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Lê Vǎn Thành and Nguyen Ngoc Tu

Non-uniform Berry–Esseen bounds for exchangeable pairs with applications to the
mean-field classical N -vector models and Jack measures

Volume 363 (2025), p. 757-776

Online since: 26 June 2025

https://doi.org/10.5802/crmath.711

This article is licensed under the
Creative Commons Attribution 4.0 International License.
http://creativecommons.org/licenses/by/4.0/

C EN T R E
MER S ENN E

The Comptes Rendus. Mathématique are a member of the
Mersenne Center for open scientific publishing

www.centre-mersenne.org — e-ISSN : 1778-3569

https://doi.org/10.5802/crmath.711
http://creativecommons.org/licenses/by/4.0/
https://www.centre-mersenne.org
https://www.centre-mersenne.org


Comptes Rendus. Mathématique
2025, Vol. 363, p. 757-776

https://doi.org/10.5802/crmath.711

Research article / Article de recherche
Probability theory / Probabilités

Non-uniform Berry–Esseen bounds for
exchangeable pairs with applications to the
mean-field classical N -vector models and Jack
measures

Limites non uniformes de Berry–Esseen pour les paires
échangeables avec applications aux modèles classiques à
N vecteurs et aux mesures de Jack
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Abstract. This paper establishes a non-uniform Berry–Esseen bound in normal approximation for exchange-
able pairs using Stein’s method via a concentration inequality approach. The main theorem extends and
improves several results in the literature, including those of Eichelsbacher and Löwe [Electron. J. Probab. 15
(2010), 962–988], and Eichelsbacher [J. Stat. Phys. 191 (2024), no. 12, article no. 163 (27 pages)]. The result is
applied to obtain a non-uniform Berry–Esseen bound for the squared-length of the total spin in the mean-
field classical N -vector models, and a non-uniform Berry–Esseen bound for Jack deformations of the charac-
ter ratio.

Résumé. Ce document établit une borne de Berry–Esseen non uniforme en approximation normale pour
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1. Introduction and the main result

Stein’s method was introduced by Charles Stein [30] to estimate the distance between a statistic
of interest and the normal distribution. This method is of particular interest because it works
well for dependent random variables and has applications in various areas of mathematics
such as combinatorics [15,16], number theory [7,19], and random matrix and random graph
theory [23,27], among others. We refer to Stein [30] and Chen et al. [6] for comprehensive
expositions on Stein’s method for normal approximation.

Recall that (W,W ′) is an exchangeable pair if two random vectors (W,W ′) and (W ′,W ) have
the same distribution. Let (W,W ′) be an exchangeable pair. In [30, Theorem 1, Lecture III], Stein
proved a normal approximation for W under the linear regression condition

E(W ′|W ) = (1−τ)W (1)

for some 0 < τ< 1. The linear regression condition (1) can be relaxed to a more flexible condition
that

E(W ′|W ) = (1−τ)W +R (2)

for some random variable R = R(W ) and for some 0 < τ< 1. Eichelsbacher and Löwe [12] proved
that if (W,W ′) is an exchangeable pair satisfying (2), then for any a > 0

sup
z∈R

∣∣P(W ≤ z)−Φ(z)
∣∣

≤
√
E

(
1− 1

2τ
E(∆2|W )

)2

+
(p

2π

4
+1.5a

)p
ER2

τ
+1.5a + 0.41a3

τ
+ 1

2τ
E
(
∆21(|∆| > a)

)
, (3)

where ∆ = W −W ′. Here and hereafter, Φ(z) = (
1/
p

2π
)∫ z

−∞ e−t 2/2 dt is the distribution function
of the standard normal distribution.

Besides dealing with uniform bounds, some authors also used Stein’s method to provide non-
uniform bounds or moderate deviations. We refer to Chen and Shao [9] for non-uniform bounds
in normal approximation with independent summands, and to Chen et al. [5], Fang et al. [13],
and Liu and Zhang [24] for the Cramér-type moderate deviations. Chen et al. [8] and Eichels-
bacher [11] used Stein’s method to obtain non-uniform Berry–Esseen bounds for zero-biased
couplings and exchangeable pairs, respectively. Very recently, in Butzek and Eichelsbacher [3]
and Dung et al. [34], the authors obtained non-uniform Berry–Esseen bounds for normal ap-
proximations by the Malliavin–Stein method. The following result is Theorem 2.3 of Eichels-
bacher [11].

Theorem 1 (Eichelsbacher [11]). Let (W,W ′) be an exchangeable pair satisfying (2), and let
∆=W −W ′. Assume that EW 2 ≤ 2 and |∆| ≤ a for some a > 0. Then for any z ∈R, we have∣∣P(W ≤ z)−Φ(z)

∣∣≤ C

1+|z|
(
E

∣∣∣∣1− 1

2τ
E(∆2|W )

∣∣∣∣+ E|R|
τ

+3a

)
, (4)

where C is a constant depending only on EW 2.

The proof of Theorem 1 is quite simple and the term 1/(1 + |z|) in (4) can be improved to
1/(1+|z|p ) under the condition that E|W |2p <∞ for p ≥ 1. However, if the remainder R appears
as in (2) and ∆ is not bounded, the problem becomes more challenging (see Eichelsbacher [11,
Remark 2]). In many applications, the exchangeable pair (W,W ′) only satisfies (2) rather than (1),
and |∆| may not be bounded. In this paper, we obtain a sharp non-uniform Berry–Esseen bound
for unbounded exchangeable pairs under condition (2). Our approach uses a non-uniform
concentration inequality, which differs from the aforementioned papers on non-uniform Berry–
Esseen bounds. Moreover, in our result, the dependence on E|W |2p is explicit. The main result of
the paper is the following theorem.
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Theorem 2. Let p ≥ 1 and a > 0. Let (W,W ′) be an exchangeable pair satisfying (2), and let
∆=W −W ′. Then for every z ∈R, we have∣∣P(W ≤ z)−Φ(z)

∣∣
≤ C (p)

(
1+E|W |2p

)
(1+|z|)p

√
E

(
1− 1

2τ
E(∆2|W )

)2

+
p
ER2

τ
+a + a3

τ
+

√
E∆41(|∆| > a)

τ

,

where C (p) is a constant depending only on p.

We apply Theorem 2 to obtain a non-uniform Berry–Esseen bound in the central limit theorem
for the squared-length of the total spin of the mean-field classical N -vector models and a non-
uniform Berry–Esseen bound in the central limit theorem for Jack deformations of the character
ratio. The former improves the main result of Thành and Tu [32], while the latter recovers a result
of Chen et al. [8] by a different method.

