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Abstract. The goal of this paper is to review several qualitative properties of well-known eigenvalue problems
using a different perspective based on the theory of effective Hamiltonians, working exclusively on the Hopf–
Cole transform of the equation. We revisit some monotonicity results as well as the derivation of several
scaling limits by means of the Donsker–Varadhan formula, and we point out several differences between the
case of quadratic Hamiltonians and non-quadratic ones.

Résumé. L’objectif de ce papier est de passer en revue plusieurs propriétés qualitatives de problèmes spec-
traux bien connus en utilisant une autre perspective, celles de hamiltoniens effectifs, en travaillant unique-
ment sur la transformée de Hopf–Cole de l’équation. Nous revisitons certains résultats de monotonie et de
comportements asymptotiques en utilisant la formule de Donsker–Varadhan, et nous mettons en lumière
plusieurs différences fondamentales entre les hamiltoniens quadratiques, et ceux qui ne le sont pas.
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1. Introduction

The goal of this article is to survey several important qualitative results in the theory of principal
eigenvalues for (possibly non-symmetric) linear operators that appear, for instance, in the study
of population dynamics, and have recently attracted a lot of attention. In particular, we will
show how several results follow from the Donsker–Varadhan formulation of eigenvalues; this
gives a natural reinterpretation of some functional approaches to the qualitative properties of
eigenvalue, see Section 1.7.
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Notational conventions

• For a measurable set Ω, P (Ω) denotes the set of probability measures on Ω. When
η ∈P (Ω) has a C k density with respect to the Lebesgue measure, we identify the measure
and the density (and in particular we speak of C k probability measures for a measure
with C k density).

• For a measurable set Ω and an integrable function f ∈ L1(Ω), the notation
ffl
Ω f denotes

the average value of f :
ffl
Ω f = (

1/|Ω|)´Ω f .

• Td denotes the d dimensional torus. For a given T > 0,α,β ∈N, C α,β
per

(
(0;T )×Td

)
denotes

the set of T -periodic in t , Td -periodic in x functions that are C α in t and C β in x.
• For T > 0, α ∈ N, the set C α

per

(
(0;T )

)
denotes the set of T -periodic C α functions in

C α
(
(0;T )

)
and L∞

per

(
(0;T )

)
denotes the set of T -periodic L∞ functions.

• The integration variables are implicit and given by the integrals, meaning that
´
Ω f

refers to the integration in the x variable,
´ T

0 f to the integration in the t variable andÎ
(0;T )×Td f to the integration in the (t , x) variable.

1.1. Main setting

Effective Hamiltonians in the torus

Throughout this article, we work in Td and with a fixed time horizon T > 0. We let H = H(p)
be a C 2 Hamiltonian that satisfies

• ∀ p ∈Rd \ {0}, H(p) > H(0) = 0;
• ∀ p ̸= 0, ∇2

pp H(p) is symmetric positive definite;
• there exists a continuous, coercive, convex, non-negative function H such

that, for all a > 0, H (a) >H (0) = 0, and for any f ∈C 2(Td ),
H

(∥∥ f −ffl
Td f

∥∥
L1(Td )

)É ´
Td H(∇x f );

• ∃β ∈ (0;1), ∀ a ∈ (0;1), ∀ p ∈Rd , aH(p) Ê H(aβp).

(1)

Observe that the fourth assumption implies the superlinearity of H :

lim
∥p∥→∞

H(p)

∥p∥ =+∞.

These properties are satisfied for H : p 7→ |p|r for any r > 1 (the third property is just the Poincaré
inequality).

For a fixed m ∈ C 1,2
per

(
(0;T )×Td

)
, let

(
λH (m),ϕH

)
be the unique eigenpair associated with

∂t −∆+H(∇x · )+m, that is, the unique solution of
λH (m)+∂tϕH −∆ϕH +H(∇ϕH ) =−m in (0;T )×Td ,

ϕH (T, · ) =ϕH (0, · ),

−−Î(0;T )×Td ϕH = 0,

(2)

where ϕH ∈ C 1,2
per

(
(0;T )×Td

)
. That such a couple exists and is uniquely defined is well-known,

as is its link with the long-time behaviour of Hamilton–Jacobi equation. We refer to [3]. The aim
of this paper is to investigate the qualitative properties of λH and the influence of the different
parameters of the equation (typically, replacing ∂t −∆+H with τ∂t −µ∆+εH). Starting with the
works of Beltramo & Hess [4], several contributions covered a number of these properties and
they often rely on delicate construction of sub and super solutions. Many of these works were
motivated by applications of eigenvalue problems to population dynamics [19, Chapter 2]. We
will show that several of these approaches can be either streamlined or re-interpreted naturally
within the framework of the Donsker–Varadhan formula. Let us also observe that we show in a
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last section how to recover some other well-known results for elliptic problems with advection
(the parabolic setting corresponding to a degenerate elliptic operator with advection).

We believe the approach we present here is more flexible and amenable to generalisation, and
that the interest also lies in providing another outlook on questions of interest. Before we outline
it, let us present the link with the usual eigenvalue problem.

Link with linear eigenvalue problems

A core problem in the study of semi-linear parabolic equations is the following eigenvalue
equation: for a given m ∈ C 1,2

per
(
(0;T )×Td

)
, consider the principal eigenpair

(
λ(m),um

)
associ-

ated with ∂t −∆−m or, in other words, the unique solution of
∂t um −∆um = mum +λ(m)um in (0;T )×Td ,

um(T, · ) = um(0, · ) in Td ,

um Ê 0, um ̸= 0, −−Î(0;T )×Td u2
m = 1.

(3)

The existence and uniqueness of this eigenpair is a consequence of the Krein–Rutman theorem.
For the link between (3) and reaction-diffusion equations we refer to [19, Chapter 2]. From the
strong maximum principle, we can use the Hopf–Cole transform um = e−ϕm , where ϕm solves

λ(m)+∂tϕm −∆ϕm +|∇xϕm |2 =−m.

In other words,
(
λ(m),ϕm

)
can be interpreted as the solution of (2) for the quadratic Hamiltonian

H : p 7→ |p|2. It is important to keep this relation in mind. Of course, several properties (e.g.
monotonicity in frequency, in diffusivity etc.) are well-known for λ(m), see [19], and we will
investigate to which extent these results hold for general Hamiltonians. In doing so, we will be
led to underlining the exceptionality of the quadratic Hamiltonian H(p) = |p|2 in the class of
Hamiltonians.

