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Abstract. The goal of this paper is to review several qualitative properties of well-known eigenvalue problems
using a different perspective based on the theory of effective Hamiltonians, working exclusively on the Hopf-
Cole transform of the equation. We revisit some monotonicity results as well as the derivation of several
scaling limits by means of the Donsker—Varadhan formula, and we point out several differences between the
case of quadratic Hamiltonians and non-quadratic ones.

Résumé. Lobjectif de ce papier est de passer en revue plusieurs propriétés qualitatives de problemes spec-
traux bien connus en utilisant une autre perspective, celles de hamiltoniens effectifs, en travaillant unique-
ment sur la transformée de Hopf—Cole de I'équation. Nous revisitons certains résultats de monotonie et de
comportements asymptotiques en utilisant la formule de Donsker—Varadhan, et nous mettons en lumiére
plusieurs différences fondamentales entre les hamiltoniens quadratiques, et ceux qui ne le sont pas.
Keywords. Effective Hamiltonian, principal eigenvalue, spectral optimisation.
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1. Introduction

The goal of this article is to survey several important qualitative results in the theory of principal
eigenvalues for (possibly non-symmetric) linear operators that appear, for instance, in the study
of population dynamics, and have recently attracted a lot of attention. In particular, we will
show how several results follow from the Donsker—Varadhan formulation of eigenvalues; this
gives a natural reinterpretation of some functional approaches to the qualitative properties of
eigenvalue, see Section 1.7.
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Notational conventions

+ For a measurable set Q, 22(Q) denotes the set of probability measures on Q. When
n € 2(Q) has a € density with respect to the Lebesgue measure, we identify the measure
and the density (and in particular we speak of €* probability measures for a measure
with €* density).

o For a measurable set Q and an integrable function f € LY(Q), the notation fg f denotes
the average value of f: f, f=(1/1Q1) [, -

« T4 denotes the d dimensional torus. For a given T >0,a,B€N, ‘6&’?((0; T) x Td) denotes
the set of T-periodic in ¢, T%-periodic in x functions that are €% in t and ¢* in x.

e For T > 0, a € N, the set %ger((o; T)) denotes the set of T-periodic €% functions in

€%((0; 7)) and L;‘ér((o; T)) denotes the set of T-periodic L™ functions.
« The integration variables are implicit and given by the integrals, meaning that [, f
refers to the integration in the x variable, fOT f to the integration in the ¢ variable and

Jf(0;7)x7a f to the integration in the (z, x) variable.

1.1. Main setting

Effective Hamiltonians in the torus

Throughout this article, we work in T4 and with a fixed time horizon T > 0. We let H = H (p)
be a ¢? Hamiltonian that satisfies
e VpeRY\{0}, H(p) > H(0) =0;
e Vp#0, V?,pH(p) is symmetric positive definite;
« there exists a continuous, coercive, convex, non-negative function . such
that, for all @ > 0, #(a) > #(0) = 0, and for any f € €?(T%),
FE(| f = fra f”U(W)) < Jya HVx);
e 3B (0;1), Vac (0;1), VpeR?, aH(p) = H(aPp).

Observe that the fourth assumption implies the superlinearity of H:

H(p)
im —— =+00
Ipl—co | pll

e8]

These properties are satisfied for H: p— |p|" for any r > 1 (the third property is just the Poincaré
inequality).

For a fixed m € %ﬁfr((o; T) x Td), let (Am(m),@y) be the unique eigenpair associated with
0;:— A+ H(Vy+) + m, that is, the unique solution of

Ap(m) +0,05 — Ao+ HNVep) =-m in (0;T) x T4,
ou(T,-)=¢n(0,-), (2)
#(o;TmId 9H=0,

where @y € %géi((o; T) x Td). That such a couple exists and is uniquely defined is well-known,
as is its link with the long-time behaviour of Hamilton-Jacobi equation. We refer to [3]. The aim
of this paper is to investigate the qualitative properties of 1y and the influence of the different
parameters of the equation (typically, replacing 0, — A + H with 79, — uA + € H). Starting with the
works of Beltramo & Hess [4], several contributions covered a number of these properties and
they often rely on delicate construction of sub and super solutions. Many of these works were
motivated by applications of eigenvalue problems to population dynamics [19, Chapter 2]. We
will show that several of these approaches can be either streamlined or re-interpreted naturally
within the framework of the Donsker-Varadhan formula. Let us also observe that we show in a
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last section how to recover some other well-known results for elliptic problems with advection
(the parabolic setting corresponding to a degenerate elliptic operator with advection).

We believe the approach we present here is more flexible and amenable to generalisation, and
that the interest also lies in providing another outlook on questions of interest. Before we outline
it, let us present the link with the usual eigenvalue problem.

Link with linear eigenvalue problems

A core problem in the study of semi-linear parabolic equations is the following eigenvalue
equation: for a given m € %55((0; T) x T4), consider the principal eigenpair (A(m), uy,) associ-
ated with 8; — A — m or, in other words, the unique solution of

Ot — AUy, = MUy, + A(m) uyy, in (0; T) x T4,
Um(T,) = um(0,-) in T4, 3)
Um =0, Um #0, ffig.7)uya U = 1.

The existence and uniqueness of this eigenpair is a consequence of the Krein—Rutman theorem.
For the link between (3) and reaction-diffusion equations we refer to [19, Chapter 2]. From the
strong maximum principle, we can use the Hopf-Cole transform u,, = e~%™, where ¢, solves

Am) +0:pm — A + V@ m|? = —m.

