#) can be
thought of as a derivative here, we find

t
UGB GRS f (IZ2@) @120 + U1 (D 30) 1U(-T)R W15 dT

t
+f (12 @) Wl g0 + It (7)1 o) 1R @) DN o | U (=) 11 (7) |5 d7.

We invoke Lemmas 7 and 8 to estimate the above terms. More precisely, then factor |22 (1) 0|
is controlled by the second estimate of Lemma 8, and we get, for || Zi_| ;n <1 and ¢ < -10:

_ t (log|z)*
1U(=0®2(Dls S 1l ||u_||2fpz(||u_||;f)f gT—zdr,

for some polynomial P,. The term ®j3 is estimated thanks to Lemma 5, and the choice of
parameter is motivated by the previous estimate, keeping in mind that a factor % is already
present in the definition of ®3. For the I%-estimate, we thus choose 8 = 1 in Lemma 5, so that

t dr t dr
2~ 2 ~
||<I>3m||Lz§f lotale < [ 1oeiole
—00 o0

. . t ~ dr
5||u_||iw||u_quf (1+ QoglTh*I2-I7) —-

o0
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The norm |xU(—6)®3() ;2 = IJ(£)P3(2);2 is estimate similarly, by setting again 8 = 1 (in the
third point of Lemma 5, and we get, since the H?>-norm is replaced by an H3-norm in the above
computation,

t

R dr
(1+ toglzn®na-18,) =

(@30l 2 S NT- 7ol ||Hsﬁ =t

(o0)

The choice of suitable parameters for the H'-norm was already made in the statement of
Lemma 5, and we have

¢ dr
||6ch3(t)||Lz§f (|||w|2w||H1+||x|w|2w||Hz)T—2.
—00

The term involving the H 1_norm has been estimated above, so we focus on the other norm. Direct
computations yield

|0% (x1@1* @)| S |xI1@[*10% @] + |@1*10x @] + | x|| @110 I,
and we get
<5 12 15 ! ~ 2 147
10.:®@s(Dllz2 SNA- Nl | (1+ dogleDla-I7,) —
—00

. t dr
+||u_||Loo||u_||2,ff (1+ doglTh?llu-1I%,) =
oo T
The source term is therefore controlled, for ¢ < —10, by:

logITI)4

t
1U(=0)(@2(8) + D3 (D5 S 18- - 12, P (e 72) f ( dr, (3.2)

72
for some polynomial P whose precise expression is irrelevant.

The end of the proof consists of a fixed point argument. Mimicking [28], for a € ]1/2,1]
arbitrary (but fixed), and T > 1, introduce the space

X(T) = {u € [ (]—00, - T], I?) such that t — U(=)u(t) € L® (-0, - T], %),

sup [ U =) (u(t) —ua()s < | ﬁ_IIHl}.
t<-T

and define on X% (T) the metric

d(u,v) = sup [H%Nu(®) — vl 2.
t<-T

Note that here, we choose to measure distance by considering the L? norm only: X*(T), equipped
with this distance, is a complete metric space.
For ue X*(T), ®;(u) is estimated by

L
IU(=0)@1 ()2 < f (lu@) 300 + 2 (T [1Fe0) | (@) — U2 (D)l 12 dT

~ 2
t dr iz
~ 2 H!
Sttt [ s .
—00

T1+(X ~ |t|(x

For A€ {0y, J(1)}, we have

|[A(lulPu—lul?u)| S lulPlA(u— up)| + (ul + |uzl) Az |lu — up). (3.3)
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Therefore,

1U(=0®; (w()llz < f

t
lu@) 61U (=7) (u(T) — up (1) Iz dz

t
+f @)z + N2 (@) ) MU (=) u2 (D) I 6(T) — u2 (7) || eodT

o0
r loglt|

1+a

S1A-I2 Py Ol | dr,

o T
for some polynomial P3 whose precise expression is irrelevant, where we have used Lemmas 7
and 8 to estimate |U(—7)u2(7)llz. The L*-norm of u(z) — u,(7) is controlled by |7|~Y2-9 in view
of Lemma 4 and the definition of X*(T). Therefore, by choosing T sufficiently large, we check
that ® maps X*(7T) to itself.