Remark 1. It should be noted that, for general Hamiltonians H , we are not aware of any
possibility to tie the effective Hamiltonian to the principal eigenvalue of a linear elliptic operator,
as can be seen by looking for a linear operator L and a non-linearity f such that, letting ϕ= f (u),
u should be an eigenfunction of L. Furthermore, in Theorem 12, the quadratic Hamiltonian is
shown to be the only one having a particular property, that of reversibility (see Definition 11). For
the quadratic Hamiltonian, this property is proved by exploiting the link with (3).

Donsker–Varadhan formulation of the effective Hamiltonian, invariant measure

Variational formulations are crucial in spectral problems. Naturally, for non-symmetric op-
erators, the best we can hope for is a saddle-point formulation. Here, this is expressed by the
Donsker–Varadhan formula [13,14]:

−λH = max
η∈P ((0;T )×Td )

min
ϕ∈C 1,2

per((0;T )×Td )

Ï
(0;T )×Td

(
∂tϕ−∆ϕ+H(∇xϕ)+m

)
dη. (4)

It is straightforward (see Lemma 15 below) to see that there exists a unique saddle point (ηH ,ϕH )
of this problem with −−Î(0;T )×Td ϕH = 0.

Definition 2. The couple (λH ,ϕH ) is called the eigenpair attached to the operator ∂t − ∆ +
H(∇x · ) + m. λH is either called the effective Hamiltonian or the eigenvalue associated with
∂t −∆+H(∇x · )+m. The measure ηH ∈C 1,2

per
(
(0;T )×Td

)
is called the associated invariant measure

and satisfies 
−∂tηH −∆ηH −∇· (ηH∇p H(∇xϕH )

)= 0 in (0;T )×Td ,

ηH (T, · ) = ηH (0, · ) in Td ,

ηH Ê 0,
´
Td ηH (t , · ) = 1

T for any t ∈ [0;T ].

(5)
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The wording “invariant measure” and eq. (5) come from the optimal control interpretation of
λH (m), which is detailed in the next paragraph (see Remark 5).

Remark 3 (Regarding terminology). We use the wordings “effective Hamiltonian” and “eigen-
value” indifferently, as they are both standard in different settings. “Effective Hamiltonian” is
more appropriate when dealing with the long-time behaviour of Hamilton–Jacobi equations,
while “eigenvalues” is more convenient when handling the quadratic case, in which case λH is
indeed the principal eigenvalue of a linear operator.

Remark 4 (On (4)). There are various min-max formulations for eigenvalues, several of which
are reviewed in [21], where they are put to use to study the monotonicity of eigenvalues when
increasing the magnitude of incompressible advection terms. In particular, we emphasise that
the core estimate of [21] is a stability estimate for (4), which can be obtained in a more direct
manner using the invariant measure ηH . The generalisation of the approach of [21] was our initial
motivation for the present work.

The optimal control interpretation of (2)

Another interest of the Hopf–Cole transform is that it allows to reformulate the eigenvalue
λ(m) in terms of an optimal control problem. To be more specific, we let, for any Hamiltonian H
satisfying (1), L denote the Legendre transform of H :

L(α) = sup
p∈Rd

(〈p,α〉−H(p)
)
.

Then there holds

−λH (m) = max
α∈L∞

per(0,T ;Rd )

Ï
(0;T )×Td

(−L(α)+m
)

dηα

with ηα the unique solution of


−∂tηα−∆ηα−∇· (αηα) = 0,

ηα(T, · ) = ηα(0, · ),

ηα Ê 0,
´
Td ηα(T, · ) = 1

T .

(6)

Proof of (6). Let, for any α ∈ L∞
per(0,T ;Rd ), J (α) := Î

(0;T )×Td

(
m −L(α)

)
dηα and let (λH ,ϕH ) be

the solution of (2). Multiplying (2) by ηα, integrating by parts and using the equation satisfied
by ηα yields

−
Ï

(0;T )×Td
m dηα =λH (m)+

Ï
(0;T )×Td

H(∇xϕH )dηα+
Ï

(0;T )×Td
ϕH (−∂tηα−∆ηα)

=λH (m)+
Ï

(0;T )×Td
H(∇xϕH )dηα−

Ï
(0;T )×Td

〈α,∇xϕH 〉dηα

whence
J (α) =−λH (m)+

Ï
(0;T )×Td

(−L(α)−H(∇xϕH )+〈α,∇xϕH 〉)dηα.

By definition of L, −L(α)−H(∇xϕH )+〈α,∇xϕH 〉 É 0, with equality if α=∇p H(∇xϕH ). As ηα Ê 0
the conclusion follows. □

Remark 5 (Interpreting the invariant measure). The invariant measure has a simple interpre-
tation as the measure describing the large time behaviour of agents engaged in an optimal con-
trol problem, the large-time asymptotics of which is given by (6): given a fixed distribution of
resources m that varies periodically in time and in space, and given an initial density of players,
say η0, a central planner is directing each agent to move according to a certain strategy, say α, so
as to maximise the amount of resources collected by the entire population, while paying a certain
cost L(α). It is possible to prove, using standard techniques in Hamilton–Jacobi equations (and
adapting for instance [6]), that, when this optimal control problem takes place in a very large time
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interval, the density of players will converge to the density ηH of the invariant measure. Thus, ηH

represents a fully adapted density of players.

Properties under investigation and interpretation

We study several limiting regimes and properties for effective Hamiltonians in the following
sense: considering, for τ,µ,ε> 0 the effective Hamiltonian λH (τ,µ,ε) associated with τ∂t −µ∆+
εH(∇x · )+m, we want to understand the behaviour of λH (τ,µ,ε) as τ, µ, ε vary. This includes:

• Understanding the limit τ,µ,ε→ 0 or +∞. Several of these limits are well-known in the
quadratic case, where they are obtained by working directly on (3), typically by means
of sub and super-solutions. Our approach is different in nature, and we recover several
well-known results.

• Understanding the monotonicity properties ofλwith respect to the different parameters.
This line of research is more recent, and the first major breakthroughs were obtained
by Liu, Lou, Peng & Zhou [23]. We revisit their approach, and provide a different
perspective on their proof, in particular highlighting the importance of the reversibility
of the quadratic Hamiltonian (see Definition 11).

Throughout and unless stated otherwise, H satisfies (1) and m ∈C 1,2
per

(
(0;T )×Td

)
.

One remark regarding the domain we work on

Although all of our analysis is done in the case of the torus Td , the same results and methods
hold when working in a fixed, compact and smooth domain of Rd (in space), retaining the
periodicity conditions in time but replacing the periodicity conditions in space with Neumann
boundary conditions.

1.2. Basic qualitative properties of effective Hamiltonians

We begin with basic estimates on effective Hamiltonians that were originally obtained by Hutson,
Shen & Vickers [18] in the quadratic case.