In other words, (A(m), ¢ ) can be interpreted as the solution of (2) for the quadratic Hamiltonian
H: p — |pl?. It is important to keep this relation in mind. Of course, several properties (e.g.
monotonicity in frequency, in diffusivity etc.) are well-known for A(m), see [19], and we will
investigate to which extent these results hold for general Hamiltonians. In doing so, we will be
led to underlining the exceptionality of the quadratic Hamiltonian H(p) = |p|? in the class of
Hamiltonians.

Remark 1. It should be noted that, for general Hamiltonians H, we are not aware of any
possibility to tie the effective Hamiltonian to the principal eigenvalue of a linear elliptic operator,
as can be seen by looking for a linear operator L and a non-linearity f such that, letting ¢ = f(u),
u should be an eigenfunction of L. Furthermore, in Theorem 12, the quadratic Hamiltonian is
shown to be the only one having a particular property, that of reversibility (see Definition 11). For
the quadratic Hamiltonian, this property is proved by exploiting the link with (3).

Donsker-Varadhan formulation of the effective Hamiltonian, invariant measure

Variational formulations are crucial in spectral problems. Naturally, for non-symmetric op-
erators, the best we can hope for is a saddle-point formulation. Here, this is expressed by the
Donsker—Varadhan formula [13,14]:

-Ag=  max min ff (01— A+ H(V ) + m)dn. 4)
NEP(O;T)xT4) PeCpia((0:T)xTd) JJ(0;T)x T4

It is straightforward (see Lemma 15 below) to see that there exists a unique saddle point (17, @)
of this problem with ff{y. ) .ya @1 = 0.

Definition 2. The couple (Ay,@y) is called the eigenpair attached to the operator 0, — A +
H(Vy-)+ m. Ay is either called the effective Hamiltonian or the eigenvalue associated with
0;—A+H(Vy-)+m. The measureny € ‘61}5((0; T) x T4) is called the associated invariant measure

and satisfies
-0mu—Anp=V-MuV,HNV @) =0 in0;T)x T4,
na(T,-) = w0, inT9, 5)
nu=0, [ranu(t,) =+ forany te[0; T].
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The wording “invariant measure” and eq. (5) come from the optimal control interpretation of
Ap(m), which is detailed in the next paragraph (see Remark 5).

Remark 3 (Regarding terminology). We use the wordings “effective Hamiltonian” and “eigen-
value” indifferently, as they are both standard in different settings. “Effective Hamiltonian” is
more appropriate when dealing with the long-time behaviour of Hamilton-Jacobi equations,
while “eigenvalues” is more convenient when handling the quadratic case, in which case A is
indeed the principal eigenvalue of a linear operator.

Remark 4 (On (4)). There are various min-max formulations for eigenvalues, several of which
are reviewed in [21], where they are put to use to study the monotonicity of eigenvalues when
increasing the magnitude of incompressible advection terms. In particular, we emphasise that
the core estimate of [21] is a stability estimate for (4), which can be obtained in a more direct
manner using the invariant measure n . The generalisation of the approach of [21] was our initial
motivation for the present work.

The optimal control interpretation of (2)

Another interest of the Hopf-Cole transform is that it allows to reformulate the eigenvalue
A(m) in terms of an optimal control problem. To be more specific, we let, for any Hamiltonian H
satisfying (1), L denote the Legendre transform of H:

L(a) = sup ({p,a) - H(p)).
peR4

Then there holds

-Ap(m)=  max ff (-L(a) + m)dnq
aeLl.(0,T;RY) JJ(0;T)x T4

‘per
—0¢Mq—Ang —V-(ang) =0, (6)
with 77, the unique solution of { 74(T,-) =14(0,-),
N2 >0, [rana(T,)= 1.

Proof of (). Let, for any a € L2, (0, T;RY), J(@) = [[ig.7yuye (m — L(@)) dng and let (Ay, ¢ p) be

the solution of (2). Multiplying (2) by 14, integrating by parts and using the equation satisfied
by 1, yields

[ mdne=anms [ apmdna+ [ gut-oma-ana
0;T)xT4 0;T)xT4 0;T)xT4

=Au(m) +ff H(Vypn)dne —ff (a,Vypm)dng
0;T)xT4 0;T)xT4

J(@) = ~Ag(m)+ f f (L@ — HVx1) + (@, Vo)) dna.
0;T)xT4

By definition of L, —L(a) — H(Vx@pg) +{a, Vx@g) <0, with equality if « = V, H(V @g). As1qa 20
the conclusion follows. O

whence

Remark 5 (Interpreting the invariant measure). The invariant measure has a simple interpre-
tation as the measure describing the large time behaviour of agents engaged in an optimal con-
trol problem, the large-time asymptotics of which is given by (6): given a fixed distribution of
resources m that varies periodically in time and in space, and given an initial density of players,
say 7],, a central planner is directing each agent to move according to a certain strategy, say «, so
as to maximise the amount of resources collected by the entire population, while paying a certain
cost L(a). It is possible to prove, using standard techniques in Hamilton-Jacobi equations (and
adapting for instance [6]), that, when this optimal control problem takes place in a very large time
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interval, the density of players will converge to the density n g of the invariant measure. Thus, ng
represents a fully adapted density of players.

Properties under investigation and interpretation

We study several limiting regimes and properties for effective Hamiltonians in the following
sense: considering, for 7, u, € > 0 the effective Hamiltonian Ay (7, y, €) associated with 79, — pA +
eH(Vy-) + m, we want to understand the behaviour of A (7, 1, €) as 7, y, € vary. This includes:

¢ Understanding the limit 7, 1, ¢ — 0 or +oo. Several of these limits are well-known in the
quadratic case, where they are obtained by working directly on (3), typically by means
of sub and super-solutions. Our approach is different in nature, and we recover several
well-known results.