It is worth noting that we do not assume |W −W ′| ≤ a as in Theorem 1, thereby extending the
applicability of our result to unbounded exchangeable pairs (see Section 3.2 for the case of the
Jackα deformations of the character ratio).

Throughout this paper, C denotes a universal constant whose value may change from line
to line. The symbol C ( · ) denotes a constant that depends only on the variables inside the
parentheses, and its value may also change from line to line. For x ∈ R, the natural logarithm
(base e = 2.7182. . . ) of max{x,e} will be denoted by log x. The supremum norm of a function f is
denoted by ∥ f ∥.

The rest of the paper is organized as follows. In Section 2, we provide four preliminary
lemmas and the proof of Theorem 2. Non-uniform Berry–Esseen bounds for the squared-length
of the total spin in the mean-field classical N -vector models and Jack measures are presented
in Section 3. Finally, Appendix A includes a remark on the Jack measure and the proofs of four
preliminary lemmas.

2. Proof of main result

In this section, we will prove the main result of the paper. Throughout, we use all notations as
defined in Theorem 2. If E|W |2p =∞, then the result is trivial. Therefore, it suffices to consider
the case E|W |2p <∞. For z ∈R, let fz be the solution to the Stein equation

f ′(x)−x f (x) = 1(x ≤ z)−Φ(z). (5)

We will need the following four lemmas. The proofs of these lemmas are deferred to Appen-
dix A. In Lemmas 3 and 6, the number 100 does not play any special role.

Lemma 3. Let 0 < q ≤ 2p and let |c| ≤ 100. Then

E|W + c|q ≤C (p)
(
1+E|W |2p)

. (6)

The following lemma is a non-uniform concentration inequality for W , which plays an im-
portant role in the proof of Theorem 2. For uniform concentration inequalities for exchangeable
pairs, we refer to Chen and Fang [4], Eichelsbacher and Löwe [12], and Shao and Su [28].

Lemma 4. Let z ≥ 0. Then for 0 < a < 1, we have

E
(
∆21(|∆| ≤ a)1(z −a ≤W ≤ z +a)

)≤ C (p)
(
1+E|W |2p

)
a
(p
ER2 +τ

)
(1+ z)p . (7)

Lemmas 5 and 6 are similar to Lemmas 5.1 and 5.2 of Chen and Shao [9], respectively.
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Lemma 5. Let z ≥ 5 and let ξ be a random variable satisfying 0 ≤ |ξ| ≤ |∆|. Then

E
(

fz (W )
)2 ≤ C (p)

(
1+E|W |2p

)
(1+ z)2p (8)

and

E
(

f ′
z (W +ξ)

)2 ≤ C (p)
(
1+E|W |2p

)
(1+ z)2p . (9)

Lemma 6. Let z ≥ 5, |u| ≤ 100 and gz (w) = (
w fz (w)

)′ = fz (w)+w f ′
z (w). Then

Egz (W +u) ≤ C (p)
(
1+E|W |2p

)
(1+ z)p .

We are now ready to prove the main theorem.

Proof of Theorem 2. To bound
∣∣P(W ≤ z)−Φ(z)

∣∣, it suffices to consider z ≥ 0 since we can simply
apply the result to −W when z < 0. In view of (3) and the fact that

E
(
∆21(|∆| > a)

)≤√
E
(
∆41(|∆| > a)

)
,

we may, without loss of generality, assume that z ≥ 5. Since∣∣P(W ≤ z)−Φ(z)
∣∣= ∣∣P(W > z)− (

1−Φ(z)
)∣∣

≤ E|1+W |2p

(1+ z)2p + (
1−Φ(z)

)
≤ C (p)

(
1+E|W |2p

)
(1+|z|)p ,

the conclusion of the theorem holds if a ≥ 1. Thus, it remains to consider the case 0 < a < 1. For
any absolutely continuous function f , we obtain from the exchangeability and (2) that

E
(
(W −W ′)

(
f (W )− f (W ′)

))= 2EW f (W )−2EW ′ f (W )

= 2EW f (W )−2E f (W )
(
(1−τ)W +R

)
= 2τEW f (W )−2E f (W )R.

(10)

We recall that fz is the solution to the Stein equation (5). Since (10) holds for fz , we have

P(W ≤ z)−Φ(z) = E( f ′
z (W )−W fz (W )

)
= E f ′

z (W )− 1

2τ
E(W −W ′)

(
fz (W )− fz (W ′)

)− 1

τ
E
(

fz (W )R
)

= E
(

f ′
z (W )

(
1− 1

2τ
(W −W ′)2

))
− 1

τ
E
(

fz (W )R
)

− 1

2τ
E
(
(W −W ′)

(
fz (W )− fz (W ′)− (W −W ′) f ′

z (W )
))

=: T1 +T2 +T3.

(11)

It follows from the Cauchy–Schwarz inequality and Lemma 5 that

|T1| ≤
√
E
(

f ′
z (W )

)2

√
E

(
1− 1

2τ
E
(
(W −W ′)2

∣∣W ))2

≤ C (p)
(
1+E|W |2p

)
(1+ z)p

√
E

(
1− 1

2τ
E
(
(W −W ′)2

∣∣W ))2

,

(12)



Lê Vǎn Thành and Nguyen Ngoc Tu 761

and

|T2| ≤ 1

τ

√
E
(

fz (W )
)2

√
E(R2)

≤ C (p)
(
1+E|W |2p

)
(1+ z)p

√
E(R2)

τ
.

(13)

It remains to bound T3. By recalling ∆=W −W ′, we have

(−2τ)T3 = E
(
∆

(
fz (W )− fz (W −∆)−∆ f ′

z (W )
))

=: T3,1 +T3,2,
(14)

where

T3,1 = E
(
∆1(|∆| > a)

(
fz (W )− fz (W −∆)−∆ f ′

z (W )
))

and

T3,2 = E
(
∆1(|∆| ≤ a)

(
fz (W )− fz (W −∆)−∆ f ′

z (W )
))

.