Theorem 6. There holds

−∥m∥
L∞

(
(0;T )×Td

) ÉλH (m) É ξ
( T

0
m(t , · )dt

)
(7)

where ξ
(ffl T

0 m(t , · )dt
)

is the first (elliptic) eigenvalue associated with −∆+H(∇x · )+
ffl T

0 m(t , · )dt .
The left-hand side inequality is an equality if, and only if, m is constant. The right-hand side
inequality is an equality if, and only if, m does not depend on t.

We then show a generalisation of a result of Beltramo & Hess [17, Proposition 15.4]. While
the proof of this result (originally given in [4]) relies on a delicate comparison with a Dirichlet
eigenvalue, we provide a different approach based on the optimal control interpretation (6) ofλH .

Theorem 7. Let m be such that ˆ T

0

(
max
x∈Td

m(t , x)
)

dt > 0. (8)

Let, for any ε> 0, λH (ε) be the effective Hamiltonian associated with ∂t −∆+H(∇x · )+ 1
εm. Then

λH (ε) −→
ε→0

−∞.
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1.3. Some scaling limits of effective Hamiltonians

The low and large frequency limits

In this section we let, for any τ > 0, λH (τ) be the effective Hamiltonian associated with the
operator τ∂t −∆+ H(∇x · )+m. We begin by providing an alternative proof of the results of Liu,
Lou, Peng & Zhou [23].

Theorem 8. There holds

lim
τ→∞λH (τ) = ξ

( T

0
m(t , · )dt

)
(9)

where ξ
(ffl T

0 m(t , · )dt
)

is the (elliptic) eigenvalue associated with −∆+H(∇x · )+
ffl T

0 m(t , · )dt and

lim
τ→0

λH (τ) =
 T

0
ξ
(
m(t , · ))dt (10)

where, for any t ∈ [0;T ], ξ
(
m(t , · )) is the (elliptic) eigenvalue associated with −∆+H(∇x · )+m(t , · ).

The low and large diffusion limits

Theorem 9. Let, for any µ > 0 and any m ∈ C 1,2
per

(
(0;T )×Td

)
, λH (m,µ) be the first eigenvalue of

∂t +µ
(−∆+H(∇x · )

)+m. Then

−λH (m,µ) −→
µ→0

max
x∈Td

 T

0
m(t , x)dt

and

−λH (m,µ) −→
µ→∞ −−

Ï
(0;T )×Td

m.

The large heat operator limit

In the case of a large heat operator, we can actually obtain a more precise asymptotic expan-
sion of the eigenvalue.

Theorem 10. Let, for any ε > 0 and any m ∈ C 1,2
per

(
(0;T )×Td

)
, λH (m,ε) be the first eigenvalue of

∂t −∆+εH(∇x · )+m. Then

−λH (m,ε)− −−Î(0;T )×Td m

ε
−→
ε→0

−−
Ï

(0;T )×Td
H(∇xψ0)

where 
∂tψ0 −∆ψ0 = −−Î(0;T )×Td m −m in (0;T )×Td ,

ψ0(T, · ) =ψ(0, · ) in Td ,

−−Î(0;T )×Td ψ0 = 0.

(11)

This result will be used to distinguish between quadratic and non-quadratic Hamiltonians, see
the next section.

1.4. A key difference between quadratic and non-quadratic Hamiltonians

In the upcoming sections we will investigate the monotonicity of effective Hamiltonians with
respect to various parameters, and we argue that a key part in the proof of these properties is the
reversibility of effective Hamiltonians in the following sense:

Definition 11. Let, for any m ∈ C 1,2
per

(
(0;T )×Td

)
, λH ,+(m) be the eigenvalue associated with

∂t −∆+ H(∇x · )+m and λH ,−(m) denote the eigenvalue associated with −∂t −∆+ H(∇x · )+m.
We say that H is reversible if, for any m ∈C 1,2

per
(
(0;T )×Td

)
, λH ,+(m) =λH ,−(m).
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The reversibility of quadratic Hamiltonians is a consequence of the Hopf–Cole transform;
indeed, supposing that H writes H(p) = |p|2, this amounts to investigating whether the first
eigenvalue λ(m) of

∂t um −∆um =λ(m)um +mum

is equal to the first eigenvalue λ−(m) of

−∂t vm −∆vm =λ−(m)vm +mvm .

However, this simply expresses the fact that a linear operator and its adjoint have the same
spectral radius. We claim that, from the point of view of reversibility, quadratic Hamiltonians
are exceptional in the following sense.

Theorem 12. We work in one-dimension (d = 1). Let H satisfy (1), and be analytic in the sense
that

∀ p ∈R, H(p) =
∞∑

k=0
ak pk ,

and assume that for any ε > 0 the Hamiltonian εH is reversible. Then H is quadratic: up to a
multiplicative constant, H(p) = p2.

This property justifies certain of the upcoming restrictions.

1.5. Monotonicity with respect to parameters

Increasing the frequency in time

Let, for any τ> 0, λH (τ,m) be the effective Hamiltonian associated with the operator τ∂t −∆+
H(∇x · )+m.

Theorem 13. Assume that either H is reversible or that m is symmetric in time (m(T − · ) = m).
Then the map τ 7→λH (τ,m) is non-increasing. It is monotone decreasing unless m writes

m(t , x) = m0(x)+h(t )

for some periodic functions m0, h.

In the case of quadratic Hamiltonians, this theorem was obtained by Liu, Lou, Peng &
Zhou [21,23] using a functional approach, which we claim is a corollary of the Donsker–Varadhan
formula (4). Our proof provides what we deem a more direct insight into the computations
of [21,23] and, we feel, places a stronger emphasis on the particular structure of reversibility.

Remark 14 (A conjecture). It is unclear at this stage whether this monotonicity property holds
for non-reversible Hamiltonians. We leave this as an open and interesting question.

An elementary result which we will use is the following consequence of the Donsker–Varadhan
formula, already used implicitly as the main ingredient in [21,23]:

Lemma 15. Let (λH ,ϕH ) be the eigenpair associated with the Hamiltonian H and ηH be the
associated invariant measure. For any ϕ ∈C 1,2(Td ), there exists a vector field ξ such thatÏ

(0;T )×Td

(
∂tϕ−∆ϕ+H(t , x,∇xϕ)

)
dηH −λH = 1

2

Ï
(0;T )×Td

∇2
pp H(ξ)

[
ϕ−ϕH ,ϕ−ϕH

]
dηH .

In particular,Ï
(0;T )×Td

(
∂tϕ−∆ϕ+H(t , x,∇xϕ)

)
dηH >

Ï
(0;T )×Td

(
∂tϕH −∆ϕH +H(t , x,∇xϕH )

)
dηH

unless ϕ−ϕH is constant.
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Non-monotonicity with respect to the diffusion

Similar to the quadratic case, where it is due to Carrère & Nadin [8], we have the following
result.

