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Abstract. This paper establishes a non-uniform Berry-Esseen bound in normal approximation for exchange-
able pairs using Stein’s method via a concentration inequality approach. The main theorem extends and
improves several results in the literature, including those of Eichelsbacher and Lowe [Electron. J. Probab. 15
(2010), 962-988], and Eichelsbacher [J. Stat. Phys. 191 (2024), no. 12, article no. 163 (27 pages)]. The result is
applied to obtain a non-uniform Berry-Esseen bound for the squared-length of the total spin in the mean-
field classical N-vector models, and a non-uniform Berry—Esseen bound for Jack deformations of the charac-
ter ratio.
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1. Introduction and the main result

Stein’s method was introduced by Charles Stein [30] to estimate the distance between a statistic
of interest and the normal distribution. This method is of particular interest because it works
well for dependent random variables and has applications in various areas of mathematics
such as combinatorics [15,16], number theory [7,19], and random matrix and random graph
theory [23,27], among others. We refer to Stein [30] and Chen et al. [6] for comprehensive
expositions on Stein’s method for normal approximation.

Recall that (W, W) is an exchangeable pair if two random vectors (W, W') and (W', W) have
the same distribution. Let (W, W’) be an exchangeable pair. In [30, Theorem 1, Lecture III], Stein
proved a normal approximation for W under the linear regression condition

EW' W)=1-1)W 1)
for some 0 < 7 < 1. The linear regression condition (1) can be relaxed to a more flexible condition

that
EW' | W)=Q1-1)W+R )

for some random variable R = R(W) and for some 0 < 7 < 1. Eichelsbacher and Lowe [12] proved
that if (W, W’) is an exchangeable pair satisfying (2), then for any a > 0

sup|P(W < z) - (2)|

zeR
1 Z (Vonm VER? 041a® 1
5\/[E(1—2—[E(A2|W)) +(T+1.5a) +15a+ +2—[E(A21(|A|>a)), 3)
T T T T

where A = W — W'. Here and hereafter, ®(z) = (1/ \/m f_zoo e‘tz/ 2dt is the distribution function
of the standard normal distribution.

Besides dealing with uniform bounds, some authors also used Stein’s method to provide non-
uniform bounds or moderate deviations. We refer to Chen and Shao [9] for non-uniform bounds
in normal approximation with independent summands, and to Chen et al. [5], Fang et al. [13],
and Liu and Zhang [24] for the Cramér-type moderate deviations. Chen et al. [8] and Eichels-
bacher [11] used Stein’s method to obtain non-uniform Berry-Esseen bounds for zero-biased
couplings and exchangeable pairs, respectively. Very recently, in Butzek and Eichelsbacher [3]
and Dung et al. [34], the authors obtained non-uniform Berry-Esseen bounds for normal ap-
proximations by the Malliavin—-Stein method. The following result is Theorem 2.3 of Eichels-
bacher [11].

Theorem 1 (Eichelsbacher [11]). Let (W, W') be an exchangeable pair satisfying (2), and let
A=W —-W'. Assume that EW? <2 and |A| < a for some a > 0. Then for any z € R, we have

|[P(W < 2)-@(2)| = ¢ ([El—i[E(A2|W)
1+|z| 2T

E|R|
+— +3al, (4)
T

where C is a constant depending only on EW?,

The proof of Theorem 1 is quite simple and the term 1/(1 + |z|) in (4) can be improved to
1/(1 +|z|P) under the condition that E|W|?” < oo for p = 1. However, if the remainder R appears
as in (2) and A is not bounded, the problem becomes more challenging (see Eichelsbacher [11,
Remark 2]). In many applications, the exchangeable pair (W, W') only satisfies (2) rather than (1),
and |A| may not be bounded. In this paper, we obtain a sharp non-uniform Berry-Esseen bound
for unbounded exchangeable pairs under condition (2). Our approach uses a non-uniform
concentration inequality, which differs from the aforementioned papers on non-uniform Berry—
Esseen bounds. Moreover, in our result, the dependence on E| WI%P is explicit. The main result of
the paper is the following theorem.
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Theorem 2. Let p =1 and a > 0. Let (W,W') be an exchangeable pair satisfying (2), and let
A=W —W'. Then for every z € R, we have

|[P(W < 2) - ®(2)|

C(p)(1 +E|W 2P 2 VER? 3 VEA(A[> @)
- (M +EW| )(\/[E(l—ziT[E(MW)) , VER a EA'1(A| > a)
T

ta+—+——F—"—|,
(1+12)P T T

where C(p) is a constant depending only on p.

We apply Theorem 2 to obtain a non-uniform Berry-Esseen bound in the central limit theorem
for the squared-length of the total spin of the mean-field classical N-vector models and a non-
uniform Berry-Esseen bound in the central limit theorem for Jack deformations of the character
ratio. The former improves the main result of Thanh and Tu [32], while the latter recovers a result
of Chen et al. [8] by a different method.

It is worth noting that we do not assume |W — W’| < a as in Theorem 1, thereby extending the
applicability of our result to unbounded exchangeable pairs (see Section 3.2 for the case of the
Jack, deformations of the character ratio).

