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Abstract. In 2022, S. D. Cohen and the two authors introduced and studied the concept of (r, n)-freeness
on finite cyclic groups G for suitable integers r, n, which is an arithmetic way of capturing elements of
special forms that lie in the subgroups of G. Combining this machinery with some character sum techniques,
they explored the existence of points (xg, yp) on affine curves y” = f(x) defined over a finite field F whose
coordinates are generators of the multiplicative cyclic group F*. In this paper we develop the natural additive
counterpart of this work for finite fields. Namely, any finite extension E of a finite field F with Q elements
is a cyclic F[x]-module induced by the Frobenius automorphism a — a?, and any generator of this module
is said to be a normal element over F. We introduce and study the concept of (f, g)-freeness on this module
structure for suitable polynomials f, g € F[x]. As a main application of the machinery developed in this paper,
we study the existence of F ,» -rational points in the Artin-Schreier curve A ¢ : yP -y = f(x) whose coordinates
are normal over the prime field [, and establish concrete results.

Résumé. En 2022, S. D. Cohen et les deux auteurs ont introduit et étudié le concept de (r, n)-liberté dans
les groupes cycliques finis G pour des entiers convenables r et n. Ce concept constitue une approche
arithmétique permettant de capturer des éléments de formes spéciales qui appartiennent aux sous-groupes
de G. En combinant cet outil avec certaines techniques de sommes de caracteres, ils ont exploré 1'existence
de points (xg, yo) sur des courbes affines de la forme y” — y = f(x), définies sur un corps fini F, dont les
coordonnées sont des générateurs du groupe cyclique multiplicatif F*. Dans cet article, nous développons
le pendant additif naturel de ce travail pour les corps finis. Plus précisément, toute extension finie E d'un
corps fini F a Q éléments est un module cyclique sur F[x], induit par I'automorphisme de Frobenius @ — a®,
et tout générateur de ce module est appelé un élément normal sur F. Nous introduisons et étudions le
concept de (f, g)-liberté dans cette structure de module pour des polynomes convenables f et g dans F[x].
Comme principale application de la théorie développée dans cet article, nous examinons l'existence de
points rationnels sur F,n dans la courbe d’Artin-Schreier 2 : yP —y = f(x), dont les coordonnées sont
normales sur le corps premier [, et nous établissons des résultats concrets.
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1. Introduction

Let g be a power of the prime p and, for each positive integer n, let Fgn be the finite field with
q" elements. The field F;» has interesting structures related to the two basic field operations.
Namely, the multiplicative group F?, = Fgn \ {0} is cyclic and any generator of such group is a
primitive element. On the other hand, regarding the additive structure of F 4=, we can view F 4 as
an F4[x]-module induced by the Frobenius map a — a9, namely

m . m ;
Y aix'oa:=) aja’.
i=0 i=0

It turns out that in this setting Fyn is also cyclic and, regarding [, as an [F,-vector space, this
means that there exists an F,-basis of the form {ﬁ,ﬁ",...,ﬁ"nil}. In this case, any such g € F,
is a normal element over F,. Both primitive and normal elements were extensively studied in
the past decades, mainly motivated by theoretical problems, but also practical issues where such
elements are employed. For instance, primitive elements are used in cryptographic applications
such as the discrete logarithm problem (most notably, the Diffie-Hellman key exchange [6]).
Moreover, normal elements can be useful in generic situations where finite field arithmetic
is performed; see [7] for an overview on normal elements, and their theoretical and practical
aspects.

In 1987, Lenstra and Schoof [10] proved that, for every prime power g and every positive
integer n = 2, there exists an element « € F4» thatis simultaneously primitive and normal over ;.
This is widely known as the Primitive Normal Basis Theorem (PNBT). A crucial tool in the proof
of the PNBT is to provide expressions for the characteristic functions of normal and primitive
elements in finite fields by means of additive and multiplicative characters, respectively. The
latter is obtained through the concept of freeness, which is a convenient way to capture elements
that can be written in special forms when one considers the aforementioned cyclic group and
[F4[x]-module structure of finite fields. For more details, see [8, Definition 5.1]. In the original
proof by Lenstra and Schoof [10], after some algebraic computations and estimates on certain
character sums, the PNBT is proved up to a finite number of pairs (g, n). For these remaining
pairs, the theorem is verified by direct computer search. A computer-free proof of the PNBT was
later given by Cohen and Huczynska in 2003 in [4].

