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Abstract. This note describes the results of [6]. The main result is the proof of the Generalised André–
Pink–Zannier conjecture in Shimura varieties of abelian type. The core result is a lower bound, in terms
of height functions defined in [7], for the sizes of Galois orbits of points in generalised Hecke orbits, which is
unconditional for Shimura varieties of abelian type.

Résumé. Dans cette note nous décrivons les résultats de [6]. Le résultat principal est la preuve de la Conjec-
ture d’André–Pink–Zannier genéralisée pour les variétés de Shimura de type abélien. Le résultat central
énonce des bornes inférieures, en termes des fontions hauteurs de [7], pour la taille des orbites galoisiennes
dans une orbite de Hecke généralisée, qui sont inconditionnelles pour les variétés de Shimura de type abelien.
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1. Statements of results

In this note we describe the results of [6], which is the sequel to [7]. A previous note [8] described
the results of [7]. We refer to [2] for the notions related to Shimura varieties, and to [9, Section 3]
for the notion of weakly special subvarieties. We study the following conjecture, introduced in
the following form in [7]. We refer to the previous note [8] for the conjecture and for the notions
involved.

Conjecture 1 (Generalised André–Pink–Zannier Conjecture [7, Conjecture 1.1]). Let S be a
Shimura variety and Σ a subset of a generalised Hecke orbit in S. Then, irreducible components
of the Zariski closure of Σ are weakly special subvarieties.
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Our most notable result is the following. We refer to [2] for the notion of Shimura of abelian
type. This is the most important class of Shimura varieties, and it contains in particular the
moduli spaces of abelian varieties Ag ,d .

Theorem 2. If S is of abelian type, and Σ is a subset of a generalised Hecke orbit in S, then the
Zariski closure of Σ is a finite union of weakly special subvarieties.

The main strategy underlying the proof of Theorem 2 is the Pila–Zannier strategy in the form
laid out in [7]. This relies on a variant [5] of Pila–Wilkie theorem, some functional transcendence
results [4] and the so-called “geometric part of André–Oort conjecture” [9]. The article [7]
introduces some height functions with good properties which are required for this strategy to
work. We refer to [8] for more details.

A main difficulty in this approach is to obtain lower bounds for the sizes of some Galois orbits.
This is Theorem 7. The use of Theorem 5, which is deduced from Faltings’ theorems, allows us
to reduce Theorem 2 to Theorem 6. The proof of Theorem 6 follows from [7] and Theorem 7.
Theorem 7 is reduced to Theorem 8, whose proof is discussed in Section 2. This proof relies on
the tool presented in Section 3.

1.1. Main results

Theorem 2 follows from two statements. The first one, Theorem 5, is a refined version of
Faltings theorems’ on Tate conjecture for abelian varieties. We encode this refined form into
the Definition 3 of “uniform integral Tate property”. The second statement, Theorem 6, proves
Conjecture 1 assuming that a point s ∈Σ satisfies this uniform integral Tate property.

In order to state Definition 3 we let (G , X ) be the Shimura datum (G , X ) and we let K be the
open compact subgroup of G(A f ) such that S = ShK (G , X ). We write s = [x,1] ∈ S with x ∈ X . We
denote by M ≤G the Mumford–Tate group of x, choose a field E ≤ C such that s ∈ S(E) and such
that we have a Galois representation, as in [7, Section 3],

ρx : Gal(E/E) → M(A f )∩K . (1)

The following definition makes sense for two Q-algebraic groups M ≤ G and a faithful repre-
sentation ρG : G → GL(d). It does not depend on the choice of ρG .

Definition 3 (Uniform integral Tate property). Let U ≤ M(A f ) be a compact subgroup. Let Up :=
U ∩M(Qp ) and, for p ≫ 0, let U (p) ≤ GL(d ,Fp ) be the image of Up .

We say that U satisfies the uniform integral Tate property with respect to M , G and ρG if the
following is satisfied.

(1) For every p,
ZGQp

(Up ) = ZGQp
(Up

0) = ZG (M)Qp (2a)

and
the action of Up onQd

p is semisimple.1 (2b)

(2) For every D, there exists an integer M(D) such that, for every p ≥ M(D) and every U ′ ≤U (p)
of index

[
U (p) : U ′]≤ D, we have

ZGFp
(U ′) = ZGFp

(MFp ) (3a)

and
the action of U ′ on Fp

d
is semisimple. (3b)

Definition 4. We say that x0 satisfies the uniform integral Tate conjecture if U = ρx0

(
Gal(E/E)

)
satisfies the uniform integral Tate property with respect to M, G in the sense of Definition 3.

1Also known as completely reducible.
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The following is deduced (see [6, Section 6.2]) from Faltings’ theorems, a specialisation argu-
ment of Noot, and a result of Serre.