Throughout this paper, C denotes a universal constant whose value may change from line
to line. The symbol C(:) denotes a constant that depends only on the variables inside the
parentheses, and its value may also change from line to line. For x € R, the natural logarithm
(base e =2.7182...) of max{x, e} will be denoted by log x. The supremum norm of a function f is
denoted by | 1.

The rest of the paper is organized as follows. In Section 2, we provide four preliminary
lemmas and the proof of Theorem 2. Non-uniform Berry-Esseen bounds for the squared-length
of the total spin in the mean-field classical N-vector models and Jack measures are presented
in Section 3. Finally, Appendix A includes a remark on the Jack measure and the proofs of four
preliminary lemmas.

2. Proof of main result

In this section, we will prove the main result of the paper. Throughout, we use all notations as
defined in Theorem 2. If E|W|3P = oo, then the result is trivial. Therefore, it suffices to consider
the case E|W|?P < co. For z € R, let f, be the solution to the Stein equation

() - xf(x) =1(x < 2) - D(2). (5)

We will need the following four lemmas. The proofs of these lemmas are deferred to Appen-
dix A. In Lemmas 3 and 6, the number 100 does not play any special role.

Lemma3. Let0< q<2pandlet|c|<100. Then
EIW +cl? < C(p)(1+EIW[*P). (6)

The following lemma is a non-uniform concentration inequality for W, which plays an im-
portant role in the proof of Theorem 2. For uniform concentration inequalities for exchangeable
pairs, we refer to Chen and Fang [4], Eichelsbacher and Léwe [12], and Shao and Su [28].

Lemma4. Letz=0. Then for0<a<1, wehave
C(p)(1+EIW[*P)a(VER? +1)
(1+2)P ’

Lemmas 5 and 6 are similar to Lemmas 5.1 and 5.2 of Chen and Shao [9], respectively.

@

E(A*1(Als@)l(z—a<sW <z+a)<
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Lemma5. Letz =5 and let be a random variable satisfying 0 < || < |A|. Then

C(p)(1+EIWI?P)

E(f.)" = (1+2)2P

8

and
C(p)(1+EIW|?P)

(1+2)%P ©)

E(fL (W +8)° <

Lemma6. Letz=5,|ul <100 and g,(w) = (wfz(w))' = fz(w) + wfl(w). Then

C(p)(1+EIW|?P)

Eg,(W+u) < 1t 2P

We are now ready to prove the main theorem.

Proof of Theorem 2. To bound |P(W < z)—®(z)|, it suffices to consider z = 0 since we can simply
apply the result to —W when z < 0. In view of (3) and the fact that

E(A%1(Al > @) < \/E(A*1(1A] > @),

we may, without loss of generality, assume that z = 5. Since

|[P(W < 2) - ®(2)| = |P(W > 2) — (1 - D(2))]
ElL+W|?P
< _
(1+z)2p
B C(p)(1+EIW|?P)
(I+1zD)P

+(1-9(2))

the conclusion of the theorem holds if @ = 1. Thus, it remains to consider the case 0 < a < 1. For
any absolutely continuous function f, we obtain from the exchangeability and (2) that

[E((W W) (fwW) - f(W’))) = 2EW f(W) —2EW' f(W)
=2EW f(W) —2Ef(W)((1-T)W +R) (10)
= 2TEW f(W) — 2Ef(W)R.

We recall that f; is the solution to the Stein equation (5). Since (10) holds for f;, we have
P(W < z) - ®(2) =E(f,(W) - W f,(W))

1 1
= EfL(W) = - EW = W)(fz(W) = £o(W") = ~E(£.(W)F)
=e{pzom(1- v -w?)) - Le(rawm) an

1
~ S E(W =W (W) = W) = (W =W fLw)))
=T +Tr+T3.

It follows from the Cauchy-Schwarz inequality and Lemma 5 that

|Ty| < \/[E(fz'(W))z\/[E(l - %[E((W— W')2|W))2

C(p)(1+EW|?P 2
<M\/E(l—iE((W—W’)Z|W)) ,
1+2)P 27

(12)
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and
1
IT2] < - E(f(W))*VE(R?)

_ Cp+EIWPP) VER?)
= (1+2)P T

It remains to bound Ts. By recalling A = W — W', we have
(—20) T3 = [E(A(fz(W) — L (W=-A)— Afz’(W)))
=131+ 13,2,
where
T31 = E(ALUAI > @)(f-(W) = (W = 0) = Af (W)
and
T35 = E(ALAI = @) (£ (W) — £(W = A) = AfLW) ).

By applying Taylor’s expansion and the Cauchy-Schwarz inequality, we have
17511 = [E(a%1081 > @) (LW + &) - fiw)))|

<[E(a1081> 0w+ )+

E(A%1(/A| > a)fz’(W))(
112 172
< (Ea*1081> D E(FW +0)) "+ (EA"L0AI > @ E(FON))

where ¢ is a random variable satisfying 0 < |£| < |A|. Combining (9) and (15) yields

C(p)(1+EIW|?P)EA*L(IA] > @)

T31] <
[T31] TroP

From the Stein equation (5), we have
0
T3 = [E(Al(lAl < a)fA(fz'(W+ ) —fZ'(W))dt)
0
= [E(Al(lAl < a)/ W+ f(W+1) - WfZ(W)dt)
-A

0
+[E(A1(|A| < a)f (IW+t<z)—1(W < z))dt)
-A
= T321+T322.