To conclude by a fixed point argument, we show that @ is a contraction provided that || Z_ || ;n
is sufficiently small. Indeed, for u, v € X*(T),

t
@(u)(t)—tb(v)(t)z—i/lf Ut-1) (JulPu-Ivi*v) () dr,
and so, for £t < -10,

t
IIGJ(u)(t)—@(v)(t)IILsz (lu@ 2w + lv@) 120) lu(T) = v(@) 12 dT

todr
<177 2 -
N”u—”Hld(urv)f T1+a)
—00
where we have used

lu@) e + vz < 22 (D) [l 10 + Cllu(T) — u2 (W) | p + Cllv(@) — w2 (D) i

-l

ERV/E

since a > 1/2. Therefore,
d(@w),®W) S Na-15, d(u, v),

hence the result provided that || 7i_ || zn is sufficiently small. O

4. Behavior of the modified wave operator near the origin
4.1. Leading order asymptotic behavior

Let u® = ev_ with v_ € # independent of €. Denote by u¢ the solution provided by Proposition 9.
Then like uf, uf is of order €, and the remainder in Proposition 9 is 0(€3). The long range
phase correction S¢ is @ (e?log|t]), for t < —10: its contribution is negligible for times ¢ such
that £2| log|t]| « 1, so in particular we can match with a linear solution at ti =-1/¢7,

1
iatu‘f + Eaiui: =0,
with

1 .2 X
€ _ 157 [ Z
Ul =—1/er = (irnl/2 e Fu) ( t) ‘z:—l/e?'

The right hand side is M(#)D(#)% u’ evaluated at t = —1/¢". In view of Lemma 5, up to a small
error term,

uf (1) = U ut, or, equivalently, uf = ev;, with v, (1) = U(H)v-.
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We choose this definition for the first order approximation uf. Let ¢ > —1/¢¥. Duhamel’s formula
implies

U-1) (uf (0 - vi(1)
t
= U (=9) (u () — u5(s) + u5(s) —ui(s)) L:_W —i/lf U-7) (lufPuf) (r)dr,

1/€Y
that is

U=Duf(t)—ut

t
£ £ _ €12 €
/ Y+U(—s)u2(s)|s:_1/gy—u_—ulf_w U(-7) (lu*1*u®) (1)dr,

s=—1/¢

=U(-9) (u(9) - u5(9) |
The first term on the right hand side is estimated thanks to Proposition 9:

|v =9 (- u)| < 637logel.

s=—1/¢gY H z
On the other hand,

H U(=s) uS(S)L:—l/sY U z

= 1F T Wys=m1er — U s = 1 @)s=—17er — F (W) |15
Recalling that
W= ) exp (11F ()’ logltl),
we have directly
I —F W)z SN x) (@ - F W) |l 2 + HaquE (exp (il (u®)[*log|t]) - 1|2
+|logel | F )| F W),
§£3|10g£|.

The integral term can be estimated in X by

t
f 1t ()17 1 U (-7) 1 (1) 2 d.
—1/gY

Since |U(T)uf(-T)llx < ¢ from Lemmas 7 and 8, and Proposition 9 (where T is independent of
€), we have the following uniform estimate from [15, Theorem 1.1] (see also [20]), provided that
€ > 0is sufficiently small,

luf @l < m% VTER. 1)
Writing
U0 uf @)z < NUED) (6 (@) —ai@) Iz + 1UEDuf(@)]s,
and using the obvious fact that |U(-7)uf (7) ||z = €llv- ||z, we have, for t > —1/¢7,

¢ dr toodr
s —ullo<ed 2 _E el =3 ar
[U0u () - ul ||y Se’llogel+e L/EY [Unuf@ u_“z<T> +e Lm =

Therefore, Gronwall lemma yields

2 2
sup ” U(-1) ue(t) _ uf ”Z 5 £3|10g£| eCs |logel+Ce log(T),
-1/e¥<t<T

for some constant C independent of € and T. In particular, for any § € 0, 1], the right hand side
is@(e37% on [-1/€,1/P] for any f > 0. This estimate implies the property
wmld(ey Y=y _+0(EM),

for any n > 0. In the next subsection, we improve this estimate by describing the first corrector
term.
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4.2. Next term in the asymptotic expansion

Following e.g. [3], a refined asymptotic expansion for u?, at least on bounded time intervals, is
given by the solution u§ to
|2

. 1
i0.uf + Eaiug = Aluf|“uf,

where the Cauchy data must be chosen carefully. Formally, as uf is of order ¢, uf is of order €3,
provided that its Cauchy datum is @ (€3). Set
U, = uf +uy.

