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1. Introduction

Unless specified, in this paper we always assume that N=2,1 < p <N, —p < a < +oo and Q is
a smooth possibly unbounded domain of R¥. We are concerned with the critical Hardy-Hénon
problem

@

-Apu=|x|%ulPa"?u inQ,
u=0 on 0Q),

where Apu = div(|VulP~2Vu) is the p-Laplacian and p}; = UVJ—“”” is the critical Hardy-Hénon-

Sobolev exponent. To introduce a functional setting for (1), we recall the homogeneous Sobolev
space

2P ®RY) ={ue 1P’ ®Y): Vue 1P RV;RY)},
which is endowed with the norm

nun:(j‘|Vuwdx)5
RN

When —p < @ <0, problem (1) is related to Hardy—SoboleV’s inequality

(f |x|* Iul”adx) fIVuI”dx 2)

which holds for all u € 247 (RY). The best Hardy-Sobolev constant S, > 0 is defined as

Sazinf{f |Vu|f’dx:f |x|“|u|r’?2dx=1}

(see [1,2]). In the case a > 0, inequality (2) holds for all u € @1 P (IRN ), where we denote by
(IRN ) the subspace of radial functions in 2 LrrMN), ie.,

rad([RN) {ue@lP(RN) u(x) = u(lxl)}

(see [22]).

We denote by 2, P Q) the closure of 2(Q) in 217 (RV). Notice that 2, VP Q) = 1 P () when Q
is bounded.

The corresponding energy functional of (1) is

VulP ayyPa
Ew =f (ﬂ_M)dx
Q p Pa

Taking into account (2), we see that E is well-defined on the space
Lp .
2,7 (Q if-p<a=<o0,
=11 ,,( b 7
2,"( Q)N LP(Q,|x]%) ifa>0,

where the space

LPa(Q,|x|%) = {u: Q — R is measurable such that lexI“Iul”;dx < +oo}

is endowed with the norm || ull (04]9) = (fpn1xI® |u|padx) pa .
In the scope of this paper, we are only interested in finite energy solutions to (1), which are
defined as critical points of E in #(Q2). More precisely, we call u € # (Q2) a weak solution to (1) if

f|Vu|l"2w-v(pdx=f|x|“|u|p2‘2u¢pdx forall ¢ € C1(Q). 3)

If Qisradially symmetric, we denote by @ d(Q) (resp. W d(Q)) the space of radial functions
in DL (Q) (resp. WP (). Then 2.7 (@) < 7' ().

0,ra
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By exploiting Moser’s iteration technique and the standard elliptic regularity (see [23] and
also [8,17,25]), for solution u to (1), we have

ueC'@nL®Q) ifa=0,
ue CL@\IHNL®Q) if-p<a<Oo.
When Q = RY, there is no boundary condition and hence problem (1) reads as
~Apu=Ix|%uPe2u inRY. 4)
Positive 24P (RY) solutions to (4) with — p < a < 0 have been classified recently in [15] (see

also [3]). More precisely, every positive 27 (R") solution to (4) with —p < @ < 0 must be of the
form

®)

for some 1 > 0. Moreover, in the case a > 0, all radial positive solutions to (4) are given by
formula (5) (see [13]).

By Pohozaev’s identity [13,14], it is also well-known that problem (1) has no positive solutions
if Q is a bounded star-shaped domain about the origin. However, (1) may have positive solutions
if Q is not star-shaped. Indeed, it was proved in [18] that problem (1) with ¢ = 0 admits a
positive solution on a bounded non-contractible domain with a small hole. This result extends
the classical one of Coron [6].

In this paper, we study possibly sign-changing solutions to problem (1) and (4). Since the class
of sign-changing solutions may have a very complex structure, a phenomenon that has been seen
in the case a =0 (see [4,9,21] for p = 2 and [5] for p # 2), there is little hope to classify all possibly
sign-changing solutions to these critical problems in general domains. Nevertheless, we have
the following Liouville type theorem for quasilinear Hardy-Hénon equations on the halfspace
RY = {xeRN:xy>0}.

