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Abstract. We obtain an operator algebraic characterization of the noncommutative Furstenberg–Poisson
boundary L(Γ) ⊂ L(Γ↷B) associated with an admissible probability measureµ ∈ Prob(Γ) for which the (Γ,µ)-
Furstenberg–Poisson boundary (B ,νB ) is uniquely µ-stationary. This is a noncommutative generalization of
Nevo–Sageev’s structure theorem [14]. We apply this result in combination with previous works to provide
further evidence towards Connes’ rigidity conjecture for higher rank lattices.

Résumé. Nous obtenons une caractérisation en algèbres opérateurs de la frontière de Furstenberg–Poisson
noncommutative L(Γ) ⊂ L(Γ ↷ B) associée à une mesure de probabilité admissible µ ∈ Prob(Γ) pour
laquelle la (Γ,µ)-frontière de Furstenberg–Poisson (B ,νB ) est uniquement µ-stationnaire. Il s’agit d’une
généralisation noncommutative du théorème de structure de Nevo–Sageev [14]. Nous appliquons ce résultat
en combinaison avec des travaux antérieurs pour fournir des pistes supplémentaires afin de résoudre la
conjecture de rigidité de Connes pour les réseaux de rang supérieur.

Keywords. Connes’ rigidity conjecture, higher rank lattices, noncommutative Furstenberg–Poisson bound-
aries, von Neumann algebras.
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1. Introduction and statement of the main results

Let Γ be a countable discrete group and µ ∈ Prob(Γ) an admissible probability measure in the
sense that

⋃
n≥1 supp(µ)n = Γ. Denote by (B ,νB ) the (Γ,µ)-Furstenberg–Poisson boundary [3,6].

Recall that (B ,νB ) is the unique (Γ,µ)-space, up to isomorphism, for which the Γ-equivariant
Poisson transform

Pµ : L∞(B ,νB ) −→ Har∞(Γ,µ) : f 7−→
(
γ 7→

∫
B

f (γb)dνB (b)

)
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is onto and isometric. Here, Har∞(Γ,µ) ⊂ ℓ∞(Γ) denotes the subspace of bounded (right) µ-
harmonic functions. We say that the (Γ,µ)-Furstenberg–Poisson boundary (B ,νB ) is µ-uniquely
stationary if there exists a compact metrizable model K of (B ,νB ) for which there exists a unique
µ-stationary Borel probability measure νK ∈ Prob(K ) and (K ,νK ) ∼= (B ,νB ) as (Γ,µ)-spaces. In [14,
Theorem 9.2], Nevo–Sageev showed that if the (Γ,µ)-Furstenberg–Poisson boundary (B ,νB ) is µ-
uniquely stationary, then for any amenable (Γ,µ)-space (X ,νX ), there exists a relatively measure
preserving Γ-equivariant measurable factor map (X ,νX ) → (B ,νB ).

Denote by M = L(Γ) the group von Neumann algebra and by B = L(Γ↷B) the group measure
space construction associated with the nonsingular action Γ↷ (B ,νB ). Then we have the natural
inclusion M ⊂ B. We also consider the conjugation action Γ↷ B and we denote by EB : B →
L∞(B ,νB ) the canonical Γ-equivariant faithful normal conditional expectation. Then the faithful
normal stateψB = νB ◦EB ∈B∗ is µ-stationary. Regard L2(M ,τ) ⊂ L2(B,ψB ) as a closed subspace
and simply denote by eM : L2(B,ψB ) → L2(M ,τ) the orthogonal projection. Define the normal
state ϕµ ∈ B

(
ℓ2(Γ)

)
∗ by the formula ϕµ(T ) = ∑

γ∈Γµ(γ)〈Tδγ,δγ〉 for T ∈ B
(
ℓ2(Γ)

)
. Define the

normal ucp (unital completely positive) map

Φµ : B
(
ℓ2(Γ)

)−→ B
(
ℓ2(Γ)

)
: T 7−→ ∑

γ∈Γ
µ(γ)Jλ(γ)JT Jλ(γ)∗ J .

Then we have ϕµ(T ) = 〈
Φµ(T )δe ,δe

〉
for all T ∈ B

(
ℓ2(Γ)

)
. Denote by Har(Φµ) = {

T ∈
B
(
ℓ2(Γ)

)∣∣Φµ(T ) = T
}

the subspace of Φµ-harmonic elements. Following [5,11], the noncommu-
tative Poisson transform

P̂µ : B −→ Har(Φµ) : T 7−→ eM TeM

is a normal onto isometric ucp map such that P̂µ

∣∣
M = idM . Then we refer to the inclusion M ⊂B

as the (M ,ϕµ)-noncommutative Furstenberg–Poisson boundary.
Let M ⊂ M be an inclusion of von Neumann algebras and consider the conjugation action