By using Lemma 6 and noting that g, (w) = 0 for all w, we have
0 pt
|T3,2,1|=‘[E(A1(|A|sa)f f gz(W+ u)dudt)‘
-aJdo

=

0 pt
[E(Al(OsAsa)f fgz(W+u)dudt)'
-aJo

+

0 pt
[E(Al(—asAsO)f /gz(W+u)dudt)'
-aJo
A 0
=‘[E(A1(05Asa)f f gz(W+u)dudt)'

0 J-t

-A pt
+ [E(Al(—asAsO)f f g W+ u)dudt)‘
o Jo

761

(13)

(14)

(15)

(16)

17

(18)
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a r0 a pt
saf f Eg. (W + u)dudt+af f Eg. (W +u)dudt?
0 J-r o Jo

a t
=a[ f Eg. (W +u)dudt
0 J-t

B Cp)(1+EIW[*P)a®
(1+2)P

Similarly,

0
|T3’2,2|S [E(AI(OSASLI)[ 1(Z<WSZ—t)dt)‘
-A

0
+|E Al(—asA<0)/ (I(Wsz—t)—l(Wsz))dt)‘
-A

0
s[E(Al(OsAsa)f 1z-asW<z+a)dt
-A

19)
-A
+[E(—A1(—asA<0)f l(z—aSWSz+a)dt)
0
=E(A’1(Als@)l(z-a<W <z+a))
- C(p)(1+EIW[*P)a(t + VER?)
B (1+2)P '
where we have applied Lemma 4 in the last inequality. Combining (17), (18) and (19) yields
2p 3 2
Tual< C(p)(L+EIWI?P)(a® + a(t + VER ))' 20)
’ 1+2)P
Combining (14), (16) and (20) yields
C(p)(1+EIW|?P ER? 3 VEA*1(IA
ITy] < (P(+EWT) (a ra+ & VEALUAI> @)} @1)
(1+2)P T T T
The conclusion of the theorem follows from (11), (12), (13) and (21). O

3. Applications

In this section, we apply Theorem 2 to obtain non-uniform Berry-Esseen bounds in the central
limit theorem for the squared-length of the total spin in the mean-field classical N-vector models
and Jack deformations of the character ratio.

3.1. Mean-field classical N -vector models

Let N = 2 be an integer, let SV ~! denote the unit sphere in R and let u be the uniform probability
measure on SV, We consider the mean-field classical N-vector spin models (also called the
mean-field O(N) models), where each spin o; is in SV~!, at a complete graph vertex i among n
vertices [22]. The state space is Q, = (SVH” with the product measure P, = p x --- x . In the
absence of an external field, each spin configuration o = (01,...,0) in the state space Q, has a
Hamiltonian defined by .
Hy(0) = L Y. Y (oio)),
2n i35

where (-, -) is the inner product in RN. Let B > 0 be the inverse temperature. The Gibbs measure
with Hamiltonian Hy, is the probability measure P;, g on Q,, with density function:

dP, 5(0) = exp(—BHy(0))dP,(0),

Zn,B
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where Z,, 5 = [, exp(~BHy(0))dP,(0). The cases where N =2, N =3, and N = 4 of this model
reduce to the XY model, the Heisenberg model, and the Toy model, respectively (see, e.g., [14,
p. 412]).

Kirkpatrick and Nawaz [22] proved a multivariate central limit theorem for the total spin in
the subcritical temperature, a non-normal limit theorem for the total spin at the critical tem-
perature, and a central limit theorem for the squared-length of the total spin in the supercritical
temperature. In particular, Kirkpatrick and Nawaz [22] proved that when § > N, the bounded
Lipschitz distance between the squared-length of the total spin and a standard normal random
variable is bounded by C(logn/n)'/4. Thanh and Tu (see [32, Theorem 1.1]) improved the result
of Kirkpatrick and Nawaz [22] by proving a uniform Berry-Esseen inequality with bound n~'/2.
The special case N = 3 (the Heisenberg model) was studied by Shao and Zhang [29, Theorem 3.3].
In this subsection, we will apply Theorem 2 to give a non-uniform Berry-Esseen bound, refining
the result of Thanh and Tu [32].

Let I, denote the modified Bessel function of the first kind (see, e.g., [1, p. 713]) which is
defined by

X 1

Li(x)=)_

o SiTs+v+1)\2

x)v+2$
)

where I'(+) is the Gamma function. Let

Ini2(x)
X)=————, x>0,
! Iin2)-1(x)
and )
4 (N-1)f(b)
?= P ZF— / —fwf} (22)
(1-Bf (b))b b
In the case > N, there is a unique strictly positive solution b to the equation (see, e.g., [32, p. 2]):
x=PBf(x)=0
Let S, = Z;’:l ojand
Wn=\/_( fb2|sn| —1) 23)

Here and hereafter, for vector x € RY, the Euclidean norm of x is also denoted by |x|. The result
of this subsection is the following theorem. This result extends Theorem 1.1 of Thanh and Tu [32]
and, consequently, also extends Theorem 3.3 of Shao and Zhang [29].