¢ Understanding the monotonicity properties of A with respect to the different parameters.
This line of research is more recent, and the first major breakthroughs were obtained
by Liu, Lou, Peng & Zhou [23]. We revisit their approach, and provide a different
perspective on their proof, in particular highlighting the importance of the reversibility
of the quadratic Hamiltonian (see Definition 11).

Throughout and unless stated otherwise, H satisfies (1) and m € %g;fr((o; T)x T4).

One remark regarding the domain we work on

Although all of our analysis is done in the case of the torus T¢, the same results and methods
hold when working in a fixed, compact and smooth domain of R4 (in space), retaining the
periodicity conditions in time but replacing the periodicity conditions in space with Neumann
boundary conditions.

1.2. Basic qualitative properties of effective Hamiltonians

We begin with basic estimates on effective Hamiltonians that were originally obtained by Hutson,
Shen & Vickers [18] in the quadratic case.

Theorem 6. There holds
T
_”m”Lw((oT)xvd)sAH(m)SE(][ m(t,-)dt) )
’ 0

where E(fOT m(t,-)dt) is the first (elliptic) eigenvalue associated with —A+ H(V-) + fOT m(t,-)dt.
The left-hand side inequality is an equality if, and only if, m is constant. The right-hand side
inequality is an equality if, and only if, m does not depend on t.

We then show a generalisation of a result of Beltramo & Hess [17, Proposition 15.4]. While
the proof of this result (originally given in [4]) relies on a delicate comparison with a Dirichlet
eigenvalue, we provide a different approach based on the optimal control interpretation (6) of 1 5.

Theorem 7. Let m be such that

T
/ (maxm(t,x))dt > 0. ®)
0

xeTd

Let, for any € > 0, Ay (€) be the effective Hamiltonian associated withd; — A+ H(V,-) + %m Then

AH(E) ;’) —0Q.
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1.3. Some scaling limits of effective Hamiltonians

The low and large frequency limits

In this section we let, for any 7 > 0, 1(7) be the effective Hamiltonian associated with the
operator 70; — A+ H(Vy-) + m. We begin by providing an alternative proof of the results of Liu,
Lou, Peng & Zhou [23].

Theorem 8. There holds r
lim /IH(T)zé(f m(t,-)dt) 9)
T—00 0

where &(f, m(t,-)d1) is the (elliptic) eigenvalue associated with —A+ H(Vy-) + f, m(t,-)dr and

T
lim A g (1) :][ &(m(e,-))dr (10)
7—0 0
where, forany t € [0; T, g‘(m(t, -)) is the (elliptic) eigenvalue associated with —A+ H(Vx-)+ m(¢,-).

The low and large diffusion limits

Theorem 9. Let, for any u> 0 and any m € <€plé2r((0; T) x Td), An(m, p) be the first eigenvalue of
0+ p(—A+ H(Vy-))+m. Then

T
—Ag(m, y) — max m(t,x)dt
b=0xeTd Jg
and
-Ag(m,p) — m.

b= JJo;T)xTd
The large heat operator limit

In the case of a large heat operator, we can actually obtain a more precise asymptotic expan-
sion of the eigenvalue.

Theorem 10. Let, for any e >0 and any m € %ﬁ}éﬁ((o; T) x Td), An(m, €) be the first eigenvalue of
0t—A+€eH(Vy-)+m. Then

~An(m, ) = ffig. 1yxya M
GD.T W _, ﬁ HV o)
£ e=0JJ0;T)xT4

0o~ Ao = ffgpyugam—m in(0;T)x T,
wo(T,-) =w(0,-) inT?, (11)
#(O;T]x'l]'d 1//(] =0.

This result will be used to distinguish between quadratic and non-quadratic Hamiltonians, see
the next section.

where

1.4. A key difference between quadratic and non-quadratic Hamiltonians

In the upcoming sections we will investigate the monotonicity of effective Hamiltonians with
respect to various parameters, and we argue that a key part in the proof of these properties is the
reversibility of effective Hamiltonians in the following sense:

Definition 11. Let, for any m € <€p1’e§((0; T) x Td), Am+(m) be the eigenvalue associated with
0;— A+ H(Vy-)+m and Ay _(m) denote the eigenvalue associated with —0; — A+ H(V-) + m.
We say that H is reversible if, for any m € %”;ézr(((); T)x T, Agg . (m) = A, - (m).
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The reversibility of quadratic Hamiltonians is a consequence of the Hopf-Cole transform;
indeed, supposing that H writes H(p) = |p|?, this amounts to investigating whether the first
eigenvalue A(m) of

Oty — Ay, = A(M) Uy + My,
is equal to the first eigenvalue A_(m) of
=01V — AV = A_(M) vy, + Muy,.

However, this simply expresses the fact that a linear operator and its adjoint have the same
spectral radius. We claim that, from the point of view of reversibility, quadratic Hamiltonians
are exceptional in the following sense.

Theorem 12. We work in one-dimension (d = 1). Let H satisfy (1), and be analytic in the sense
that

[eo]
VpeR, H(p) = Z akpk,
k=0

and assume that for any € > 0 the Hamiltonian € H is reversible. Then H is quadratic: up to a
multiplicative constant, H(p) = pz.

This property justifies certain of the upcoming restrictions.

1.5. Monotonicity with respect to parameters

Increasing the frequency in time

Let, for any 7 > 0, 1 (t, m) be the effective Hamiltonian associated with the operator 70, — A+
H(Vy:)+m.

Theorem 13. Assume that either H is reversible or that m is symmetric in time (m(T —-) = m).
Then the map T — Ay (1, m) is non-increasing. It is monotone decreasing unless m writes
m(t, x) = mo(x) + h(1)

for some periodic functions my, h.