In the past decade, questions related to the PNBT have been proposed and many results have
been established. In this context, a recurrent object of study is the existence of pairs of elements
(a, f(@) € Fy xFy, f € Fq4(x) with special properties related to the multiplicative and additive
structure of [, (e.g., prescribed multiplicative order or k-normality!). Although the number of
works in this line of research is extensive, we refer the interested reader, for example, to [3,9] and
the references therein. Such pairs can be viewed as points (xy, J) on affine curves y = f(x) whose
coordinates Xy, yp have the aforementioned properties. Motivated by the latter, in [5] the authors
explore the existence of points (xo, yo) € F4 x F4 on affine curves y" = f(x) such that xp and y, are
both primitive elements of [';. In order to obtain existence results on the latter they generalized
the concept of freeness for generic multiplicative finite cyclic groups, culminating in a character
sum expression for the set of elements in [FZ" with prescribed multiplicative order.

In this paper we develop the natural additive counterpart of the concepts and results that
are provided in [5]. Towards this end, we first present some background material in Section 2,
then we introduce and study (f, g)-freeness for the additive structure of F4» in Sections 3 and 4.
Finally, in Section 5 we confine ourselves to extensions over the prime field [, and employ the
developed theory, in order to study the existence of [ ;-rational points in the Artin-Schreier curve

IFor the formal definition and basic properties of k-normal elements, see [8].
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As: yP —y = f(x) with F-normal coordinates. In particular, our main result is the following
theorem.

Theorem 1. Let q = p" be a prime power, where n = 5 and let f € F4[x] be a polynomial that is
not of the form ax? + bx + c with a, b, c € F; satisfying 1 < deg(f) < p + 1. Then there exists a point
(x0, y0) € Fg x Fy in the Artin-Schreier curve 20y : yP — y = f(x) such that both xy, yo are normal
over [, provided that (n, p) # (5,2), (5,5), (6,2), (6,3) or (6,7).

Remark 2. Theorem 1 entails that the pairs (n, p) = (5,2), (5,5), (6,2), (6,3) and (6,7) are possible
exceptions, not necessarily genuine exceptions. However, a computer check reveals that the cases
(5,2) and (6,2) are indeed genuine exceptions to Theorem 1: note that in this case we necessarily
have deg(f) = 3. For the pair (5,2) we get exactly 4 exceptions while for the pair (6,2) we get
thousands of exceptions. For the remaining pairs, the number of possible f’s is extremely large
(about p™P*1V) and we were not able to check them fully, so we get no conclusion for them.

Remark 3. In this work, we employ the so-called prime sieve, see Theorem 24. In [2], an
improvement of this technique, called the modified prime sieve, was introduced. However, the
three possible exceptions, (n, p) = (5,5), (6,3) and (6,7), see Theorem 1 and Remark 2, fail to pass
the resulting condition even if the modified prime sieve is employed.

2. Preparation

This section provides background material that will be used along the way. Throughout this
paper, q is a prime power and [, is the finite field with g elements, F 4~ is its extension of degree n
and [ is its algebraic closure.

2.1. Some arithmetic functions over F 4[x]

We present some arithmetic functions defined over polynomials that are further used.

Definition4. Letf,g¢€ [Fq [x] be nonzero polynomials.

(i) Weset fig) = N
(i) @40 denotes tlge Euler rotient function for polynomials, i.e., ®4(f) = ( f[f[gq[ﬂ]) is the
number of invertible cosets modulo f(x).
(iii) W(f) stands for the number of monic squarefree divisors of f in[F;[x].
(iv) pg(f) denotes the Mébius function for polynomials overF ;. More precisely, g (f) =0 if [ is
not squarefree and pq(f) = (=1)" if f has r = 0 distinct irreducible monic divisors, defined
overlg.

W 1fl= ( f[F[? [x)]d) q°87 is the number of cosets of F4(x] modulo f(x).

It is well-known that if ¢ = ®4, W or pg, then @(F-G) = ¢(F) - ¢(G) for all relatively prime
polynomials F, G € F4[x], i.e., these functions are multiplicative. We will need the following result.

Lemma 5. For nonzero polynomials f, g € F4(x], we have that

(¢
T(f,g) = Z |/Jli (g) |

@, () g (1) = |ged(f, 8)| - W(ged(f, fig)-
t|f Tave

Proof. We observe that the functions Fg(f) := %Z((—]}((‘;;I - ®4(f) and Gg(f) = |ged(f,8)| -

W(ged(f, fig))) are both multiplicative on f. In particular the multiplicativity of Fg(f) implies
the multiplicativity of T'(f,g) on f. Thus, it suffices to consider the case when f is a power of
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an irreducible polynomial. So, we assume that f = h*, where h € F;[x] is irreducible and x = 0.
Further, write g = hr, where A = 0 and ged(r, h) = 1.
First, assume that « > A. Then

|ﬂq (g))l
T(f,8)=
! t%f Pq(tg)

|1q )] o lEg(hh) :
= -®, (kY + — Dy (R
Z%m 0+ X e
q(h/l+1)

@, (h)
=2.1hM.