Theorem 16. Let, for any µ > 0 and any m ∈ C 1,2
per

(
(0;T )×Td

)
, λH (m,µ) be the effective Hamil-

tonian associated with ∂t + µ
(−∆+ H(∇x · )

)+ m. There exists m ∈ C 1,2
per

(
(0;T )×Td

)
such that

µ 7→λH (m,µ) is non-monotonic.

As in [8] the core ingredient of the proof is Theorem 7.

1.6. An example of qualitative property for elliptic problems with advection

In this section, we consider an elliptic problem with advection, which can be seen as a generali-
sation of the parabolic case. Throughout, we let A ∈C 2(Td ) be a smooth vector field.

Definition 17. An A-invariant measure is a measure η ∈P (Td ) such that

∀φ ∈C 2(Td ),

ˆ
Td

〈A,∇φ〉dη= 0,

or, alternatively, such that −∇·(Aη) = 0 in the sense of distribution. The set of A-invariant measures
is denoted by P A(Td ).

Our main assumption is the following:
• there exists a smooth positive measure ηA ∈P A(Td );
• the set of C 2(Td ) A-invariant measures is dense for the weak-∗ topology in

P A(Td ).

(12)

The first part of (12) is satisfied for divergence-free vector fields. Some sufficient conditions to
ensure the validity of the first point (typically, if A is divergence-free) were studied, we refer to [7].

The low-diffusivity asymptotics

We let, for any ε > 0,
(
λH (ε, A),ϕε

)
be the eigenpair associated with the operator ε

(−∆+
H(∇x )

)+〈A,∇x ·〉+m.

Theorem 18. Under assumption (12), there holds

λH (ε, A) −→
ε→0

− max
η∈P A (Td )

ˆ
Td

m dη. (13)

Some comments

When A = 0 and m is independent of time, we recover Theorem 9. A case of special interest is
that of shear flows, that is, A(x, y) = (

u(y),0
)
, where the following result holds [22, Theorem 1.1]:

lim
ε→0

λH (A,ε) =−max

(
max

y∈Td ,u(y )̸=0

 
Td

m(x, y)dx, max
(x,y),x∈Td y,u(y)=0

m(x, y)

)
.

It is unclear and unlikely that assumption (12) is satisfied in this form. Whether our approach
could work in this case is an interesting question that we leave open for future research. Another
case that is not covered by our result is that of a gradient-like vector field A, typically A =∇ f for
a smooth function f . In this case, it is not clear that the entire sequence λH (ε, A) converges as
ε→ 0; we refer for more details to [1]. As noted in [1], knowing the specific structure of the vector
field that could guarantee the convergence of the eigenvalues is a question of great interest, that
we leave open as the topic of future research.
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1.7. Related literature

The existence of an eigenpair (λH ,ϕH ) and its use in the study of long-time asymptotics of
Hamilton–Jacobi equations has been studied extensively in the first and second-order case
(that is, with or without diffusion), starting with the seminal paper [20]. We refer for instance
to [2,6,9,10,15,16,24–27] for a study of both cases (observe that in the first-order case the long-
time convergence of the associated Hamilton–Jacobi equation is not true in the time-periodic
case). A particularly important reference for us is the article of Barles & Souganidis [3]. Regarding
the qualitative properties of eigenvalues in the case of quadratic Hamiltonians, that is, when
λH can be interpreted as the first eigenvalue of a linear operator (see (3)), the interest in such
qualitative properties lies in the interpretation of λH as a survival criterion for a population living
in a domain Td with a time-periodic resources distribution m. We refer to [19, Chapter 2] for this
interpretation. Starting with the works of Beltramo & Hess (see [17] for a comprehensive survey,
as well as [11,12] for more recent references), a great deal of energy was devoted to understanding
the influence of the frequency in time of the equation [18], of the intensity of the advection
field [5], on the impact of diffusion [8]... Several questions remained open after these works,
and a breakthrough into several of them was obtained by Liu, Lou, Peng & Zhou who, first of
all, established a saddle-point like formula to derive numerous monotonicity properties and,
second, investigated a large number of limit behaviours for such eigenvalue problems. We refer
to [19,21,23] and the references therein. Observe that the present article offers generalisation
of their results, with significantly different approaches that we believe shed new light on their
central contributions.

2. Basic properties: proofs of Theorems 6–7

Proof of Theorem 6. For the sake of notational convenience, we write (λ,ϕ) for (λH ,ϕH ). To
establish the left inequality, let (t∗, x∗) be a point of minimum ofϕ. In particular, using η= δ(t∗,x∗)

in (4), we obtain m(t∗, x∗) Ê−λ, yielding the left-hand side inequality. To obtain the right-hand
side inequality, let (ξ,ϕ) be the eigenpair attached with −∆+H(∇x · )+

ffl T
0 m(t , · )dt and let η be the

associated invariant measure. By the Jensen inequality, since H is convex and η does not depend
on t ,

´
Td

ffl T
0 H(∇xϕ)dη Ê ´

Td H
(ffl T

0 ∇ϕx
)

dη. Thus, applying (4) twice, if we let ϕ̃ := ffl T
0 ϕ(t , · )dt ,

m̃ = ffl T
0 m(t , · )dt and introduce the probability measure η̃= 1

T η on (0;T )×Td we obtain

−ξÉ
ˆ
Td

(−∆ϕ̃+H(∇xϕ̃)+m̃
)

dηÉ
Ï

(0;T )×Td

(
∂tϕ−∆ϕ+H(∇xϕ)+m

)
dη̃É−λ.

This concludes the proof. □

Proof of Theorem 7. We use the following fact from [17, Proof of Proposition 15.4]: from assump-
tion (8) there exists a smooth periodic curveγ : [0;T ]→Td such that

ffl T
0 m

(
t ,γ(t )

)
dt > 0. Let ηγ be

the measure induced by the graph of γ: for any continuous function f , 〈 f ,ηγ〉 := ffl T
0 f

(
t ,γ(t )

)
dt .

For a fixed, smooth, positive symmetric convolution kernel ρ ∈C ∞,∞
per

(
(0;T )×Td

)
we let, for any

δ > 0, ρδ := 1
δd+1 ρ

( t
δ , x

δ

)
and we define ηγ,δ := ηγ ∗ρδ. This is to be understood as the periodic

convolution product between a measure and a smooth function, defined as

ηγ,δ : (t , x) 7−→
Ï

(0;T )×Td
ρδ(t − s, x − y)dηγ(s, y)

where the functions are extended by periodicity. As ηγ,δ −*
δ→0

ηγ weakly in the sense of measures,
for δ small enough there holds Ï

(0;T )×Td
m dηγ,δ > 0.
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Furthermore, ηγ,δ is a smooth, positive function. Fix such a δ. Let, for any t ∈ [0;T ], β be the
unique solution of

−∇· (ηγ,δ∇xβ) = ∂tηγ,δ+∆ηγ,δ.