In the case of quadratic Hamiltonians, this theorem was obtained by Liu, Lou, Peng &
Zhou [21,23] using a functional approach, which we claim is a corollary of the Donsker-Varadhan
formula (4). Our proof provides what we deem a more direct insight into the computations
of [21,23] and, we feel, places a stronger emphasis on the particular structure of reversibility.

Remark 14 (A conjecture). It is unclear at this stage whether this monotonicity property holds
for non-reversible Hamiltonians. We leave this as an open and interesting question.

An elementary result which we will use is the following consequence of the Donsker—Varadhan
formula, already used implicitly as the main ingredient in [21,23]:

Lemma 15. Let (Ag, @) be the eigenpair associated with the Hamiltonian H and ny be the
associated invariant measure. For any @ € €V (T%), there exists a vector field ¢ such that

1
ff (010 — A+ H(t, x,V ) Ay — Apr = —ff Ve, HO@—@n,¢—@u]dnm.
©;T)x T4 2 JJo;1)xTd

In particular,

ff (0rp =D+ H(t,x, V) dn g > f (0rpr —Apu+ H(t,x,Vepp)dny
O;7)xT¢ ©O;T)xTd

unless ¢ — @ is constant.
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Non-monotonicity with respect to the diffusion

Similar to the quadratic case, where it is due to Carrere & Nadin [8], we have the following
result.

Theorem 16. Let, for any u > 0 and any m € %ﬁfr((o; T) x Td), An(m, ) be the effective Hamil-
tonian associated with 0; + u(—A+ H(Vy-)) + m. There exists m € %ﬁfr((o; T) x Td) such that

p— Ag(m, ) is non-monotonic.

As in [8] the core ingredient of the proof is Theorem 7.

1.6. An example of qualitative property for elliptic problems with advection

In this section, we consider an elliptic problem with advection, which can be seen as a generali-
sation of the parabolic case. Throughout, we let A € €2(T%) be a smooth vector field.

Definition 17. An A-invariant measure is a measuren € 2(T%) such that
Ve T, / (A, Vpydn =0,
T4

or, alternatively, such that —V-(An) = 0 in the sense of distribution. The set of A-invariant measures
is denoted by 2y (T9).

Our main assumption is the following:

« there exists a smooth positive measure 74 € @A(Td);
« the set of ¥%(T%) A-invariant measures is dense for the weak-* topology in (12)
PA(TY).

The first part of (12) is satisfied for divergence-free vector fields. Some sufficient conditions to
ensure the validity of the first point (typically, if A is divergence-free) were studied, we refer to [7].

The low-diffusivity asymptotics

We let, for any € > 0, (Ap(e, A),¢,) be the eigenpair associated with the operator £(—A +
H(Vy))+ (A, V) +m.

Theorem 18. Under assumption (12), there holds

Ap(e, A) — — max mdn. 13)
€=0  negp, (1) )14

Some comments

When A =0 and m is independent of time, we recover Theorem 9. A case of special interest is
that of shear flows, thatis, A(x, y) = (u( ), 0), where the following result holds [22, Theorem 1.1]:

limAg(A€)=— max( max m(x,y)dx, max m(x,y)].

=0 yeT4,u(y)#0.J1d (x,1),x€T4y,u(y)=0
It is unclear and unlikely that assumption (12) is satisfied in this form. Whether our approach
could work in this case is an interesting question that we leave open for future research. Another
case that is not covered by our result is that of a gradient-like vector field A, typically A=V f for
a smooth function f. In this case, it is not clear that the entire sequence Ay(e, A) converges as
& — 0; we refer for more details to [1]. As noted in [1], knowing the specific structure of the vector
field that could guarantee the convergence of the eigenvalues is a question of great interest, that
we leave open as the topic of future research.
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1.7. Related literature

The existence of an eigenpair (1y,¢pg) and its use in the study of long-time asymptotics of
Hamilton-Jacobi equations has been studied extensively in the first and second-order case
(that is, with or without diffusion), starting with the seminal paper [20]. We refer for instance
to [2,6,9,10,15,16,24-27] for a study of both cases (observe that in the first-order case the long-
time convergence of the associated Hamilton-Jacobi equation is not true in the time-periodic
case). A particularly important reference for us is the article of Barles & Souganidis [3]. Regarding
the qualitative properties of eigenvalues in the case of quadratic Hamiltonians, that is, when
A can be interpreted as the first eigenvalue of a linear operator (see (3)), the interest in such
qualitative properties lies in the interpretation of A as a survival criterion for a population living
in a domain T¢ with a time-periodic resources distribution m. We refer to [19, Chapter 2] for this
interpretation. Starting with the works of Beltramo & Hess (see [17] for a comprehensive survey,
aswell as [11,12] for more recent references), a great deal of energy was devoted to understanding
the influence of the frequency in time of the equation [18], of the intensity of the advection
field [5], on the impact of diffusion [8]... Several questions remained open after these works,
and a breakthrough into several of them was obtained by Liu, Lou, Peng & Zhou who, first of
all, established a saddle-point like formula to derive numerous monotonicity properties and,
second, investigated a large number of limit behaviours for such eigenvalue problems. We refer
to [19,21,23] and the references therein. Observe that the present article offers generalisation
of their results, with significantly different approaches that we believe shed new light on their
central contributions.