Theorem 1. Assume Q=RY and a > 0. Let ue # (RY) be a possibly sign-changing weak solution

of problem (1). Thenu = 0.
)

The same conclusion holds for the case —p < a < 0 if we further assume that |Vu(x)| = o(lxl
as|x| — 0.

1-N
p

To prove Theorem (1) we derive a local Pohozaev type identity by following the ideas
in [10,12,19]. However, we use a regular form of 0; u instead of 0y u as a test function. This new
choice of test function allows us to exploit the assumption a # 0 and get the conclusion. Notice
that the case a = 0, mentioned in [12], is still an open question. To the best of our knowledge,
the best Liouville type theorem for possibly sign-changing solutions in the case a = 0 is [12, The-
orem 1.5], where the authors proved the result under the additional assumption that the Morse
index of the solution is not greater than 1.

Next, we focus on radial solutions and try to derive some classification results. Problem of
this type has been studied by Ni in [20] in the case p = 2. The following results extend the
corresponding ones in [12] for a = 0 to the case @ > —p.

Theorem 2. Assume Q is a ball centered at the origin. Let u € WO1 IZ 4(Q) be a possibly sign-
changing radial weak solution to problem (1). Then u = 0.

Theorem3. Letue @rlég (RN)\ {0} be a possibly sign-changing radial weak solution to problem (4).
Then, either u= U or u= —-U) for some A > 0.
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Theorem 3 allows us to derive the full description of the Palais—-Smale sequences to the

functional .
[VulP [ulP | x|% u|Pa
](u)=f +a(x)— - ———|dx
o\ p p

*
a

in the radial setting (see Section 6 for more details).
In a non-radial setting, we prove some classification results via the Morse index. For p =2, we
can compute the second variation of E as

E"(w)[v, v] =f (IVulP=2 IV + (p - 2)IVulP~ (Vu-V)? - (pl - Dx* | ulPe 2 v]?]dx
Q

forallve CC1 (Q). Asin [7,11], we say that u has Morse index i(u) if i(u) is the maximal dimension
of the subspaces V of C}(Q) such that

E"(wv,v) <0 forall ve V\{0}.

We have the following classification result for solutions with Morse index up to 1.

Theorem 4. Assume?2 < p < N and -p < a<0. Let u € 2P (RN)\ {0} be a weak solution of
problem (4) such that i(u) < 1. Then, either u= U or u=-U), for some 1 > 0.

We do not know, however, if solutions Uy have an index exactly equal to 1. This is still an open
question even in the case a = 0.
For bounded domains, we have the following Liouville type result.

Theorem 5. Assume?2 < p < N and Q is a smooth bounded domain of R, star-shaped about the
origin, namely x-v = 0 on 0Q), where v is the exterior normal unit vector. Let u € W (Q) be a weak
solution to problem (1) such thati(u) < 1. Then u=0.

The remainder of this paper is organized as follows. In Section 2 we prove Liouville type
theorems on half space. In Section 3 we prove some claims on the nodal regions of solutions. In
Section 4 and Section 5 we classify solutions via radial symmetry and Morse index, respectively.
Section 6 is devoted to the descriptions for the radial Palais—-Smale sequences.

2. Liouville type theorem on a halfspace

In this section, we prove Theorem 1. Tﬂhis end, we always assume that ue 7//([Rfy ) is a weak
solution of problem (1). Since u € C'(RY) N L®RY) if @ = 0 and u € C*(RY \ {0}) N L®®RY) if
—p < a <0, we may extend u by odd reflection, i.e., u(x’, xy) = —u(x’,—xp) for xy < 0. Therefore,
in this section we can assume that u € # (RN) is a solution to (4) that satisfies the condition u = 0
on ARY.