Theorem 5. In a Shimura variety of abelian type, every point satisfies the uniform integral Tate
conjecture in the sense of Definition 4.

Our main result towards Conjecture 1 is the following. We recall that a generalised Hecke orbit
is a finite union of “geometric Hecke orbits” ([7, Definition 2.3 and Theorem 2.4]).

Theorem 6. Let s0 = [x0,1] be a point in a Shimura variety ShK (G , X ), and assume the uniform
integral Tate conjecture for x0 in X in the sense of Definition 4. Let Z be a subvariety whose
intersection with the geometric Hecke orbit of s0 is Zariski dense in Z . Then, Z is a finite union
of weakly special subvarieties of S.

We observe that the “uniform integral Tate property” follows from the “weakly adelic
Mumford–Tate property” of [7]. As a result, Theorem 6 supersedes the main result of [7].

2. Polynomial Galois bounds

The proof of Theorem 6 is found in [6, Section 3]. It follows [7], which uses Pila–Zannier strategy,
as summarised in [8]. The main new difficulty which is dealt with in [6] is to prove lower bounds
on Galois orbits assuming the uniform integral Tate property.

Theorem 7 (Galois bounds in Shimura varieties). Let S = ShK (G , X ) be a Shimura variety,
let M ≤ G be the Mumford–Tate group of an element x ∈ X , and denote by W the conjugacy
class G ·φ0 ≃ G/ZG (M) of the inclusion φ0 : M → G (viewed as a Q-algebraic variety). We choose
integral structures mZ of m and gZ of g, and consider the “finite height function” H f : W (Q) →Z≥1

defined by

H f (φ) = min
{
k ∈Z≥1

∣∣ dφ(mZ) ≤ 1
k ·gZ

}
,

where dφ : m→ g denotes the differential of φ : M →G.
We define W + :=G(R)+ ·φ0 ⊆W (R) and W (Q)+ :=W +∩W (Q).
Let E ≤C be a subfield of finite type overQ and such that x0 satisfies Definition 4.
Then, as functions of φ ∈W (Q)+,

#Gal(E/E) · [φ◦x0,1] ≈ H f (φ).

We recall that
{
[φ◦x0,1]

∣∣φ ∈W (Q)+
}

is the geometric Hecke orbit of x0.
Using [7, Section 3.3], we deduce Theorem 7 from Theorem 8 applied to U as in Definition 4.

The assumption (1) in Theorem 8 follows from the properties of canonical models of Shimura
varieties. The assumption (2) in Theorem 8 follows from the assumption that x0 satisfies Defini-
tion 4.

We believe Theorem 8 to be of independent interest.

Theorem 8 ([6, Theorem 5.1]). Let M ≤G be connected reductive Q-groups. Let U ≤ M(A f ) be a
subgroup satisfying the following.

(1) The image of U in M ab is MT in M ab in the sense of [7, Defintion 6.1].
(2) The group U satisfies the uniform integral Tate property as in Definition 3.

Denote by φ0 : M → G the identity homomorphism and W = G ·φ0 its conjugacy class. Then as φ
varies in W (A f ), for any compact open subgroup K ≤G(A f ), where KM = K ∩M(A f ), we have[

φ(U ) :φ(U )∩K
]≈ [

φ(KM ) :φ(KM )∩K
]
≽ H f (φ).

as functions W (A f ) →Z≥1.
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Theorem 8 can be studied prime by prime. Without loss of generality, we assume K = ∏
p Kp

where Kp := GL(d ,Zp )∩G(Qp ). We write M(Zp ) := GL(d ,Zp )∩M(Qp ). It is enough to prove the
following.

• For every prime p, we have

∃ a(p), c(p) ∈R>0, ∀φ ∈W (Qp ),
[
φ(U ) :φ(U )∩K

]≥ a(p) ·[φ(
M(Zp )

)
:φ

(
M(Zp )

)∩Kp
]c(p). (4)

• There exists a,c ∈R>0 such that, for all but finitely many primes,

∀φ ∈W (Qp ),
[
φ(Up ) :φ(Up )∩Kp

]≥ a · [φ(
M(Zp )

)
:φ

(
M(Zp )

)∩Kp
]c . (5)

At a given prime, property (2a) ensures that the conjugacy classes of M(Zp ) → G(Qp ) and Up ,→
G(Qp ) are the same variety W . Then (4) follows from the functoriality of height.

The main difficulty is to ensure uniform and sharper estimates (5) for p ≫ 0, and properties (2)
in Definition 3 are crucial. This is the most technical part of [6].

The approach is as follows (see [6, Section 5] for details).
We construct from Up a vector, say v , in a representation of G . This representation is a product

of copies of the adjoint representation G → GL(g) and of a fixed representation G → GL(d). In
particular the weights are bounded. Moreover, the orbit (G ·v)(Qp ) can be identified with W (Qp ).