Theorem 7. Letp =1 and let W,, be the random variable defined as in (23) and B? as in (22) with
B> N. Then for any z € R, we have

C(N,B,p)

WUMJBS@—®&HSH:EBEEE'

(24)
Proof. We describe the construction of an exchangeable pair as follows. Let o’ = {U’l,...,a’n},
where for each i fixed, U;. is an independent copy of ¢; given {0}, j # i}, i.e., given {0}, j # i}, U;
and o; have the same distribution and ¢, is conditionally independent of o';. Let I be a random
index independent of all others and uniformly distributed over {1,..., n}, and let

W,;_\/_( p M —1) (25)

22
where S, = Yiqoj-or+ o', Then (W,, W}) is an exchangeable pair [22, p. 1124]. Since |S,| < n,
ISy| < nand|S, -S| =|0o;— 0’| <2, it follows from (23) and (25) that

ﬁZ
n2p?

2
|A]:= Wy, = W) = Vn|—=—(Sp = S,)(Sn +S)) \/sz (26)
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Forl<i<n,set
o= Sn—o0i.

Kirkpatrick and Nawaz [22, Equation (8)] proved that

/ 2 2 2p 2> & (Bla)\
[E(Wn_Wn|(T) = ;Wn-i-ﬁ— n3/2b2 n5/2b2 Zf( )|Ul | 27)
Let
2B5 . 2B% & (BISAl Bla 1\
R =- n3/2b2 522 Z( ( )lSn f(—n )|gl |).
Then, it follows from (27) that
! 2 2 26 (BISkl BISxl
[E(Wn—WnW):EWn"‘ﬁ—nl,zbz( " )f( " )+R1. (28)
Let g(x) = xf(x), h(x) = f(x)/x, x>0, and let
BISxl
V= 1e(l,1 /b].
b +1€e[l,1+8/b]

By Taylor’s expansion and definition of W,,, we have (see Thanh and Tu [32, Equations (2.2)
and (2.3)]) for some positive random variable ¢,

/5|sn|)_ / (ﬁISnI_ ) g“(é)(msm_ )2
g(—n =gb)+g (b . bj+= . b (29)
and
2
BISul b bW, _ bW, bW, . 30)
n ViV 2yn 2nV?
By using (28)—-(30) and noting that b =  f (b), we obtain
E(W,, — W,|0)
_2W, 2 2p ( ( Wn_bwz) g”(rf)(ﬁlsnl_ )2)
== +\/ﬁ+R1 a2 gb)+g'(b) avn  2nV? + > P b
2 2 7 21472 (C20)]
=2W,,+i+R1 2B (b B+bf’(b))(bW"—bW") g"&b Wn)
n vn n2pz\ g\ B 2y/n  2nV? 2nV?2
_ /
_1=P10) ) (b)(Wn+R*),
n
where
. n W,
= 1—BF' (D) (R1+ 3/2V2(ﬁ+f(b) g”(f)))- (32)

Since the o-field generated by o contains the o-field generated by W,,, (31) implies that the
exchangeable pair (W, W,’l) satisfies (2) with

—Bf "(b) — 1) E(R*|W,
1 ﬁ’f(b) and :(ﬁf() ;2( In)'

Thanh and Tu [32, Lemma A.2 and Equation (A.5)] also showed that for all x > 0,
|f]| <1, 0<f(x)<1l, |g"(x)|<6 and -5=<h'(x)<0. (33)

By noting that
ISl =10Vl <loil =1, 1<i<n, (34)
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and using (33), we have

22 2B |3 (BISal plo”1\
|R1| = n3/2b2 n5/2b Z( ( )|Sn| f( n )'UU)|)
20 2 \§ o (BISal) ol
= n3/2b2 ns2p2 g« n -f n
2,32 n ﬁ (l)| ()
n5/2b2 Zf( ) 1Snl =l |) (35)
=Rt e & an I ||Sn o] + 5/2@2 leflllo |
ﬁZ
32p2 (I+f+1)
- C(p)
= W.
Thanh and Tu [32, Lemma A.1] proved that
2
[E(,Blsnl —b) - iﬁ)
n n
Following the same steps as in the proof of Lemma A.1 by Thanh and Tu [32], we also have
2p
n np
It thus follows that
2 2 2p
2p ﬁ |Snl
E|W,|P = oy -1
BISnl )(ﬁ|sn| ) 2P
PE||——+1 -1
( nb )\ nb (36)
ﬁ)Zp | 2p
=nP|1+= -1
" ( b nb
<C(p,B.
By combining (32), (33), (35) and (36), we obtain
C C
EIR*| < b A+EW)) < —(ﬁ),
n n
which, together with Jensen’s inequality for conditional expectation, implies
. . «2 _ C(B)
E(E(R*|W,))* <E(E((R*)?IW,)) =EIR*|? < Tﬁ 37)
Forl=i=<n,set .
bi = Blo?|/n.
Thanh and Tu [32, Equation (2.4) and the computations on p. 7] showed that
((W w))?|o) - 2—[34(12 B iRt R (38)
n S (1- B (D) 2 B 3+ R4+ Rs |,
where
n N-1 ho  (n=1)2b?
e G
75 2
n . 2b3
Ry = Z(|o“’|<cr,, ‘”>—”—3),
i=1 ﬁ
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n ‘ N-1)(n-1)>2p?
O T [ =V )
! ,Zl(" 7 B p?

fbi) 1) @2 _ ( N ) D) (5D,
Rs—Z(l N)( b, ﬁ|a | zi:Zl fby) ﬁw Ko, ).