Also, ged(f, g) = ! and ged(f, fig)) = B, hence Gg(f) =2+ |kt = T(f, g).
Next, assume that x < A. In this case,

|1q(tig)] g ()] ;
T(f g -®, (k") =k,
(f,8) = ﬂzf‘bq(t(gﬂ Dy(1) = quu) q(h') =|h¥|

while ged(f,g) = h* and ged(f, fig)) = 1, hence G¢(f) = |h*| = T(f,g). The desired result
follows. U

Dy (1)

= hM +

2.2. Thel4-order of an element in Fq

We start with the following definition.

Definition 6. For a polynomial f € Fqlx] and a € Fq with f(x) = a;x!, we set foa =

10
61
loaa

The existence of normal elements is known for any extension F4» of [, see [11, Theorem 2.35].

The following well-known technical results are presented proofless. For more details, see [11,
Section 3.4].

Lemma 7. For any f,g € F4lx] and any a EFq, we have that (f+ g)oca = foa+goa and
(f-gea=fo(goa).

Lemma 8. Fix n a positive integer and ff € Fyn a normal element. Then any a € Fgn is written
uniquely as [ o B for some [ € F4[x] of degree at most n— 1.

If @ € F,;, notice that (x” —1)oa = 0 if and only if a9" — a = 0, i.e., @ € F4n. In particular, from
Lemma 7, the set %, := {h € F4[x] | hoa = 0} is a nonzero ideal of F4[x], hence is generated by
a unique monic polynomial in F4[x]. This polynomial, denoted by Ord(a), is called the [ -order
of a.

The following lemma relates the F;-order of & = h o § with the Fy-order of § in a natural way.
For its proof, see [12, Lemma 2.6].

Lemma 9. Letﬁe[Fq andfix g eF4lx]. Ifa = go f, then
Ord(p)
ged(Ord(p), g(x))

It follows by the definition of Ord(a) that a € F4n if and only if Ord(a) | x"—1. From this
observation and Lemmas 8 and 9, we readily obtain the following corollaries.

Ol‘d(d) = = Ord(ﬁ)(g).

Corollary 10. An element 8 € Fyn is normal over F; if and only if Ord(B) = x" — 1.
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Corollary 11. Let n be a positive integer and a, 3 € Fyn, where f is normal over . For a monic
divisor f € F4[x] of x" — 1, we have that Ord(a) = f ifand only ifa = ho 8, where h = f -g and
g € Fylx] is of degree smaller than deg(f) and ged(g, f) = 1. In particular, for each monic divisor
feF,lx] of x™ — 1, there exist © 4(f) elements inFyn withF ;-order f.

2.3. Additive characters

Write g = p*. An additive character of Fg4n is a homomorphism i between the additive group
(F4n,+) and the multiplicative group C* of invertible complex numbers. The canonical additive
(Tr(“)) where Tr(a) = X5 a”" € F, is the
absolute field trace and exp(z) = €2"? denotes the complex exponential function. The set [Fqn of
additive characters of F ;» forms a multiplicative abelian group whose elements are the characters
Wq: Fgn — C*, a€Fyn with y,(x) = ¢ (ax); the character 1o maps all the elements of Fgn to 1 € C
and is called trwtal Any other character in [Fqn is called nontrivial.

Slmllarly to the additive group Fn, the set [Fq has an F,[x]-module structure. For f € F;[x]
and v € [Fq , the map x — w(f ox) defines another character of [Fqn, which we denote by
fow. From the results of the previous subsection, we easily deduce that, for ¢ € [Fqn, the set
Sy = {h € Fylx] | hoy = 1/’0} is a nonzero ideal of 4 [x], hence it is generated by a unique monic
polynomial in [ ;[x]. This polynomial is the [ ;-order of y and it is denoted by Ord ().

It is clear that Ord(y) is a divisor of x” — 1. Conversely, for each monic divisor f € Fqlx] of
x" — 1, there exist ®,(f) additive characters of F ;» with F4-order f.

character of Fg4», denoted by /1, is the map a — exp

Remark 12. Itis clear that the trivial character is the only additive character of F4» of F4-order 1.

We conclude this section with an important auxiliary result on additive character sums,
see [11, Theorem 5.38].

Theorem 13. Let P € F4n[x] be a polynomial not of the form r(x)? —r(x) + 6 with 6 € Fyn and let
¥ be a nontrivial additive character of F 4n. Then

Y w(P©)

CEFqn

< (deg(P) - 1)g™">.

The above implies that polynomials of the form r(x)? — r(x) + 8, with § € [F4n, are special, so
the following definition is essential.

Definition 14. Let P € Fyn[x]. If there exists some r € Fynlx] and 6 € Fyn, such that P(x) =
r(x)P —r(x)+06, then P is called singular. Otherwise, it is called nonsingular.