2. Basic properties: proofs of Theorems 6-7

Proof of Theorem 6. For the sake of notational convenience, we write (A,¢) for (Ag,@g). To
establish the left inequality, let (¢*, x*) be a point of minimum of ¢. In particular, using n = 0+ x+
in (4), we obtain m(t*, x*) = —A, yielding the left-hand side inequality. To obtain the right-hand
side inequality, let (£, ¢) be the eigenpair attached with —A+ H(V )+ fOT m(t,-)dt andlet 7 be the
associated invariant measure. By the Jensen inequality, since H is convex and 77 does not depend
on t, de fOT H(Vip)dn = [1a H(fOT V¢,)dn. Thus, applying (4) twice, if we let ¢ = fOT(p(t, ) dt,
= §, m(t,-)dt and introduce the probability measure 7] = +7 on (0; T) x T¢ we obtain

-&< / (-A@+ H(Vy@) + m)dn < ff (0190 — Ap+ H(Vyp) + m)dij < - A.
Td 0;T)=xT4
This concludes the proof. O

Proof of Theorem 7. We use the following fact from [17, Proof of Proposition 15.4]: from assump-
tion (8) there exists a smooth periodic curve y: [0; T]— T4 such that fOT m(t,y(t))dz > 0. Let 1, be
the measure induced by the graph of y: for any continuous function f, (f,7,) = fOT f(ey®)de.
For a fixed, smooth, positive symmetric convolution kernel p € €per™ ((0; T) x T4) we let, for any

8>0, ps = 537p(4 3) and we define 77, 5 := 7, * ps. This is to be understood as the periodic
convolution product between a measure and a smooth function, defined as

'F]%&: (t,x)’—’ j;

N ps(t—s,x=y)dn,(s,y)

where the functions are extended by periodicity. As 77, 5 s 1, weakly in the sense of measures,
©5-0

for 6 small enough there holds
mdn,, s >0.
ff(o; T)xT4 s
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Furthermore, 7), 5 is a smooth, positive function. Fix such a §. Let, for any € [0; T], p be the
unique solution of
-V (ﬁy,5vxﬁ) = atﬁy,ﬁ + AT_]}/,O"
Defining a; := V8 it follows from elliptic regularity that as € Lg;r (0, T;R%), and, by definition,
—atﬁ%a - A'F)Y’é‘ - Vx . (ﬁy,(sa(‘j) =0.
From (6) we deduce that

—edyle) = f f (—eL(ap) + m)dijy 5.
0;T)xT4

Passing to the limit £ — 0 yields liminf, o (~eAw(€)) = [f(g,1) 7« mdil, 5 > 0, whence the conclu-
sion. O

3. Scaling limits: proofs of Theorems 8-10

Proof of Theorem 8. For the sake of notational simplicity we let, for any 7 > 0, (/I(T), (pT) be the
eigenpair attached with 70, — A + H(V,-) + m and n; be the associated invariant measure.

We begin with the large frequency limit 7 — co. We let (¢,¢) be the eigenpair attached
with —A+ H(Vy-) + fOT m(t,-)dt and 1 be the associated invariant measure (in particular, 7 is
independent of time). From Theorem 6 there holds —¢ < —A(7) for any 7 > 0. We now prove that
—¢ = —lim; o A(7). Let o be a closure point (for the weak- * topology on measures) of {f);};—co
and A be a closure point of {A(7)};—~. Dividing (4) by T and passing to the limit 7 — co we
obtain that for any f € <€I)1é2r((0; T)x T9),

0;T)xT4

In other words, the map %;&%((0; T) % Td) 3f— ff(O;T)de 0 f dnw is bounded from below and is
thus identically zero. Consequently, in the sense of distributions,

Oﬂ]oo =0.

Furthermore, using ¢ = ¢ as a test function in (4), we have

T
A1) < —£+ff (m(t, Xx) —][ m(s, x) ds) dn,(t, x).
©;T)xT4 0

Passing to the limit provides (as [f g, 7,y (m(t, x) - fOT m(s, x)ds) dneo = 0)
lim (-A(1)) < ¢
T—00
and the proof of (9) is concluded.
We continue with the low frequency limit. For any ¢ € (0; 7), we let (6 (0, t) be the eigenpair

attached to —A+ H(V,-) + m(¢,-) and n; be the associated invariant measure. First of all, define
the test function ¢: (¢, x) — ¢(x). Using ¢ in (4) we obtain

T T
—A(T)srff 6t¢dnr—][ (de = —lim/l(r)s—][ é(nde.
0;T)xT4 0 7—0 0

We prove the converse inequality. As a consequence of the regularigly of m, (t,x) — n;(x) lies in
‘6;;;((0; T) x Td). Using the measure 77 defined as [ o. 1), ya f d77:= f; (f3a ft,x)dn(x))drin (4)
we obtain

T
—ff (T¢T)6tﬁ+][ (/ (—A(p,+H(Vx(p1)+m(t,-))dnt(x))dts—Mr)
0;7)xT4 o \J1d

so that r
—ff (np,)atm][ (D de<—A(1). (14)
0;T)xT4 0
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As  [[o;ryx7a H(Vxp7) is uniformly bounded as 7 — 0, we deduce from (1) that
I ©0:1)x1d HTVxp) ~ 0. If we set w; := 7¢, using the function # of assumption (1) and its con-
; 7—

vexity this implies #(fy [ (t,) = fra 0r(6,) | 1 ray) < fy Z(|0r (1)~ Frawe(t,) |y ga) = 0.
From the coercivity of # we deduce that fOT [l (2, )= fraws(t,) “Ll T =, 0. As % Jyan(t,-) =0,
Tﬂ

we have
T
w Y //(w—][ wT(r,-))atﬁ
0;T)xT4 o Jrd T4

T
<||arﬁ||LW/ w‘[(t)')_f w‘[(t)')
0 T4

Passing to the limit in (14) proves — fOT ¢(r)dt < —lim;_g A(7). The proof is concluded. O

— 0.