By applying Taylor’s expansion and the Cauchy–Schwarz inequality, we have

|T3,1| =
∣∣∣E(∆21(|∆| > a)

(
f ′

z (W +ξ)− f ′
z (W )

))∣∣∣
≤

∣∣∣E(∆21(|∆| > a) f ′
z (W +ξ)

)∣∣∣+ ∣∣∣E(∆21(|∆| > a) f ′
z (W )

)∣∣∣
≤

(
E∆41(|∆| > a)E

(
f ′

z (W +ξ)
)2

)1/2
+

(
E∆41(|∆| > a)E

(
f ′

z (W )
)2

)1/2
,

(15)

where ξ is a random variable satisfying 0 ≤ |ξ| ≤ |∆|. Combining (9) and (15) yields

|T3,1| ≤
C (p)

(
1+E|W |2p

)√
E∆41(|∆| > a)

(1+ z)p . (16)

From the Stein equation (5), we have

T3,2 = E
(
∆1(|∆| ≤ a)

∫ 0

−∆
(

f ′
z (W + t )− f ′

z (W )
)

dt

)
= E

(
∆1(|∆| ≤ a)

∫ 0

−∆
(W + t ) fz (W + t )−W fz (W )dt

)
+E

(
∆1(|∆| ≤ a)

∫ 0

−∆
(
1(W + t ≤ z)−1(W ≤ z)

)
dt

)
=: T3,2,1 +T3,2,2.

(17)

By using Lemma 6 and noting that gz (w) ≥ 0 for all w , we have

|T3,2,1| =
∣∣∣∣E(∆1(|∆| ≤ a)

∫ 0

−∆

∫ t

0
gz (W +u)du dt

)∣∣∣∣
≤

∣∣∣∣E(∆1(0 ≤∆≤ a)
∫ 0

−∆

∫ t

0
gz (W +u)du dt

)∣∣∣∣
+

∣∣∣∣E(∆1(−a ≤∆≤ 0)
∫ 0

−∆

∫ t

0
gz (W +u)du dt

)∣∣∣∣ (18)

=
∣∣∣∣E(∆1(0 ≤∆≤ a)

∫ ∆

0

∫ 0

−t
gz (W +u)du dt

)∣∣∣∣
+

∣∣∣∣E(∆1(−a ≤∆≤ 0)
∫ −∆

0

∫ t

0
gz (W +u)du dt

)∣∣∣∣
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≤ a
∫ a

0

∫ 0

−t
Egz (W +u)du dt +a

∫ a

0

∫ t

0
Egz (W +u)du dt

= a
∫ a

0

∫ t

−t
Egz (W +u)du dt

≤ C (p)
(
1+E|W |2p

)
a3

(1+ z)p .

Similarly,

|T3,2,2| ≤
∣∣∣∣E(∆1(0 ≤∆≤ a)

∫ 0

−∆
1(z <W ≤ z − t )dt

)∣∣∣∣
+

∣∣∣∣E(∆1(−a ≤∆< 0)
∫ 0

−∆
(
1(W ≤ z − t )−1(W ≤ z)

)
dt

)∣∣∣∣
≤ E

(
∆1(0 ≤∆≤ a)

∫ 0

−∆
1(z −a ≤W ≤ z +a)dt

)
+E

(
−∆1(−a ≤∆< 0)

∫ −∆

0
1(z −a ≤W ≤ z +a)dt

)
= E(∆21(|∆| ≤ a)1(z −a ≤W ≤ z +a)

)
≤ C (p)

(
1+E|W |2p

)
a
(
τ+

p
ER2

)
(1+ z)p ,

(19)

where we have applied Lemma 4 in the last inequality. Combining (17), (18) and (19) yields

|T3,2| ≤
C (p)

(
1+E|W |2p

)(
a3 +a

(
τ+

p
ER2

))
(1+ z)p . (20)

Combining (14), (16) and (20) yields

|T3| ≤
C (p)

(
1+E|W |2p

)
(1+ z)p

(
a
p
ER2

τ
+a + a3

τ
+

√
E∆41(|∆| > a)

τ

)
. (21)

The conclusion of the theorem follows from (11), (12), (13) and (21). □

3. Applications

In this section, we apply Theorem 2 to obtain non-uniform Berry–Esseen bounds in the central
limit theorem for the squared-length of the total spin in the mean-field classical N -vector models
and Jack deformations of the character ratio.

3.1. Mean-field classical N -vector models

Let N ≥ 2 be an integer, letSN−1 denote the unit sphere inRN and letµ be the uniform probability
measure on SN−1. We consider the mean-field classical N -vector spin models (also called the
mean-field O(N ) models), where each spin σi is in SN−1, at a complete graph vertex i among n
vertices [22]. The state space is Ωn = (SN−1)n with the product measure Pn = µ× ·· ·×µ. In the
absence of an external field, each spin configuration σ = (σ1, . . . ,σn) in the state space Ωn has a
Hamiltonian defined by

Hn(σ) =− 1

2n

n∑
i=1

n∑
j=1

〈σi ,σ j 〉,

where 〈 · , · 〉 is the inner product in RN . Let β> 0 be the inverse temperature. The Gibbs measure
with Hamiltonian Hn is the probability measure Pn,β onΩn with density function:

dPn,β(σ) = 1

Zn,β
exp

(−βHn(σ)
)

dPn(σ),
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where Zn,β = ∫
Ωn

exp
(−βHn(σ)

)
dPn(σ). The cases where N = 2, N = 3, and N = 4 of this model

reduce to the X Y model, the Heisenberg model, and the Toy model, respectively (see, e.g., [14,
p. 412]).

Kirkpatrick and Nawaz [22] proved a multivariate central limit theorem for the total spin in
the subcritical temperature, a non-normal limit theorem for the total spin at the critical tem-
perature, and a central limit theorem for the squared-length of the total spin in the supercritical
temperature. In particular, Kirkpatrick and Nawaz [22] proved that when β > N , the bounded
Lipschitz distance between the squared-length of the total spin and a standard normal random
variable is bounded by C (logn/n)1/4. Thành and Tu (see [32, Theorem 1.1]) improved the result
of Kirkpatrick and Nawaz [22] by proving a uniform Berry–Esseen inequality with bound n−1/2.
The special case N = 3 (the Heisenberg model) was studied by Shao and Zhang [29, Theorem 3.3].
In this subsection, we will apply Theorem 2 to give a non-uniform Berry–Esseen bound, refining
the result of Thành and Tu [32].

Let Iν denote the modified Bessel function of the first kind (see, e.g., [1, p. 713]) which is
defined by

Iν(x) =
∞∑

s=0

1

s!Γ(s +ν+1)

(
x

2

)ν+2s

,

where Γ( · ) is the Gamma function. Let

f (x) = IN /2(x)

I(N /2)−1(x)
, x > 0,

and

B 2 = 4β2(
1−β f ′ (b)

)
b2

[
1− (N −1) f (b)

b
− f (b)2

]
. (22)

In the case β> N , there is a unique strictly positive solution b to the equation (see, e.g., [32, p. 2]):

x −β f (x) = 0.