Γ↷M . By [2, Proposition 4.2], to any (faithful) normal µ-stationary state ψ ∈ M∗ corresponds
a unique Γ-equivariant (faithful) normal ucp map Θ : M → L∞(B ,νB ) such that νB ◦Θ = ψ.
Moreover, by [5, Proposition 2.1], to any (faithful) normal µ-stationary state ψ ∈M∗ corresponds
a unique (faithful) normal ucp map Θ̂ : M → B such that Θ̂

∣∣
M = idM , ψ = νB ◦ EB ◦ Θ̂ and

Θ= EB ◦ Θ̂.
Whenever Φ : A → B is a ucp map between unital C∗-algebras, we denote by mult(Φ) ⊂ A the

multiplicative domain of Φ. Our main result is the following noncommutative generalization of
Nevo–Sageev’s structure theorem [14, Theorem 9.2].

Theorem 1. Keep the same notation as above with M = L(Γ) and B = L(Γ↷ B). Assume that the
(Γ,µ)-Furstenberg–Poisson boundary (B ,νB ) is µ-uniquely stationary. Let M ⊂M be an inclusion
of von Neumann algebras. Assume that M is amenable and that there exists a faithful normal ucp
map Θ̂ : M →B such that Θ̂

∣∣
M = idM .

Then Θ̂
∣∣
mult(Θ̂) : mult(Θ̂) → B is a unital normal onto ∗-isomorphism. Therefore, we may

regard B ⊂ M as a von Neumann subalgebra and Θ̂ : M → B as a faithful normal conditional
expectation.

In particular, lettingψ= νB◦EB ◦Θ̂ ∈M∗ andψB = νB◦EB ∈B∗, it follows from [15, Theorem A]
and [12] that the inclusion M ⊂M has maximal ϕµ-entropy in the sense of [5], that is,

hϕµ
(
M ⊂M ,ψ

)= hϕµ
(
M ⊂B,ψB

)= h(µ) = lim
n

1

n
H(µ∗n).

When Γ is moreover an infinite icc group (infinite conjugacy classes), we deduce the fol-
lowing operator algebraic characterization of the (M ,ϕµ)-noncommutative Furstenberg–Poisson
boundary M ⊂B.
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Corollary 2. Keep the same notation as above with M = L(Γ) and B = L(Γ↷B). Assume that Γ is
infinite icc and that the (Γ,µ)-Furstenberg–Poisson boundary (B ,νB ) is µ-uniquely stationary. Let
M ⊂M be an inclusion of von Neumann algebras satisfying the following conditions:

(i) M ′∩M =C1.
(ii) There exists a normal ucp map Θ̂ : M →B such that Θ̂

∣∣
M = idM .

(iii) M is amenable.
(iv) Whenever M ⊂N ⊂M is an intermediate von Neumann subalgebra for which there exists

a normal conditional expectation E: M →N , we have N =M .

Then Θ̂ : M →B is a unital normal onto ∗-isomorphism.

Let us point out that the (M ,ϕµ)-noncommutative Furstenberg–Poisson boundary M ⊂ B
satisfies Conditions (i), (ii), (iii), (iv) by [5]. Thus, Corollary 2 gives an abstract operator algebraic
characterization of the inclusion M ⊂B.

We also apply Theorem 1 to provide further evidence towards Connes’ rigidity conjecture for
higher rank lattices.

Connes’ rigidity conjecture. For every i ∈ {1,2}, let Gi be a semisimple connected real Lie group
with trivial center, no compact factor such that rkR(Gi ) ≥ 2 and let Γi <Gi be an irreducible lattice.
If L(Γ1) ∼= L(Γ2), then G1

∼=G2 and in particular rkR(G1) = rkR(G2).

For every i ∈ {1,2}, choose a Furstenberg measure µi ∈ Prob(Γi ) so that (Gi /Pi ,νPi ) is the
(Γi ,µi )-Furstenberg–Poisson boundary [7]. Here, νPi ∈ Prob(Gi /Pi ) denotes the unique Ki -
invariant Borel probability measure, where Ki < Gi is a maximal compact subgroup and Gi =
Ki Pi . It is well-known that (Gi /Pi ,νPi ) is µi -uniquely stationary [8]. Set Mi = L(Γi ) and Bi =
L(Γi ↷Gi /Pi ).

Assume that M1
∼= M2 and set M = M1 = M2. Since B2 is an amenable (hence injective)

von Neumann algebra and since M ⊂ B1, Arveson’s extension theorem implies that there exists
a ucp map Φ : B1 → B2 such that Φ

∣∣
M = idM . We show that if Φ : B1 → B2 is normal, then

rkR(G1) = rkR(G2).