Defining αδ :=∇xβ it follows from elliptic regularity that αδ ∈ L∞
per(0,T ;Rd ), and, by definition,

−∂tηγ,δ−∆ηγ,δ−∇x · (ηγ,δαδ) = 0.

From (6) we deduce that

−ελH (ε) Ê
Ï

(0;T )×Td

(−εL(αδ)+m
)

dηγ,δ.

Passing to the limit ε→ 0 yields liminfε→0
(−ελH (ε)

)ÊÎ
(0;T )×Td m dηγ,δ > 0, whence the conclu-

sion. □

3. Scaling limits: proofs of Theorems 8–10

Proof of Theorem 8. For the sake of notational simplicity we let, for any τ > 0,
(
λ(τ),ϕτ

)
be the

eigenpair attached with τ∂t −∆+H(∇x · )+m and ητ be the associated invariant measure.
We begin with the large frequency limit τ → ∞. We let (ϕ,ξ) be the eigenpair attached

with −∆+ H(∇x · )+
ffl T

0 m(t , · )dt and η be the associated invariant measure (in particular, η is
independent of time). From Theorem 6 there holds −ξÉ−λ(τ) for any τ> 0. We now prove that
−ξÊ− limτ→∞λ(τ). Let η∞ be a closure point (for the weak-∗ topology on measures) of {ητ}τ→∞
and λ∞ be a closure point of {λ(τ)}τ→∞. Dividing (4) by τ and passing to the limit τ → ∞ we
obtain that for any f ∈C 1,2

per
(
(0;T )×Td

)
,

0 É
Ï

(0;T )×Td
(∂t f )dη∞.

In other words, the map C 1,2
per

(
(0;T )×Td

) ∋ f 7→Î
(0;T )×Td ∂t f dη∞ is bounded from below and is

thus identically zero. Consequently, in the sense of distributions,

∂tη∞ = 0.

Furthermore, using φ=ϕ as a test function in (4), we have

−λ(τ) É−ξ+
Ï

(0;T )×Td

(
m(t , x)−

 T

0
m(s, x)ds

)
dητ(t , x).

Passing to the limit provides (as
Î

(0;T )×Td

(
m(t , x)−ffl T

0 m(s, x)ds
)

dη∞ = 0)

lim
τ→∞

(−λ(τ)
)É−ξ

and the proof of (9) is concluded.
We continue with the low frequency limit. For any t ∈ (0;T ), we let

(
ξ(t ),ϕt

)
be the eigenpair

attached to −∆+H(∇x · )+m(t , · ) and ηt be the associated invariant measure. First of all, define
the test function φ : (t , x) 7→ϕt (x). Using φ in (4) we obtain

−λ(τ) É τ
Ï

(0;T )×Td
∂tφdητ−

 T

0
ξ(t )dt =⇒ − lim

τ→0
λ(τ) É−

 T

0
ξ(t )dt .

We prove the converse inequality. As a consequence of the regularity of m, (t , x) 7→ ηt (x) lies in
C 1,2

per
(
(0;T )×Td

)
. Using the measure η defined as

Î
(0;T )×Td f dη := ffl T

0

(´
Td f (t , x)dηt (x)

)
dt in (4)

we obtain

−
Ï

(0;T )×Td
(τϕτ)∂tη+

 T

0

(ˆ
Td

(
−∆ϕτ+H(∇xϕτ)+m(t , · )

)
dηt (x)

)
dt É−λ(τ)

so that

−
Ï

(0;T )×Td
(τϕτ)∂tη+

 T

0
ξ(t )dt É−λ(τ). (14)
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As
Î

(0;T )×Td H(∇xϕτ) is uniformly bounded as τ → 0, we deduce from (1) thatÎ
(0;T )×Td H(τ∇xϕ) →

τ→0
0. If we setωτ := τϕτ, using the function H of assumption (1) and its con-

vexity this implies H
(ffl T

0

∥∥ωτ(t , · )−ffl
Td ωτ(t , · )∥∥L1(Td )

)Éffl T
0 H

(∥∥ωτ(t , · )−ffl
Td ωτ(t , · )∥∥L1(Td )

) →
τ→0

0.

From the coercivity of H we deduce that
ffl T

0

∥∥ωτ(t , · )−ffl
Td ωτ(t , · )∥∥L1(Td ) →

τ→0
0. As d

dt

´
Td η(t , · ) = 0,

we have ∣∣∣∣Ï
(0;T )×Td

ωτ∂tη

∣∣∣∣= ∣∣∣∣ˆ T

0

ˆ
Td

(
ωτ−

 
Td
ωτ(t , · )

)
∂tη

∣∣∣∣
É ∥∂tη∥L∞

ˆ T

0

∥∥∥∥ωτ(t , · )−
 
Td
ωτ(t , · )

∥∥∥∥
L1(Td )

−→
τ→0

0.

Passing to the limit in (14) proves −ffl T
0 ξ(t )dt É− limτ→0λ(τ). The proof is concluded. □

Proof of Theorem 9. For the sake of notational simplicity, we let, for any µ> 0,
(
λ(µ),ϕµ

)
be the

eigenpair associated with ∂t +µ
(−∆+ H(∇x · )

)+m and ηµ be the associated invariant measure.
We begin with the low diffusivity limit µ→ 0. From (1), µH(∇xϕ) Ê H(µβ∇xϕ) for some β ∈ (0;1).
Let ψµ :=µβ(

ϕµ−
ffl
Td ϕµ

)
. Observe that integrating the equation

∂tϕµ−∆ϕµ+H(∇xψµ)+m É−λ(µ)

we obtain

−−
Ï

(0;T )×Td
H(∇xψµ) É−λ(µ)− −−

Ï
(0;T )×Td

m

whence from the Poincaré inequality,
´ T

0

∥∥ψµ(t , · )∥∥L1(Td ) dt is uniformly bounded as µ→ 0. For
any η ∈ C 2(Td ) (in particular, time-independent) introduce η̃ := (1/T )η ∈ P

(
(0;T )×Td

)
. Then,

(4) yields

−µ1−β
Ï

(0;T )×Td
ψµ∆η̃+

Ï
(0;T )×Td

H(∇xψµ)dη̃+
Ï

(0;T )×Td
m dη̃É−λ(µ).