Let Sn =∑n
j=1σ j and

Wn =p
n

(
β2

n2b2 |Sn |2 −1

)
. (23)

Here and hereafter, for vector x ∈ RN , the Euclidean norm of x is also denoted by |x|. The result
of this subsection is the following theorem. This result extends Theorem 1.1 of Thành and Tu [32]
and, consequently, also extends Theorem 3.3 of Shao and Zhang [29].

Theorem 7. Let p ≥ 1 and let Wn be the random variable defined as in (23) and B 2 as in (22) with
β> N . Then for any z ∈R, we have∣∣P(

Wn/B ≤ z
)−Φ(z)

∣∣≤ C (N ,β, p)

(1+|z|)p n1/2
. (24)

Proof. We describe the construction of an exchangeable pair as follows. Let σ′ = {σ′
1, . . . ,σ′

n},
where for each i fixed, σ′

i is an independent copy of σi given {σ j , j ̸= i }, i.e., given {σ j , j ̸= i }, σ′
i

and σi have the same distribution and σ′
i is conditionally independent of σi . Let I be a random

index independent of all others and uniformly distributed over {1, . . . ,n}, and let

W ′
n =p

n

(
β2

n2b2 |S′
n |2 −1

)
, (25)

where S′
n =∑n

j=1σ j −σI +σ′
I . Then (Wn ,W ′

n) is an exchangeable pair [22, p. 1124]. Since |Sn | ≤ n,
|S′

n | ≤ n and |Sn −S′
n | = |σI −σ′

I | ≤ 2, it follows from (23) and (25) that

|∆| := |Wn −W ′
n | =

p
n

∣∣∣∣ β2

n2b2 (Sn −S′
n)(Sn +S′

n)

∣∣∣∣≤ 4β2

p
nb2

. (26)
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For 1 ≤ i ≤ n, set

σ(i ) = Sn −σi .

Kirkpatrick and Nawaz [22, Equation (8)] proved that

E(Wn −W
′

n |σ) = 2

n
Wn + 2p

n
− 2β2

n3/2b2
− 2β2

n5/2b2

n∑
i=1

f

(
β|σ(i )|

n

)
|σ(i )|. (27)

Let

R1 =− 2β2

n3/2b2
+ 2β2

n5/2b2

n∑
i=1

(
f

(
β|Sn |

n

)
|Sn |− f

(
β|σ(i )|

n

)
|σ(i )|

)
.

Then, it follows from (27) that

E(Wn −W
′

n |σ) = 2

n
Wn + 2p

n
− 2β

n1/2b2

(
β|Sn |

n

)
f

(
β|Sn |

n

)
+R1. (28)

Let g (x) = x f (x), h(x) = f (x)/x, x > 0, and let

V = β|Sn |
nb

+1 ∈ [1,1+β/b].

By Taylor’s expansion and definition of Wn , we have (see Thành and Tu [32, Equations (2.2)
and (2.3)]) for some positive random variable ξ,

g

(
β|Sn |

n

)
= g (b)+ g ′(b)

(
β|Sn |

n
−b

)
+ g ′′(ξ)

2

(
β|Sn |

n
−b

)2

(29)

and
β|Sn |

n
−b = bWnp

nV
= bWn

2
p

n
− bW 2

n

2nV 2 . (30)

By using (28)–(30) and noting that b =β f (b), we obtain

E(Wn −W
′

n |σ)

= 2Wn

n
+ 2p

n
+R1 − 2β

n1/2b2

(
g (b)+ g ′(b)

(
bWn

2
p

n
− bW 2

n

2nV 2

)
+ g ′′(ξ)

2

(
β|Sn |

n
−b

)2)
= 2Wn

n
+ 2p

n
+R1 − 2β

n1/2b2

(
b2

β
+

(
b

β
+b f ′(b)

)(
bWn

2
p

n
− bW 2

n

2nV 2

)
+ g ′′(ξ)b2W 2

n

2nV 2

)
= 1−β f ′(b)

n
(Wn +R∗),

(31)

where

R∗ = n

1−β f ′(b)

(
R1 +

βW 2
n

n3/2V 2

(
1

β
+ f ′(b)− g ′′(ξ)

))
. (32)

Since the σ-field generated by σ contains the σ-field generated by Wn , (31) implies that the
exchangeable pair (Wn ,W ′

n) satisfies (2) with

τ= 1−β f ′(b)

n
and R =

(
β f ′(b)−1

)
E(R∗|Wn)

n
.

Thành and Tu [32, Lemma A.2 and Equation (A.5)] also showed that for all x > 0,∣∣ f (x)
∣∣< 1, 0 < f ′(x) < 1,

∣∣g ′′(x)
∣∣< 6 and −5 ≤ h′(x) < 0. (33)

By noting that ∣∣|Sn |− |σ(i )|∣∣≤ |σi | = 1, 1 ≤ i ≤ n, (34)
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and using (33), we have

|R1| ≤ 2β2

n3/2b2
+ 2β2

n5/2b2

∣∣∣∣∣ n∑
i=1

(
f

(
β|Sn |

n

)
|Sn |− f

(
β|σ(i )|

n

)
|σ(i )|

)∣∣∣∣∣
≤ 2β2

n3/2b2
+ 2β2

n5/2b2

∣∣∣∣∣ n∑
i=1

|Sn |
(

f

(
β|Sn |

n

)
− f

(
β|σ(i )|

n

))∣∣∣∣∣
+ 2β2

n5/2b2

∣∣∣∣∣ n∑
i=1

f

(
β|σ(i )|

n

)(|Sn |− |σ(i )|)∣∣∣∣∣
≤ 2β2

n3/2b2
+ 2β2

n5/2b2

n∑
i=1

∥ f ′∥β|Sn |
n

∣∣|Sn |− |σ(i )|∣∣+ 2β2

n5/2b2

n∑
i=1

∥ f ∥|σi |

≤ 2β2

n3/2b2
(1+β+1)

≤ C (β)

n3/2
.

(35)

Thành and Tu [32, Lemma A.1] proved that

E

(
β|Sn |

n
−b

)2

≤ C (β)

n
.

Following the same steps as in the proof of Lemma A.1 by Thành and Tu [32], we also have

E

∣∣∣∣β|Sn |
n

−b

∣∣∣∣2p

≤ C (p,β)

np .

It thus follows that

E|Wn |2p = np E

∣∣∣∣β2|Sn |2
n2b2 −1

∣∣∣∣2p

= np E

∣∣∣∣(β|Sn |
nb

+1

)(
β|Sn |

nb
−1

)∣∣∣∣2p

≤ np
(
1+ β

b

)2p

E

∣∣∣∣β|Sn |
nb

−1

∣∣∣∣2p

≤C (p,β).