LL(Td) 7—0

Proof of Theorem 9. For the sake of notational simplicity, we let, for any > 0, (A(u), ¢,) be the
eigenpair associated with d; + u(—A + H(V-)) + m and 7, be the associated invariant measure.
We begin with the low diffusivity limit g — 0. From (1), pH(Vx¢) = H(uPV ) for some B € (0;1).
Lety, == uP(pu — f7a pu). Observe that integrating the equation

01— Apu+HNV ) +m<—A)

H(\V )< —A( )—]6[ m
ﬁfo;Tmrd Wu K (0;T)xT4

whence from the Poincaré inequality, fOT HV/u(tr )|| 11(r4) dt is uniformly bounded as p — 0. For
any n € €%(T%) (in particular, time-independent) introduce 7 := (1/T)n € 2((0;7) x Td). Then,
(4) yields

we obtain

—,ul_ﬁ f prﬁJrff H(inll'u)dﬁ+ff mdn < —-A(u).
0;T)xT4 0;T)xT4 O;T)xT4

Passing to the limit p — 0 gives: for any n € 2(T%) N €*(T9), [14 (fOT m)dn < —limy_.o A(y).
Consequently;,

T
Vne@(TY, /(][ m)dns—lim/l(,u). (15)
Td\Jo p=0

On the other hand, let 7y be a closure point (for the weak-* topology on 2((0; T) x Td)) of
{Nuu—o. For any f € €V2((0;T) x T9), passing to the limit u — 0 in the right-hand side of (4)
proves that

V fe6p((0;T) x TY), —lim)t(p)sff (0, f + m) dijo.
u—0 0;T)xT4

Consequently, <€1§;§((0; T) x Td) sf—[f ©;7)x14 0¢f dno is @ bounded from below linear map. It
is thus identically zero, so that 7y does not depend on ¢ and, with a slight abuse of notations,
Tlo(t, x) = (1/ T)no(x); in particular:

T
—lim A(p) < / (][ m(t,x)dt) dno(x). (16)
/J—*O '[[d 0
Combined with (15) we obtain first that

T T T
/ (][ m(t, x)dt) dno(x) = max (][ m(t, x)dt) dn(x) = max m(t, x)dt,
T4 \Jo ne2(T4) J1d\Jo xeT4 Jo
and second that limy, o A() = — [7a(f, m(t,x)dz)dno(x). The proof is concluded.
We continue with the large diffusivity limit 4@ — co. Using the uniform probability measure
in (4) we know that for any p > 0 we have ff(o; TyxTd M< —A(w). Second, let 7], be a closure point
(for the weak-* topology on 9((0; T) x Td)) of {nu}y—co. Dividing (4) by p and passing to the limit
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1 — oo we know that, for any [ € cgr}ézr((o; T) x T4) there holds Jo.ryra (=Af + HVx ) dfjeo = 0.
From (1), choosing, for any € > 0, f =g with g € ﬂﬁplézr((o- T) x T4), this yields:

V g€ 6pa((0;T) x TY), ff Agdije, = 0.
0;T)xTd

This implies that 7, does not depend on x, and we write with an abuse of notation 7jo, =
(1/ | Tl)noo(t) Then, using (4) with a x-independent function ¢ we derive, passing to the limit
p— oo, that for any ¢ € 6, ((0; 7)),

T
- lim )L(,u)s/ ¢'(t)dnoo(t)+ff Mmdfjeo.
H—00 'T)><'I]'d

As a consequence, lE,er((O 7)3¢— fo ¢’ dnwo is a linear, bounded from below map. It is thus
identically zero, so that 1o, does not depend on ¢. Thus, 1 is the uniform probability measure
on [0; T]. Finally, taking ¢ = 1 in (4) and passing to the limit y — oo yields —limy .o, A (1) <
W 0.7 x7d MdTieo = g, 77« M, and the proof is finished. O

Proof of Theorem 10. For the sake of notational simplicity we let, for any € > 0, (A(¢), ¢, ) be the
eigenpair attached to 0, — A+ e H(V-) + m and 7, be the associated invariant measure. Observe
that using ¢ = v, the solution of (11), in (4) yields

—A(e) saff H(Vxyo) dng+]6[ m. a7
0;T)xT4 0;T)xT4

By parabolic regularity, w, € %gézr((o; T) x T%) so that lim, .o (~A(€)) = g, 1) x7a M.

We let 79 be a closure point (for the weak-* topology on 22((0; T) x Td)) of the sequence
Nele—o. Forany h e <€[};§((0; T) x T9) with ffg. 1), a h = 0let 7, be the solution of 8,y — Ay, =
ﬁa(o;T)xvd m — (m + h) endowed with periodic boundary conditions and ﬁo;T)xvd vy =0. Then,
(4) with ¢ = v, gives, for any such h,

hm )L(e) ff hdn +]6[
0;T)xT4 (; T)x'[l'd

so that the map Cﬁgézr NS, ffio.myxra f =0} 3 h = [[ig.1)7a hdno is bounded from below. In
particular, it is identically zero and thus 79 is the uniform measure on 2((0; T) x Td). Now,
turning back to (17), we see that ff(o;T) «1d H(Vx@¢) is uniformly bounded as € — 0. From (1) this
implies that {p.}._¢ is uniformly bounded in L" (0, T; W"" (T%)) < (L9(0, T; W"9(T4)))’ for some
r,q > 1. Indeed, integrating the equation in x yields that ¢ — fvd @¢(t,-) is (uniformly in ) BV
in , whence sup (g7 | f]rd (p5| is uniformly bounded. This implies the weak-* convergence (for
the weak topology on (L7(0, T; W9(T%)))") of {¢¢}e—o to a @o. Passing to the limit in the equation
we deduce that for any n € €pe((0; T) x T4) 0 2((0; T) x T4) there holds [[1a (0,1 — An) +
W o:ryxra (M—=Hfig,1)7a M) = 0 whence o = . Furthermore, {V¢¢}e— is uniformly bounded
in L"((0; T) x de) and converges weakly (for the weak topology on L ((0; T) x Trd)) to some Q.
Using once again regular enough test functions in L"((0; T) x Td), we deduce that g = yy. As H
is convex, this implies ff;o. 1) 7a H(Vxwo) < liminfe_.o £f(y. 1y, r¢ H(Vx@e) so that