Passing to the limit µ → 0 gives: for any η ∈ P (Td ) ∩C 2(Td ),
´
Td

(ffl T
0 m

)
dη É − limµ→0λ(µ).

Consequently,

∀ η ∈P (Td ),

ˆ
Td

( T

0
m

)
dηÉ− lim

µ→0
λ(µ). (15)

On the other hand, let η̃0 be a closure point (for the weak-∗ topology on P
(
(0;T )×Td

)
) of

{ηµ}µ→0. For any f ∈ C 1,2
(
(0;T )×Td

)
, passing to the limit µ → 0 in the right-hand side of (4)

proves that

∀ f ∈C 1,2
per

(
(0;T )×Td )

, − lim
µ→0

λ(µ) É
Ï

(0;T )×Td

(
∂t f +m

)
dη̃0.

Consequently, C 1,2
per

(
(0;T )×Td

) ∋ f 7→ Î
(0;T )×Td ∂t f dη̃0 is a bounded from below linear map. It

is thus identically zero, so that η̃0 does not depend on t and, with a slight abuse of notations,
η̃0(t , x) = (1/T )η0(x); in particular:

− lim
µ→0

λ(µ) É
ˆ
Td

( T

0
m(t , x)dt

)
dη0(x). (16)

Combined with (15) we obtain first thatˆ
Td

( T

0
m(t , x)dt

)
dη0(x) = max

η∈P (Td )

ˆ
Td

( T

0
m(t , x)dt

)
dη(x) = max

x∈Td

 T

0
m(t , x)dt ,

and second that limµ→0λ(µ) =−´
Td

(ffl T
0 m(t , x)dt

)
dη0(x). The proof is concluded.

We continue with the large diffusivity limit µ→ ∞. Using the uniform probability measure
in (4) we know that for any µ> 0 we have −−Î(0;T )×Td m É−λ(µ). Second, let η̃∞ be a closure point
(for the weak-∗ topology on P

(
(0;T )×Td

)
) of {ηµ}µ→∞. Dividing (4) by µ and passing to the limit
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µ→∞ we know that, for any f ∈C 1,2
per

(
(0;T )×Td

)
there holds

Î
(0;T )×Td

(−∆ f +H(∇x f )
)

dη̃∞ Ê 0.
From (1), choosing, for any ε> 0, f = εg with g ∈C 1,2

per
(
(0;T )×Td

)
, this yields:

∀ g ∈C 1,2
per

(
(0;T )×Td )

, −
Ï

(0;T )×Td
∆g dη̃∞ Ê 0.

This implies that η̃∞ does not depend on x, and we write with an abuse of notation η̃∞ =(
1/|T |)η∞(t ). Then, using (4) with a x-independent function φ we derive, passing to the limit
µ→∞, that for any φ ∈C 1

per

(
(0;T )

)
,

− lim
µ→∞λ(µ) É

ˆ T

0
φ′(t )dη∞(t )+

Ï
(0;T )×Td

m dη̃∞.

As a consequence, C 1
per

(
(0;T )

) ∋ φ 7→ ´ T
0 φ′ dη∞ is a linear, bounded from below map. It is thus

identically zero, so that η∞ does not depend on t . Thus, η∞ is the uniform probability measure
on [0;T ]. Finally, taking φ ≡ 1 in (4) and passing to the limit µ → ∞ yields − limµ→∞λ(µ) ÉÎ

(0;T )×Td m dη̃∞ = −−Î(0;T )×Td m, and the proof is finished. □

Proof of Theorem 10. For the sake of notational simplicity we let, for any ε> 0,
(
λ(ε),ϕε

)
be the

eigenpair attached to ∂t −∆+εH(∇x · )+m and ηε be the associated invariant measure. Observe
that using ϕ=ψ0, the solution of (11), in (4) yields

−λ(ε) É ε
Ï

(0;T )×Td
H(∇xψ0)dηε+ −−

Ï
(0;T )×Td

m. (17)

By parabolic regularity, ψ0 ∈C 1,2
per

(
(0;T )×Td

)
so that limε→0

(−λ(ε)
)= −−Î(0;T )×Td m.

We let η0 be a closure point (for the weak-∗ topology on P
(
(0;T )×Td

)
) of the sequence

{ηε}ε→0. For any h ∈C 1,2
per

(
(0;T )×Td

)
with −−Î(0;T )×Td h = 0 let ψh be the solution of ∂tψh −∆ψh =

−−Î(0;T )×Td m − (m +h) endowed with periodic boundary conditions and −−Î(0;T )×Td ψh = 0. Then,
(4) with φ=ψh gives, for any such h,

lim
ε→0

(−λ(ε)
)É−

Ï
(0;T )×Td

h dη0 + −−
Ï

(0;T )×Td
m

so that the map C 1,2
per ∩

{
f , −−Î(0;T )×Td f = 0

} ∋ h 7→ Î
(0;T )×Td h dη0 is bounded from below. In

particular, it is identically zero and thus η0 is the uniform measure on P
(
(0;T )×Td

)
. Now,

turning back to (17), we see that −−Î(0;T )×Td H(∇xϕε) is uniformly bounded as ε→ 0. From (1) this
implies that {ϕε}ε→0 is uniformly bounded in Lr

(
0,T ;W 1,r (Td )

)⊂ (
Lq

(
0,T ;W 1,q (Td )

))′ for some
r, q > 1. Indeed, integrating the equation in x yields that t 7→ ffl

Td ϕε(t , · ) is (uniformly in ε) BV
in t , whence supt∈[0;T ]

∣∣ffl
Td ϕε

∣∣ is uniformly bounded. This implies the weak-∗ convergence (for
the weak topology on

(
Lq

(
0,T ;W 1,q (Td )

))′) of {ϕε}ε→0 to aϕ0. Passing to the limit in the equation
we deduce that for any η ∈ C 1,2

per
(
(0;T )×Td

)∩P
(
(0;T )×Td

)
there holds

Î
Td ϕ0(−∂tη−∆η) +Î

(0;T )×Td

(
m−−−Î(0;T )×Td m

)
η= 0 whenceϕ0 =ψ0. Furthermore, {∇xϕε}ε→0 is uniformly bounded

in Lr
(
(0;T )×Td

)
and converges weakly (for the weak topology on Lr

(
(0;T )×Td

)
) to some ϕ̂0.