Hereafter we set Bg = {x eRN ;x| < R} and denote by v(-) the exterior unit normal to
0(BrN [Rf ) whose the first component is v; (-). The partial derivative in x; will be denoted by 0;.

Proof of Theorem 1. Following [8, p. 833], we take R > ¢ > 0 and let u, be the unique solution to
the nondegenerate boundary value problem

E *
—div((£+|VuE|2) 2 Vug):lxlalulpa_zu in Bog \ B2, ©

Us = U on 0(Bzr \ Bs/2).

Then u, € C?(Bg \ Bs) and uniformly bounded for ¢ € (0,1] in C"Y (Bg \ Bs) for some 0 <y < 1. The
Ascoli-Arzela theorem implies the existence of a suitable sequence € — 0* such that u, — u and
Vu, — Vu uniformly on Bg\ Bs.
Let us define o2
2

Ve = 01 Ue (€ +VUel?) 7 V.



Diem Hang T. Le and Phuong Le 575

Since
p-—2

div(v,) = 07 ug div((z—: + IVuEIZ)TVuE) +(e+|Vuel?) 2 Vue - Vo ue

p
p2 £+ |Vul?)?
=61u£div((£+|Vu5|2) 2 Vu£)+61 ( el) ),
17}
by the divergence theorem, we have
oy 22
f 01 ug div((5+|VuE| )2 Vug)dx
(Br\Bs)NRY
p
(e +IVuel?)?
=f vg-v(a)do—f vi(o)do. (7)
d((Br\Bs)NRY) 8((Br\Bs)NRY)
On the other hand,
f Ay u)x|% ulPa 2 udx
(Br\Bs)nRY
x|¥|u|Pa a «
=/ 01(#)(1)6——*] %1% 2 x; |u|Padx (8)
(BR\Bs)NRY Pa Pa J(Br\By)nRY
x|%|ulPa a *
:f #vl(a) do-— %1% 2 x; |ulPadx.

0((Br\Bs)NRY)  Pa Pa J(Br\Bs)NRY

From (6), we deduce that
=
2

01ug div((£+|VuE|2) Vug)dx:—f(B . RN01MIXIaIu|p‘;72udX+ o(e). (9
R\Dg)NRL

.[(BR\Bg)mM
Substituting (7) and (8) into (9), we get

P
(e+IVuel?)?
ve-v(o)do — ——vi(0)do
d((Br\Bs)NRY) 0((Br\Bs)NRY)
|x|* ulPa a _ .
= _f ——vi(0)do + — X% 2 xylulPedx + o(e).
d((Br\B;)NRY)  Pq Pa J(Br\Bs)NRY

Let € — 0%, we derive

_ [VulP

f dr1ulVulP ZVu-v(U)do—f vi(o)do

d((Br\Bs)NRY) A((BR\Bs)NRY) P

|x||u|Pa @ ; .
= —f ——vi(0)do + — |x|% 2 x; | ulPadx.
o((Br\Bs)NRY)  Pq Pa J(Br\Bs)NRY
This implies
a

— |21% 2 x; |ulPedx
Pa J(Br\Bs)NRY

Vu|P x|%u Pa
Zf 61u|Vu|”‘2Vu~v(a)—uvl(g).,.%vl(a) do (10)
RYNA(Bg\Bjs) p pE
< Cf (IVulP + IxI“IuI”;)da+Cf (IVul? +1x/%|ulPa)do
RYNOBs RYN3Bg

for some constant C > 0.
If @ > 0, then u and |Vu| are bounded, hence

f (IVul? +[x1%uPa)do — 0 as& — 0. an
RYNABs
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1N
If —p < a <0, by exploiting the assumption |Vu(x)| = o(|x| 7 ) as |x| — 0, we derive |u(x)| =
1-N+p
o(lxI" 7 )and