We now have

U= (uf (1)~ ugp (1))

t
_ _ Erey _ 1€ £ _ € s _ €12 € 11 €12, €
=U( s)(u (8) — u5(s) + u5(s) uapp(s))L:_l/Ey Mf_l/gy U(-1) (Juf|°u® - [uf|*uf) (r) dr.

We have seen before that

” U (-s) (uf () — u5(s) | < &3 loge| = o(e%).

s=—1/¢¥ H): ~
So if we want to catch the €3 term, this is good. Making U (=$) (u5(8) — ug,, (s)) small (0(€3)in )
at s = —1/&" is what should tell us how to choose the data for uj. Indeed, the integral term is
estimated in L? (Z will require more care) by

! dr
. luf (1) —uf (D)l 2 —,

t
f 5 (18 (@) 30 + 16 (@) 100) 11 (1) = V(@) 2 dT S €2 f @

1/¢ -1/¢
and we now write
Il (1) =i (@l 2 < 1w (1) = ugpp (D2 + 1w (0 2,
so the last term yields a smaller contribution (in terms of ¢ at least) than in the previous
subsection.
Thus, everything seems to boil down to choosing uf at time —1/¢? in an efficient way, so that

= 0(63).

IZERITACETE) .

s=—1/¢gY

By construction,
U(—s)(ug(s))‘sz_my =Z 7 (F W) exp (—idylF uf) I loge)).

Taking into account the second term in the asymptotic expansion of the exponential in @, we
define u$ by
t

U(-tu (1) = —idye*loge)F ! (1F ()P F (v2)) —1153/

-1/¢

Ut (U@ v-PU@)v-) dr. (4.2)
Y

Lemmall. Letv_ e /. ForeveryteR, U(—t)ug(t)/f:3 converges in L?> N L°(R), and the limit is
independent of y. This limit is given by

-1
U(-t)va(8) = —mf (U(—T) (U@ v-PU@v-) + %9‘1 (|g(u_)|237(u_))) dr

t
—mf U1 (U@ v-PU@)v-)dr.
-1

The limit also holds in Z, and for all t € R,

us (1)

<e.

83 >

U(—t)( —Uz(t))
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Remark 12. We emphasize that even though the limit v, is independent of y, the error estimate
improves for large values of y. In view of the definition of u$, the matching condition at ¢ = —1/¢"
between ug and ugpp is not better than @ (85 (logs)z), so it is no use (in this paper) to consider
Y >2.

Proof. The proof consists in writing a precise asymptotic expansion of the argument of the
integral involved in (4.2). Writing, for any 8 €10, 1],

6)
we have, in the same vein as in Lemma 5,

UDv-(x)=M@)D@)F v-+ R (1,x),

x2

t

X

2
M(t)=elZf=l+@(

where, as T — —o0
IRy ()l 2 26’(#), | Ry (T) |l oo :@(W).

We infer, as T — —oo,

it

|T|3/2

U@r-PU@-=ef = (F@IRFw0) (5] + Ro(r, 0,

with 1 .
”RZ(T)”LZZ@(W)’ ”RZ(T)”LOO:@(ITP‘W).
In view of (2.5), we next compute

2 s g1 (L el 2 X
U (U@ PU@ ) =ie % & D(;)(W[Iﬂ(y_)l f/r(y_))(;))

- x2 1 : x2
e 5 1( 1)o7 )
T

=- mT9‘1(@(v_nzg(v_))(x)+R3(r,x)

1
=-—F ' (IFW)PF ) (0) + Rz, %),

where 1
|Ra(T)l ;200 =@(|T|W)'
Set 6 =1, and write
1

-1
iU eDEAGE —iy(loge)Z ' (1F (v)IPF (v2)) —if L, Uem (IU@v-1PU(T)v-) dr
-1/¢

t
—if U1 (IU@v-PU@ - )dr
-1
-1
=—iy(1oge)y—1(|gr(u_)|29(u_))—if (—%9‘1(Iﬂ(v_)lzﬂ(v_))+R4(T) dr
-1/eY
t
—i/ U1 (IU@v-PU@ - )dr
-1
-1 -1/e" 4t t
= —if R4(r)dr+@’(f T—z)—if Ut (U@ v-PU@)v-)dr.
- - -1

o0 o0
:@(51’)
Therefore,

-1 t
U-0va(t) = —id f Ry(1)d7 —iA f UG- (lU@v-PU@)v-)dr,
—0o -1
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and, by construction,