(36)

By combining (32), (33), (35) and (36), we obtain

E|R∗|2 ≤ C (β)

n
(1+EW 4

n ) ≤ C (β)

n
,

which, together with Jensen’s inequality for conditional expectation, implies

E
(
E(R∗|Wn)

)2 ≤ E(E((R∗)2|Wn)
)= E|R∗|2 ≤ C (β)

n
. (37)

For 1 ≤ i ≤ n, set
bi =β|σ(i )|/n.

Thành and Tu [32, Equation (2.4) and the computations on p. 7] showed that

1

2τ
E
(
(Wn −W ′

n)2∣∣σ)−B 2 = 2β4

n3b4
(
1−β f ′(b)

) (
R2 − 2b

β
R3 +R4 +R5

)
, (38)

where

R2 =
n∑

i=1

(
1− N −1

β

)(
|σ(i )|2 − (n −1)2b2

β2

)
,

R3 =
n∑

i=1

(
|σ(i )|〈σi ,σ(i )〉− n2b3

β3

)
,
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R4 =
n∑

i=1

(
〈σi ,σ(i )〉2 −

(
1− N −1

β

)
(n −1)2b2

β2

)
,

R5 =
n∑

i=1
(1−N )

(
f (bi )

bi
− 1

β

)
|σ(i )|2 −2

n∑
i=1

(
f (bi )− b

β

)
|σ(i )|〈σ(i ),σi 〉.

In order to apply Theorem 2, we need to bound

E

(
1

2τ
E
(
(Wn −W ′

n)2|Wn
)−B 2

)2

,

which is more challenging than bounding E
∣∣ 1

2τE
(
(Wn −W ′

n)2|Wn
)−B 2

∣∣ as in Thành and Tu [32].
By using (23) and (34), we have

|R2| =
(
1− N −1

β

) n∑
i=1

(
n2b2

β2

(
β2

n2b2 |Sn |2 −1

)
− (|Sn |2 −|σ(i )|2)+ n2b2 − (n −1)2b2

β2

)
≤C (N ,β)

(
n3

(
β2

n2b2 |Sn |2 −1

)
+n2(|Sn |− |σ(i )|)+ n(2n −1)b2

β2

)
≤C (N ,β)n5/2(|Wn |+1

)
.

(39)

Similarly,

|R3| =
∣∣∣∣∣ n∑
i=1

(
|Sn |〈σi ,Sn〉− n2b3

β3 +|σ(i )|〈σi ,σ(i )〉− |Sn |〈σi ,Sn〉
)∣∣∣∣∣

=
∣∣∣∣∣
(
|Sn |3 − n3b3

β3

)
+

n∑
i=1

((|σ(i )|− |Sn |
)〈σi ,σ(i )〉− |Sn |〈σi ,σi 〉

)∣∣∣∣∣
≤

∣∣∣∣|Sn |3 − n3b3

β3

∣∣∣∣+ n∑
i=1

∣∣〈σi ,σ(i )〉∣∣+|Sn |
n∑

i=1
〈σi ,σi 〉

≤C (β)

(
n2

∣∣∣∣|Sn |− nb

β

∣∣∣∣+n2
)

≤C (β)

(
n3

∣∣∣∣β|Sn |
nb

−1

∣∣∣∣+n2
)

≤C (β)n5/2(|Wn |+1
)
,

(40)

and

|R5| ≤
∣∣∣∣∣ n∑
i=1

(1−N )

(
f (bi )

bi
− 1

β

)
|σ(i )|2

∣∣∣∣∣+2

∣∣∣∣∣ n∑
i=1

(
f (bi )− b

β

)
|σ(i )|〈σ(i ),σi 〉

∣∣∣∣∣
=

∣∣∣∣∣ n∑
i=1

(1−N )

(
f (bi )

bi
− f (b)

b

)
|σ(i )|2

∣∣∣∣∣+2

∣∣∣∣∣ n∑
i=1

(
f (bi )− f (b)

)|σ(i )|〈σ(i ),σi 〉
∣∣∣∣∣

≤C (N ,β)
(∥g∥+∥ f ∥)n2

n∑
i=1

|bi −b|

=C (N ,β)
(∥g∥+∥ f ∥)n2

n∑
i=1

((
β|Sn |

n
−b

)
+ β

n

(
σ(i ) −|Sn |

))
≤C (N ,β)

(
n3

∣∣∣∣β|Sn |
nb

−1

∣∣∣∣+ n∑
i=1

β

n

∣∣|σ(i )|− |Sn |
∣∣)

≤C (N ,β)n5/2(|Wn |+1
)
,

(41)

where in (41), we have also used the facts that 1/β = f (b)/b and bi = β|σ(i )|/n. By using (36)
and (39)–(41), we have

E(R2
2 +R2

3 +R2
5 ) ≤C (N ,β)n5. (42)
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Thành and Tu [32, p. 9] proved that

ER2
4 ≤C (N ,β)n5. (43)

Combining (38), (42) and (43) yields

E

(
1

2τ
E
(
(Wn/B −W ′

n/B)2|σ)−1

)2

≤ C (N ,β)

n
. (44)

Since theσ-field generated byσ contains theσ-field generated by Wn , we obtain from elementary
computations and (44) that

E

(
1

2τ
E
(
(Wn/B −W ′

n/B)2|Wn
)−1

)2

≤ E
(

1

2τ
E
(
(Wn/B −W ′

n/B)2|σ)−1

)2

≤ C (N ,β)

n
. (45)

For all x > 0, we have 0 < f ′(x) < f (x)/x (see, e.g., [32, Equation (A.4)]). Since 1/β = f (b)/b,
elementary computations show 0 < 1 −β f ′(b) < 1. From (26) and (31), we are able to apply
Theorem 2 with

W = Wn

B
, a = 4β2

p
nb2

, τ= 1−β f ′(b)

n
, and R =

(
β f ′(b)−1

)
E(R∗|Wn)

n
. (46)

Using (37) and (46), we obtain
p
ER2

τ
≤ C (β)p

n
and a + a3

τ
≤ C (β)p

n
. (47)

By collecting the bounds (36), (45) and (47), we obtain (24). The proof of the theorem is
completed. □

3.2. Jack measures

In this subsection, we apply Theorem 2 to obtain a non-uniform Berry–Esseen bound for Jackα
measure. Let Pn be the set of all partitions of positive integer n and let α > 0. For each λ ∈ Pn ,
we define Jackα measure of λ to be

Pα(λ) = αnn!∏
s∈λ

(
αa(s)+ l (s)+1

)(
αa(s)+ l (s)+α

) ,

where the product is over all boxes in the partition. Here a(s) denotes the number of boxes in the
same row of s and to the right of s (the “arm” of s) and l (s) denotes the number of boxes in the
same column of s and below s (the “leg” of s). For example, the top-left box (the northwest corner
box) s of the partition of 4

λ= □ □ □
□

has a(s) = 2 and l (s) = 1. This partition has Jackα measure

Pα(λ) = 6α

(3α+1)(α+1)2 .