In order to apply Theorem 2, we need to bound
1 2
[E(E[E((Wn —-WhHAW,) —Bz) ,

which is more challenging than bounding [E| %[E((Wn - W,’,)ZIWn) - B2| as in Thanh and Tu [32].
By using (23) and (34), we have

— n 21,2 2 ) 212 22
|R2|=(1—N 1)2(" ’ ( ’6 |sn|2—1)—(|sn|2—|a<”|2)+M)
i

‘B ’62 2b2 ﬁz
. _ 2
sC(N,ﬁ)(n ( sz|sn|2 )+n2(|sn|—|o‘”|)+”(2"FTM) 59
<C(N, B)n? (1w, +1).
Similarly,
n 2b3
|Rs| = Z(isnual, n) = ?Ha“’ual, oy ~1S,04, S n>)
i=1
3b3 n
= (|sn|3—”ﬁ3 ) Z((la“’|—|sn|)<o,, (”>—|sn|<ol,o>)‘
3 N 3p3 0
= |ISal” = ﬁ3 Z|<Uzv >|+|Snlz<0'u0'> (40)
b
sC(,B)(n ISnI—F +n?
sC(,B)(n3 %—1'%2)
nb
<CBR2 (1w, +1),
and
IRs| < Z (f(b) 1)|O_(l)|2 +2 Z(f(bi)_2)|O.(l)|<0-(l),o-i>
- bi P i= B
n . n
=|xa- ( £ 1 ;b))w“nz 23" (fb) - F 1)) 10D (P, 1)
i=1 i i=1

<C(N,B)(lgh+1f1)n* Y |b; - bl

] @1

=CN,B)(llgl+1£1) nzf((ﬁ's” -b|+ ﬁ(a(”—lsnn)
i=1 n
5| BISal n|

+f§||o‘”|—|s ||)

SC(N,,B)(

< C(N,ﬁ)n5/2(|Wn| +1),

where in (41), we have also used the facts that 1/8 = f(b)/b and b; = ,Bla(i)lln. By using (36)
and (39)-(41), we have
E(R5 + R+ R2) < C(N, B)n°. (42)
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Thanh and Tu [32, p. 9] proved that
ER? < C(N,B)n°. (43)
Combining (38), (42) and (43) yields

2
[E(%[E((Wn/B - W,,/B)*|o) - 1) < C(Nn’ 2} (44)

Since the o-field generated by o contains the o-field generated by W;,, we obtain from elementary
computations and (44) that

1 2 1 > CWN,
E Z—E((Wn/B—W,;/B)ZIWn)—l) s[E(z—[E((Wn/B—W,’L/B)ZIU)—l WP 45)
T T n

For all x > 0, we have 0 < f'(x) < f(x)/x (see, e.g., [32, Equation (A.4)]). Since 1/8 = f(b)/b,
elementary computations show 0 < 1 - §f'(b) < 1. From (26) and (31), we are able to apply
Theorem 2 with

w, 462 1-Bf'(b "(b) —1)E(R*|W,
weWn B s ﬁf(), - R:(ﬁf() JE(R*| " 6)
B Vnb? n n
Using (37) and (46), we obtain
VER2Z 3
VER® < —C(’B) and a+ & < —C('B). (47)
T Vn T Vn
By collecting the bounds (36), (45) and (47), we obtain (24). The proof of the theorem is
completed. O

3.2. Jack measures

In this subsection, we apply Theorem 2 to obtain a non-uniform Berry-Esseen bound for Jack,
measure. Let &, be the set of all partitions of positive integer n and let @ > 0. For each 1 € 27,
we define Jack, measure of A to be

a*n!
[ser(@a(s) +1(s) + 1) (aa(s) + 1(s) + a)’
where the product is over all boxes in the partition. Here a(s) denotes the number of boxes in the
same row of s and to the right of s (the “arm” of s) and I(s) denotes the number of boxes in the

same column of s and below s (the “leg” of s). For example, the top-left box (the northwest corner
box) s of the partition of 4

Pa() =

_oon
s
has a(s) =2 and I(s) = 1. This partition has Jack, measure

6a
Ba+D(a+1)?
It can be verified that Jack, measure is a probability measure on &, (see Remark 10). This
measure was introduced by Kerov [21] and has interesting connections to the Gaussian S-
ensemble in the random matrix theory with § = 2/a. This research direction has recently been
explored in several papers (see [2,10,15,18,20] and the references therein). Jack, measure was
also presented as an important area of research in a survey paper on random partitions by
Okounkov [26]. For the case where a = 1, Jack, measure agrees with the Plancherel measure
on the set of all the irreducible representations of the symmetric group S,,.