1
Ry@) =UD) ([U@v-PU@ D)+ H"Tl (F@WIHPF W),

hence the formula of the lemma. In particular, by the same arguments as above, the second
integral diverges logarithmically as t — +00. We leave out the convergence in X (since v_ € A,
S0 we can pay some momentum estimate when controlling M — 1), which relies on similar ideas,
like the proof of Lemma 5. Note that the present argument O

We can now improve the error estimate proven in the previous subsection with only the
leading order approximation u. By construction,

|u9wss - ugppon =0 (c°(oge)?),

s=—1/e7 Iz

and we have, if 0 <y < 2,

t
” U(-1) (uE(t) - uipp(t)) “z < 3*7|loge| +f [U) (14812 uf - [u§Puf) (1) | 5 dr.
—1/¢eY
In view of (3.3),

1U(=1) (1t P uf = [ufPuf) @z S 1 @1 1UD) (6 —uf) (0]s
+ (I @ oo + uf (@l 20) 1T (D)0 (@D 15[l (7) —uf (7) || goo.

Recalling (4.1), we readily have

luf (D)l < (T>—1/2

On the other hand,
IUDuf @)z =ellv-Is,

and Sobolev embedding yields, along with (2.2),

THOISS m%
as well as )
uf (@) —uf(Dll> S W”U(_T) (uf = v) Dz
Therefore,

2
U =7) (1 2u = o€ Pul) Dz < —1U=7) (4 —u€) @)s

(1)

2
£
< o (0@ —w @]y +IU-Dus ).
We see that there exists C such thatforall T > 1,

IUCn)us () lls < e’log(Ty, Vre =

1
VS T] )

where the logarithmic correction is necessarily present for large positive 7, as pointed out above.
Gronwall lemma now yields, forall 0 <y < 2,
sup U= (1)~ gy, (1)) || S €% 1oge| el Tlopel-CetlosD,
1/ <t<T z

for some constant C independent of € and T. In particular, the right hand side is 0(e®) on
[-1/€Y,1/€P] for any B > 0.

The first point of Theorem 2 follows, by considering the above error estimate at time ¢ = 0 and
setting wy = vys=o.
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5. Asymptotic completeness
5.1. Main steps of the construction of u,

We recall the main steps from the proof of [15, Theorem 1.2], a result which we state in the
particular case that we shall consider (the initial data may have a different regularity there, and
an extra short range nonlinearity can be incorporated). In passing, we keep track of the size of
the remainders more precisely.

Theorem 13 (From [15]). Let ug € X, with ||ugllx = €' < 6, where § > 0 is sufficiently small. There
exist unique functions W € L n L? and ® € L™ such that, fort > 1 and C5 < a < 1/4,

t d ,
F (U(-Du(t) exp (i/lf Iﬁ(T)IZ—T) -w < Ce)3arCE” (5.1)
1 T 120L®
and
Lo pdT 2 "3 ;—a+C(e?
/1[ [(T)] 7—/1|W| logt—@ <CE)’t . (5.2)
1 oo
In particular,
1 X x% x\|2 Cx
u(t,x) = (lt)—”ZW(;) exp (12_1‘ —iA W(?)‘ logt—@(;)) +p(t,x),
with

_ N2 _ _ "2
lo(Oll2 < CE't™ CET p(r) |l < Ce't™ M2 a+CE),

In [15], the time decay in (5.2) is raised to the power 2/3, because the setting is more general
and includes the case of dimension three. We explain below why this power can be discarded in
the above statement. The asymptotic state u is naturally given by

Uy = 9_1 (We_iq}) .