It can be verified that Jackα measure is a probability measure on Pn (see Remark 10). This
measure was introduced by Kerov [21] and has interesting connections to the Gaussian β-
ensemble in the random matrix theory with β = 2/α. This research direction has recently been
explored in several papers (see [2,10,15,18,20] and the references therein). Jackα measure was
also presented as an important area of research in a survey paper on random partitions by
Okounkov [26]. For the case where α = 1, Jackα measure agrees with the Plancherel measure
on the set of all the irreducible representations of the symmetric group Sn .
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Let α> 0 and

Wn,α =Wn,α(λ) =
∑

i

(
α

(λi
2

)− (λ′
i

2

))
√
α

(n
2

) , (48)

where λ is chosen from the Jackα measure on partitions of size n, λi is the length of the i -th row
of λ and λ

′
i is the length of the i -th column of λ. When α= 1, Wn,1 coincides with the character

ratio of the symmetric group on transpositions (see, e.g., Chen et al. [8, p. 444]). Fulman [15] used
Stein’s method for exchangeable pairs and proved that

sup
x∈R

∣∣Pα(Wn,α ≤ x)−Φ(x)
∣∣≤ C (α)

n1/4
. (49)

The rate in (49) was sharpened by Fulman [16] to C (α)n−1/2 using the inductive approach to
Stein’s method. We note that in all these results, α > 0 is fixed, but we do not know how
C (α) depends on α. An explicit constant is obtained by Shao and Su [28] only when α = 1.
Fulman [15] conjectured that for general α ≥ 1, the correct bound for the Kolmogorov distance
is a universal constant multiplied by max

{
1/
p

n,
p
α/n

}
. Using Stein’s method and zero-bias

couplings, Fulman and Goldstein [17] proved that it is the correct bound for the Wasserstein
distance. More recently, Chen et al. [8] achieved the rate conjectured by Fulman up to a logn
factor. When α is fixed, Chen et al. [8] confirmed Fulman’s conjecture by proving that

sup
x∈R

∣∣Pα(Wn,α ≤ x)−Φ(x)
∣∣≤ 8.2p

n
.

As remarked by Fulman [15], one is usually interested in α being fixed, as α is a parame-
ter which represents the symmetries of the system. In this subsection, we consider the case
log2 n/n ≤ α ≤ n/log2 n and provide a non-uniform Berry–Esseen bound for Wn,α by applying
Theorem 2. The same result was also achieved by Chen et al. [8] using Stein’s method for zero-
biased couplings.

Theorem 8. Let p ≥ 2, n ≥ 3, log2 n/n ≤α≤ n/log2 n and Wn,α in (48). Then for all z ∈R, we have∣∣Pα(Wn,α ≤ z)−Φ(z)
∣∣≤ C (p)

(1+|z|)p
p

n
. (50)

Proof. Firstly, consider the case where 1 ≤α≤ n/log2 n. Kerov [21] proved that there is a growth
process giving a sequence of partitions

(
λ(1), . . . ,λ(n)

)
with partitionλ( j ) distributed according to

the Jackα measure on the set of partitions of size j . Given the Kerov growth process, let X1,α = 0,
X j ,α = cα(x) where x is the box added to λ( j − 1) to obtain λ( j ) and the “α-content” cα(x) of
a box x is defined to be α(column number of x −1)− (row number of x −1), j ≥ 2. Then, from
Fulman [16], one can write

Wn,α =
∑n

j=1 X j ,α√
α

(n
2

) .

Therefore, constructing ν from the Jackα measure on partitions of n −1 and then taking one step
in Kerov’s growth process yields λ with the Jackα measure on partitions of n, we have

Wn,α =Vn,α+ηn,α,

where

Vn,α =
∑

x∈ν cα(x)√
α

(n
2

) =
√

n −2

n
Wn−1,α, ηn,α = Xn,α√

α
(n

2

) = cα(λ/ν)√
α

(n
2

) ,
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and cα(λ/ν) denotes the α-content of the box added to ν to obtain λ. As in Fulman [15], we
construct λ′ by taking another step in the Kerov growth process from ν, independently of λ/ν
given ν, and then forming W ′

n,α from λ′ as Wn,α is formed from λ, that is

W ′
n,α =Vn,α+η′n,α,

where

η′n,α = X ′
n,α√
α

(n
2

) = cα(λ′/ν)√
α

(n
2

) ,

and cα(λ′/ν) denotes the α-content of the box added to ν to obtain λ′. Fulman [15] showed that
(Wn,α,W ′

n,α) is an exchangeable pair that satisfies (1) with τ= 2/n. Let

∆n,α =Wn,α−W ′
n,α = ηn,α−η′n,α.

For all q > 1, Chen et al. [8, (4.20)] proved that

Pα

(
|ηn,α| >

e
√

2qp
n −1

)
≤ α

π(q −1)qe
p

qn/α
. (51)

Similarly,

Pα

(
|η′n,α| >

e
√

2qp
n −1

)
≤ α

π(q −1)qe
p

qn/α
. (52)

Combining (51) and (52) yields

Pα

(
|∆n,α| >

2e
√

2qp
n −1

)
≤Pα

(
|η′n,α| >

e
√

2qp
n −1

)
+Pα

(
|η′n,α| >

e
√

2qp
n −1

)
≤ 2α

π(q −1)qe
p

qn/α
.

(53)

Let

q = (p +e)2, a = 2e
√

2qp
n −1

.

