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Abstract. Let f be a holomorphic self-map of the unit disc. We show that if log(1− | f (z)|) is integrable on
a sub-arc of the unit circle, I , then the set of points where the function f has finite Carathéodory angular
derivative on I is a countable union of Beurling–Carleson sets of finite entropy. Conversely, given a countable
union of Beurling–Carleson sets, E , we construct a holomorphic self-map of the unit disc, f , such that the
set of points where the f function has finite Carathéodory angular derivative is equal to E and log(1−| f (z)|)
is integrable on the unit circle. Our main technical tools are the Aleksandrov disintegration Theorem and a
characterization of countable unions of Beurling–Carleson sets due to Makarov and Nikolski.

Résumé. Soit f une auto-application holomorphe du disque unitaire. Nous montrons que si log(1− | f (z)|)
est intégrable sur un sous-arc du cercle unitaire, I , alors l’ensemble des dérivées angulaires de Carathéodory
de f sur I est une union dénombrable d’ensembles de Beurling–Carleson d’entropie finie. Inversement,
étant donné une union dénombrable d’ensembles de Beurling–Carleson, E , nous construisons une auto-
application holomorphe du disque unitaire, telle que son ensemble de dérivées angulaires de Carathéodory
est égal à E et que log(1−| f (z)|) est intégrable sur le cercle unitaire. Nos principaux outils techniques sont le
théorème de désintégration d’Aleksandrov et une caractérisation des unions dénombrables d’ensembles de
Beurling–Carleson due à Makarov et Nikolski.
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1. Introduction

In this note D is the open unit disc in the complex plane, T is the unit circle, and m is the
normalized Lebesgue measure on T. A holomorphic self-map of the unit disc, f : D→ D, is said
to have angular derivative at λ ∈ T in the sense of Carathéodory if the following two conditions
hold :

(i) f has non-tangential limit at λ and f (λ) = limr→1− f (rλ) satisfies | f (λ)| = 1.
(ii) The derivative, f ′, has finite non-tangential limit at λ.
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The set of points where the function f has finite Carathéodory angular derivative will be denoted
C ( f ). Carathéodory angular derivatives play an important role in several areas of analysis. In
particular, they are important in perturbation theory of self-adjoint and unitary operators [7],
conformal mapping [2], and model and de Branges–Rovnyak spaces [6]. The above list of topics
and references is far from exhaustive. We shall be concerned with holomorphic self-maps of the
unit disc which are locally non-extreme in the following sense∫

I
log

(
1−| f (z)|)dm(z) >−∞, (1)

where I ⊂ T is a relatively open arc. If (1) holds then | f | < 1 almost everywhere on I and hence
C ( f )∩ I has measure 0. Our main result is that C ( f )∩ I is in fact much smaller than a generic set
of measure 0. When I =T condition (1) is equivalent to f being a non-extreme point of the unit
ball of H∞, here H∞ is the set of bounded holomorphic functions on the unit disc. This condition
plays a crucial role in the theory of de Branges–Rovnyak spaces, see [6].

We now introduce the relevant entropy condition. A closed set E ⊂T of measure zero, |E | = 0,
is called a Beurling–Carleson set of finite entropy if∑

I
|I | log

(
1

|I |
)
<∞, (2)

where the sum is taken over the maximal complementary arcs of E , here and in the sequel
|E | = m(E). Beurling–Carleson sets have appeared in connection with many problems in complex
analysis. To be brief we only mention that they are the zero sets of analytic functions in the disc
which extend to smooth functions on the circle, [8].

Our main result is the following characterization of C ( f )∩ I for locally non-extreme holomor-
phic self-maps of the unit disc.

Theorem 1. Let f : D→D be holomorphic and I ⊂T an open arc. If∫
I

log
(
1−| f |)dm >−∞.

Then C ( f )∩ I is a countable union of Beurling–Carleson sets. Conversely, if E ⊂ T is a countable
union of Beurling–Carleson sets there exists an analytic function f : D→D satisfying∫

T
log

(
1−| f |)dm >−∞,

and C ( f ) = E.

The sum in (2) increases the more spread out the points of E are. Thus the Beurling–Carleson
condition is telling us that the Carathéodory angular derivatives of f must have a certain amount
of clumping.

Our proof of Theorem 1 is based on the Aleksandrov disintegration Theorem and a characteri-
zation of countable unions of Beurling–Carleson sets by Makarov and Nikolski. We discuss these
results in the next section.

2. Preliminaries

For each α ∈T let µα be the measure given by the Herglotz integral formula

1−| f (z)|2
|α− f (z)|2 =

∫
1−|z|2
|ζ− z|2 dµα(ζ).

The measure µα is of finite mass and positive. The measures {µα}α∈T are called the Aleksandrov–
Clark measures of f . Information about Aleksandrov–Clark measures can be found in, for
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example, the survey article [4] and the notes [5]. Let (µα)a denote the absolutely continuous
part of the measure µα. Standard properties of Poisson integrals imply that

d(µα)a(z) = 1−| f (z)|2
|α− f (z)|2 dm(z).

The Aleksandrov–Clark measures satisfy the following disintegration Theorem due to Aleksan-
drov, [1].

Theorem 2. Let h be a continuous function on the unit circle. Then∫
T

h(z)dm(z) =
∫
T

∫
T

h(z)dµα(z)dm(α).

In fact, Aleksandrov showed that this can be extended to L1(T) functions in a suitable way.
The Carathéodory angular derivatives of f can be characterized using the Aleksandrov–Clark
measures. We state the following realization of this, which is Lemma 3.4 in [5]. It can also be
deduced by combining (VI-7), (VI-9), and (VI-10) from [6].