3. Introducing (f, g)-freeness

In this section we introduce the (f, g)-free elements. We stress that these elements are in fact
the additive analogues to (r, n)-free elements, as they were introduced in [5]. First, we recall the
(additive) concept of freeness. For a positive integer n and a divisor g € F,[x] of x"* -1, an element
a € Fyn is g-freeif the equality @ = ho f with h a monic divisor of g and f§ € F4» implies h(x) =1
and a = .

Definition 15. Let n be a positive integer and let f, g € F4[x] be such that g(x) divides x"—1and
f(x) divide x n is (f, g)-free if the following hold:

(i) Ord(a) dwzdes

g(x) ,ze, g(x) oa=0;
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(ii) « is f-free over the set of roots of the equation % g(x) oy=0,ie,ifa= foof with fo eFylx]
a monic divisor of f and * (;)1 of3=0, then fo(x)=1and a = p.

The following is straightforward.

Remark 16. Let n be a positive integer and let f € F;[x] be a divisor of x" —1:

(@) as (x"—1)oa =0forevery a € Fyn, the (f,1)-free elements of F ;» are just the usual f-free
elements;
(i) for f | x" -1, the (x"f_l f)-free elements of F;» are exactly the elements a with Ord(a) =

f( x) In particular, an element a € F4n is normal over F, if and only if it is (x"-1,1)-free.
The following lemma characterizes the (f, g)-free elements based on their F;-orders.

Lemmal7. Lerg|x"-1 andf|x 2 . Then some a € Fyn is (f, g)-free if and only if a = g o f for
some 3 € Fgn but a is not of the form (gp) oy withy € Fyn, for every irreducible factor p € F4[x]

of f. In particular, & € F gn is (f, g)-free if and only if ged(f g, Ord(a)) 8.

Proof. Clearly, the set {gof3 | p € Fy4n} describes the elements of F;» whose F -
thus, the first statement follows directly by the definition of (f, g)-free elements.

For the second statement, from Lemma 8, a = h' o', for some normal 6’ € F,» and some
h' € F4(x] of degree < n—1. Also, if we set i = gcd(h’, x" — 1), Lemma 9 entails that Ord(a) = 7— _1
Now, from the first part of the proof and the definition of (f, g)-freeness, it follows that a is (f, g)—
free if and only if x X _1 for any irreducible factor p € [Fq[x]

of f. In other words, ais (f,g)-freeifand onlyif h = gs where ged(s, f) = 1. Since Ord(a) = &= _1
we have that
’ ° d »9)y
(fg ord(a )) g-ged(f,s)
from where the result follows. O

Remark 18. Observe that (f, g)-freeness is equivalent to (f’, g)-freeness, where f’ can be any
polynomial in F4[
particular, we can replace f by its squarefree part. This will be done without further mention.

In the proceeding sections, we will need a convenient expression, using character sums, of the
characteristic function of (f, g)-free elements of [ 4, i.e., of the function

b (@) = 1, ifais(f,g)-free,
f83 = 0, otherwise,

where a € F4n. Towards this end, we prove the following, which is the additive analogue to [5,
Proposition 3.6] and, in fact, the arguments we use are merely an adaption of the ones found in
the proof of [5, Proposition 3.6], adjusted accordingly to the present context.

Proposition 19. Let f, g € Fy4(x] be such that g | x"—1 and f|
have that
(I)q(f) IJ«q(t(g))

1781 (|Fe Palt@) ordmy=1
where in the outer sum, the polynomial t is monic and polynomial division is over F.

g(x) Then, for every a € Fyn, we

Ifgla) = y(a),

Proof. Take some a € Fyn. Let py,..., p, be the distinct monic irreducible factors of f over .
Lemma 17 implies that a is (f, g)-free if and only if « is of the form go f for some f € F4», but not
of the form (gp;)offorany 1 <i < nand f € Fyn. It follows that if I, is the characteristic function
for elements of the form ho §, where h € F4[x], such that h | x"—1,and B e Fgn, then

If,g(@) = Ig(a)Hl Igp, (@)). @)
i=1
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Clearly Ig(a)Igp, (@) = Igp, (a), for every @ € Fgn and i = 1,..., 1, hence, eq. (1) yields
lfgla) = > tg(d)Igq(a), )
alf

where the sum is over the monic divisors of f, defined over ;. Regarding Ij, the orthogonality
relations imply that, for every h € F4[x], such that | x"-1,

1
I@)=rm0 Y yla )—7 Y Y vy,
| |Ord(w)|h | |d|h Ord(y)=d

for every a € F4n. Now, eq. (2) becomes

Hq(d)
sw= Y TS S @

d|f e|lgd Ord(y)=e
Y Y AdBale)
'g' dTf elgd
3
-2 LY AMegd)Bu@ ©
elfg a| L
1
= Z By (e) Z A(e(g)d)’
181 |7 da| L

g

where, for each h € F;[X], we have that A(h) := u4(h)/|h| and By(h) := ZOrd(u/):h v(a). Regarding
the inner sum in the last expression, we have that