By applying (53) with noting that n/α≥ log2 n, we have

Pα
(|∆n,α| > a

)≤ α

e2e(p+e) logn
= α

n2e(p+e)
. (54)

It is clear from the definition of the content of a box that∣∣cα(λ/ν)
∣∣≤ max

{
α(λ1 −1), (λ′

1 −1)
}
, (55)

where λ1 and λ′
1 denote the length of the first row and the length of the first column of λ,

respectively. By (55), we have
∣∣cα(λ/ν)

∣∣≤αn. Similarly,
∣∣cα(λ′/ν)

∣∣≤αn. Therefore

|∆n,α| ≤ cα(λ/ν)√
α

(n
2

) + cα(λ′/ν)√
α

(n
2

) ≤ 4
p
α. (56)

Combining (54) and (56) yields

E
(|∆n,α|41(|∆n,α| > a)

)≤ 44α3

n2e(p+e)
≤ 256

n2e(p+e)

(
n

log2 n

)3

≤ 256

n2ep (57)

and

E
(|∆n,α|2p)≤ a2p +42pαp Pα

(|∆n,α| > a
)

≤C (p)

(
1

np + αp+1

n2e(p+e)

)
≤ C (p)

np .

(58)
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Recall that (Wn,α,W ′
n,α) is an exchangeable pair that satisfies (1) with τ= 2/n (see Fulman [15,

Proposition 6.1]). We are now able to apply Theorem 2 with a = 2e
p

2(p + e)/
p

n −1 and R = 0.
Thành [31] proved that if (W,W ′) is an exchangeable pair satisfying (1), then

E|W |2p ≤ C (p)E|W −W ′|2p

τp .

Applying this result for (Wn,α,W ′
n,α), τ= 2/n, and using (58), we obtain

E|Wn,α|2p ≤C (p). (59)

From Proposition 6.5 of Fulman [15], we have

E

(
1− 1

2τ
E(∆2

n,α|Wn,α)

)2

≤ 3n +2α

4n(n −1)
≤ 5

4(n −1)
. (60)

We also have

a + a3

τ
≤ 2e

p
2(p +e)p
n −1

+
(

2e
p

2(p +e)p
n −1

)3 n

2
≤ C (p)p

n
. (61)

By collecting the bounds in (57), (59)–(61), we obtain (50).
For the case where log2 n/n ≤α< 1, we have 1 < 1/α≤ n/log2 n. We then obtain (50) by noting

that (see Chen et al. [8, p. 464])

Pα(Wn,α = z) =P1/α(Wn,1/α =−z). □

Remark 9. In view of (56), we can not apply Theorem 1 (Theorem 2.3 of Eichelsbacher [11]) to
obtain a useful bound.

Appendix A.

In this section, we will present a remark on Jack measure, and the proofs of Lemmas 3–6.

Remark 10. Let Pn be the set of all partitions of size n. Jackα measure is a probability measure
on Pn , that is, ∑

λ∈Pn

Pα(λ) = 1. (62)

This follows from Equation (10.32) in Macdonald [25, VI.10]. We present it here for completeness.
We use the notation from Macdonald [25]. For λ ∈ Pn , let mi (λ) be the number of rows of λ of
size i , let l (λ) denote the total number of rows of λ, and let

zλ =
∏
i≥1

i mi (λ)mi (λ)!,

cλ(α) = ∏
s∈λ

(
αa(s)+ l (s)+1

)
,

and
c ′λ(α) = ∏

s∈λ

(
αa(s)+ l (s)+α

)
.

Let (1n) be the partition (1, . . . ,1) of n. Then m1(1n) = n, mi (1n) = 0 for all i ≥ 2, l (1n) = n and
z(1n ) = n!. From Equation (10.32) in Macdonald [25, p. VI.10], by choosing ρ =σ= (1n) and using
(10.29) ibidem, we obtain ∑

λ∈Pn

1

cλ(α)c ′
λ

(α)
= 1

αnn!
,

which is equivalent to ∑
λ∈Pn

αnn!∏
s∈λ

(
αa(s)+ l (s)+1

)(
αa(s)+ l (s)+α

) = 1,

thereby establishing (62).
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In the remainder of this section, we will prove Lemmas 3–6.

Proof of Lemma 3. By Lyapunov’s inequality, we have

E|W + c|q ≤ max{1,2q−1}
(
E|W |q +|c|q )

≤ 22p−1((E|W |2p )q/(2p) +1002p)
.

(63)

If E|W |2p ≤ 1, then (6) follows from (63) by choosing C (p) = 2002p . If E|W |2p > 1, then
(E|W |2p )q/(2p) ≤ E|W |2p . Thus, (6) also follows from (63) by choosing C (p) = 2002p . □

Proof of Lemma 4. Let

f (x) =


0 for x < z −2a,

(1+x +2a)p (x − z +2a) for z −2a ≤ x ≤ z +2a,

4a(1+x +2a)p for x > z +2a.

Then f is continuous, increasing, f ′ ≥ 0 on R, and

f ′(x) ≥ (1+x +2a)p ≥ (1+ z)p for z −2a ≤ x ≤ z +2a. (64)

We have from (10) that

E
(
(W −W ′)

(
f (W )− f (W ′)

))= 2τEW f (W )−2E f (W )R. (65)

We estimate the left-hand side of (65) as follows.

E
(
(W −W ′)

(
f (W )− f (W ′)

))= E∆∫ 0

−∆
f ′(W + t )dt

≥ E∆
∫ 0

−∆
1(|t | ≤ a)1(z −a ≤W ≤ z +a) f ′(W + t )dt

≥ E∆
∫ 0

−∆
1(|t | ≤ a)1(z −a ≤W ≤ z +a)(1+ z)p dt

≥ (1+ z)pE∆

∫ 0

−∆
1(|∆| ≤ a)1(z −a ≤W ≤ z +a)dt

= (1+ z)pE
(
∆21(|∆| ≤ a)1(z −a ≤W ≤ z +a)

)
,

(66)

where we have applied (64) in the second inequality. For the right-hand side of (65), we have

2τEW f (W )−2E f (W )R ≤ 2τE
(
4a|1+W +2a|p |W |)+2E

(
4a|1+W +2a|p |R|)

≤C (p)a
(
τ
√
E|W +1+2a|2p EW 2 +

√
E|W +1+2a|2p

√
ER2

)
≤C (p)

(
1+E|W |2p)

a
(
τ+

√
ER2

)
,

(67)

where we have applied the definition of f in the first inequality, the Cauchy–Schwarz inequality
in the second inequality, and Lemma 3 in the third inequality. Combining (65), (66) and (67)
yields (7).

The proof of the lemma is completed. □

The proofs of Lemmas 5 and 6 are quite technical and similar to those of Lemmas 5.1 and 5.2
of Chen and Shao [9]. We use the following well-known inequality (see, e.g., Chen et al. [6, p. 16]):

1−Φ(z) ≤ min

{
1

2
,

1

z
p

2π

}
e−z2/2, z > 0. (68)

Proof of Lemma 5. By Lemma 2.2 of Chen et al. [6], we have

fz (w) =
{p

2πew2/2
(
1−Φ(w)

)
Φ(z), if w > z,p

2πew2/2Φ(w)
(
1−Φ(z)

)
, if w ≤ z.