« (1-N+p)(N+a)
f (IVul? +1x1%ulP%)do < C(5V o6 M) + 5N*““o(s71v’3v )
RYNABs

Since
(1-N+p)(N+a) a+p S

N-1+a+ =
N-p N-p

0;

we deduce that (11) also holds in this case.
On the other hand, since |Vu| € L”(Rﬁr\’) and u e LPa ([Riv, |x|%), there exists a sequence of radii
Ry — oo such that

ka (IVul? +1x*|ulPa)do — 0 as k — co. 12)
MnaBRk
Hence letting § — 0 and R = R — oo in (10) and using (11) and (12), we deduce
— 1% 2, [ulPadx = 0.
Pa JRY

Since a # 0, this implies u = 0. O

3. On nodal regions of solutions

We call w a nodal domain of a continuous function u: Q — R if w is a connected component of
the set {x € Q: u(x) # 0}. In order to use ul, as a test function in (3), we need the following
approximation result.

Lemma6. Assumeue Cﬁ)’i RN\ {O)N# (RY). Letw be a nodal domain of u, and ul, its restriction
to w. Then there exists a sequence {u}, c,?'l (w) such that:

O up— u|w in LPa(w,|x|%) and everywhere in w;

(i) Vu, — Vu|w in LP (w;RY) and almost everywhere in w.

The proof of Lemma 6 is similar to that of [12, Lemma 3.1] and hence will be omitted.
Motivated by [12], the main result of this section is the following claim on nodal regions of
solutions.

Theorem 7. Let u e W (Q) be a nontrivial solution to (1). Then:

(i) For every nodal domain w of u it holds that

f IVulPdx = f |x|% ulPedx.
w w
(i) Let A, be the set of nodal domains of u and |/, its cardinality. If —-p < a <0, then

_ N+a

IJVMISSap+“f|xI“Iu|padx.
Q

In particular, u has at most a finite number of nodal domains. The same conclusions
hold for nontrivial solutions u € 9&}’2 4(Q) to (1) in the case that a > 0 and Q) is radially
symmetric.

Proof of Theorem 7. Since u € C'(Q\ {0}), we may extend u by zero outside Q to obtain u €
CoL®N\{0D) N (€.
Now we take a sequence (u,) given by Lemma 6 and extend u,, by zero outside w. By a standard

density argument for every n € N we can use u,, as a test function in (3) to deduce

fIVulp_ZVu-Vundx=flealulp;_zuundx.
w w
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Letting n — oo and using Lemma (6), we obtain (i).
Now we prove (ii). Using inequality (2) with v = u| » extended by zero outside w from (i) we

have
L L
fqul”dxzf IVvlpdeSa(f |x|“|u|f’2dx)”"‘ =sa(f|w|”dx)"“.
W RN ) 1)
Hence
N+a
fqulpdeS(,’Zw.
w
It follows that
. N+a N+a
flxl“lulpadxzflvmpdx: > fIVuI”dxz N SET = MISE
Q Q weN YO weNy
This proves (ii). O

4. Classification of radial solutions

We prove Theorems 2 and 3 in this section. First, we recall that if u is a solution to
—Apu=|x*ul%u inQ,
u=0 on 09,

where 1 < g < p}, then it is standard to derive the Pohozaev’s identity

-1 N N -
L f IVqux'v(o)daz( ra ——p)f |x|%|ul9dx,
p Joa q p Q

see [13, Theorem 2.1] for instance. In particular, if « is a solution to (1), then

f IVulPx-v(o)do =0. (13)
00

Proof of Theorem 2. Suppose u # 0. We recall that u € CHQ\{0H NL®(Q).

If u does not change sign, then by the strong maximum principle we may assume u > 0 in
Q\ {0}. Since Q is a ball, identity (13) implies |Vu| = 0 on 0Q. However, this contradicts Hopf’s
boundary point lemma.

Therefore, u must change the sign. Since u is radial, the nodal regions of u are spherically
symmetric. By Theorem 7, the number of such regions is finite. We can take an annular nodal
region A={x€Q:R; <|x| < Ry} with R, > R; >0 and assume u > 0 in A. Then u solves

~Apu=I|x*lulPa"2u in Bg,,
u>0 in A, 14)
u=0 ondA.