Sketch of the proof. As announced above, we recall the main steps from [15], and slightly im-
prove some estimates in terms of the powers of €.
As evoked before in the case of (4.1), (the proof of) [15, Theorem 1.1] provides global estimates
for u (proven in [15, Lemmas 3.2 and 3.3], see also [20]):
!

lu(t)ll e < WU=Du®ly <& (6Ce”, (5.3)

<t>1/2’
Denote
~ o~ . t ~ ng
v(t)=U(-Nu(t), w=7Uexp (1/1[ |D(1)| T)
1

=:B(t)
Then (1.1) is recasted as

iatb@:&B(I) (h+12), (5.4
where '
()= M-0-1F (MOWMD), L0 =|Mos| Moo-19P5.
These source terms are controlled as follows, for ¢ > 1:

3
lvlls
t(X
provided that a < 1/2. In view of (5.3) and the definition of v, this entails

’

I (D) 2o + 1 (Ol 21 S

— 2
I (Ol 2o + 10 20000 S ()3 4F3CE,
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Renaming 3C to C, and integrating (5.4), we readily find that there exists W € L? n L* such that
@) = Wi p2aze S ()37 0HCEP, (5.5)

thus proving (5.1), since

[0, =1F (U(-0u®) (=

‘”* 7 U(t, f)' la(t,&)I.

The phase corrector @ is obtained by introducing the function

(1) = Afltuw(mz —|@(1)?) %. (5.6)
We have, for t > s> 2,
V(1) -V(s) = A[(W(rnz -7 % +A (1D - @(s)*)logs.
In view of the above estimates, for t, > 11 > 2,
@ ()1 — 1@ () 1P| S (@(8)| + | @(1) ) | D(82) — W(2)]
S (D) + @) ()3 1 O
On the other hand, we have
lw(r)| <€
from (5.5). Therefore,
@)~ 1@()P] < ) €, > n>2, (5.7)
and so
W (1) = (s)] < ()45~ CE Jogss.
In particular, there exists ® € L* such that, for ¢ > 2,
10— (1)] < () CE 1ogt, (5.8)
The estimate (5.2) then follows from the identity

/lf Iw(r)l —/1|W| logt+®+¥ (1) - @+ A(lw(1)* - |W|*)logt,

using (5.5) and (5.8), poss1bly modifying the constant C, and using the fact that the condition on
a in Theorem 13 is open.
In view of (5.1) and (5.2), we find

F (U(=Du(t)) = We MWPlogi=i® .y

where
17Ol 2nre S (5/)31‘7“%(5,)2'
Writing
1=UNUED)=M@ODOFMDU-1)=MODOFU-1)+RDFU(-1),
we infer

u(t,x) = M() DO F U (-0 u(n) + p1(t, x),

with, in view of Lemma 5,

o1z S |I9U( Du@l2 S

= \/- S \/_
and, since a < 1/4, using the first point of Lemma 5 with § = @ and s =1 -2a,
¢ "2
lor(Blli S Sz IFU DUl St arCEr,
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We conclude thanks to the estimates

IMODOr Bz = (Bl 2 < ()3 eHCE”

IMODOF (Ol = —= [P (Dl S (€)F 12O,
Vit
since (1) = M(£)D(H)(W e MW =1%) L vy D) r(£) + p1 (). O

5.2. Modified scattering operator: leading order behavior near the origin

In view of Theorem 13, the asymptotic state that we consider is u§ = & -1 (W‘E e 10 ), with ug =

uftzo. The main remark at this stage is that the reduction presented in the proof of Theorem 13

boils down the analysis of the asymptotic behavior of uf as ¢ — 0 to a regular asymptotic
expansion. In order to treat the last two cases of Theorem 2, we suppose that, for0 <n <2,

us =evo+ew, +0 (571),

with vy, w» € 2 and the remainder term is (measured) in X. For the last point of Theorem 2, we
assume w; = p® = 0, while for the second point, vp = v_ and w» = vy|;=¢ as in the first point.

We keep the same notations as the proof of Theorem 13, with now ¢ instead of ¢. The
definition of i, in particular the term B, requires as a first step the asymptotic description of
uf attime t = 1 instead of only ¢ = 0.

In view of [15, Theorem 1.1], as in (5.3), we have

I (Dl S m% IUDuE (Dl S e’

In view of the proof of (5.1) and (5.2), we directly know that
10 @l 11 (1 00, 20010) S €
and so
(1) = w(1)+6 (%) in L*([1,00[, L> N L*).