(egd)
Z A(e(g)d): Z M

al; ald; 10!
(g (€9]
_ Hqleg) Hq(d)
T el i ldl
ged(d,e(g)=1
_ Hqleg) Pq(feg) @
T lel  fegl

_ Hqleg) .q)q(e(g)fe,g)
q)q(e(g)) |e(g)fe,g|

_ Hqleg) Pq(f)

C Dylee) ]

where f, ¢ is the highest-degree factor of [ that is relatively prime to e). We plug the latter into
eq. (3) and obtain

Dy (f) Hqle)
178l \7g Palew)
The result follows upon replacing By (€) by ¥ ord(y)=e ¥ (). O

Ifg(@) = Bq(e).

4. On (f, g)-freeness through polynomial values

For polynomials h, H € 4 [x], we intend to study the number of pairs (h(y), H(y)) with y € Fgn
such that h(y) is (f, g)-free and H(y) is (F, G)-free. We aim to employ Theorem 13 but in order
to effectively use this result, we must restrict ourselves to those pairs (&, H), such that for every
a, b € F4n with (a, b) # (0,0), the polynomial ah(x) + bH(x) is nonsingular. For convenience, we
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will call such pairs (h, H) nonsingular, while if there exist some a, b € F4n, with (a, b) # (0,0), such
that ah(x) + bH(x) is singular, we will call the pair (h, H) singular.

We give a simple example, illustrating that the above can be necessary in order to have at least
one pair (h(y), H(y)) of polynomial values with prescribed freeness, thus it is natural to restrain
ourselves to nonsingular pairs.

Example 20. Write g = pk and suppose that H(x) = h(x)9. In particular, H(x) — h(x) = h(x)9 -
h(x) = r(x)P — r(x) with r(x) = Zf;ol h(x)?", thus (h, H) is singular. For any y € [F4n, we have that
H(y) = xo h(y). By Lemma 9, the [;-orders of h(y), H(y) coincide. From Remark 16, we can
produce many examples in which no pair (h(y), H(y)) with y € Fn satisfies that h(y) is (f, g)-free
and H(y) is (F, G)-free.

The next example provides a large family of nonsingular pairs.

Example 21. Observe that if &, H € [F4[x] are nonzero polynomials of degree not divisible by p,
then ah(x) + bH(x) is nonsingular for (a, b) # (0,0) unless deg(h) = deg(H) = 1. In particular, if
ged(deg(h) - deg(H), p) = 1 and deg(h) - deg(H) > 1, the pair (h, H) is nonsingular.

Regarding singularity, in the proceeding section, see Proposition 29, we highlight another
case where singular pairs require special treatment. However, for now, we confine ourselves to
nonsingular pairs and we obtain the following result.

Theorem 22. Fix q a prime power and n = 1 a positive integer. Let f,F € [F4[x] be divisors of
x" —1 and let g,G € F4[x] be such that g divides x"(;)l and G divides % Let h,H € Fyn[x] be
such that (h, H) is nonsingular. Set D = deg(fFgG) and let D, + 1 be the maximum degree of
the polynomials ah(x) + bH(x) as a, b run over the elements of F4n with (a,b) # (0,0). Then the
number Ny iy = Np g(f, 8, F, G) of elements y € Fyn such that h(y) is (f, g)-free and H(y) is (F,G)-

[ree satisfies

N, - gP1
hH"q —q"+0,
@4(f)Dy(F)

where |€] < Do W (f)W (F) gdes8D+n/2,
Proof. It follows by the definition that

Npa= Y. lpe(hw)-1gg(Hw)).

w€|}:qn
From Proposition 19, for 6 = w, we have that
Np,u Hq(tg) - p1q(T(c)
Ry Bl BaCOL 5 Gy,
t|fg T|FG qllig)  Pq(Ti) Ord(y)=t

ord(y")=T

where Gp,u (W, ¥") = Lyer,» ¥ (h(w))y'(Hw)). Fix t|fg and T|FG and let y,y’ be additive
characters of F4» with F4-orders ¢ and T, respectively. If (£,T) # (1,1), we have that (v, v =
(W a,wp) for some a, b € Fgn with (a, b) # (0,0). In this case, ¢ (h(x))-y'(H(x)) = w1 (ah(x)+ bH(x))
and (a, b) # (0,0), where v is the canonical additive character (hence nontrivial). Since (h, H)
is nonsingular, ah(x) + bH(x) is nonsingular and so Theorem 13 yields |Gy, z (v, y")| < D2q™'2.
For (¢, T) = (1,1), ¥ = ¢’ = vy is the trivial additive character of Fg4n and so |Gh,H(1//0,1//0)| =q".
Applying the above estimates we obtain