Using once again regular enough test functions in Lr
(
(0;T )×Td

)
, we deduce that ϕ̂0 =ψ0. As H

is convex, this implies −−Î(0;T )×Td H(∇xψ0) É liminfε→0 −−
Î

(0;T )×Td H(∇xϕε) so that

−−
Ï

(0;T )×Td
H(∇xψ0) É liminf

ε→0
−−
Ï

(0;T )×Td
H(∇xϕε)

É lim
ε→0

−λ(ε)− −−Î(0;T )×Td m

ε

É lim
ε→0

Ï
(0;T )×Td

H(∇xψ0)dηε

= −−
Ï

(0;T )×Td
H(∇xψ0). □
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4. Reversibility of Hamiltonians: proof of Theorem 12

Proof of Theorem 12. Assume that, for any ε> 0, εH is reversible. From Theorem 10 this implies
the following: for any m ∈C 1,2

(
(0;T )×T)

with −−Î(0;T )×Tm = 0, if ψm , θm denote the solutions of
∂tψm −∆ψm = m in (0;T )×T,

ψm(T, · ) =ψm(0, · ) in T,

−−Î(0;T )×Tψm = 0,

and


−∂tθm −∆θm = m in (0;T )×T,

θm(T, · ) = θm(0, · ) in T,

−−Î(0;T )×Tθm = 0,

then

−−
Ï

(0;T )×T
H(∇xψm) = −−

Ï
(0;T )×T

H(∇xθm).

Indeed, an immediate adaptation of the proof of Theorem 10 show that

−λH ,−(ε)− −−Î(0;T )×Td m

ε
−→
ε→0

−−
Ï

(0;T )×Td
H(∇xθm).

Replacing m with δm for any δ> 0 and observing that ψδm = δψm , θδm = δθm this implies that
∞∑

k=0
akδ

k −−
Ï

(0;T )×Td
(∂xψm)k =

∞∑
k=0

akδ
k −−
Ï

(0;T )×Td
(∂xθm)k

whence:

∀ k ∈N such that ak ̸= 0, ∀ m ∈C 1,2
per

(
(0;T )×Td )

, −−
Ï

(0;T )×Td
(∂xψm)k = −−

Ï
(0;T )×Td

(∂xθm)k .

Naturally, the proof is concluded if we can prove the following:

∀ k ∈N\ {0,1,2}, ∃ m ∈C 1,2
per

(
(0;T )×Td )

, −−
Ï

(0;T )×Td
(∂xψm)k ̸= −−

Ï
(0;T )×Td

(∂xθm)k . (18)

To prove (18) let k ∈ N, k > 2. Let (e j ,ξ j ) be the eigenpairs of the Laplacian on T, that is,
−∆e j = ξ j e j with {ξ j } j∈N non-decreasing and going to +∞. Similarly, for any c ∈C 0

per

(
(0;T )

)
and

any j ∈N\ {0} let α j ,c , resp. β j ,c , be the unique solution of{
α′

j ,c +λ jα j ,c = c in (0;T ),

α j ,c (T ) =α j ,c (0),
resp.

{
−β′

j ,c +λ jβ j ,c = c in (0;T ),

β j ,c (T ) =β j ,c (0).

If m writes m(t , x) =∑∞
j=0 c j (t )e j (x), it follows that

ψm =
∞∑

j=0
α j ,c j e j , θm =

∞∑
j=0

β j ,c j e j .

We now fix j ̸= ℓ such that
ffl
Td (∂x e j )k−1∂x eℓ ̸= 0 and λ j ̸= λℓ (this is always possible as k >

2) and we choose m = c j (t )e j + δcℓ(t )eℓ, where c j ,cℓ ∈ C 1
per

(
(0;T )

)
are functions to be de-

termined (but fixed) and δ > 0 is a positive parameter. If, for any m, −−Î(0;T )×Td (∂xψm)k =
−−Î(0;T )×Td (∂xθm)k it follows, linearising around δ = 0, that −−Î(0;T )×Td (∂x e j )k−1∂x eℓα

k−1
j ,c j

αℓ,cℓ =
−−Î(0;T )×Td (∂x e j )k−1∂x eℓβ

k−1
j ,c j

βℓ,cℓ whence we deduce that for any c j ,cℓ ∈C 1
per

(
(0;T )

)
,

 T

0
αk−1

j ,c j
αℓ,cℓ =

 T

0
βk−1

j ,c j
βℓ,cℓ .

Similarly, letting c j (t ) = 1+τc j (t ) for τ > 0, linearising the previous identity around τ = 0 yields
that for all c j ,cℓ, there holds  T

0
α j ,c jαℓ,cℓ =

 T

0
β j ,c jβℓ,cℓ .
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Let us prove that this is impossible when λ j ̸= λℓ. Introduce the functions ηℓ, j , ξℓ, j as the
solutions of {−η′

ℓ, j +λ jηℓ, j =αℓ,cℓ ,

ξ′
ℓ, j +λ jξℓ, j =βℓ,cℓ .

It follows that for any c j we have
ffl T

0 ηℓ, j c j =
ffl T

0 ξℓ, j c j , whence ηℓ, j = ξℓ, j for any cℓ. Thus, we
deduce that

−η′′ℓ, j +λ2
jηℓ, j =

(
d

dt
+λ j

)
αℓ,cℓ = cℓ+ (λ j −λℓ)αℓ,cℓ

and, similarly,

−η′′ℓ, j +λ2
jηℓ, j =−ξ′′ℓ, j +λ2

jξℓ, j = cℓ+ (λ j −λℓ)βℓ,cℓ .

As a consequence,

(λℓ−λ j )αℓ,cℓ = (λℓ−λ j )βℓ,cℓ .

As λ j ̸= λℓ by construction we deduce that we must have, for any cℓ, αℓ,cℓ = βℓ,cℓ . However, this
implies λℓαℓ,cℓ = cℓ for any cℓ, which is impossible. The proof is concluded. □

5. (Non-)Monotonicity properties: proofs of Theorems 13–16

Proof of Theorem 16. Let m0 ∈C 1,2
per

(
(0;T )×Td

)
be such that:

∀ x ∈Td ,

 T

0
m0(t , x)dt = 0,

 T

0
max
x∈Td

m0(t , x)dt > 0.

From Theorem 7 we know that for any µ > 0, if we let λH
( 1
εm0,µ

)
be the effective Hamiltonian

associated with ∂t +µ
(−∆+H(∇x )

)+ 1
εm0 then

lim
ε→0

λH

(
1

ε
m0,1

)
=−∞.

We fix ε0 > 0 such that λH
( 1
ε0

m0,1
)É−1 and we define m := 1

ε0
m0. From Theorem 9 there holds

lim
µ→0

λH (m,µ) = 0

and thus λH (m,0) > λH (m,1). On the other hand, limµ→∞λH (m,µ) = 0 as well, whence the
conclusion. □

Before we prove Theorem 13 we show how to derive Lemma 15.