A

Pa (/1) =
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Let @ >0 and
Y,
Wya=Wpad) = ——n——, (48)

where A is chosen from the Jack, measure on partitions of size n, A; is the length of the i-th row
of A and 7Li is the length of the i-th column of A. When a =1, W,,; coincides with the character
ratio of the symmetric group on transpositions (see, e.g., Chen et al. [8, p. 444]). Fulman [15] used
Stein’s method for exchangeable pairs and proved that

C(a)

sup|Pg (Wp,q < X) = @(x)| < — . (49)
x€eR n

The rate in (49) was sharpened by Fulman [16] to C(a)n~'/? using the inductive approach to

Stein’s method. We note that in all these results, a > 0 is fixed, but we do not know how
C(a) depends on a. An explicit constant is obtained by Shao and Su [28] only when a = 1.
Fulman [15] conjectured that for general a = 1, the correct bound for the Kolmogorov distance
is a universal constant multiplied by max{1/y/n,/a/n}. Using Stein's method and zero-bias
couplings, Fulman and Goldstein [17] proved that it is the correct bound for the Wasserstein
distance. More recently, Chen et al. [8] achieved the rate conjectured by Fulman up to a logn
factor. When «a is fixed, Chen et al. [8] confirmed Fulman’s conjecture by proving that

8.2
< — < —
igRI?'Pa(Wn,a =Xx) (D(x)| = \/ﬁ

As remarked by Fulman [15], one is usually interested in a being fixed, as a is a parame-
ter which represents the symmetries of the system. In this subsection, we consider the case
log? n/n < a < n/log® n and provide a non-uniform Berry-Esseen bound for W,, , by applying
Theorem 2. The same result was also achieved by Chen et al. [8] using Stein’s method for zero-
biased couplings.

Theorem 8. Letp =2, n=>3,log’ n/n<a<n/log’nand Wy, in (48). Then for all z € R, we have

C(p)
A+zhPyn’

Proof. Firstly, consider the case where 1 < a < n/log? n. Kerov [21] proved that there is a growth
process giving a sequence of partitions (/1(1), o) ?L(n)) with partition A(j) distributed according to
the Jack, measure on the set of partitions of size j. Given the Kerov growth process, let X; 4 =0,
Xja = cq(x) where x is the box added to A(j — 1) to obtain A(j) and the “a-content” c,(x) of
a box x is defined to be a(column number of x — 1) — (row number of x—1), j = 2. Then, from
Fulman [16], one can write

|Po(Wh,o <2)-®(2)| < (50)

n .
j=1%ia

n
a(y)
Therefore, constructing v from the Jack, measure on partitions of n — 1 and then taking one step
in Kerov’s growth process yields A with the Jack, measure on partitions of n, we have

Wha =

Wia = Via+Mna:

Y ey Ca(X) n-2 Xn,a ca(AIV)
Vn,a = - = n Wn—l,a» NMna = - = —
vals) ) )

al; a(

where
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and c,(A/v) denotes the a-content of the box added to v to obtain A. As in Fulman [15], we
construct A’ by taking another step in the Kerov growth process from v, independently of /v
given v, and then forming W, , from A’ as W, o is formed from A, that is

1 _ i
Wn,a - Vn,a +7]n,a’

where ,
Xna _ ca(A'1V)

NG

and c,(A'/v) denotes the a-content of the box added to v to obtain A’. Fulman [15] showed that
(Wh,a, Wy, o) is an exchangeable pair that satisfies (1) with 7 = 2/n. Let

Apa=Wpya— W,Q,a =MNna— nln,a'
Forall g > 1, Chen et al. [8, (4.20)] proved that

B ] e\/2q a
allMn,al > < . (1)
n-—1 n(q— l)qe\/qn/a
Similarly,
Pa I, V2T . u
a|Mn,al > < . (52)
n-—1 n(q_l)qe\/qn/a
Combining (51) and (52) yields
Pa(mn,al 2ev2 ) a(m,,,,A > 2V 2q)+u3>a(|n’w| > 2 Zq)
vVn-1 ’ vn-1 ’ vn-1 (53)
- 2a
- ”(q_ 1)qequ/a ’
Let
2e./2
q:(p+e)2, a= q.
vn—1
By applying (53) with noting that n/a > log? n, we have
a a
Po(lAnal > a) < prrre T el (54)
It is clear from the definition of the content of a box that
|ca(A/v)| = max{a(d; -1),A] - 1)}, (55)

where 1, and A} denote the length of the first row and the length of the first column of A,
respectively. By (55), we have |ca A/ v)| < an. Similarly, \ca A/ v)| < an. Therefore

ca(A1V) ca(it’/v)

|Ap,al = r r <4Va. 56)

Combining (54) and (56) yields
E(1Anal*1(Anql > @) < ;14&3 _ 256 ( n )3 _ 256 o

) ) nlelp+e) = p2e(p+e) 10g2 n 2ep
and
E(1Anql??) < a® + 4P aP Py (1Anal > a)
SC(p)(i+Lﬂ) 8
npP n2elp+e)