By definition, @ (1) = (1) =& (U(-1)u* (1)) = vy + O(®) in .
Regarding @, the definition (5.6), and (5.7), yield

(@l e <N =Y ()l + 1P (Dl S e,
where the right hand side is estimated uniformly in ¢ > 1. Therefore,
ut =1 (Wefiq’) =evy+0(3) in [2.
Therefore, at leading order, we have

-1
SMd ey )y =ev_+0(%), (WFOd) (evg) = evg+O(Y) in L2,

6. Higher order asymptotic expansion of the final state

The higher order asymptotic expansion for u£, involving an € term, requires more work, even at
the formal level. We first show how to derive this term, then, in a final subsection, prove the error
estimates announced in Theorem 2.
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6.1. Derivation of the first corrector

We first examine the value of u® attime ¢ = 1, in view of future connections with Theorem 13. The
idea is the same as in Section 4.2: for finite time, since we consider small data, the asymptotic
expansion is given by Picard’s scheme, and we have directly from Section 4,
Ui =eUM v+ 3y +e°pE,
with )
Wy =U() ws —i)Lf U -39 (1Us)vol?U(s)vg)ds,
and [pfllz S1ase—0. ’
To derive the first corrector, we plug the asymptotic expansion
W(t) = Do+ V() + 7178 (D)
into (5.4), with r® = @(1) in some topology we shall precise. We first proceed formally, and then
check that the above ansatz indeed provides a corrector of 1€ in L?. We compute successively
|01 = @] = e*|vo]* +O (),
hence, for bounded t,
B(p) = ei”l[“;(”'zg =1+ i/lezlﬁolzlog t+0(eh,
and
U= WB = ey +e° (V2 —iMDo* Tologt) + G (™).
We then expand the factor I{ and I from (5.4):

(0= &7 (-0 - 05 [S0w | 0w +0)

¢ [Py e ey roren P P 5
150 =& \|[M@we| M@0 - 150 50| + ).
Therefore, the natural candidate for v, satisfies:
A
0/Vy = ?(]1 +J2),
where

12—
I :g(M(—I)—l)g_l(|M(t)Uo| M(r)vo),

Jo = |Mowo| M0w0 -~ 150/ 5.
The Cauchy datum for v, is given at ¢ = 1: on the one hand, the above asymptotic expansion
implies

D=1 = €Dg + £V + O (27,

while on the other hand, the analysis of Section 4 yields

U(=Du (D=1 = evo+ U)W + O (M),
so we infer .

Vopr=1 = U(-1) W2 = wo —mfo U(-s) (1US) vol*U(s)vp) ds.

As vj € X, the proof of Theorem 13 readily yields lt(h +J5) € L' ([1,00[; L>NL™). Since X is a Banach

algebra, invariant under the Fourier transform, and such that £ — L' n L®, we have Va|=1 € Z,

and so v, € L%([1,00[; L2 n L*®) and
~ ~ *© dr . 2 o
vz(r)—vznzlmf (h(@+J2(1))— inL°nL>™.
t—o0 1 T
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However, in the asymptotic expansion of B, I} and I, the more precise information that we
need is that the remainder term is @ (&°) together with some algebraic decay in time, so we obtain
an asymptotic expansion for @ in L2. This requires more effort, and the proof is presented in the
next subsection.

6.2. Justification of the second order asymptotic expansion

As a first step, we analyze the regularity of the corrector v,. To do so, we introduce an extra
function space: for 0 <y <1, set
S =H'nFH)={fe H®), I flzr = Iflar+1x)" fll;2 <oo}.

We note that like X, X is invariant under the Fourier transform, as well as the action of U(¢), and,
when y > 1/2, it is an algebra embedded into L' n L*°.

Lemma 14. Let vy, w» € Z. Recall that the first corrector is defined by

1 t d
Vo (1) = LT/z—i/lfO 9U(—S)(IU(S)Vo|2U(S)U0)dS+7Lf1 (]1(T)+]2(T))7T,
where J| and ], are defined by

12—
hO=FM-n-1F! (‘M(t)l/o‘ M(t)vo),

g2
J2(t) = [M@wo| M0y - 190 Do,
Then J1,J» € L®([1,00l,Z), with
supl1(Dlls +sup 12Dz S llwolls,
t>1 t>1
and, forany1/2 <y <1,