Theorem 3. Keep the same notation as above. Assume that there exists a normal ucp map
Φ : B1 → B2 such that Φ

∣∣
M = idM . Then Φ : B1 → B2 is a unital normal onto ∗-isomorphism.

In particular, we have
rkR(G1) = rkR(G2).

2. Proofs of the main results

We record the following well-known fact on ucp maps.

Lemma 4. Let A,B,C be unital C∗-algebras andΦ : A→B,Ψ : B→C be ucp maps. Assume that
Ψ is faithful and that Ψ ◦Φ is a unital ∗-homomorphism. Then Φ is a unital ∗-homomorphism
andΦ(A) ⊂ mult(Ψ).

Proof. By Kadison’s inequality and sinceΨ◦Φ is a unital ∗-homomorphism, for every a ∈A, we
have

Ψ
(
Φ(a∗a)

)=Ψ(
Φ(a∗)

)
Ψ

(
Φ(a)

)≤Ψ(
Φ(a)∗Φ(a)

)≤Ψ(
Φ(a∗a)

)
.

Since Ψ is faithful, it follows that Φ(a)∗Φ(a) = Φ(a∗a). Then mult(Φ) = A and so Φ is a unital
∗-homomorphism. Moreover, for every a ∈A, we have

Ψ
(
Φ(a)∗

)
Ψ

(
Φ(a)

)=Ψ(
Φ(a)∗Φ(a)

)
.

This further implies thatΦ(A) ⊂ mult(Ψ). □
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Let Γ be a countable discrete group and µ ∈ Prob(Γ) an admissible probability measure. De-
note by (B ,νB ) the (Γ,µ)-Furstenberg–Poisson boundary. Set M = L(Γ) and B = L(Γ↷B). Denote
by EB : B → L∞(B ,νB ) the canonical Γ-equivariant faithful normal conditional expectation.

Let M ⊂M be an inclusion of von Neumann algebras. Let Θ̂ : M →B be a faithful normal ucp
map such that Θ̂

∣∣
M = idM . Then Θ = EB ◦ Θ̂ : M → L∞(B ,νB ) is a Γ-equivariant faithful normal

ucp map.

Lemma 5. Keep the same notation as above. We have

Θ
(
mult(Θ)

)
⋊Γ⊂ Θ̂(

mult(Θ̂)
)⊂ L∞(B ,νB )⋊Γ=B.

In particular, if Θ
(
mult(Θ)

) = L∞(B ,νB ), then Θ̂
(
mult(Θ̂)

) = B. In that case, we may regard B ⊂
M as a von Neumann subalgebra and Θ̂ : M →B as a faithful normal conditional expectation.

Proof. By definition, Θ
∣∣
mult(Θ) : mult(Θ) → L∞(B ,νB ) is a Γ-equivariant unital normal ∗-

isomorphism and Θ̂
∣∣
mult(Θ̂) : mult(Θ̂) → B is a unital normal ∗-isomorphism such that

M ⊂ Θ̂
(
mult(Θ̂)

) ⊂ B. Since EB ◦ Θ̂ = Θ and since EB is faithful, Lemma 4 implies that
Θ̂

∣∣
mult(Θ) : mult(Θ) → B is a unital normal ∗-isomorphism and Θ̂

(
mult(Θ)

) ⊂ mult(EB ). Then
we have mult(Θ) ⊂ mult(Θ̂) and so M ∨mult(Θ) ⊂ mult(Θ̂). Since mult(EB ) = L∞(B ,νB ) ⊂ B, it
follows that Θ̂

(
mult(Θ)

)⊂ L∞(B ,νB ) ⊂B and thatΘ
∣∣
mult(Θ) = Θ̂

∣∣
mult(Θ). Then we have

Θ
(
mult(Θ)

)
⋊Γ⊂ Θ̂(

mult(Θ̂)
)⊂ L∞(B ,νB )⋊Γ=B.

Moreover, assume that Θ
(
mult(Θ)

) = L∞(B ,νB ). Then we necessarily have Θ̂
(
mult(Θ̂)

) = B.
Define the unital normal ∗-isomorphism ι = (Θ̂

∣∣
mult(Θ̂))

−1 : B → mult(Θ̂). Then ι ◦Θ : M →
mult(Θ̂) is a faithful normal conditional expectation. □

Proof of Theorem 1. Keep the same notation as above with M = L(Γ) and B = L(Γ↷B). Assume
moreover that the (Γ,µ)-Furstenberg–Poisson boundary (B ,νB ) is µ-uniquely stationary. We still
denote by B the compact metrizable model and we assume that B = supp(νB ). Then the identity
map idC(B) : C(B) → L∞(B ,νB ) is the unique Γ-equivariant ucp map (see [13, Corollary VI.2.10]
and [9, Theorem 3.4]). Denote by λ : Γ→ U (M) : γ 7→ λ(γ) the left regular representation. We
naturally identify L2(M) = ℓ2(Γ). Denote by M ′ the commutant of M in B