By Pohozaev’s identity (13) again, we have |Vu| = 0 on dBg,. This again contradicts Hopf’s
boundary point lemma. The proof is concluded. O

Proof of Theorem 3. If u does not change the sign, then |u| > 0 by the strong maximum principle.
Hence [13, Theorem 3.1] can be applied to yield u = U) or u = —U) for some 1 > 0.

It remains to consider the case that u changes sign. By radial symmetry and Theorem 7, the
nodal regions are spherically symmetric and their number is finite. Hence, by replacing u by —u
if necessary, we find R > 0 large enough such that

u=0 onoBg,

u>0 inRV\Bg,
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and so, by Theorem 2,
u=0 inBg,
u>0 inRYV\Bp.

On the other hand, by continuity of Vu, we have IVul = 0 on 0Bgr. However, this is in
contradiction with Hopf’s boundary point lemma on R™ \ Bg. This finishes the proof. 0

5. Classification of solutions with Morse index at most 1

Motivated by [12], we show that the number of nodal regions of a solution is bounded by its own
Morse index.

Theorem 8. Assume2 < p < N and Q is a smooth domain of RN, Let u e % (Q) be a weak solution
to problem (1). Then

[ Al < i),
where i(u) is the Morse index of u.

Proof. Consider anodal region w. Let (i) be given by Lemma 6 and extend u,, by zero outside w.
By Lemma 6 we have

E" (W) [un, un) =fw[|Vu|"‘2|Vun|2+(p—2)|Vu|"‘4(Vu~Vun)2—(p;;—1)|x|“|u|P3‘2|un|2]dx
—*L[(p—l)IVulp—(pZ—l)lxl"‘lulpz]dx as n — oo.
This fact and Theorem 7 (i) yield
E" () (U, ty] —»(p—p;)fw|x|“|u|'”2 dx <0.

Therefore, for every nodal region w there exists v € C?'l (w) (and by density in C} () such that
E"(w(v,v] <0.

By the definition of Morse index, this implies [ A}| < i (u). O
Now we can prove our classification results for solutions u with Morse index i(u) < 1.

Proof of Theorem 4. By Theorem 8, u has exactly one nodal region, which is denoted by A.

If Ais a proper subset and A # RN \ {0}, we can assume, up to consider —u instead of u, that
A= {u>0}. Since u e C1®RN\ {0}), we have |Vu| =0 on dA\ {0}. We can pick an interior point
p € A and a radius R > 0 such that the ball Bg(p) < A touches dA at some point p’ # 0. Now
we can apply Hopf’s boundary point lemma at boundary point p’ for equation on Bgr(p) to get
|Vu(p’)| # 0. This is a contradiction.

Therefore, either A=RY or A=RN \ {0}. Then the conclusion follows by a recent classification
result in [3,15]. This concludes the proof. O

Proof of Theorem 5. Since Q) is star-shaped, we may use (13) to deduce that the normal deriv-
ative 0, u vanishes at some point xy € dQ. On the other hand, Theorem 8 implies that u has at
most one nodal region. If u were nontrivial, we get a contradiction with Hopf’s boundary point
lemma. Hence it must happen that u = 0. d
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6. Descriptions for the Palais-Smale sequences in the radial setting

In this section, we consider the problem
{—Apu+ a()|ulP2u=|x*uPa2u inQ,

15
u=0 on 02, (13

N
where —p < @ <0, Q is bounded and a € L7 (). Solutions to (15) coincides with the critical
points in WOl 'P(Q) of the functional

IVul? lulP x| ulPa
](u)=f( taX)— - —— )dx.
Q p p Pa

We also define on 27 (RN) the limit functional
Vul?  |x|%|ulPa
Joo (1) :f (_ - —*)dx
RN\ P Pa
We recall that {u,}, c WOl "P(Q) is called a Palais-Smale sequence of J at energy level c € R if
Jun) —c¢ and J'(up) =0 in WP (Q).