- C(p)‘
npP
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Recall that (W, o, W, ;) is an exchangeable pair that satisfies (1) with 7 = 2/n (see Fulman [15,
Proposition 6.1]). We are now able to apply Theorem 2 with a = 2ev/2(p +e)/v/n—1and R = 0.
Thanh [31] proved that if (W, W') is an exchangeable pair satisfying (1), then

C(p)E|W —W'|?P

EIW|? < —
Applying this result for (Wy, o, W, ,), T = 2/n, and using (58), we obtain
E|Wp,al*? < C(p). (59)
From Proposition 6.5 of Fulman [15], we have
E[1- lrE(AflaWn,a))z Jdnr2e 5 (60)
2T ’ 4n(n—-1) 4(n-1)

We also have

3 3
+a_ < 2eV2(p+e) N (Ze\/i(p+e)) n_ C(p). 61)

T n—-1 n—-1 27 Vn
By collecting the bounds in (57), (59)—(61), we obtain (50).
For the case where log? n/n < a < 1, we have 1 < 1/a < n/log? n. We then obtain (50) by noting
that (see Chen et al. [8, p. 464])

Po(Wha =2) =P11a(Wn,1/a = —2). g

Remark 9. In view of (56), we can not apply Theorem 1 (Theorem 2.3 of Eichelsbacher [11]) to
obtain a useful bound.

Appendix A.

In this section, we will present a remark on Jack measure, and the proofs of Lemmas 3-6.

Remark 10. Let 22, be the set of all partitions of size n. Jack, measure is a probability measure
on &, that is,
Y Pe(M)=1. (62)
AEP),
This follows from Equation (10.32) in Macdonald [25, VI.10]. We present it here for completeness.
We use the notation from Macdonald [25]. For A € &, let m;(A) be the number of rows of A of
size i, let I(1) denote the total number of rows of A, and let
2= [T P miy,
i=1
cal@) =[] (aals) +1(s)+ 1),
SEA
and
@) = [ (aals) +1(s) + a).
seA
Let (1") be the partition (1,...,1) of n. Then m;(1™) = n, m;(1") =0 forall i = 2, I[(1") = n and
zar = nl. From Equation (10.32) in Macdonald [25, p. VI.10], by choosing p = 0 = (1"*) and using

(10.29) ibidem, we obtain ) )

= )
Ae, c;L(a')cﬁl(a) an!

which is equivalent to
an!
Az, [sea(aa(s) +1(s) + 1) (aa(s) + 1(s) + a)
thereby establishing (62).
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In the remainder of this section, we will prove Lemmas 3-6.

Proof of Lemma 3. By Lyapunov’s inequality, we have

EIW + c|7 < max{1,29 (EW|7 +|c])
63
< 2P (EIWPP) TP 1100%P). ©3

If E[W[?P < 1, then (6) follows from (63) by choosing C(p) = 200%P. If E|W|?P > 1, then
(E|W|2P)4!2P) < E|W|2P. Thus, (6) also follows from (63) by choosing C(p) = 20027, O
Proof of Lemma 4. Let
0 forx<z-2a,
f) =< Q+x+2a)’(x—z+2a) forz—-2a<x<z+2a,
4a(l+x+2a)? for x>z +2a.
Then f is continuous, increasing, f' =0 on R, and
fly=z0+x+2a)’ =1 +2)P forz-2a<x<z+2a. (64)
We have from (10) that
E((W = W) (FW) = FW))) = 2TEW f(W) ~2Ef(W)R. (65)

We estimate the left-hand side of (65) as follows.
0
[E((W— W) (fw) - f(W’))) = [EAf W +ndt
-A

0
z[EAf 1(tlsa)l(z—a<W<=z+a)fW+ndt

0
z[EAf 1(tlsa)l(z—a<W<=<z+a)(1+2)Pdr (66)
-A

0
z(1+z)”[EAf 1Al a)l(z—a<W<z+a)dt

= (1+2)PE(A’1(Al < @l(z—a< W < z+a)),
where we have applied (64) in the second inequality. For the right-hand side of (65), we have
2TEW f(W) —2Ef(W)R < 27E(4all + W +2alP|W|) + 2E(4all + W +2al”|R|)

< C(p)a(tVEIW +1+2aPPEW? + VEIW +1+2aPPVER?)  (67)

<C(p)(1+EIWI*P)a(r + VER?),
where we have applied the definition of f in the first inequality, the Cauchy-Schwarz inequality
in the second inequality, and Lemma 3 in the third inequality. Combining (65), (66) and (67)
yields (7).
The proof of the lemma is completed. O

The proofs of Lemmas 5 and 6 are quite technical and similar to those of Lemmas 5.1 and 5.2
of Chen and Shao [9]. We use the following well-known inequality (see, e.g., Chen et al. [6, p. 16]):

. 1 —z2/2
1-®(z) <min 5, e , z>0. (68)

z\V 21
Proof of Lemma 5. By Lemma 2.2 of Chen et al. [6], we have
2me’2(1-0(w))d(2), ifw>z,

69
2me’ 20(w)(1-D(2), fwsz. ©9

fz(w) = {
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By using (68), we obtain

e 2(1-d(w)) <= forw=0.