(
L2(M)

)
. Since M ⊂M ,

we may regard L2(M ) as a Hilbert left M-module. Then [1, Proposition 8.2.3] implies that there
exists a projection e ∈ M ′ ⊗B(ℓ2) and a unitary mapping V : L2(M ) → e

(
L2(M)⊗ℓ2

)
such that

V (aξ) = (a ⊗1)V (ξ) for every a ∈ M and every ξ ∈ L2(M ). Then the mapping

π : B
(
L2(M)

)−→ B
(
L2(M )

)
: T 7−→V ∗e(T ⊗1)eV

is a normal ucp map such that π(aT b) = aπ(T )b for all T ∈ B
(
L2(M)

)
and all a,b ∈ M .

Since M ⊂ B
(
L2(M )

)
is amenable, there exists a (possibly non normal) conditional ex-

pectation E: B
(
L2(M )

) → M . Choose a point b ∈ B and define the Γ-equivariant unital ∗-
homomorphism θ : C(B) → ℓ∞(Γ) : F 7→ (

γ 7→ F (γb)
)
. Regard ℓ∞(Γ) ⊂ B

(
ℓ2(Γ)

) = B
(
L2(M)

)
and

define the ucp map ι= E◦π◦θ : C(B) →M . Then for every F ∈ C(B) and every γ ∈ Γ, we have

ι(F ◦γ−1) = E
(
π
(
θ(F )◦γ−1))= E

(
π
(
λ(γ)θ(F )λ(γ)∗

))=λ(γ)ι(F )λ(γ)∗.

Therefore, the ucp map ι : C(B) → M is Γ-equivariant with respect to the conjugation action
Γ↷M .

By composition, Θ ◦ ι : C(B) → L∞(B ,νB ) is a Γ-equivariant ucp map. Then we have Θ ◦ ι =
idC(B). Since Θ : M → L∞(B ,νB ) is faithful, Lemma 4 implies that ι : C(B) → M is a unital ∗-
homomorphism and ι

(
C(B)

) ⊂ mult(Θ). Set ψ = νB ◦Θ ∈ M∗ and note that ψ is a µ-stationary
faithful normal state. Since ψ ◦ ι = νB , we may uniquely extend ι : L∞(B ,νB ) → M to a faithful
normal unital ∗-homomorphism such that Θ ◦ ι = idL∞(B ,νB ). Then we have ι

(
L∞(B ,νB )

) ⊂
mult(Θ), L∞(B ,νB ) =Θ(

ι
(
L∞(B ,νB )

))
and so Θ

(
mult(Θ)

)= L∞(B ,νB ). The moreover part follows
from Lemma 5. □
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Proof of Corollary 2. Set M = L(Γ) and B = L(Γ↷ B). Assume that Γ is infinite icc and that
the (Γ,µ)-Furstenberg–Poisson boundary (B ,νB ) is µ-uniquely stationary. Denote by λ : Γ →
U (M) : γ 7→ λ(γ) the left regular representation. Let Θ̂ : M →B be a normal ucp map such that
Θ̂

∣∣
M = idM as given by Condition (iii). Denote by p ∈ M the support projection of Θ̂ : M → B.

Then for γ ∈ Γ, we have Θ̂
(
λ(γ)pλ(γ)∗

) = λ(γ)Θ̂(p)λ(γ)∗ = 1 and so p ≤ λ(γ)pλ(γ)∗. Since this
holds for every γ ∈ Γ, we infer that p ∈ L(Γ)′∩M . Condition (i) further implies that p = 1. Thus,
Θ̂ : M →B is a faithful normal ucp map. By Condition (ii) and Theorem 1, we infer that B ⊂M
can be regarded as a von Neumann subalgebra and Θ̂ : M →B as a faithful normal conditional
expectation. Then Condition (iv) finally implies that B =M and so Θ̂ : M →B is a unital normal
onto ∗-isomorphism. □

Proof of Theorem 3. Consider the inclusion M ⊂ B1. Since M is a type II1 factor, [5, Proposi-
tion 2.7] implies that M ′∩B1 =C1. By assumption, B1 is amenable andΦ : B1 →B2 is a normal
ucp map such that Φ

∣∣
M = idM . By [5, Theorem 4.1], for every intermediate von Neumann sub-

algebra M ⊂ N ⊂ B1 for which there exists a normal conditional expectation E: B1 → N , we
have N =B1. We may apply Corollary 2 to the inclusion M ⊂B1 to conclude that Φ : B1 →B2

is a unital normal onto ∗-isomorphism. By [10, Corollary F] and [4, Theorem B], we infer that
rkR(G1) = rkR(G2). □
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