ﬁ[ H(Vyxyy) <liminf H(Vxp,)
0;T)xT4 e=0 0;T)xT4

—-A(e) — 7yxd M
<lim ﬁL(O,T) Td

e—0 €

< limff H(Vywo)dn,
e=0JJ0;1)xT4

= ﬁ[ H(V ). O
0;T)xT4
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4. Reversibility of Hamiltonians: proof of Theorem 12

Proof of Theorem 12. Assume that, for any € > 0, € H is reversible. From Theorem 10 this implies
the following: for any m € € 1,2 ((0; T) x TI) with ﬁc(o; TyxT M= 0, if v, 8, denote the solutions of

0Ym—Aym=m in(O;T)xT, 010, —A0p=m in(0;T)xT,
wm(Tr)ZWm(Or) in -[r; and Hm(T;):Qm(O,) 1n-|]—y
Honxr¥m=0, Hor)x10m =0,

then
]6( H(vam) =ﬁ H(Vxem)-
O;T)xT O;T)xT
Indeed, an immediate adaptation of the proof of Theorem 10 show that

~An,-(€) = ffo;)ra M
01 —ﬁ H(V40,).
€ e=0JJ;T)xT4

Replacing m with 6 m for any 6 > 0 and observing that ys,, = 0%, 05, = 60, this implies that

maakﬁ[ d kzmaakﬁ[ 3:0m)*
;;) k (O;T)de( me) Z k (O;T)x‘ﬂ'd( xOm)

k=0

whence:
V ke N such that ax #0, ¥ m e €,5((0; ) x T%), ff @xwm)* =ﬁ[ @xOm)*.
0;T)xT4 0;7)xT4
Naturally, the proof is concluded if we can prove the following:

V keN\{0,1,2}, Ime (0 T) x TY), ﬂ

@xym)* # 00" (18)
0;T)xT4 (

0;T)xT4
To prove (18) let k € N, k > 2. Let (ej,{;) be the eigenpairs of the Laplacian on T, that is,
—Aej = {je; with {¢j} jen non-decreasing and going to +oo. Similarly, for any c € %ger((o; 7)) and
any j N\ {0} let aj, resp. B, be the unique solution of
@ +Ajajc=c in©;7), resp, ~B .+ AiBjc=c in©;T),
ajo(1)=a;(0), Bj,c(T) = B,c(0).

If m writes m(t, x) = ‘]’.°:0 cj(t)e;j(x), it follows that
[o¢] o0
Wm:;)aj,cjejy Hm: Zbﬁj,c‘]e]
j= j=

We now fix j # ¢ such that f;q (Oxej)k‘laxeg # 0 and A; # A, (this is always possible as k >
2) and we choose m = Cj(t)e; +6cy(t)ey, where Cj,Ce € c€Ser((0; T)) are functions to be de-
termined (but fixed) and & > 0 is a positive parameter. If, for any m, ff.7).7a Oxym)* =
Hio:1yx 74 @x0,) it follows, linearising around & = 0, that ffo. 7, (dxej)k‘laxega;?’;;ag” =

HF 0.4 (axej)k—laxe[ﬁj‘g; B¢,c, whence we deduce that for any ¢, ¢, € %ger((o; 7),

! k ! k
-1 _ -1
]i aj,éj Apco = 7£ ﬁj,gj ﬁl,c[.

Similarly, letting ¢;(¢) = 1+ 7¢;(#) for 7 > 0, linearising the previous identity around 7 = 0 yields

that for all ¢, ¢, there holds
T T
f aj,cjaé,q :][ ﬁj,c‘jﬁ[,w'
0 0
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Let us prove that this is impossible when 1; # A,. Introduce the functions 7y ;, ¢¢,; as the
solutions of

{ —My j+ AN, = Aty
S+ Ai€ej =P,
It follows that for any c¢; we have fOTng,jcj = fOT ¢ jcj, whence 14 ; = &y ; for any ¢,. Thus, we
deduce that

-1, gt /12772 i= (;t + ?lj)w,c[ =cr+(Aj—Apag,,
and, similarly,

-1y gt AZW i= 52’,,- + A?‘f&j =ce+(Aj—An)Prc,-
As a consequence,

Ae=Apage, =Ae=2Aj)Brc,-

As A; # Ay by construction we deduce that we must have, for any c,, ay ¢, = f¢,c,.- However, this
implies A,ay, ., = c, for any c,, which is impossible. The proof is concluded. O

5. (Non-)Monotonicity properties: proofs of Theorems 13-16

Proof of Theorem 16. Let my € %;;((0; T) x Td) be such that:

T

T
Vxe'l]'d, ][ my(t,x)dt =0, max myg(t,x)dt > 0.
0 xeTd

From Theorem 7 we know that for any u>0,if we let A H( my, 1) be the effective Hamiltonian
associated with 8, + u(-A+ H(V,)) + ¢ L mo then

1
lim)LH(—mo, 1) = —0Q.
e—0 £
We fix £y > 0 such that AH( mo, 1) < —1 and we define m := % mg. From Theorem 9 there holds
limAg(m,u) =0
=0

and thus Ay (m,0) > Ag(m,1). On the other hand, lim,—.. Ag(m,u) = 0 as well, whence the
conclusion. 0

Before we prove Theorem 13 we show how to derive Lemma 15.