< qun/2 ‘M,

Ny
‘ 5 1
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where

() - 1q(Tie)] 5

t1fg 11F6 Pall@) Pq(TG) ordm)=r
(£, D#(,1) Ord(/)=T

M= 1=T(fg,8 TFGG -1,

and T(f,g) is as in Lemma 5. Note that in the last equality we used the fact that for each monic
divisor R € F;[x] of x" —1 there exist ®,(R) characters of F,» of F,-order R. Further, Lemma 5
implies T(fg,8) = q48® . W (f) and T(FG, G) = g4 W (F), so

N
' f.F < qun/Z(W(f)W(F)qug(gG) _ 1)

_ . n
6 q

SDZW(f)W(F)qdeg(gG)+n/2. 0

The corollary below is an immediate consequence of Theorem 22 and it provides us with
practical sufficient condition for the existence of elements y € F,n, such that h(y) is (f, g)-free
and H(y) is (F, G)-free.

Corollary 23. Assume the notation and the hypotheses of Theorem 22. We have that Ny, i > 0 if
qnlz—deg(gG) > D2 W(f) W (F).

Here, we point out that one of the main benefits of the introduction of (r, n)-freeness in [5]
was its natural and seamless compatibility with the Cohen-Huczynska prime sieve [4]. As we
will see in the following result, this benefit is carried over to the additive analogue that we study
here and it enables us to further weaken the condition of Corollary 23. Also, since the two proofs
are very similar, we leave the proof as an exercise to the interested reader and refer them to [5,
Proposition 19 and Theorem 20] for the multiplicative analogue.

Theorem 24. Fix q a prime power and n = 1 a positive integer. Let f,F € F,[x] be squarefree
divisors of x" —1 and let g,G € Fq4(x] be such that g divides ’}n(;)l and G divides J%n(;)l. Leth,H €
Fgn(x] be such that (h, H) is nonsingular. Additionally, write f = kp,---py and F = KP;---P,,

where p1,...,pu, P1,..., py areirreducible polynomials, such that

1/|P;| > 0.

u
5:=1-)Y 1lpil-
= =1

v
i=1 Jj=
Finally, set D, = deg(kKgG) and let D, be the maximum degree of the polynomials ah(x) + bH(x)
as a, b run over the elements of T 4n with (a, b) # (0,0). Then the number Ny, g = Ny y(f, 8, F, G) of

elements y € F yn such that h(y) is (f, g)-free and H(y) is (F, G) -free satisfies

N;, - gP1
hH"q —q"+0,
where |€] < Dy W (k)W (K) (452 +2) gdes 8@ +n/2,

The following corollary translates the above theorem into a practical sufficient condition for
the existence of elements with the desired properties, in a similar fashion as Corollary 23 did for
Theorem 22.

Corollary 25. Assume the notation and the assumptions of Theorem 24. Then Ny, i > 0, given that

q"V'?4e8E0) 5 p, W(k)W(K)( u; - +2).
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5. Normal points on Artin-Schreier curves

Throughout this section, we consider [, as the base field, i.e., we write g = p" and so F; = Fn
is viewed as the n-degree extension of ;. In particular, we adopt the concepts and results from
Sections 2, 3 and 4 with g = p.

Recall that in [5], the authors explored the existence of points (xg, o) € Fy x F4 on curves
y" = f(x) such that xo and y, are primitive elements of ;. As earlier mentioned this was done
through a generalized concept of freeness over the cyclic group F}, which is just the multiplicative
analogue of what we developed in Sections 2 and 3. Here we explore the natural additive
counterpart of this problem. Namely, we study the existence of [ ;-affine points on Artin-Schreier
curves whose coordinates are normal over F,. Recall that an Artin-Schreier curve is a plane
curve defined over Fq by an affine equation y” — y = f(x), where p is the characteristic of F
and f € F4[x] is a polynomial not of the form r(x)P — r(x) for some r € F4lx], or, equivalently,
f is nonsingular over every extension of F4. In fact, the definition includes rational functions
f € F4(x) but we are going to consider only polynomials. We introduce the following definition.

Definition 26. Given an Artin-Schreier curve 2 f yP—y=fx), an F4-rational point (xo, yo) €
Fq xFg4 is anF ;-normal point of 2 if both xo and yy are normal over the prime field T .

The following lemma relates the existence of normal points on Artin-Schreier curves to the
existence of special pairs of elements in F; with prescribed freeness.

Lemma 27. An Artin-Schreier curve 2y : yP — y = f(x) admits an F ;-normal point if and only
if there exists an element z € T, that is normal over [}, such that f(z) has [Fp-order x;__ll. The
latter is equivalent to the existence of an element z € F; such that z is (x" —1,1)-free and f(z) is
(x;__ll ,x—1)-free.