(69)
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By using (68), we obtain

ew2/2(1−Φ(w)
)≤ 1

2
for w ≥ 0.

Therefore, for all w ≤ 0,

fz (w) =p
2πew2/2Φ(w)

(
1−Φ(z)

)
=p

2πew2/2(1−Φ(−w)
)(

1−Φ(z)
)

≤
p

2π

2

(
1−Φ(z)

)
.

(70)

By Lemma 2.3 of Chen et al. [6], we also have

0 < fz (w) ≤p
2π/4, w ∈R. (71)

To bound E
(

fz (W )
)2, we write

E
(

fz (W )
)2 = I1 + I2 + I3, (72)

where

I1 = E
(

fz (W )
)21(W ≤ 0), I2 = E

(
fz (W )

)21(W > z/2), I3 = E
(

fz (W )
)21(0 <W ≤ z/2).

By noting that z > 5 and using (68), (70), we have

I1 ≤
(p

2π

2

)2(
1−Φ(z)

)2

≤
(

e−z2/2

2z

)2

≤ C (p)

(1+ z)2p .

(73)

By using E|W |2p ≤ c0 <∞, (71), Markov’s inequality and Lemma 3, we have

I2 ≤
(p

2π

4

)2

P
(|1+W | > 1+ z/2

)
≤

(p
2π

4

)2
E|1+W |2p

(1+ z/2)2p

≤ C (p)
(
1+E|W |2p

)
(1+ z)2p .

(74)

By noting that z > 5 and using (68) and (69), we have

I3 ≤ 2π
(
1−Φ(z)

)2
E
(
eW 2

1(0 <W ≤ z/2)
)

≤ πe−z2
ez2/4

2

= πe−3z2/4

2

≤ C (p)

(1+ z)2p .

(75)

Combining (72)–(75) yields (8).
The proof of (9) can proceed similarly. Since 0 ≤ |ξ| ≤ |∆|,

E|ξ|2p ≤ E|W −W ′|2p ≤ 22p−1(E|W |2p +E|W ′|2p)= 22pE|W |2p . (76)



Lê Vǎn Thành and Nguyen Ngoc Tu 773

From Stein [30, p. 23–24], we have following facts:

0 < f ′
z (w) < (

1−Φ(z)
)

for w ≤ 0, (77)

f ′
z (w) = (

1−Φ(z)
)(

1+p
2πwew2/2Φ(w)

)
for w ≤ z, (78)

and ∣∣ f ′
z (w)

∣∣≤ 1 for all w . (79)

To bound E
(

f ′
z (W +ξ)

)2, we write

E
(

f ′
z (W +ξ)

)2 = J1 + J2 + J3, (80)

where

J1 = E
(

f ′
z (W +ξ)

)21(W +ξ≤ 0),

J2 = E
(

f ′
z (W +ξ)

)21(W +ξ> z/2),

J3 = E
(

f ′
z (W +ξ)

)21(0 <W +ξ≤ z/2).

By noting that z > 5 and using (68) and (77), we have

J1 ≤
(
1−Φ(z)

)2 ≤
(

e−z2/2

2

)2

≤ C (p)

(1+ z)2p . (81)

By using E|W |2p <∞, (76), (79) and Markov’s inequality, we have

J2 ≤P
(|1+W +ξ| > 1+ z/2

)
≤ E|1+W +ξ|2p

(1+ z/2)2p

≤ 32p−1

(
E|W |2p +E|ξ|2p +1

)
(1+ z/2)2p

≤ C (p)
(
1+E|W |2p

)
(1+ z)2p .

(82)

By noting that z > 5 and using (68) and (78), we have

J3 ≤
(
1−Φ(z)

)2
E
((

1+p
2π(W +ξ)e(W +ξ)2/2)21(0 <W +ξ≤ z/2)

)
≤ e−z2(

1+p
2πzez2/8

)2

4

≤ C (p)

(1+ z)2p .

(83)

Combining (80)–(83) yields (9). The proof of the lemma is completed. □

Proof of Lemma 6. The proof of Lemma 6 is similar to those of (8) and (9). From definition of gz ,
we have (see Chen and Shao [9, p. 248])

gz (w) =


(p
2π(1+w2)ew2/2

(
1−Φ(w)

)−w
)
Φ(z) if w ≥ z,(p

2π(1+w2)ew2/2Φ(w)+w
)(

1−Φ(z)
)

if w < z.
(84)

Chen and Shao [9, p. 249] proved that

gz ≥ 0, gz (w) ≤ 2
(
1−Φ(z)

)
for w ≤ 0 and g is increasing for 0 < w ≤ z. (85)
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By (71), (79) and Lemma 3, we have

Eg 2
z (W +u) ≤ 2E

(
f 2

z (W +u)+ (W +u)2( f ′
z (W +u)

)2
)

≤π/4+2E(W +u)2

≤C (p)
(
1+E|W |2p)

.

(86)

Applying (86), the Cauchy–Schwarz inequality, Markov’s inequality and Lemma 3, we obtain

Egz (W +u)1(W +u > z/2) ≤ (
Eg 2

z (W +u)
)1/2(

E1(W +u > z/2)
)1/2

≤
(
Eg 2

z (W +u)
)1/2(

E|W +2|2p
)1/2

(1+ z/2)p

≤ C (p)
(
1+E|W |2p

)
(1+ z)p .

(87)

It thus follows that
Egz (W +u) = Egz (W +u)

(
1(W +u ≤ 0)+1(0 <W +u ≤ z/2)+1(W +u > z/2)

)
≤ 2

(
1−Φ(z)

)+ gz (z/2)+E(gz (W +u)1(W +u > z/2)
)

≤ 2
(
1−Φ(z)

)+ (p
2π(1+ z2/4)ez2/8Φ(z/2)+ z/2

)(
1−Φ(z)

)+ C (p)
(
1+E|W |2p

)
(1+ z)p

≤ e−z2/2 +C
(
(1+ z2)ez2/8 + z

)
e−z2/2 + C (p)

(
1+E|W |2p

)
(1+ z)p

≤ C (p)
(
1+E|W |2p

)
(1+ z)p ,

where we have applied (85) in the first inequality, (84) and (87) in the second inequality, and (68)
in the third inequality. This ends the proof of the lemma. □

Remark 11. After this paper was accepted, Thành and Tu [33] generalized Theorem 2 to non-
normal approximation.
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