Lemma 3. Let f be a holomorphic self-map of the unit disc with Aleksandrov–Clark measure µα
and I ⊂ T a relatively open arc. Suppose µα is absolutely continuous with respect to Lebesgue
measure on I . Then f has a Carathéodory angular derivative at λ ∈ I if and only if∫

I

dµα(z)

|z −λ|2 <∞.

Remark 4. It was pointed out by the referee that it is enough to assume that µα has no point
masses on I in the previous Lemma. This is contained in Lemma 3.4 in [5].

Let H 2 denote the Hardy space of the unit disc and A∞ be the class of holomorphic func-
tions on the unit disc with smooth extension to the unit circle. As mentioned in the intro-
duction Beurling–Carleson sets are the boundary zero sets A∞. Indeed, Beurling–Carleson sets
are also the strong boundary zero sets of such functions, in the sense that if ϕ ∈ A∞, then{
λ ∈T : (z −λ)−1ϕ ∈ A∞}

is a Beurling–Carleson set. It is a theorem of Makarov and Nikolski that
countable unions of Beurling–Carleson sets are the strong boundary zero sets for H 2, [3].

Theorem 5. Let ϕ ∈ H 2. Then the set {
λ ∈T :

ϕ

z −λ ∈ H 2
}

is a countable union of Beurling–Carleson sets. Conversely, let E ⊂ T be a countable union of
Beurling–Carleson sets. Then there exists an outer function ϕ ∈ H 2, such that

E =
{
λ ∈T :

ϕ

z −λ ∈ H 2
}

.

We remark that if ϕ ∈ H 2, then the sets

En = {
λ ∈T : ∥(z −λ)−1ϕ∥2 ≤ n

}
,

are Beurling–Carleson sets.

3. Proof of the Main Result

We now turn to the proof of Theorem 1. We begin with a lemma.

Lemma 6. Let f and I be as in Theorem 1. Then for Lebesgue-almost every α ∈T the restriction of
µα to I is absolutely continuous.
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Proof. Recall that the absolutely continuous part of µα is given by

d(µα)a = 1−| f |2
|1−α f |2 dm.

Thus for each α ∈T
µα(I ) ≥ (µα)a(I ) =

∫
I

1−| f (z)|2
|1−α f (z)|2 dm(z).

Integrating with respect to α and using Fubini’s Theorem gives∫
T

∫
I

dµα(z)dm(α) ≥
∫

I

∫
T

1−| f (z)|2
|1−α f (z)|2 dm(α)dm(z).

Using the Aleksandrov disintegration Theorem on the left-hand side and that | f (z)| < 1 almost
everywhere on I on the right-hand side gives

|I | =
∫
T

∫
I

dµα(z)dm(α) ≥
∫

I

∫
T

1−| f (z)|2
|1−α f (z)|2 dm(α)dm(z) = |I |.

Thus ∫
T

(
µα(I )− (µα)a(I )

)
dm(α) = 0.

Since µα(I ) − (µα)a(I ) ≥ 0 for all α it follows that µα(I ) = (µα)a(I ) for almost every α ∈ T as
claimed. □

Remark 7. From the proof of the lemma we see that the conclusion remains valid if we merely
assume that | f (z)| < 1 almost everywhere on I .

We are now ready for the proof of Theorem 1.

Proof of Theorem 1. Recall that f is a holomorphic self-map on the unit disc. Suppose first that
f is locally non-extreme on the open interval I ,∫

I
log

(
1−| f (z)|)dm(z) >−∞.

We must show that C ( f )∩ I is a countable union of Beurling–Carleson sets. By Lemma 6 we may
assume without loss of generality that µ=µ1 is absolutely continuous on I . Indeed, if it is not we
may replace f by α f with a suitable α ∈T. Under this assumption f has a Carathéodory angular
derivative at λ ∈T if and only if ∫

T

1

|z −λ|2 dµ(z) <∞,

by Lemma 3. For λ ∈ I this is equivalent to local summability∫
I

1

|z −λ|2
1−| f (z)|2
|1− f (z)|2 dm(z) =

∫
I

1

|z −λ|2 dµ(z) <∞.

Since 1−| f | is log-integrable on I there exists a unique outer function, F ∈ H 2, such that

|F (z)|2 =


1−| f (z)|2
|1− f (z)|2 (z ∈ I ),

1 (z ∈T\ I ).

Then ∫
T

|F (z)|2
|z −λ|2 dm(z) =

∫
T\I

dm(z)

|z −λ|2 +
∫

I

dµ(z)

|z −λ|2 .

Hence, {
λ ∈T :

F

z −λ ∈ H 2
}
=C ( f )∩ I .

Now by Theorem 5 the left-hand side is a countable union of Beurling–Carleson sets.
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Suppose now that E ⊂ T is a countable union of Beurling–Carleson sets. We will construct a
non-extreme holomorphic self-map of the unit disc, f , such that C ( f ) = E . By Theorem 5 there
exists an outer function ϕ ∈ H 2 of norm 1 such that

E = {
λ ∈T : (z −λ)−1ϕ ∈ H 2}.

Let f : D→D, f (0) = 0, be the unique holomorphic function such that

1+ f (z)

1− f (z)
=

∫
T

ζ+ z

ζ− z
|ϕ|2dm(ζ).

It follows from Lemma 3 that f has Carathéodory angular derivative at λ ∈T if and only if∫
T

|ϕ(z)|2
|z −λ|2 dm(z) <∞.

Thus, by construction, C ( f ) = E . It remains to check that f is non-extreme. Indeed, by standard
properties of Poisson integrals,

1−| f (z)|2
|1− f (z)|2 = |ϕ|2, for almost every z ∈T.

Since 1− f (z) and ϕ both belong to H 2 and hence are log integrable it follows that∫
T

log
(
1−| f (z)|)dm(z) >−∞,

as claimed. □
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