N | =

Therefore, for all w <0,
folw) = V2re" 20(w)(1 - d(2))
= V2re" 2 (1 - d(-w))(1- D(2))
2
< g(l - ®(2)).
By Lemma 2.3 of Chen et al. [6], we also have

0< fz(w)=Vv2n/4, weR.

To bound [E(fz(W))z, we write
E(f.M)* =N+ DL+1s,

where

L=E(f,(MP1W <0), L=E(f,(W)’1W >2/2), Iz=E(f,(W)’10<W <z/2).

By noting that z > 5 and using (68), (70), we have

I < (@)Z(l —0(2))?

e—z2/2 2
<
_( 2z )
- C(p) ‘
(1+z)2r

By using E| WP < cp <00, (71), Markov’s inequality and Lemma 3, we have

7 2
L=< (—4”) P(11+W|>1+2/2)

- (\/27: ZEIL+W2P

4 | (1+2z/2)2p
- C(p)(1+EIW|?P)
(1+z)2P

By noting that z > 5 and using (68) and (69), we have

L=21(1-0(2)°E(e" 10 < W < 2/2))
et

2
_a,2
Te 3z°/4

e
<

2
- C(p) '
(1+2)2P
Combining (72)—-(75) yields (8).
The proof of (9) can proceed similarly. Since 0 < [{] < |A],

EIEPP <EIW — WP < 22P HE|W PP + EIW|?P) = 22PE| WP,

(70

(1)

(72

(73)

(74)

(75)

(76)
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From Stein [30, p. 23-24], we have following facts:

0< fiw)<(1-®(2) forw=0, 77
fi(w) = (1—@(2))(1+\/ﬁwe“’2/2®(w)) for w <z, (78)

and
|fiw)| <1 forall w. (79)

To bound E(fJ(W + 5))2, we write
E(flW+8)* = Ji+ )2+ T3, (80)
where

Ji =E(fi (W +9)* LW +E<0),
To =E(fi (W + )P LW +& > 2/2),
T3 =E(fi W+ )’ 10 < W +¢ < 2/2).

By noting that z > 5 and using (68) and (77), we have

—z%/2\2
) saas 6D

]15(1—<D(z))25( o) Saaam

By using E| W|?P < o, (76), (79) and Markov’s inequality, we have

Jo<P(I1+ W +¢&>1+2/2)
_EL+ WP
T (1+z/2)%p
EIWI?P +EIE1?P +1) (82)
(1+2/2)%P
- C(p)(1+EIW|?P)
- (1+2)2P

By noting that z > 5 and using (68) and (78), we have

< 32p—1 (

Ja<(1- (D(z))Z[E((l +V2W + 610 < W E < z/2))

- e % (1+V2mze? '8)?
B 4

(83)

C(p)
T (1+2)%P°

Combining (80)-(83) yields (9). The proof of the lemma is completed. 0

Proof of Lemma 6. The proof of Lemma 6 is similar to those of (8) and (9). From definition of g,
we have (see Chen and Shao [9, p. 248])

(V2r(1+ w2y e 2 (1- o) - w)o(z) ifw=z,
8z(w) = (84)

(\/271(1 +w?)e’ 2ow) + w)(l -®(z)) ifw<z.
Chen and Shao [9, p. 249] proved that

8:20, g-(w) =2(1-®(2)) for w <0 and g is increasing for 0 < w < z. (85)



774 Lé Vdn Thanh and Nguyen Ngoc Tu

By (71), (79) and Lemma 3, we have
Eg2(W +u) < 2[E(fZZ(W+ )+ (W + w2 (fLW + u))z)
<mI4+2E(W +u)? (86)
<C(p)(1+EIW*P).
Applying (86), the Cauchy-Schwarz inequality, Markov’s inequality and Lemma 3, we obtain
Eg.(W + ) L(W + u> 2/2) < (Eg2(W + u))"*(EX(W + u > z/2))""?
(Eg2(W +w) " (E|w +212r)'/?
= (1+2/2)P @7
- C(p)(1+EIW|?P)
1+ 2)P

It thus follows that
Eg:W+u)=Eg:W+w(IW+u<0)+10<W+u<z/2)+1(W+u>z/2)

<2(1-D(2) + g2(2/2) +E(g(W + )L (W + u > z/2))

2 1+E[W|?P
<2(1-®(2) + (\/ﬁ(l +22/4)e” '8 (2/2) +z/2)(1 ~-®(2)) + Cp(+EWFP)

1+2)P
<e @24 c(a+ 2)e” 8+ z)eiZz/2 + —C(p)(l +EHW)
1+2)P
- C(p)(1+EIW|?P)
(1+2)P
where we have applied (85) in the first inequality, (84) and (87) in the second inequality, and (68)
in the third inequality. This ends the proof of the lemma. U

Remark 11. After this paper was accepted, Thanh and Tu [33] generalized Theorem 2 to non-
normal approximation.
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