Using the tools of [7], we can bound from below
[
φ(Up ) : φ(Up )∩Kp

]
in terms of the p-adic

height Hp (g · v) = max
{
1;∥g · v∥}, where φ ∈W (Qp ) is identified with g · v ∈ (G · v)(Qp ).

Let v ′ be the vector constructed from the case Up = M(Zp ). The local height Hp (g · v ′) is the
local factor of a global height function W (A f ) →Z≥1. Theorem 10 is used, for p ≫ 0, to compare
the local height Hp (g · v) = max

{
1;∥g · v∥} with the local height Hp (g · v ′) = max

{
1;∥g · v ′∥}.

Because the constant C in (13) does not depend on p, but only on the weights of the represen-
tation, we obtain the uniformity in (5).

3. p-adic Kempf–Ness theorem

Theorem 9 is key in order to make use of part (2) of Definition 3. Theorem 9 can be seen as an
analogue of Kempf–Ness theorem [3, Theorem 0.1(b)]. Kempf–Ness theorem deals with closed
orbits in linear representations equipped with an archimedean metric. Theorem 9 is a p-adic
analogue. While Kempf–Ness theorem is easy to prove, our p-adic analogue requires a fine study
of the “good reduction” of the orbit under consideration and the use of group schemes.

We believe this is a result of independent interest.

Theorem 9 (p-adic Kempf–Ness Theorem). Let FZp ≤GZp ≤ GL(n)Zp be smooth reductive group
schemes such that FZp →GZp → GL(n)Zp are closed immersions and GZp is connected.

Let v ∈Zn
p , denote by v ∈ Fn

p its reduction and assume that

StabGQp
(v) = FQp and dim

(
StabGFp

(v)
)= dim(FFp ), (6)

(using Krull dimensions) and assume that the orbits

GQp · v ⊆An
Qp

and GFp · v ⊆An
Fp

(7)

are closed.
Then, denoting by Zp [G/F ] := Zp [G] ∩Qp [G]F the algebra of F -invariant functions G → A1

defined over Zp , for every g ∈G(Qp ), we have,

g · v ∈Zp
n

if and only if ∀ f ∈Zp [G/F ], f (g ) ∈Zp . (8)

Moreover, Spec
(
Zp [G/F ]

)
is smooth over Zp , and we have(

G(Qp ) · v
)∩Zp

n =G(Zp ) · v. (9)
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Remarks. Some of the hypotheses can be rephrased as follows.
The Qp -algebraic groups F and G are reductive, the compact subgroups FZp (Zp ) ≤ F (Qp )

and GZp (Zp ) ≤ G(Qp ) are hyperspecial subgroups, and we have FZp (Zp ) = F (Qp ) ∩ GL(n,Zp )
and GZp (Zp ) =G(Qp )∩GL(n,Zp ).

The property (7) is related to semi-stability and residual semi-stability of the vector v in the
sense of [1].

In (6), the hypothesis on dimensions means that StabGFp
(v)0,red (the reduced subgroup of the

neutral component) is equal to (FFp )0. Equivalently, StabGFp
(v)0(Fp ) = F 0(Fp ). This is implied by

the stronger condition
StabG(Fp )(v) = F (Fp ) (10)

and the stronger one
StabGFp

(v) = FFp as group schemes. (11)

3.1. Comparison of local height functions

Theorem 9 is a key result in proving the following, which can be seen as a refined, more precise,
version of the functoriality of local heights.

Theorem 10 (Local relative stability estimates). Let F ≤G
ρ→ GL(d) be as in Theorem 9. Let v, v ′ ∈

Zd
p be non zero vectors, denote by v , v ′ ∈ Fd

p their reduction, and assume that

(1) the orbits GQp · v and GQp · v ′ ⊆Ad
Qp

are closed subvarieties;

(2) the stabiliser groups Fv := StabG (v),Fv ′ := StabG (v ′) satisfy

Fv = Fv ′ = F ;

and that

(3) the orbits GFp · v and GFp · v ′ ⊆Ad
Fp

are closed subvarieties;

(4) the stabiliser groups Fv := StabG (v), Fv ′ := StabG (v ′) satisfy, as group schemes2,

Fv = Fv ′ = FFp . (12)

We denote by ∥·∥ : Cp
d →R the standard ultrametric norm, and we define two functions G(Cp ) →R

given by
Hv : g 7→ max

{
1;∥g · v∥} and Hv ′ : g 7→ max

{
1;∥g · v ′∥}.

Then, the functions hv = log Hv and hv ′ = log Hv ′ satisfy

hv ≤C ·hv ′ and hv ′ ≤C ·hv , (13)

in which C =C
(
Σ(ρ)

)
depends only on the set of weights of ρ (cf. [6, 6.1.1.2]).
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2It amounts to the property that Fv and Fv are smooth.
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