11 (Dllzr + 12(Dllzr S ool
1(Dllsr + 112 > S ape

and therefore v, € Li’g’c([l,oo[, 2) N L*([1,00[, Z7). Finally, Vo(t) — V5 in ZV as t — oo, where
1 0o dr
VP =y —mfo FU-s) (UGS vlPUs) vo)ds+/lfl (h(@) +]2(r))7.
Proof of Lemma 14. Since w;, vy € Z, the first two terms defining v, belong to X (as it is an
algebra). For any (fixed) ¢, J1, J2 € Z, and v,(t) € Z: the uniform bound in time is straightforward,
but to get some time decay, we pay a little regularity. Let 0 < y < 1: like in the proof of Lemma 5,
write, for t > 1,

2
I (Ollgr = H (M(-t)-1) F " (]M(t) vo] M(t)VO)

sy

2
S g 57 [ 3
S Az |x|"" ' (M(t)l}() M(t)vo) o
e luoll3
< —1‘ ) LR
~ Iz F (MU)VO Mml’o) s~ e’

since X is an algebra. The assumption y > 1/2 simplifies the computations in the case of J», as XV
is an algebra, and the first inequality below is straightforward:

1201sr < (1M vollzy + llvollzy ) 1 (M () = Dwoll sy

1 llwoll3
< 2~ x|ty <X
S0l g Ml Tl S s
The lemma follows, since the extra decay in time, t7~V/2, ensures the convergence of the integral

in the last term defining V. d
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We recall two uniform estimates which will be of constant use in the course of the proof:
10l + | M| Se. 6.1

The first quantity is estimated in the proof of Theorem 13, thanks to (5.5). The second one is
controlled thanks to (5.3), since, using (2.5),

=Velu®l .
LOO

The justification of the formal asymptotic expansion derived in the previous subsection relies
on a Gronwall type argument. The error that we want to control is @ — £y — £3¥,, which solves,

by construction (keeping in mind that vy does not depend on time),

HM’(”\”“L@ = | F MU0 u)| e =

D (%) M(=t)u(z)

A A
0 (@~ e00~£%%2) = ZBUY +15) - 7»33(11 +J2).

We rewrite the right hand side as

A A

SB(If+1 -1 - )+ ~(B- DE* 1+ o),
and the last term will be considered as a source term. Indeed, from the definition

B(r) = A 1@ _ ei/lf{m(mz%
so from (6.1),
IB(5) =1l < €*logt, (6.2)

and Lemma 14 yields
5 logt

|8 B-D01+ 1)l 2 S 6= 6.3)

forany1/2<y<1.

We now focus on the term B(I f + 125 —e3J1—€3J,), to estimate it in L2, and examine successively
B(If - €¥J1) and B(I - €%J,). First, by definition,

— 2 I R
E-&) =FM-n-1)F" (|M(t)v| M(By - & |[Mwe| M0 uo),
so the term v — £vy is naturally factored out, and we must relate it to the left hand side, involving
w —evy— €3v,. Since BB = 1, we can write
pi=—ely— e, = Bi—edo— e, =B (ﬁ—eEﬁo —53502),
so we have
D€l =B(W—e0g—€V2) +e(B-1)0p +& BVy. (6.4)

The first term on the right hand side will be treated differently from the last two terms, which will
be considered as source terms. Using the formula

221?22 —|211%21 = 1221 (22 — 21) + 21 Re(22 — 21) (Z2 + Z1),
with 2, = #(Mv) and z; = €% (MUvy), as well as (6.4), yielding
F (M- ev) = FMF " (B( - 09— 92) + £(B- 109 + BV ), (6.5)

we write
3
115 — € Jill g2 < NGillgz + 1Sl g2 + 112 12,

where, simplifying the algebraic structure for the sake of presentation,
G =F(M'-1)F! ([Ig(Mv)Iz + €2\ (Mug)|2) FMF ™ (Eﬁ)),
S1=eF (M =1) 7! ((1F M)+ €47 (Muo) 2) FMF (B~ 1)) ),
o= (M -1)F 7 ((IFMV)P + 417 (M) 2) FMF ! (B,)).
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We have left out the time variable in the expression of M in order to lighten the notation, and do so
below for the same reason. The Gronwall term G; is estimated by merely using the boundedness
onL? of # (M~ -1) %1, and the unitarity of # M !, and we write

G2 S (IF (M) 7o + €211F (M) 700) 1511 2 S €215 2,

by using (6.1). For the source term 81 and S», we invoke the same arguments as in the proof of
Lemma 5, and the fact that % M.% ! is unitary on H* for any s > 0:

ISi02 $ = [(F 00 + 217 Mg ) FMF ! (B- o),

= (101 g, + £2 0000 (0 ) DB = DTl

e f
<—tZCE I(B-1)Tgll 1,
NG

where we have used (5.3) for the last inequality. The last term is controlled by
I(B =)Dl <I1B=1lrellvolls +1000xBl 2 S e*logt + 11500, Bll 12,
in view of (6.2). Writing

_ ro_ d
D00, B = —2iA 7, f Re(70,0) <,
1 T
(5.3) now yields

dr

2

= Lo . dr t
1500xBllz2 Slvolizz [ 19@ e ll0x 7@z — S & —— S P
1 T 1 TI—CE
The estimate for S, is rather similar:
e’ =
IS2l2 S -7 |17 010)2 + 217 Mvo)2) F M (B )|
&3 5

2 2 2 o €
hS —[1 > (”g(Mv)"Hl +e |I9(MV0)||H1) I1BV2llgn S —t1/272C62

1BV 1.
The last term is controlled via Leibniz formula, invoking Lemma 14,

1BVl < IWall g + 1920, Bll 2 Slog  + €1
and the source terms are estimated by

logt

5
+ Lgr—2
ISulie + 121 S €2

We now turn to the L? estimate of I - €3 J,, and proceed along the same spirit.
e _ .3 TP 2o S e P s 4 3152
15 - &), = |M(0| M- 10120 |[Mwe| M(009+ €% 0l Do.

We distinguish |m|2ﬁ(—t)\v s |m|2m and |D|? D — £3| Dy|? Dy. Discarding the precise
algebraic structure like before,

[31@]* ¥e70 - & [ 3@ | Wtervo = |WeC075] -+ &2 [RCET00| | 7 M- e

The last factor is again rewritten thanks to (6.5), and we estimate I5 — e3J, as

3
15 =& Jall 12 < 1Gall 2 + 1S3l 2 + 11 Sall 2,



1740 Rémi Carles

where

ng(‘m‘zﬂzz‘m‘) FMF~ ( (- EU0—£3V2)) (191 + €% |7o1%) B (@ — e0p — £°V2),
S3=£()m’2+£2’M(I)vo )9:M9 ((B-1) o)~ (192 + &2 1551%) (B~ 1) o,
54:53(|m(2+52(M(t)u0‘ )gmg— Uy — 3 (107 + €2 [T51%) V2

For the Gronwall term G», we proceed like for G;, and write

201 =~ 3 20 A
1G22 S el —ep— e Vall 2 = €°1IPll 2.

The source terms S3 and S, are readily of size @ (£°); we recover some decay in time by making
the quantity M — 1 appear systematically. In the case of S3, we write

55 :g(\mfﬂz\mf)gz\m% ((B-1)20)
— (101 + €% 7pl?) (E— 1) Doxe (‘m‘z +e? )mr) (E— 1) Do
and estimate as follows:

1302 S e3||(M— DF((B=1) 90) 2 + 1 (B = 1) Dol oo (M = 1@l (1M0 10 + 91 10)

<7||x9: H(B-1)20) 12 +€° logttxnxﬁuy,

where we have used (6.1) and (6.2). We have already estimated the H L_norm of (E - 1) 7o

I (E— 1) Doll i < €2 (logt+ rcfz),
and therefore
logt

<gd 57
1Ssll2 5 [2—ce

The term S, is controlled similarly, by using the same ideas as above, and we come up with:

2
€ logt

— A < _|Ip 5—

1Pl S 1Pl + 0=

Gronwall lemma then implies, provided that € > 0 is sufficiently small:

Proposition 15. Suppose that u® solves (1.1), with ”|t o = Ug € X such that
u§=cevo+ew, +0(77),

for vy, wo € Z, and some 0 <n < 2. Then we have

sup || (1) — ey — 3V (D)2 <277,
t>1

where v, is defined in Lemma 14.
In particular, letting ¢ go to infinity, we infer
W=etg+e* ¥ +0 () in L7
As uf = g1 (We’i‘l’), and we have seen at the end of Section 5 that ||®||;~ = @ (e*), we infer
us =evg+ev, +0 (7)) in L2

thus completing the proof of Theorem 2.
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