Proof of Lemma 15. We let (1, @) be the eigenpair and iy the associated invariant measure.
For any ¢ € €12((0; T) x T) define z := ¢ — ¢ . Then, letting F(¢) = 8,;¢ — Ap + H(Vx) + m we
obtain, by the mean-value theorem, the existence of a vector field ¢ such that

ff(w) » (Fp)—Flpm)dnu
ff a,z Az+{V,H(Vyp), vZ> dng+= f Vo, HO[Vz,Vz] dny.
0;T)xT4 0;T)xT4

The conclusion follows since ny solves (5) and as F(¢@y) = Ay. By the same reasoning, if H
satisfies (1) and is thus in particular strictly convex we have

ff F((p)d’l]H>AH+ff dT]H.
0;T)xT4 {(Vo#Veou}

By the maximum principle min ., rang > 0 and so [fg. 7 a F(@)dng = Ay implies |[{Ve #
V(pH}| = 0. The proof is concluded. d
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Proof of Theorem 13. By assumption, since either H is reversible or m is symmetric in time
we have the following property: letting, for any 7, (1+(1),¢+.) be the eigenpair associated
with the Hamiltonian +70; — A+ H(V,-) + m and 1, . be the associated invariant measure
there holds A, (7) = A-(7). Now, consider the Gateaux derivative (/.1+(‘L'_),(i)+'r) of the map 7 —
(A4 (@), ¢4+,r). By direct computations, (A+(7),@+r) solves Ly = —A4 (1) — 0;¢p4,r with L =
70; — A+ (VpH(V@4 1), V). Letting L* = —10; —A -V - (V,H(V,¢. ;)-) be the adjoint of L,
observe that L*n,, = 0. Finally, introducing F(p) = 18;¢ — Ap + H(V@) + m and F(¢) =
~70,¢ — A + H(V ) + m and noting that 270,¢, ; = F(¢, ;) — F(¢+ ;) we observe that

/.l+ (1) = ff 01+ dn. ¢
0;T)xT4

1 f—
Tor F(@+,1) = Flp+1))d
2T fﬁo;T)xwd( P P+r ) N+,x

1 = = since by reversibility
R F(p-)—-F d =
o7 I[(O;T)xvd( (p-1) (‘P+,r)) N+, F(ps2) =A@ = A_(1) = F(p_1)
1 — — . o
=5 ff(oT) » (F(p-)—F(pi7))dn_ ¢ since by reversibility n, ; =1_ 1

<0
where the last inequality is a consequence of Lemma 15. From Lemma 15, this inequality is strict,
unless ¢_ ; = ¢, ; + @, (1) for some T-periodic function T. Should this be the case, this provides
Pr(1)==201¢p+ 1,

so that d;¢ ; only depends on t. In particular, we can write ¢, ; = fo(2) + f1(x) for two functions
fo, fi, and this gives

Aum)+ fy()—Afi+ HV fi)=-m
so that m finally writes m(t, x) = mo(x) + h(t), as announced. 0

6. Operators with advection: proof of Theorem 18

Proof of Theorem 18. To simplify notations we let, for any € > 0, (A(¢), ¢,) be the unique eigen-
pair associated with e(—A + H(Vy)) + (A, V) + m. We let n, € 22(T%) be the associated invariant
measure, that is, the solution of (~A=V(V, H(Vx@,)-)) =V -(A-) = 0. First of all, let o € 22(T%)
be a closure point of {n.}.—.¢, and Ay be a closure point of {A(¢)}.—¢ (the existence of A is guar-
anteed by bounds similar to that of Theorem 6). Let us prove that

Mo € 2a(T9.

From (4), for any f € €%(T%), —A(e) < [ya(e(—=Af + HVyf)) + (A, Vi f) + m)dn,. In particular,
passing to the limit ¢ — 0 we obtain

V fe€3 (T, —Aos/ <A,vxf>dno+/ mdn,
T4 T4

whence the linear map KE) f~ de (A, V f)dng is bounded from below. Thus, this map is
identically zero, which means that g € P4(TY). Furthermore, this implies that

—/loS/ mdno (19)
Td

Second, let us study the sequence {¢.},—o. From (12) let n4 be a positive, smooth probability
measure associated with A. From (1), e H(V,¢) = H(ePV ) for some B < 1. We obtain, letting

Ye = Eﬁ((l’s - fvd (PE)»
—El_ﬁ/ WEAnA+/ H(VXWE)dnA"'/ mdna<-Ae).
Td Td Td
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From (1) and the fact that 74 is positive we deduce that { frd H(Vy,)} ¢ 1s bounded, so that
there exists r > 1 and a strong Lr(Td)-closure point v of the sequence {y}.—o. Now, let
n€ P4(T% be any smooth A-invariant measure. The same computations lead to

—el_ﬁ/ ngn+/ mdns—el_ﬁ/ ngn+/ H(wag)dn+/ mdn < —A(e).
T4 T4 T4 T4 T4

Passing to the limit ¢ — 0 we obtain that for any 1 € 2,(T%) n€%(T%), fvd mdn < —Ay. From
assumption (12) and (19) this provides

Vne@A(Td), /mdns—&os/ mdng.
T4 Td

We thus deduce that 179 maximises 22, (T%) 3 — fvd mdn, and the conclusion follows. U
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