Proof of Lemma 15. We let (λH ,ϕH ) be the eigenpair and ηH the associated invariant measure.
For any ϕ ∈C 1,2

(
(0;T )×Td

)
define z :=ϕ−ϕH . Then, letting F (ϕ) = ∂tϕ−∆ϕ+H(∇xϕ)+m we

obtain, by the mean-value theorem, the existence of a vector field ξ such thatÏ
(0;T )×Td

(
F (ϕ)−F (ϕH )

)
dηH

=
Ï

(0;T )×Td

(
∂t z −∆z +〈∇p H(∇xϕ),∇z

〉)
dηH + 1

2

Ï
(0;T )×Td

∇2
pp H(ξ)

[∇z,∇z
]

dηH .

The conclusion follows since ηH solves (5) and as F (ϕH ) = λH . By the same reasoning, if H
satisfies (1) and is thus in particular strictly convex we haveÏ

(0;T )×Td
F (ϕ)dηH >λH +

Ï
{∇ϕ ̸=∇ϕH }

dηH .

By the maximum principle min(0;T )×Td ηH > 0 and so
Î

(0;T )×Td F (ϕ)dηH = λH implies
∣∣{∇ϕ ̸=

∇ϕH
}∣∣= 0. The proof is concluded. □
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Proof of Theorem 13. By assumption, since either H is reversible or m is symmetric in time
we have the following property: letting, for any τ,

(
λ±(τ),ϕ±,τ

)
be the eigenpair associated

with the Hamiltonian ±τ∂t − ∆ + H(∇x · ) + m and η±,τ be the associated invariant measure
there holds λ+(τ) = λ−(τ). Now, consider the Gateaux derivative

(
λ̇+(τ),ϕ̇+,τ

)
of the map τ 7→(

λ+(τ),ϕ+,τ
)
. By direct computations,

(
λ̇+(τ),ϕ̇+,τ

)
solves Lϕ̇+,τ = −λ̇+(τ) − ∂tϕ+,τ with L =

τ∂t −∆+ 〈∇p H(∇xϕ+,τ),∇x
〉

. Letting L∗ = −τ∂t −∆−∇ · (∇p H(∇xϕ+,τ) ·) be the adjoint of L,
observe that L∗η+,τ = 0. Finally, introducing F (ϕ) = τ∂tϕ − ∆ϕ + H(∇xϕ) + m and F (ϕ) =
−τ∂tϕ−∆ϕ+H(∇xϕ)+m and noting that 2τ∂tϕ+,τ = F (ϕ+,τ)−F (ϕ+,τ) we observe that

λ̇+(τ) =
Ï

(0;T )×Td
∂tϕ+,τdη+,τ

= 1

2τ

Ï
(0;T )×Td

(
F (ϕ+,τ)−F (ϕ+,τ)

)
dη+,τ

= 1

2τ

Ï
(0;T )×Td

(
F (ϕ−,τ)−F (ϕ+,τ)

)
dη+,τ

since by reversibility
F (ϕ+,τ) =λ+(τ) =λ−(τ) = F (ϕ−,τ)

= 1

2τ

Ï
(0;T )×Td

(
F (ϕ−,τ)−F (ϕ+,τ)

)
dη−,τ since by reversibility η+,τ = η−,τ

É 0

where the last inequality is a consequence of Lemma 15. From Lemma 15, this inequality is strict,
unless ϕ−,τ =ϕ+,τ+ϕτ(t ) for some T -periodic function T . Should this be the case, this provides

ϕ′
τ(t ) =−2∂tϕ+,τ,

so that ∂tϕ+,τ only depends on t . In particular, we can write ϕ+,τ = f0(t )+ f1(x) for two functions
f0, f1, and this gives

λH (m)+ f ′
0(t )−∆ f1 +H(∇x f1) =−m

so that m finally writes m(t , x) = m0(x)+h(t ), as announced. □

6. Operators with advection: proof of Theorem 18

Proof of Theorem 18. To simplify notations we let, for any ε> 0,
(
λ(ε),ϕε

)
be the unique eigen-

pair associated with ε
(−∆+H(∇x )

)+〈A,∇x〉+m. We let ηε ∈ P (Td ) be the associated invariant
measure, that is, the solution of ε

(−∆−∇x
(∇p H(∇xϕε) ·))−∇x ·(A · ) = 0. First of all, let η0 ∈P (Td )

be a closure point of {ηε}ε→0, and λ0 be a closure point of {λ(ε)}ε→0 (the existence of λ0 is guar-
anteed by bounds similar to that of Theorem 6). Let us prove that

η0 ∈P A(Td ).

From (4), for any f ∈ C 2(Td ), −λ(ε) É ´
Td

(
ε
(−∆ f + H(∇x f )

)+〈A,∇x f 〉+m
)

dηε. In particular,
passing to the limit ε→ 0 we obtain

∀ f ∈C 2(Td ), −λ0 É
ˆ
Td

〈A,∇x f 〉dη0 +
ˆ
Td

m dη0,

whence the linear map C 2(Td ) ∋ f 7→ ´
Td 〈A,∇x f 〉dη0 is bounded from below. Thus, this map is

identically zero, which means that η0 ∈P A(Td ). Furthermore, this implies that

−λ0 É
ˆ
Td

m dη0. (19)

Second, let us study the sequence {ϕε}ε→0. From (12) let ηA be a positive, smooth probability
measure associated with A. From (1), εH(∇xϕ) Ê H(εβ∇xϕ) for some β < 1. We obtain, letting
ψε := εβ(

ϕε−
´
Td ϕε

)
,

−ε1−β
ˆ
Td
ψε∆ηA +

ˆ
Td

H(∇xψε)dηA +
ˆ
Td

m dηA É−λ(ε).
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From (1) and the fact that ηA is positive we deduce that
{´
Td H(∇xψε)

}
ε→0 is bounded, so that

there exists r > 1 and a strong Lr (Td )-closure point ψ0 of the sequence {ψε}ε→0. Now, let
η ∈P A(Td ) be any smooth A-invariant measure. The same computations lead to

−ε1−β
ˆ
Td
ψε∆η+

ˆ
Td

m dηÉ−ε1−β
ˆ
Td
ψε∆η+

ˆ
Td

H(∇xψε)dη+
ˆ
Td

m dηÉ−λ(ε).

Passing to the limit ε→ 0 we obtain that for any η ∈ P A(Td )∩C 2(Td ),
´
Td m dη É −λ0. From

assumption (12) and (19) this provides

∀ η ∈P A(Td ),

ˆ
Td

m dηÉ−λ0 É
ˆ
Td

m dη0.

We thus deduce that η0 maximises P A(Td ) ∋ η 7→ ´
Td m dη, and the conclusion follows. □
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