The compactness of Palais—Smale sequences is a vital condition in the theory of critical points.
Using the global compactness results in [16] and an idea in [12] we can give a precise description

of Palais-Smale sequences for functional J on the unit ball as follows.

N
Proposition 9. Assume —p < a <0, Q is the unit ball centered at the origin inRN and ae L” rad ()
such that

inf f[qul’”+a(x)|u|p]dx>0.
uew,? (@ JQ
lul=1

Let {uy}, be a sequence in W[)Ler (Q) such that
J(up)—c and J'(up)—0 in( Orad(Q))

Then, passing if necessary to a subsequence, there exists a possibly trivial solution vy € WO1 rz F(®)]
to (15) and k sequences {/V ncRy,i=1,...,k, such that/lil —0asn— ooand

—Uo—Z()L) Z y,( ) —0, n—oo, (16)
Al
”un”p_’Z”Vi”p» n— oo, 17)
i=0
k
Jwo)+ Y Joovi) =, (18)
i=1
where for each i =1,..., k, either v; =V, or v; = -V, for some u; >0 and
L pta U%
]oo(vl)——(N+a)pSa .

Moreover if a =0, then all weakly convergent subsequences of {u,}, are weakly convergent to zero

in Wo rad(Q). In particular, vy = 0 and hence ] (vq) =

Proof. By [16 Theorem 3.1], we know that up to a subsequence, there exists a possibly trivial so-
lution vg € W d(Q) to (15), k nontrivial solutions {vy,..., i} © @rla’lg(lRN ) to (4) and k sequences
AL, Ry, such that A/, — 0 as n — oo and (16)—(18) is satisfied. By Theorem 3, we have either
vi =V, or v; = -V, for some u; > 0. Hence Jo(v;) can be computed explicitly as in [24].
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Assume now a = 0. Then vy solves (1) in the unit ball. By Theorem 2, we deduce vy = 0. Since
vy is the weak limit of {u,,};, the conclusion follows. O

We can state a similar result for the problem
—Apu+a(x)|u|”_2u:le"‘lulp';_zu inRY. (19)
Solutions in 2P (RN) to (19) coincide with the critical points in & Lp(®RN) of the functional

IVul? lul? x| u|Pa
](u)=f (—+a(x)———* dx
RN\ p p p

a
As before, we also define on 217 (RY) the functional

Vul?  |x|%ulPa
ot = [ (740 T
RN p Pa

We have the following result.

N
Proposition 10. Assume—-p<a<0andac Lr’; d(IRN ) such that

inf f [IVul? + a(x)|ulP]dx > 0.
ue@l'p(RN) RN

rad

lul=1

Let{uy}, be a sequence in @:E;s (RN such that

Jwn)—c and J'(uy)—0 in(2.7®Y).

rad

Then, passing if necessary to a subsequence, there exists a possibly trivial solution vy € @:AS(RN )
to (19) and k sequences {/Vﬁ}n cRy,i=1,...,k, such that/lil —0asn— ooand

k . p-N .
up—vo—y (Ay) 7 Ui(_~)

—0, n—oo,
_ Al
i=1 n

k
lunll? — Y llvill?, n— oo,
i=0

k
Jwo)+ Y Joolvi) =,

i=1

where for each i = 1,..., k, either v; = V;; or v; = -V, for some u; >0 and
p N+a
pi)= 7 pta
Joo(V7) N+a)p @

Moreover if a = 0, then either vy is identically zero, or it holds that for some A > 0 and up to the sign
vo = V3 and ~
pta i
Vo) =——S
J(vo) N+mp @

Proof. It follows from [16, Theorem 4.1] and Theorem 3. Note that J»,(v;) can be computed
explicitly by [24], using Theorem 3. O
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