Proof. The second statement follows directly by Remark 16. For the first statement, assume that
2y admits an [F4;-normal point (xo, yo). Hence z = xp is normal over [, and f(z) = f(xp) = y(’; -Jo-
Since yp is also normal over [, Corollary 11 implies that f(z) = (x—1) o yo has Fj-order x;__ll.
Conversely, suppose that there exists an element z € [ that is normal over F, such that f(z) has
Fp-order x;__ll. From Corollary 11, we have that f(z) = (x—1)oay;, where a € [, and y is normal
over F,. It is clear that ay is also normal over . In particular, the point (xo, yo) = (2, ay1)
has normal coordinates and belongs to the curve Qlf, i.e., the curve 2 r admits an F,-normal

point. O

We obtain the following result.

Corollary 28. Assume the notation of Theorem 22. An Artin-Schreier curve s : y? —y = f(x)
admits an F ;-normal point whenever

n

X
Ny r x"-1,1,
x_

,x—l) >0.
1

In particular, the latter holds if the pair (x, f (x)) is nonsingular and
x"-1 )
x-1/

prl = (degf- )W (x" - I)W(

where for g € F,[x], W(g) denotes the number of distinct monic squarefree divisors of g, defined
over .

Proof. The first statement follows directly by Lemma 27. For the second statement, observe that
our assumption on the pair (x, f(x)) allows us to employ Theorem 22 and then the result follows
from Corollary 23. d
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In Example 21 we comment that, if f(x) is linear, then the pair (x, f(x)) is singular. In fact, for
f(x)=cx+dwithce [F,*], we have that ax+ b f(x) = r(x)? — r(x) — d for (a, b) = (¢,-1) # (0,0) and
r(x) = 0. Motivated by Corollary 28, in the following proposition we show that we can actually
obtain some existence results when f(x) has degree one, without going through the character
sum method.

Proposition 29. Let f(x) = ax+beFy(x], wherea # 0 and q = p". Ifb=00orn=0 (mod p), then
the Artin-Schreier curveR s : yP — y = f(x) does not admit anF ;-normal point. On the other hand,
ifn#0 (mod p), for every element a € F4 that is normal over Ty, there exists a linear polynomial
F(x) = x+ b € Fplx] with b # 0 such that its associated Artin-Schreier curve 2l : yP—y=Fx)
contains anF 4-normal point of the form (a, yo).

Proof. Suppose by contradiction that there exists an F4-normal point (a, ) of 2. In particular,
for the trace polynomial T}, (x) := Z?:_ol xP H, we have that
0=p7-p=Ty(B" - B) = Tn(f (@) = Tu(aa+b) = aTy(a) + nb = aTy(a),
where in the last equality we used the fact that b=0or n=0 (mod p). Since a # 0, we obtain that
Tn(a) = 0. We observe that Ty (a) = xx_*ll o a and this is a contradiction with the assumption that
@ is normal over [,
"1

Now let & € F; be normal over [ ,. In particular, § := Ty, (@) = = oa #0. Since n Z0 (mod p),
there exists A € [F;‘, such that nA =1 € F,. In this case, for F(x) = x -6 - A, we have that

Th(F(@)=Tp(@=6-0)=Tp(@)—6-A-n=56-6=0.

From [11, Theorem 3.78 and Corollary 3.79], there exists § € [, such that F(a) = ¥ — . In
particular, (a, + 1) is an [F;-rational point of ¢ for arbitrary ¢ € F,. It remains to prove that
there exists some 1y € [, such that § + fy is normal over [, hence producing the [F,-normal point

B+ ).
“ €Ve gor)st prove that Ord(F(a)) = J;"_—ll_ As );"_‘11 oa = Ty(F(@)) = 0, it follows that Ord(F(a))
divides x;__ll . On the other hand, since Ord(F(a)) o F(a) = 0, we have that
0=((x-1)-0rd(F(@))) o F(a)
=Ord(F(@)) o (F(@)? - F(a))
=Ord(F(a))o (a” - a)

=((x-1-Ord(F(@))oa.

Hence Ord(a) = x" — 1 divides (x - 1) Ord(F(a)). Therefore, Ord(F(a)) is divisible by £=! and so
Ord(F((x)) i Now, since F(a) = (x— 1) o (B + 1) for every 1 € [, it follows by Lemma 9 that

x-1

Ord(B+1) =x"—1or ;;"_—11 . In particular, Ord(8+1¢) = x"—1ifand only if T,,(+1) = %O([ﬂ 1) #0.
Since nA =1 €, it follows that T, (8 + fo) = T, () + nty # 0 for every fo € F, with 1o # —A- T, (B).
In particular, for any such #y, we have Ord(g + fp) = x" — 1 and so S + t; is normal over Fp. O

5.1. Proof of Theorem 1

We observe that if 1 < deg(f) < p + 1, then the pair (x, f(x)) is nonsingular whenever f(x) is

not of the form ax” + bx + ¢ with a, b, ¢ € F;. Moreover, assuming the latter, from our previous

discussion we conclude that the polynomial y” — y — f(x) gives rise to an Artin—Schreier curve.

From Corollary 28 and the inequality deg(f) — 1 < p, it suffices to verify the following inequality
x"-1

x—-1 )

pr =W - I)W( (5)

We start with the following technical lemma: for its proof, see [1, Lemma 3.7].
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n+a

Lemma 30. Let p be a prime and let n = 2 be a positive integer. Then W(x" —1) <2 b , where
(a,b) = (14,5), (20,4) and (18,3) for p =2, 3 and p =5, respectively. Moreover, for7 < p < 23 and
p =29 we can take (a,b) = (p—1,2) and (a, b) = (0,1), respectively.

Upon combining the previous lemma with the trivial bound

x —_—
we obtain that ineq. (5) holds whether n > 4 and p > 290000, while for smaller values of p we also
restrict, in Table 1, the possible pairs (7, p) where ineq. (5) might not hold.

x"-1 . n n-1
w : <min{Wx"-1),2""'},

Table 1. Pairs (n, p) that may not satisfy ineq. (5).

p n
2 <75

3 <45

5 <33

7 <28
11,13,17,19,23 | <24
<29 <20
<100 <9
<200 <7
<500 <6
<2100 <5

Then, we consider the (finite) set of pairs (n, p) included in Table 1 and directly verify ineq. (5).
In other words, we explicitly compute the value of W(x" — 1) and W();n__l1 ) For n =5, there are
5779 primes that fail to satisfy ineq. (5), while the explicit list of exceptional pairs (n, p), with
n =6, is presented in Table 2.

Finally, we turn our attention to the potential of ruling out most of the exceptional pairs using
the sieve, as described in Theorem 24 and Corollary 25. More precisely, the aforementioned

results imply that the condition of Corollary 28 may be improved as

p?~l = (degf - I)W(kl)W(kz)(%” +2), 6)

where (the squarefree part) of (x” —1)/(x — 1) is k1 p1 -+ - py, and the (squarefree part) of x" — 1 is
kory ---ry, for some irreducible polynomials py, ..., py, r1,..., 'y, such that

u 14
§:=1-) Ulpil- Y Urjl
i=1 j=1

is positive. In particular, in our test, for each pair (n,p), we choose the polynomials
P1,---»PusT1,.-., Ty in such a way that u and v are maximum and 6 remains positive and check
whether ineq. (6) holds. A quick computer test reveals that among the aforementioned 6009
pairs (n, p) that did not satisfy ineq. (5), just 5 prove to be persistent enough to fail this test as
well. These pairs (n, p) are (5,2), (5,5), (6,2), (6,3) and (6,7). This concludes the proof of Theo-
rem 1.
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Table 2. Pairs (1, p) that do not satisfy ineq. (5), where n = 6.

p #

6 |23,5711,13,17,19, 23, 29, 31, 37, 41, 43, 47, 53, 59, 61, 67, 71, 73, 79, 83, 89, 97, 101, | 168
103, 107, 109, 113, 127, 139, 151, 157, 163, 181, 193, 199, 211, 223, 229, 241, 271, 277,
283, 307, 313, 331, 337, 349, 367, 373, 379, 397, 409, 421, 433, 439, 457, 463, 487, 499,
523, 541, 547, 571, 577, 601, 607, 613, 619, 631, 643, 661, 673, 691, 709, 727, 733, 739,
751, 757, 769, 787, 811, 823, 829, 853, 859, 877, 883, 907, 919, 937, 967, 991, 997, 1009,
1021, 1033, 1039, 1051, 1063, 1069, 1087, 1093, 1117, 1123, 1129, 1153, 1171, 1201, 1213,
1231, 1237, 1249, 1279, 1291, 1297, 1303, 1321, 1327, 1381, 1399, 1423, 1429, 1447, 1453,
1459, 1471, 1483, 1489, 1531, 1543, 1549, 1567, 1579, 1597, 1609, 1621, 1627, 1657, 1663,
1669, 1693, 1699, 1723, 1741, 1747,1753, 1759, 1777, 1783, 1789, 1801, 1831, 1861, 1867,
1873, 1879, 1933, 1951, 1987, 1993, 1999, 2011, 2017, 2029

7 12,3,13,29,43,71,113, 127,197, 211, 239, 281, 337, 379 14
8 |35711,13,17,19, 29, 37, 41, 73, 89, 97, 113, 137 15
9 27193773 5
10 | 2,3,11,31,41,61,71 7
11 | 23 1
12 | 5,7,13,19 4
13 |3 1
14 | 2,29 2
15| 2 1
16 | 3,5,7,17 4
18 | 19 1
20 | 3,11 2
21| 2 1
22 | 23 1
24 157 2
26 |3 1
Total: | 230
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